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CYCLE STRUCTURE OF THE INTERCHANGE PROCESS
AND REPRESENTATION THEORY

BY NATHANAEL BERESTYCKI & GADY KozMA

ABsTrRACT. — Consider the process of random transpositions on the complete graph
K,,. We use representation theory to give an exact, simple formula for the expected
number of cycles of size k at time ¢, in terms of an incomplete Beta function. Using this
we show that the expected number of cycles of size k£ jumps from 0 to its equilibrium
value, 1/k, at the time where the giant component of the associated random graph
first exceeds k. Consequently we deduce a new and simple proof of Schramm’s theorem
on random transpositions, that giant cycles emerge at the same time as the giant
component in the random graph. We also calculate the “window” for this transition
and find that it is quite thin. Finally, we give a new proof of a result by the first
author and Durrett that the random transposition process exhibits a certain slowdown
transition. The proof makes use of a recent formula for the character decomposition of
the number of cycles of a given size in a permutation, and the Frobenius formula for
the character ratios.

RESUME (Structure des cycles dans le processus de transpositions et théorie des repré-
sentations)

Nous considérons le processus de transpositions aléatoires sur le graphe complet
K. Nous utilisons la théorie des représentations pour donner une formule exacte
et simple pour ’espérance du nombre de cycles de taille £k & un temps t, en termes
d’une fonction Beta incompléte. A Paide de cette formule nous montrons que cette
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266 N. BERESTYCKI & G. KOZMA

quantité saute de 0 & sa valeur d’équilibre au précisément au moment ol la composante
géante du graphe aléatoire associé devient plus grande que k. Nous en déduisons une
nouvelle preuve du résultat de Schramm sur les transpositions aléatoires, qui montre
que les cycles géants apparalssent au méme moment que la composant géante dans
le graphe aléatoire. Nous calculons également la fenétre de cette transition, qui est
particuliérement étroite. Finalement nous obtenons une preuve nouvelle d’un résultat
du premier auteur et de Durrett sur la décélération du processus de transpositions.
La preuve repose sur une formule récemment établie donnant la décomposition en
caractéres du nombre de cycles d’une taille donnée dans une permutation, ainsi que la
formule de Frobenius pour les rapports de caractéres.

1. Introduction and main results

Consider the complete graph K, on n vertices, and let o, be the random
walk on S, that results when considering the interchange process on K,,. That
is, oy is the usual random transposition process (see e.g. [17]) sped up by a

factor (g) .

Our first result gives an exact and surprisingly simple formula for the ex-
pected number of cycles of size k at time ¢.

THEOREM 1. — Fiz any 1 < k < n and let si(t) be the number of cycles of
size k at time t in 0. Then

50 = (}) [ + [ o],
where ¢(y) = y"*(1 — y)k~1 and x = e~ tF.

This integral is known as the incomplete beta function (the integral from 0
to 1 is the regular beta function). The proof of Theorem 1 is based on repre-
sentation theory. The key argument is a formula of Gil Alon and one of us [1]
for the character decomposition of the number of cycles of a permutation, as
well as Frobenius’ formula for the values of the character ratios.

Our second result uses the above formula to show that in the limit as n — oo,
the quantity E(sg(t)) exhibits a sharp transition from the value 0 to 1/k at a
time t,, ;, which is essentially (—1/k)log(1—k/n), assuming that & is moderately
big (of order at least v/n). We note that this time is an order magnitude smaller
than the mixing time for o; which (with this parametrization) is (logn)/n (see
[9] or [4]). The width of this transition is shown to be order 1/n3/? when k is of
order n (which corresponds to a width of order v/n in the traditional scaling of
random transpositions). This is reminiscent of the cutoff phenomenon for the
mixing time, see [9], [15] or [14, §18] for the cutoff phenomenon.
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CYCLE STRUCTURE OF THE INTERCHANGE PROCESS 267
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FIGURE 1. Approximate plots of (n?/k)E(sk(t/n)), together with
the relative size of the giant component, for n = 200 and k£ = 100.
The scaling factor in front is chosen so that if k/n — « then the
limiting step function takes the values 0 and «.

THEOREM 2. — Let 1 < k < n and let t,  be the unique t such that ekt =
(n—k)/(n—1). Then
1 .
E(sk(t)) — El{t>tn,k} < Cqexp {—c(n — k) min{|t — t, x|?k* 1} }

where q = g, (k) is a polynomial factor, ¢ = n®/2k=3/2(n — k)=1/2.
(Here and below ¢ and C pertain to unspecified positive universal constants,
possibly different from one place to another).

At first sight it might seem as if Theorem 2 cannot possibly hold. After all, a
1

large cycle of o; (say of size 37) is necessarily contained in the giant component
of a corresponding Erdés-Rényi graph G(n,t) with edge density ¢ (see e.g. [17]).
It is easy to check that ¢, is the first time that the giant component has
a relative size which exceeds 1/3, so it is clear that E(sk(t)) must be close
to 0 before ¢, ;. What Theorem 2 says is that E(sy(¢)) suddenly reaches its
equilibrium value precisely at that time, and does not change afterward. Note
however that as t increases above t,, i, the cluster continues to grow. (See Figure
1). So how come the probability for a cycle of size exactly %n does not grow
with it? The answer lies in examining a completely random permutation. The

expected number of cycles of length k in a random permutation of n elements

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



268 N. BERESTYCKI & G. KOZMA

is exactly 1/k and hence does not depend on n, of course, as long as n > k. This
explains why the size of the giant component does not affect E(sy), as long as
it is bigger than k.

The proof of Theorem 2 follows by estimating the terms in Theorem 1 care-
fully. Let us just remark how the phase transition comes about. The integrand
in Theorem 1 (i.e. ¢) has a peak at exactly the critical value ¢, 5. So in the
subcritical case (i.e. ¢ small so z large), fml ¢ can be estimated simply by ¢(z),
which is small. In the supercritical case (i.e. z small), the integral is estimated
by writing it as fol — J; - The integral from 0 to 1 is easy to calculate, and gives
the 1/k term, and the integral from 0 to x is the error term.

From this we can derive a new proof of the result, first proved by Schramm
[17], that giant cycles (of macroscopic size) emerge at time 1/n with high
probability asymptotically as n — oo.

COROLLARY 1. — Letc > 1 and let t = ¢/n. Let C(t) denote the length of the
largest cycle of or. Then as € — 0,

lim lim inf P(C(¢) > ne) = 1.

e—0 n—oo

Schramm’s results are stronger and also give information about the joint
distribution of cycles, e.g. what is the probability that the largest cycle is in
[0.6n,0.7n] and the second largest is in [0.1n,0.2n]. We will not discuss the
joint distribution in this paper.

Corollary 1 is the mean-field case of a well-known conjecture of Balint T6th
[18] that the cycle structure of the interchange process on the graph Z%, d > 3,
exhibits a phase-transition with infinite cycles appearing at some finite time
(see e.g. [18] for definitions). This paper was initially motivated by the desire
to see if it would be possible to use a representation-theoretic approach to this
conjecture. Our proof of Theorem 1 can be seen as the mean-field case of this
programme (see also Theorem 1 of [2] for a possible alternative route, which
yields a slightly weaker conclusion). Let us remark that the recent resolution
of Aldous’ spectral gap conjecture 7] could aid one in an algebraic attack on
the non-mean-field case.

Interestingly, the asymptotics leading to the transition in Theorems 2 and
1 do not come from the contribution of a single representation of S,, with
all other contributions being negligible. Rather, it is the result of some very
remarkable cancelations when summing up over all representations of S,,. These
cancelations lead to the simple formula of Theorem 1. Here it is essential to have
an exact computation that keeps track of all representation in order to establish
the emergence of giant cycles of Theorem 1. Nevertheless, if one wants only
weaker results, e.g. that whenever ¢t > 100¢,, ;, we already have |E(sy(t)) — 1/x|
exponentially small, then in this case a single representation (the trivial one, [n])
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CYCLE STRUCTURE OF THE INTERCHANGE PROCESS 269

gives the main contribution, with the contribution of all the others combined
negligible. In other words, ignoring the cancelation between representations will
cause the information about the sharpness of the phase transition to be lost,
but one may still show the existence of an “ordered phase”.

Finally, we show how our formula allows us to recover a result of Berestycki
and Durrett [3] concerning a slowdown transition for the interchange process.
Let d(t) denote the distance between o; and oy, i.e., the minimal number of
transpositions needed to write oy as a product of transpositions. (If one views
o; as a random walk on the Cayley graph of S,, generated by the set of trans-
positions, then d(t) is the graph distance between o; and ay).

COROLLARY 2. — Let ¢ > 0 and let t = ¢/n. Then as n — oo,
1 — kF21

1 —E(d(t =1- =(ce™)".

(1) AEA0) = u(0) = 1= 3 T )

The asymptotic behaviour (1) was first obtained in Theorem 3 of [3]. Note
that this function also arises in the context of random graphs and is related
to the components count (see e.g. [5], or [6] and [10] for a derivation from the
Smoluchowski coagulation equation). It is known that for ¢ < 1, the function
u(c) simplifies to u(c) = ¢/2 while for ¢ > 1, u(c) < ¢/2. The function u is C*°
everywhere except at ¢ = 1, for which 4" (1) = —oo. This result is indicative of
a slowdown transition, in the following sense: so long as ¢ < 1, the random walk
escapes from the origin at maximum speed (i.e., all but a negligible fraction of
moves take it away from the origin), while for ¢ > 1 the random walk starts
decelerating brutally — indeed, the acceleration is —oco at ¢ = 1. The methods
of [3] relied heavily on the use of an associated Erd&s-Renyi random graph
process, and more precise results were obtained (e.g., a central limit theorem
for d(t)). However we will see that the formula (1) is obtained with essentially
no effort from our Theorem 1.

It is interesting to note that Corollary 2 is derived by applying Theorem 1
for constant k, unlike Theorem 2 and Corollary 1 for which the relevant regime
is k =< n. It would be interesting to find applications of our formula in other
regimes of k, for example k = n — o(n).

2. Proofs
2.1. Preliminaries. — For a permutation o, let ai(c) denote the number of
cycles of size k of o, and si(t) = ax(o:). For a representation p : S, —

GL(Cdmr) of S,, let x, be its character, i.e., x,(0) = Tr(p(c)). Note that
ag (o) is a class function. Hence, since characters form an orthonormal basis of

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



270 N. BERESTYCKI & G. KOZMA

class functions (see, e.g., Proposition 1.10.2 in [16]) there exists a, € C such
that

(2) ag(o) = Z apXp(0)

where the sum is over irreducible representations p. In [1] the value of a, for all
representations p was worked out. To describe this result we need to recall some
standard background in the representation theory of the symmetric group. The
irreducible representations of S,, are parametrized by Young diagrams of size
n, that is, sequences A = [A1,...,A;] with Ay > --- > X; > 1and >, \; =n,
which may be thought of as a collection of boxes sitting on top of one another,
with \; boxes in row 4. See [16] for the details of this parameterization (we will
not use it directly in this paper).

As it turns out, there are very few Young diagrams for which the correspond-
ing coefficient a, defined by (2) is nonzero. To state things as simply as possible,
we restrict ourselves to the case where k < n/2 (the other case is similar and
we come back to this later). Consider the representation p; = [n — k, k — i, 1]
where 1° indicates that there are i rows with exactly one box. Then Theorem 3
of [1] states that a, is zero unless p = p; for some 0 < ¢ < k — 1, in which case
a, is simply equal to (—1)/k, or p = [n] the trivial representation, in which
case a, = 1/k.

LEMMA 1. — For a representation p, let r(p) = x,(7)/d, be the character
ratio of p, i.e., when T is any transposition, x,(7) = Tr(p(7)) is the character
of p at T, and d, is the dimension of p. Then

3) B(se(t) = S andyen { () (o) - e}

Proof. — To compute si(t), let @ be the infinitesimal generator of the ran-
dom walk. That is, viewing @ as an element of the group algebra C[S,],
Q@ = >2;;[(4,5) —id] (here, (i,7) denotes the transposition of i and j and
id is the identity permutation). Thus, P(o; = s) = €!?(0,5) = f(s), say. Then

E(si(t) = Y an(s)P(oy = 5)

seS,

=Y apx,(s)f(s)

p SES,

DWRHOWEIE)

SES,

(4) = a,Tr f(p),

TOME 143 — 2015 — N° 2



CYCLE STRUCTURE OF THE INTERCHANGE PROCESS 271

~

where f(p) denotes the Fourier transform of f at p. Note that f(s) =
> reo at¥QF(s). Since convolutions become (matrix) products after taking
Fourier transform, we get

o)=Y
k=0

where the second exp is a matrix exponential. Now note that @Q(s) is constant
on conjugacy classes, i.e., is a class function (here is where we use that we do
the interchange process on the complete graph, and not on any other graph).
It easily follows from Schur’s lemma that @(p) = ApI for some )\, € R, and
thus we conclude that

(5) flp) =eI.

To obtain the constant A\, we proceed as follows: on the one hand we have
TrQ(p) = dpAp, 50 Ay = (1/d,) Tr Q(p). On the other hand, @ = >, _,[(j) —id]
so by linearity of the trace,

tk ~

Qp)" = exp(tQ(p))

x|

Q00) = ()~ xolid) = (3 ) (ar) = ),

i<j

where x,(7) denotes the character of 7 evaluated at an arbitrary transposition
(again, it is not important which one, since characters are class functions).
Hence, dividing by d,, we get

© x=(3) et -1

where r(p) = x,(7)/d, is the character ratio at a transposition. Combining (4),
(5) and (6), we have arrived at

B(se(t) = S andyexn { (3 ) () - 11t}

as needed. O

2.2. Proof of Theorem 1, case k < n/2.— We now explain how to compute the
various terms in the sum involved in (3) in order to get to the exact formula of
Theorem 1. We assume for now k < n/2.

Proof. — We start by recalling Frobenius’s formula, which gives the values of
the character ratios for any representation. Suppose p is parametrized by the

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



272 N. BERESTYCKI & G. KOZMA

n—k+i+1| n—k n—2k+i+2 n—2/€+i| |1‘

FIGURE 2. Sizes of the hooks for the diagram [n — k, k — i, 17].

Young tableau (p1,. .., p;), then (see [8, Equation (D —2), p. 40] or [9, Lemma

7])7
1 &,
(7) r(p) = Y ;pi — (20 —1)p;.

Thus if p = p; is the representation given by p; = [n—k,k—1i,1%,0 <i < k—1,
then

n(n —1)r(p;) = (n—k)? — (n — k) + (k —i)* — 3(k — 1)
+1-5+...+1—-(2(i+2)—1)
=(n—k)? = (n—k)+ k> — 2ik +i%> — 3k + 3i — (i + 3i)
(8) =(n—k)?—n—2k+k? — 2ik.
Notice the cancelation of the terms in i2, which is crucial for the following
calculations.

By the hook-length formula (see e.g. (4.12) in [13]), it is also easy to compute
d,,, the dimension of the representation p; (see Figure 2):

nl(n —2k+i+1)
ilk(n — k)l (k—i—Dln—k+i+1)

(9) dim(p;) =

We now plug these various expressions into (3). Recall that a, = (—1)%/k
when p = p;, and a, = 1/k when p is the trivial representation [n]. We obtain
the following expression, after rearranging the terms (mostly to isolate the
i-independent terms and take them out of the sum). Let m = k — 1, and
x = exp(—kt). Then

n—2k+i1+1
'm—k+i+1

1) E0) =+ Ok Y g (-1t
i=0
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CYCLE STRUCTURE OF THE INTERCHANGE PROCESS 273

where

an

)

e G) (e )
expd L (n? —2nk + K2 —n— 2k + k%) — ¢ "
(1) s -}

(7)o Ccabtnr 1= = 1 (7).

To compute the right-hand side of (10), note that > .- #ll),(—l)lxl =(1-
x)™, hence

(11) =

el w\»—t ?r\»—\

E(sk() = % G é i!(mmi i)l 7;_—2: j : 11 (v
=+ Ci (7)o (- i)
= % + Cnp(l—2)™ — nkki (T) (_f‘)i%nm
= % + A — A,

say.

This can be simplified a little bit. Observe indeed that

N i 1
= 3 (7))
=0
n—m-41

—(n—m - m iz
=3 (7)1

i=0

ey
= <Z> /Ow y" (1 —y)"dy

On the other hand, A; = £ (})(1 — z)™a"™™, so we are led to the following

k
exact expression for E(sg(t)): with x = e7t*,

Bsel) = 1+ (1) [gmma-om = [T ta-nma).

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



274 N. BERESTYCKI & G. KOZMA

Recalling the notation ¢ from the statement of the theorem, we can rewrite

this shortly as

1 n\ [1 £
(12) B(su(t) = 1 + (1) |goo@) - [ sy
k k) |k 0
The theorem is basically finished: we only need the following simple transfor-
mation:
LEMMA 2. — We have

() [ owa=1-(5) [ owav

Proof. — Denote

1 1 T
10)= [ o= [ swa- [ swa.
x 0 0
The integral from 0 to 1 is just the Beta integral, so

e o1, _ D(n—k+1)I(k)
/oy -yt W= T n—k+1+k)

For completeness, here is a short proof: Fubini’s theorem shows that for every
z,y > 0, D(@)(y) = [5° [y e u*"'v¥~! dudv, hence after a change of

variables z = u + v, t = u/z, so that dudv = z dz dt, we get

o) 1
L(z)C(y) :/ e*zzx“’*ldz/ t*= (1 —t)V~'dt.
0

0
Hence fol t*=1(1 — t)v=1dt = I'(z)T'(y) /T (x + y), as required.

Multiplying by (Z) gives the %, showing the lemma.

Thus the % from lemma 2 cancels with the % in (12) and leads us to

(13) B = (1) o0 -0 + 100

(with I as in the proof of lemma 2). This finishes the proof of Theorem 1 in

the case k < n/2.

TOME 143 — 2015 — N° 2
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k—i—1

k k—i—1 2k—nm—i|2k—n—i—2 |1‘
n—k+i+1| n—k 1

FI1GURE 3. Sizes of the hooks for the diagram [k —i — 1,n — k + 1, 1]

2.3. Proof of Theorem 1, case k > n/2.— The calculation in this case is very
similar to the one in the previous case. In fact, we find the similarity eerie and
needing of explanation. What we will show is that (10) holds, which means
that all the calculation from (10) on holds as is, including the conclusion of the
theorem. So we only need to show (10).

Recall from [1] that if & > n/2, the representations that arise in the character
decomposition of oy are of two types: for 0 < i < 2k — n — 2, we have p; =
[k —i—1,n —k+ 1,1, for which a; = (—1)**!/k, while for 2k —n < i <
k — 1, we have p; = [n — k,k — 4,1%] coming with a coefficient a; = (—1)*/k.
Note in particular, that for 2k — n < ¢ < k — 1, the representation and the
coefficient is formally identical to those used in the case k¥ < n/2, and hence
the corresponding dimension and character ratio are still given (formally) by
the same expressions (8) and (9). Note also that there is no representation
associated with ¢ = 2k —n — 1.

For 0 < i < 2k—n—2, consider the representation p; = [k—i—1,n—k+1,1%]
for which the coefficient is a,, = (—1)*"! /k. Then a calculation using Frobenius’
character formula shows (still keeping the notation m = k — 1),

n(n—1)r(p;) = (m —i)* — (m — i) + (n —m)* — 3(n — m)
+1-5+...41—-(2:0+2)—-1)
=(m—1i)*—=(m—14)+ (n—m)®—3(n—m)— (i* + 3i)
= —2ik+ (n— k)2 +k? — 2k —n.
Comparing with (8), observe that this is exactly the same expression.

It remains to compute d(p;). In order to do so we use again the hook length
formula, which gives us the following (see Figure 3):

_ B nl(2k —n —i— 1)
dim(p;) = Mk —k)Nk—i—1)l(n—k+itl)

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



276 N. BERESTYCKI & G. KOZMA

Formally, this is once again exactly the same result as in case k¥ < n/2 but with
a minus sign. But since in this case a; = (—1)**!/k instead of (—1)%/k, the two
minus signs cancel out and the formula which computes E(sx(t)) is ezactly the
same, except for the fact that there is no term corresponding to i = 2k —n — 1.
However, observe that the term in (10) corresponding to ¢ = 2k —n — 1 is zero,
so it does nothing to the sum when we keep it.

This shows that (10) holds also when k& > n/2 and we conclude that, even
when k > n/2,

E(s1(t)) = <Z> Ha:"—ma — o) 4+ I(2)

This finishes the proof of Theorem 1. O

2.4. Proof of Theorem 2. — We need to estimate the terms appearing in The-
orem 1. For this we denote By = 1 (})2" *(1 — )"~ and By = (})I(x) where
I is as in the previous section. With these definitions E(sx(t)) = By + B2
(the reason for taking one x out of B is technical — it allows us to use the
same notations for the estimate of By and of By, nothing more). Another useful
notation would be

Ynk(y) = (n — k) log(y) + (k — 1) log(1 — y),

so that the z-dependent term in B; is e¥(*) and the integrand in I(z) is e?¥®).
Note that t, 5 has a unique maximum over [0,1], attained at y,; = (n —
k)/(n —1). The key lemma is the following estimate:

LEMMA 3. — There ezists C > 0 such that for all k < n, and for all x € [0,1]
we have:
. 1 2 _ —_
(14) B, < @exp _ min{le[, 1/4}*(n — k) Ll yn,k’
k 4 Yn,k

where ¢ = n3/2k=3/2(n — k)~Y/2, as in the statement of theorem 2.
Proof. — We start by defining
(15) D i (€) 1= €xp (Y, (Yn k(1 +)))
and then
n—k n—k
Py k(e) = exp | (n — k)log m(l +e))+(k—1)log(1— m(l +e€)

= exp {¢n k(Yn.k) + 0}
To bound § we first assume that || < 1/4 and get

d=(n—k)log(l+¢e)+ (k—1)log <1—EZ:]1€> <
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< (n—k)s—(n—k)%+(k—1)(—g)7;:’1“

(n —k)e?

where we have used for the first log the fact that for |¢] < 1/4, log(1+¢) <e—
€2 /4, and for the second log simply log(1+a) < a. To remove the restriction on
€, note that v,  is monotone increasing over [0, y,, ;] and monotone decreasing
over [yn,1]. So we can write § < —3(n — k) min{|e|, 1/4}?, for all €.

On the other hand, from Stirling’s formula it is easy to see that there exists
a universal constant C' such that for all n and all k < (n/2),

(17) <Z> =C k(nn— k) ¥ (n ink)n—k'

Combining (17) and (16) we get
n
)+Wf*”%(n_k>

(Z) B, 4(e) < O, /k(%_k) exp {klog (
n:';) + (k- 1)log (Zj) +5}

+(n — k)log (

n n—1 n k-1

Cnd/? min{|e|,1/4}?(n — k)
I Lnd e e

Multiplying further by 1/k, we get the claimed bound on Bj in Lemma 3. [

>3

3

LEMMA 4. — When z > yp (1 +¢€) ande >0

min{|el, 1/4}*(n — k)
e

(19) &s@mﬁ—

while if < yp k(1 +¢€) and e <0,

(20) ’32 _ %’ < Cqexp {_min{lsl, 1/:}2(71 - k)}

where ¢ = g, (k) is as in Lemma 3 and Theorem 2.

Proof. — We analyze these two cases separately:

Case 1: > yp k(1 + €) with € > 0. Then, since ¥,  is monotone decreasing
after y, x, we have

1
I(=) :/ Um0 gy < @V k (n e (140))
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and hence

(21) B, < <Z> g¥n s (U x(142)) — (Z) O, 1 (e).

Case 2: ¢ < yn (1 +¢€) with € < 0. As explained in the introduction, here we
will use Lemma 2, which gives us

n 1 n z
= —_ —_- - 1/}n,k(y)
By <k:> I(z) . <k> /0 e dy

and this time, since v, ; is monotone increasing over [0, y,, x(1+¢)] we conclude
that

/w e¢"*k(y)dy < ¥k (Yn.k(1+€))
0

so that
n
(22) B2~ /bl < () @)
Hence in both cases (21) and (22), we conclude by (18). O

With these two lemmas, we are now able to finish the proof of Theorem 2.

Proof. — Suppose t =t,, i + ¢, with € € R. Then

T = e—tk — e_kt"’ke_ke — yn’ke—ke
SO
(23) w = |e7* — 1| > cmin{|ke|,1} = cmin{k|t — tnkl, 1}
Yn,k
Thus
1 1
E(sk(t)) — %1{t>tn,k} = |zB1+ B2 — El{t>tn,k}
i - In n 71 4 2 _k
By lemmas 3 and 4 < Cgexp (— min{|z — y kl/y4 k> 1/4}(n )>

By (23) < Cqexp (— emin{k|t — t, 1|, 1}*(n — k)),
as needed. O
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2.5. Proof of Corollary 1. — We now turn to the proof of Corollary 1. Let
t=c/n and let X,(e) = L3, _ksi(t) be the relative mass of cycles greater
than ne. Then we have the following lemma:

LEMMA 5. — Assume ¢ > 1 and let 0(c) = max{z > 0:1— z > e *°}. Then
0(c) > 0 and
liminf E(X,,(¢)) > 0(c) —e.

n—oo

Proof. — Fix a < 0(c) and let en < k < an. It follows that

5
(24) to gk < €% for some & > 0.
n
Indeed, k/n < a < 6(c) gives that 1 — k/n > e~ (¢=0(*/7) and with
ekta etk B ) (k/m)
n—1 n
we get (24). Hence by Theorem 2, noting that ¢, (k) < C for any k in this
range,
1
E(sk(t)) > P Cexp(—d'n)

for some C, ¢’ > 0 depending on « and ¢. Summing up between k = [en] and
k= |an], we get

E(X,(e)) > (a — ) — Cn? exp(—6'n)

The lemma follows immediately by letting n — oo, since o was arbitrarily close
to 6(c). O

LEMMA 6. — For any e > 0, on an event of probability tending to 1 asn — oo,

Xn(e) <0(c) +e.

Proof. — Let G(t) be the (random) graph where there is an edge (%, ) if and
only if the transposition (4, j) has occurred prior to ¢t. Then G(¢) is a realization
of G(n,p) with p = 1 — exp(—c¢/n) ~ ¢/n. Furthermore, it is well-known and
easy to see that any cycle of o; is a subset of some connected component of
G(t). By the Erdgs-Renyi theorem (see, e.g., [11, 12]), it is known that on an
event of high probability, G(¢) has only one component greater than en (the
giant component) and thus X, (¢) < Y, where Y, is the rescaled size of the
largest component. Furthermore, the same papers show

Y,

Z - g(C)’
in probability, where £(c) is the survival probability of a Poisson (c¢) Galton-
Watson process. Hence £(c) = 0(c) and the lemma follows. O
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Proof of Corollary 1. — Recall that the corollary states that a cycle > en ex-
ists with high probability. Consider the random variable E,, = 6(c) +&— X, (¢).
Then E,, is bounded by 2, nonnegative with high probability (from the Galton-
Watson argument), and has expectation bounded by 2¢ (from Lemma 5). Hence
by Markov’s inequality P(E, > /) < 34/ for all n sufficiently large. On the
complement event X, (¢) > 6(c) — /¢ and hence X,(¢) > 0, in which case
the length of the longest cycle is > me. Since € was arbitrary, Corollary 1
follows. O

2.6. Proof of Corollary 2. — Recall that we wish to estimate d(t), the graph
distance to o(t). Let N(t) denote the number of cycles of o;. It is well known
and easy to check that d(t) = n — N(t). Let ¢ > 0 and fix K > 1/¢. Then
observe that, since there can never be more than ne cycles greater than K,

fIE(N(t Z E(sk(t)) + O(e).

Thus Theorem 2 follows from the claim: for all fixed ¥ > 1, and all ¢ > 0, if
t=c/n,

k-2
(29) CB(sk(1) — S (e,

For this we apply Theorem 1 with these values of k and ¢, and note that

r = e ¥ gsatisfies x — 1, 1 — 2 ~ kc/n and 2" F — ¢~ (the notation a ~ b

is short for @ = b(1 + o(1)), here and below). Since (}) ~ n*/k!, we deduce
immediately that (recall that ¢(z) = z"*(1 — z)F1),

1(n kK21
k<k>x¢(x)~nmc(ce )k,

Moreover, it is plain that %(Z)qﬁ(y) is uniformly bounded for x < y < 1, hence

W/ o)y < C(1—x) 0.

(25) follows immediately, hence so does Corollary 2.
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