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FAMILY OF INTERSECTING TOTALLY REAL MANIFOLDS
OF (C™,0) AND GERMS OF HOLOMORPHIC DIFFEOMORPHISMS

BY LAURENT STOLOVITCH

ABSTRACT. — We prove the existence (and give a characterization) of a germ of
complex analytic set left invariant by an abelian group of germs of holomorphic dif-
feomorphisms at a common fixed point.We also give condition that ensure that such
a group can be linearized holomorphically near the fixed point. It rests on a “small
divisors condition” of the family of linear parts.

The second part of this article is devoted to the study families of totally real inter-
secting m-submanifolds of (C™,0). We give some conditions which allow to straighten
holomorphically the family. If it is not possible to do this formally, we construct a
germ of complex analytic set at the origin which intersection with the family can be
holomorphically straightened. The second part is an application of the first.

1. Introduction

One of the aim of the article is to study the geometry of some germs of
real analytic submanifolds of (C",0). We shall consider, in this article, only
families of totally real submanifolds of (C™,0) intersecting at the origin. We
are primarily interested in the holomorphic classification of such objects, that
is the orbits of the action of the group of germs of holomorphic diffeomorphisms
fixing the origin.
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248 L. STOLOVITCH

In this article, we shall mainly focus on the existence of complex analytic
subsets intersecting such germs of real analytic manifolds. We shall also be in-
terested in the problem of straightening holomorphically the family. We mean
that we shall give sufficient condition which will ensure that, in a good holomor-
phic coordinates system, each (germ of) submanifold of the family is an n-plane.
In the case there are formal obstructions to straighten the family, we show the
existence of a germ complex analytic variety which intersects the family along
a set that can be straightened. This part of this work takes its roots in and
generalizes a work of Sidney Webster [21] from which it is very inspired. This
part of the work start after having listen to Sidney Webster at the Partial Dif-
ferential Equations and Several Complex Variables conference held in Wuhan
University in June 2004.

The starting point of the first problem appeared already in the work of
E. Kasner [8] and was studied, from the formal view point, by G.A. Pfeiffer [12].
They were interested in pairs of real analytic curves in (C,0) passing through
the origin. We shall not consider the case were some of the submanifolds are
tangent to some others. We refer the reader to the works of I. Nakai [11],
J.-M. Trépreau [20] and P. Ahern and X. Gong [1] in this direction.

The core of this problem rests on geometric properties of an associated dy-
namical systems. To be more specific, we shall deal, in the first part of this
article, with germs of holomorphic diffeomorphisms of (C",0) in a neighbor-
hood of the origin (a common fixed point). We shall consider those whose linear
part at the origin is different from the identity. The main result is the existence
of germ of analytic subset of (C™,0) invariant by an abelian group of such dif-
feomorphisms under some diophantine condition. This diophantine condition
is a Brjuno like condition over small divisors of the full family of linear parts
(such condition was already devised by the author for commuting vector fields
in [17]). The main result is obtained when trying not to linearize (this not
possible in general) but rather to linearize along a well-chosen ideal in a neigh-
borhood of the origin. In fact, this is almost always possible when considering
namely the resonant ideal, generated by the polynomial first integrals of the
linear part. The zero locus of this ideal provides, in good holomorphic coordi-
nates, the invariant analytic set. If the family is formally linearizable and the
family of linear parts satisfies the small divisor condition then, we shall also
prove the family is holomorphically linearizable (in that case the ideal is chosen
to be zero). This first kind (resp. second) of result was obtained by the author
for a single (resp. family of commuting) germ of holomorphic vector field at
singular point [16] (resp. [17]). This article corresponds to the two first parts of
the preprint [19]. This work is also used in a recent work in collaboration with
Xianghong Gong [5].
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2. Abelian group of diffeomorphisms of (C",0) and their invariant sets

The aim of this section is to prove the existence of complex analytic invariant
subset for a commuting family of germs of holomorphic diffeomorphisms in a
neighborhood of a common fixed point. This is very inspired by a previous
article of the author concerning holomorphic vector fields. Although the objects
are not the same, some of the computations are identical and we shall refer to
them when possible.

Let Dy := diag(p1,1,---sM1,n),--., D = diag(p1,. .-, M1n) be diagonal
invertible matrices. Let us consider a family F := {F;};=1 . ; of commuting
germs of holomorphic diffeomorphisms of (C™,0) whose linear part, at the
origin, is D := {D;x};=1,..1:

Fi(z) = Dz + fi(x), with f;(0) =0, Df;(0) =0, fi € On.

Let 4 be an ideal of 0, generated by monomials of C". Let V() be the
germ at the origin, of the analytic subset of (C™,0) defined by 4. It is left
invariant by the family D. Let us set ./ := 0, ® J. Here we denote 0, (resp.
@n) the ring of germ of holomorphic function at the origin (resp. ring of formal
power series) of C". For @ = (¢1,...,¢») € N* and = = (z1,...,2,) € C", we
shall write

Q| :==q1+ -+ qn, 2@ =ad gl
We shall shall denote N7, the set of @ € N™ such that |Q| > 2.
Let {wi (D, 7)}x>1 be the sequence of positive numbers defined by

wk(D’j):inf{fg?a?lm?_”i:ﬂ #0)2<]QI<2%,1<j<n,QeN" g% gZJ}

where p2 = iy - pdh, - Let {wi(D)}x>1 be the sequence of positive numbers
defined by

wk(D):inf{le@i(lW?_ﬂi,ﬂ7é0|2§|Q|§2k71 Sjﬁn,QENn}.

DEFINITION 2.1. — 1. We say that the ideal J is properly embedded if it has
a set of monomial generators that does not involve all variables. In that
case, the set J of variables not involved in any generator is not empty.

2. We say that the family D is diophantine (resp. on J) if
Inwy (D Inwg(D,d
wD): - WeeD) 4o (resp. (D, ) : -y D, J) o).

2k 2k
k>1 k>1

3. A linear anti-holomorphic involution of C™ is a map p(z) = PZ where the
matriz P satisfies PP =1d; Z denotes the complex conjugate of z.

4. We denote by CT the vector subspace of formal power series with no mono-
mial in J.
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250 L. STOLOVITCH

5. We shall say that J is compatible with a anti-holomorphic linear invo-

lution p if the map p* : @n — @n+p_1 defined by p*(f) = f o p maps J
to 2 and CT to C1I.

REMARK 2.1. — Ifn > 3 and J = (z1x2) then J is properly embedded with
J:={z3,...,2n}. The ideal I = (0) can also be regarded as properly embedded

with J :=={z1,...,z,}.
~D
Let ©,, be the ring of formal invariant of the family D, that is

~D ~
O, ={feb,| f(Dix)=f(x)i=1,...,1}.
Let ©p be the non-linear formal centralizer of D, that is
~2

Here /;l\/ln denotes the maximal ideal of the ring @n of formal power series. It can
be shown (as in Proposition 5.3.2 of [17]) that this ring is generated by a finite

number of monomials 1, ..., 2% and that the non-linear centralizer §p of D

~D
is a module over @), of finite type. Let ResIdeal be the ideal generated by the
monomials z®,... zf» in O,.

DEFINITION 2.2. — We say that the family F is formally linearizable on J
if there exists a formal diffeomorphism ) of (C™,0), tangent to the identity
at the origin with a zero projection on Gp such that &, F, — Dz € (3’)” for
all1 <i <. Here, ®,F; stands for ® o F; 0 ®~1.

THEOREM 2.1. — Let J be a monomial ideal (resp. properly embedded). As-
sume that the family D is diophantine (resp. on J). If the family F is formally
linearizable on LA/, then it is holomorphically linearizable on J. Moreover, there
erists a unique such diffeomorphism ® such that the projection of the Taylor
expansion of ® —Id onto J" U € p vanishes and which linearizes F on J.

Moreover, let p be a linear anti-holomorphic involution such that pGpp = Cp.
We assume that J is compatible with p. Assume that, for all1 <i <1, poF;op
belongs to the group generated by the F;’s. Then ® and p commute with each
other.

This theorem can be rephrased as follow : Under the afore-mentioned dio-
phantine condition, then there exists a germ of holomorphic diffeomorphism &
such that ®,F; — D,z € ()" for all 1 < i < [. As a consequence, in a good
holomorphic coordinates system, the analytic subset V() is left invariant by
each F; and its restriction to it is the linear mapping = — D,y (). Recall
that the analytic set is actually the union of complex linear subspaces whose
components are obviously invariant by the diagonal linear map.
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REMARK 2.2. — Such a diophantine condition of a family was first devised in
the case of germs of vector fields by the author [17]. In order to conjugate a
family of commuting diffeomorphisms of the circle, close to rotations, to ro-
tations, J. Moser [10] also used a Siegel type condition for the full family of
rotations.

REMARK 2.3. — The family D can be diophantine while none of the D;’s is
(see [18, 17]).

REMARK 2.4. — The fact that the ideal is properly embedded allow us to use
only the diophantine condition (w(D, J)) which is weaker than (w(D)).

The second part of the theorem will only be used for further applications.

REMARK 2.5. — 1. If the ring of invariant of D reduces to the constants and
if D is diophantine, then F is holomorphically linearizable in a neigh-
borhood of the origin. For a single diffeomorphism, this was obtain by
H. Rissmann [14, 15] and by T. Gramtchev and M.Yoshino [6] for an
abelian group under a slightly coarser diophantine condition.

2. There are examples of germs of diffeomorphisms with non diagonalizable
linear part, which cannot be analytically linearized even if the diffeomor-
phism is formally linearizable and the semi-simple part of its linear part
is diophantine[4, 22].

3. The existence of an invariant manifold for a germ of diffeomorphism
was obtain by J. Pdschel [13]. Despite the fact that we are dealing with
a family of diffeomorphisms, the main difference is that we are able to
linearize simultaneously on each irreducible component of the analytic
set.

According to M. Chaperon [3][Theorem 4, p.132], if the family of diffeomor-
phisms is abelian then there exists a formal diffeomorphism ® such that

&,F;(D;z) = D;®,Fi(z), 1<4,j<L.

We call the family of . F’s a formal normal form of the family F'. Then we
have the following corollary :

COROLLARY 2.1. — Let F be an abelian family of germs of holomorphic diffeo-
morphisms of (C™,0). Let us assume that D is diophantine on ResIdeal. If the
non-linear centralizer of D is generated by the ™ ’s then F is holomorphically
linearizable on J.

COROLLARY 2.2. — Let F' be an abelian family of germs of holomorphic dif-
feomorphisms of (C™,0). Let us assume that the family D is diophantine. If F'
is formally linearizable, then F' is holomorphically linearizable in (C™,0).
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REMARK 2.6. — The condition that the non-linear centralizer of D is gener-
ated by the x®’s means: if /J,iQ = p;,; for some Q € N3, 1 < j < n and for
all 1 < i <1, then z9 belongs to the ideal generated by x™',... x®. This a
very weak condition since only all but a finite number of resonances satisfy this
condition.

REMARK 2.7. — Since J is a monomial ideal, its zero locus is an intersection
of unions of complex hyperplanes {z;, = 0}.

EXAMPLE 2.1. — For instance, if the eigenvalues 1, pa of germ of diffeomor-
phism ¢ in (C2,0) satisfy uipuz = 1 then, in a good holomorphic coordinates
system (z1,22) of a neighborhood of the origin, the complex set {z1zo = 0} is
invariant under ¢ as soon as py is diophantine. The ideal J = (z122) is not
properly embedded.

We shall prove that there exists a holomorphic map ® : (C*,0) — (C",0),
tangent to the identity at the origin, such that

® 'oF0®(y)=Gi(y) :=Diy+gi(y) i=1,...,1

where the components of g; are non-linear holomorphic functions and belong
to the ideal 4. It is unique if we require that its projection on 4" U & is zero.
Let usset z; = ®,(y) :=y;+¢;(y), s = 1,...,n. Let us expand the equations
Fiod(y)=P0G;,i=1,...,l.Foralll <j<mnandalli=1,...,l, we have
wi,jY5 + 9i.5(Y) + 65 (Gi(y)) = pij(y; + 65 () + fi,;(2(y))
9i,; (W) + ¢;(Diy) + (9;(Gi(y)) — ¢;(Diy)) = w05 () + fi;(2(y))-

We have, by definition, ¢;(D;y) = ¢; (@i 191, .-, linYn). Let us expand the
functions at the origin :

Fi) =Y fiiav® 9ii@) = D giu® and ¢;(y) = Y 6jqu%.
QENy QEND QENy
Then we have
(1) D 5hi%50u® +9i5() = f1;(2®) — (¢;(Gi(y)) — ¢;(Diy))
QeNy
where

5inj = M’LQ — Mg, M= (.u’i,h cee a,ui,n)-

Let {f}o denote the coefficient of 2 in the Taylor expansion at the origin
of f. We define ¢, ¢ and g; j ¢ by induction on |Q| > 2 in the following way:
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— if y? does not belong to . and max; |6z2]| # 0, then there exists 1 < ig < I
such that |68 | = max; |95, ;|. We set

$jQ = {fi0.5(®(W)) — (6;(Gio () — 65 (Disy)) } g

6“’
9i,5,Q = 0.
— If y? does not belong to 4 and max; |06, ;1 = 0, then we have

{fi0.i(2(W)) — (¢;(Gio (y)) — ¢ (Digy)) } g =0

and we set ¢;0 =0 = g; ;,0-
— If y? belongs to J, we set
$j@ =0
9ij,0 = {fi,;(®(¥)) — (6;(Gi(y)) — ¢;(Diy))} ¢ -

REMARK 2.8. — Assume that G;(y) — D;y belongs to (9)" If y® does not
belong 4 then {(¢;(Gi(y)) — ¢;(Diy))}o = 0. In fact, let us Taylor expand ¢,
at the point D;y. We obtain

1
¢;(Gi(y)) — ¢;(Diy) = Z JDQQSJ(Diy)(Gi(y) - Diy)* € (I)".
lo|>1 7"
Moreover, if the k-jet of G;(y) — D;y belongs to (2)” and if |Q| =k + 1 then
{(0;(Gi(y)) — ¢i(Diy)) @ = 0 since ¢; is of order > 2.

LEMMA 2.1. — Assume that the family F is formally linearizable on J. Then
the formal dzﬁeomorphzsm ® defined above linearizes simultaneously the family

F on J where J = 0o ® J.

Proof. — Let ¥ be a formal diffeomorphiAsm tangent to identity at the origin

and linearizing formally the family F on 4. For all 1 < 4,5 < j <, we have
FioF;=F;oF; thus FioFjoW¥ =F;0F;0U.

Therefore, we have

D, D;V+D;(fjo¥)+ fi(D;¥+ fjo¥) = D;D; ¥+ D;(f;0¥)+ f;(D; ¥+ fi0T).

For each i, let us consider the linear diffeomorphism D; € @: with linear part

D, :

D;:z— D;.x.

Let us define the operator T;(U) := U o D; — D;U defined on @: to itself. The
previous equality reads

Ti(f;00)+f;(D; U+ f;00)— f;(VoD;) = Tj(f;00)+ fi(D; U+ f;00)— f;(¥oDy)
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Moreover, we have F; o ¥ = W o G;. Let us write G;(z) = D;z+ gi(z), where g;
is a map vanishing at first order at the origin. Hence, we have
fi(DjO + fjoW) — fi(WoD;) = fioFjoW — fi(¥o D)
= fioWoG; — fioWoD,
= D(fio0)(Dy)g; + -+
Assume the G;’s are linear on 4 up to order k¥ > 2. This means that, for
any 1 <m <n and any 1 < i <, the k-jet J*(g; ) belongs to J. The previ-
ous computation shows that the (k + 1)-jet of f;(D;¥ + f; o ¥) — f;(V o D;)
depends only on the k-jet of g; and belongs to 4. The same is true
for U;(G;(y)) — ¥,;(D;y). Therefore, if @ € N} with |Q| = k + 1 is such
that @ does not belong to 7, then we have
{f;(¥ 0 D) = Di(f5 0 %)} = {fi(¥ 0 D;) — D;(fi o ¥)}o;

that is, for all 1 <m <mn,
(2) (1 = tism){Fjm © O} = (U — pjm){fim © Tl

Let us show by induction on |Q| > 2 that if 22 does not belong to / and
max; |8¢, ;| # 0, then 9; o = ¢ o. In fact, assume that it is true up to order k
and let |Q| =k + 1, 29 ¢ J. According to Taylor expansion, we have

{fis(TW)}e = {fii(®(¥))}e-

Thus, according to (2), we have
(42 = i) (S © B = (43 = pin)Fim © Bl
If |58]| = max; |65, ;| # 0, then g; j o := 0 and

88 65,0 = {fio.j © ®rq = {fiv.s © Y}q = 68 ;%50
This means that equation (1) is solved by induction and that ® linearizes
formally the F;’s on J. O

Let p be a linear anti-holomorphic involution satisfying the assumptions of
the theorem. We have F; o ® = ® o G; where G; is linear along 3 Hence, we
have

(poFiop)o(po®op)=(poPop)o(poGiop).
Let us set F} := =poF;op. By assumptions, F} belongs to the group generated

by the F;’s. Slnce p*J C J then p o G; o p is a formal diffeomorphism which

is linear on J By assumptions, the projection of po ® o p — Id onto J U &p
vanishes identically. By uniqueness, we have po ® o p = ® since ® linearizes F;

on J.
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We shall prove, by using the majorant method, that ® actually converges on
a polydisc of positive radius centered at the origin. Let us define N7\ 4 to be the
set of multiindices Q € N” such that |Q| > 2 and % ¢ J. Let f = >0 foz®
and g = ZQ ngQ be formal power series. We shall say that g dominates if
|fol < lgql for all multiindices Q. We define f = 3=, | fq|z?.

First of all, for all 1 < j < n and all Q € N3\ such that max;<;<; |0, ;| # 0,
we have

195.01100.51 = {fis(@),; (@) }al < {fin@); W+ o)}

where |0¢ ;| = maxi<;<; |5Q il = |5Z°(Q J)| In fact, {f;0®oG;— fio®oD;}o =0
whenever @ € N3 \ . This inequality still holds if max;<;<;[0¢) ;| = 0. Let us
set

- 6Q = mln{|6Q,J|, 1 < j <n such that (SQ,J 7é 0},
- 8q = 0 if max;<i<; |05, ;| = 0.

Let us sum over 1 < j < n the previous inequalities. Let us first notice that,
since ¢j o = 0 if g ; = 0, we have dg¢; 0 < ¢;,06;,¢ in all cases. Hence, we
obtain for all Q € N2 \ Y,

n

5o Y ltiel <D lbialldqll < Z @)y + )

=1 =1 j=1
J J Q

l

SUD fii | w+9)
i=1 \j=1 Q

Since 22:1 E?:1 fi,; vanishes at the origin with its derivative as well, there
exist positives constants a, b such that

(Z?:l 33]')2
ZZf Dy e =)

Since the Taylor expansion of the right hand side has non-negative coefficients,
we obtain

a (Z?:1 Yj +d~))2
l_b(zj 1y]+¢>

Sopq <

where we have set d¢ := > i1 |65l and b= > geny doz?. Here, we have set
$o = 0 whenever §g = 0.
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Let us define the formal power series o(y) = ZQGNQ oqy? as follow:
vQ NG\ (NF\ /) o =0
. 2
o (5w +0)

VQEN;\J oQ =
1—b(2?:1yj+a)

Q

LEMMA 2.2 ([16, lemme 2.1]). — The series o is convergent in a neighborhood
of the origin 0 € C™,

Let us define the sequence {nq}qgenn\ s of positive number as follow :

1. VP € N7\ 4 such that |P| =1, np = 1 (such multiindices exists.),
2. VQ € N} \ ./ with 6o # 0

dQnQ = MAX . Qi Ny
Qi+-4+Qp+5=Q
the maximum been taken over the sets of p+1, 1 < p < |Q|, multiindices
Q1,...,Qp, S such that V1 < j <p, Q; € N7, |Q;| < |Q|, S € N". These
sets are not empty.
3. VQENg\jWith&QZO, ng = 0.
This sequence is well defined. In fact, if @ € N7 \ 4, then there exists mul-
tiindices @1,...,Qp, S such that Q@ = Q1 + -+ Qp, + 5, V1 < j < p,
Q; € N, |Q,] <|Q|, S € N". In this case, V1 < j <p, Q; € N\ J.
The following lemmas are the key points.

LEMMA 2.3 ([16, lemme 2.2]). — For all Q € N \ 4, we have ¢g < agng-

LEMMA 2.4 ([16, lemme 2.3]). — There exists a constant ¢ >0 such that
¥Q €Ng\ S, ng < 9l

Let 6 > 0 be such that

40 := i al < 1.
(3) 0:= min max il <

We can always assume this, even if this means using, for each 1 < i < [, the
inverse of the diffeomorphisms F; : Fix j, for each ¢, if |y; ;| > 1 then consider
F; = Fi_l. Then, at the end, we have |u; ;| < 1 for all i. If the ideal J is
properly embedded, then we shall set

460 := min max |u; ;| <1
jed 1<i<l i) <

where J # & denotes the set of variables not involved in any generator. In
particular, we have the property that if 2@ ¢ 4 then z,29 ¢ . for all s € (J.
As the in previous case, this can always be achieved.
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By definition, ng is a product of 1/6g, with |Q’| < |Q|. Let k be a non-
negative integer. Let us define ¢®*)(Q) (resp. ¢>§-k)(Q)) to be the number
of 1/0¢/’s present in this product and such that 0 # d¢' < 6wi(D,J) (resp.
and dg = 0, ). The lemma is a consequence of the following proposition

PROPOSITION 2.1 ([16, lemme 2.8]). — For allQ € N} \ 4, we have ¢*)(Q) <
20t if Q] > 28 +1; and ¢M(Q) = 0 if Q| < 2"

In fact, ¢(*)(Q) bounds the number of 1/5g’s appearing in the product
defining n¢g and such that fwy41(D, J) < dg < Owi(D, J).

Proof of Lemma 2.4. — Let r be the integer such that 2" +1 < |Q| < 2"t +1.

Then we have
K

1 $"(Q)
< _— .
ne <]l <9wk+1<D,f)>

k=0
By applying the Logarithm and Proposition 2.1, we obtain
!

2 (ot )
Inng < Z2n ok In 9&]k+1(D’j)

Inwg1(D, 9) _ 1
<QI| -2nd — G+ mle T Y

k>0 k>0

Since the family D is diophantine, we obtain ng < cl?l for some positive
constant c. O

For any positive integer k, for any 1 < j < n, let us consider the function
defined on N7 \ 4 to be

voen\ g, pMQ) =1 if 6 = 10q,;| #0 and [dq,;| < wi(D, )
/ 0 if 6g=0 or dg # |0g,| or |0g, ;| > Owk(D,d)

Then we have,

0@ =@+ _ max_ (6@ ++07(@Q).
Qb Qyt5=Q

The proof of Proposition 2.1 identical to the proof of [16][lemme 2.8] except
that we have to use the following version of [16][lemme 2.7] :

LEMMA 2.5. — Let Q € Nj \ J be such that ¥{”(Q) = 1. If Q = P + P’
with (P,P') € N} x N2 and |P| < 2F — 1, then (P,P") € N} \ 4 x N3 \ 4 and
Y (P) = 0.
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Proof. — Clearly, if @ = P+ P’ € N} \  then (P,P’) € N} \ 4 x N} \ J.
There are two cases to consider:

1. if 6p/ # |6 pr| or 0ps = 0 then d)](-k)(P') = 0, by definition.
2. if 6pr = |0;,p/| # 0, assume that 0pr < Owy(D, ). Then, for all 1 <i <1,
we have
] > |mi | — Bwr(D, J) > 46 — 26 = 20.
It follows that, for all 1 < <1,
20wk (D, J) > |u? — pigl + I — pig)
> [p? = uf"| = | |l = 1),
If 4 is properly embedded, for all a € , we have z,z” ¢ J. Therefore,
for all 1 <7 <! and all a € J, we have

20wi (D, ) > 20| i 0] ud TE — w4l

K2

So, for a well chosen i = i(a), we have |ul *¥* — u; .| = max; |,uf+E“ —

Kjal = wi(D, ). So, for that i(a), we have
20wy (D, ) > 29|,ui(a)’a|_1wk(D, J).

This contradicts the facts that min,e maxi<;<; |pio] < 1. If J is not
properly embedded, then for each 1 < a < n there exists 1 < i(a) <1

20wk (D) > 20| hi(a),al ~ wr (D).
Hence, we have |{1;(q),q| > 1 which contradicts (3).
Hence, we have shown that w§k) (P =0. O

3. Family of totally real n-manifolds in (C™,0)

Let us consider a family M := {Mi}i=1,._.,m of real analytic totally real
n-submanifolds of C™ passing through the origin. Locally, each M; is the fixed
point set of an anti-holomorphic involution p; : M; = FP(p;) and p; o p; = Id.
This means that
where R; is a germ of holomorphic map at the origin with R;(0) = 0 and
DR;(0) = 0. Each matrix B; is invertible and satisfies B; B; = Id. The tangent
space, at the origin, of M; is the totally real n-plane

{Z = BZZ_S}

We assume that these are all distinct one from another. Their intersection at
the origin is the set

{zeC"|Biz=zi=1,....m}C{z€C" | B;Bjz=2,i,j=1,...,m}.
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It is contained in the common eigenspace of the BZBj’s associated to the eigen-
value 1. We shall not assume that this space is reduced to 0.

Let us consider the group G generated by the germs of holomorphic diffeo-
morphisms of (C™,0) F;; := p;opj, 1 < 4,5 < m. Let D;; := BiBj be the
linear part at the origin of F; ;. Let us set

Fij = Dijz+ fi(2)
where f; ; is a germ of holomorphic function at the origin with f; ;(0) = 0 and
Df,; ;(0) =0.
LEMMA 3.1. — We have, for any 1 <i,5 < m,
(4) Ri(2) — Dy Ri(Fi;) = Di;Bifij(2) + fii(ps).
Proof. — Let us write the relation F; ; = p; o p; and p; o p; = Id. We obtain
(5) fi,i(2) = BiR;(2) + Ri(p;)
(6) 0 = B;Ri(2) + Ri(pi)-
By multiplying the first equation by B;, we obtain
Rj(z) = Bifi,;(z) — BiRi(p;)-
Hence,we have
0= B;Bifi;(2) — BiBiRi(p;) + Bifi;(p;) — BiRi(p; o pj)-
Let us multiply by B; on the left and take the conjugation. We obtain
0= D;;Bifi;(z) — Di;BiRi(p;) + fij(p;) — Ri(2).
On the other hand, by evaluating equation (6) at p;, we obtain
0= BiRi(p;) + Ri(Fi ;).

At the end,we obtain

Ri(2) — Dy jRi(Fy ;) = Di;Bifi;(2) + fi;(ps)- O

DEFINITION 3.1. — The p;’s are simultaneously normalizable whenever

Ri(2) — D; jRi(D; ;Z) =0 for all 1 < i,j <.

REMARK 3.1. — If the group G is holomorphically linearizable at the ori-

gin then the p;’s are simultaneously normalizable. This follows from (4) with
fi; =0 for all i,j.
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Moreover, assume the D; ;’s are simultaneously diagonalizable and let us
set D; ; = diag(p; j k). Then, for any 1 < k < n and any 1 < j < m, the
k-component p; i, of p; can be written as

(pi(2) = Biz), = Y.  pirez®.
QeNy
V3, ﬁgj:“'i_,;,k
Here, (f)i denotes the k-th-component of f.

As a consequence, we have

THEOREM 3.1. — Let us assume that the group G associated to the family of
totally real submanifolds M is a semi-simple Lie group. Then the p;’s are si-
multaneously and holomorphically normalizable in a neighborhood of the origin.

Proof. — Tt is classical [9, 7, 2] that if the Lie group G of germs of diffeo-
morphisms at a common fixed point is semi-simple then it is holomorphically
linearizable in a neighborhood of the origin. Then, apply the previous Re-
mark 3.1. O

DEFINITION 3.2. — We shall say that such a family M = {M,;}i=1,...m of
totally real n-submanifold of (C™,0) intersecting at the origin is commutative
if the group G is abelian.

From now on, we shall assume that M is commutative and that the fam-
ily D of linear part of the group G at the origin is diagonal. In other words,
D; ; = diag(pi, k). Let J be a monomial ideal of ©),. It is generated by some
monomials %1, ..., zf». We shall denote 4 the ideal of C[[Zy,...,Z,]] gener-
ated by zf1,..., 8.

DEFINITION 3.3. — 1. We shall say that the family M of manifolds is non-
resonant whenever, for all1 < i < m, 1 <k < n and for all Q € N7,
there exists a 1 < j < m such that ﬁgj #+ ,ui_,j{k.

2. We shall say that the family M of manifolds non-resonant on 4 whenever
for all monomial z9 not belonging to J and for all couple (i, k), there
ezists j such that ﬂgj # u;}k

THEOREM 3.2. — Assume that the group G is abelian. Let J be a monomial
ideal (resp. properly embedded) left invariant by the family D := {D; ;} and the
involutions z — B;Z. Assume that D is diophantine (resp. on J) and that M is
non-resonant on J. Assume G is formally linearizable on J. Then, the family F
is holomorphically linearizable on J_. Moreover, in these coordinates, the p;’s
are linear and anti-holomorphic on J.
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Proof. — By Theorem 2.1, the family F is holomorphically linearized on J.
Let us show that, in these coordinates, the p;’s are anti-linearized on J.

Let us prove by induction on |@Q| > 2 that {p; 1 }o = 0 whenever z? doesn’t
belong to 4 and ﬂgj # ,ul_;k We recall that {p;  } o denotes the coefficient of ZQ
in the Taylor expansion of p; . Assume it is case up to order k. Let Q € Ny
with |@] = k + 1. Let us compute {p; 1 }¢o. Using equation (4), we obtain

Ri(2) — Dy jRi(DiZ) + Dy j (Ri(Di;Z) — Ri(F ;7))
= Di;Bifi;(2) + fij(BjZ) + (fi(p;) — [i,j(B;jZ)) -
Moreover, F is linearized on V(7). Hence, both {D; ;B;f; j(Z) + fi;(B;Z)}o
and {R;(D;;z) — Ri(F;;2)}q vanish when 2% doesn’t belong to /. Hence,
if 2@ ¢ 7, then we have
(1= pijfis) Ra.ik = {(Fijk(ps) — fiju(BiZ)}g -

But by induction, we have
{(fiik(p5) = fijn(BiZ2)} o = {Dfijk(BiZ)R; + Df}; 1 (B;Z)R} + -} = 0.
Therefore, since (1 — ui,j’kﬁgj) # 0, then we have Rg ; ; = 0. That is,

pi(z) = B;z mod J. O

COROLLARY 3.1. — Under the assumptions of Theorem 8.2, there exists a
complex analytic subvariety J passing through the origin and intersecting each
totally real submanifold M;. In good holomorphic coordinate system, J is a
finite intersection of a finite union of complex hyperplane defined by complex
coordinate subspaces:

(J = ﬂi Uj {Zij = 0}
The intersection My N J is then given by

Mkm/f:{zemiuj{zij:o}|3k5:z}.

Proof. — The complex analytic subvariety ¢ is nothing but V(). The trace
of it on M; is the fixed points set of p; belonging to V(J). According to the
previous theorem, the p;’s are holomorphically and simultaneously linearizable
on V(). By assumptions, J is a monomial ideal so V() is a finite intersection
of a finite union of hyperplane defined by coordinate subspaces:

(J =0 U]' {Zij = 0} O

COROLLARY 3.2. — Assume that the family M is non-resonant, G is formally
linearizable and D is diophantine. Then, in a good holomorphic coordinates
system, M is composed of linear totally real subspaces

U{zecC" | Biz=2}.

3
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REMARK 3.2. — If the family M is non-resonant and if for all (i,k), one of
the eigenvalues p; ;1. ’s belong to the unit circle, then G is formally linearizable.
In fact, for any Q € N7, any1 <i<m, any 1l < k < n, there ezists 1 < j <m
such that

ﬁf’?j # ,ui_,jl,k = [bs,j,k-
This means precisely that D is non-resonant in the classical sense. There is no
obstruction to formal linearization.

COROLLARY 3.3. — Let J be the ideal generated by the monomials zf, ... zfr

~D
generating the ring O, of formal invariants of D. We assume that the non-
linear centralizer of D is generated by the same monomials. If D is diophantine
on J then, in a good holomorphic coordinate system, we have

V() ={z e (C0)| 2 =... = 2B =0},
and
pilv (s (2) = Biz.
COROLLARY 3.4. — Let us consider two totally real n-manifolds of (C™,0)

not intersecting transversally at the origin. Assume that the | first eigenvalues
of DF(0) are one. Let uf = 1,...,uf'» = 1 be the other (i.e., R; € N" and
|R;| > 1) generators of resonant relations. Let

V() ={2€(C"0)|z1==z=2f=...=2F =0}
If DF(0) is diophantine on V (), then in good holomorphic coordinate system,
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