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FAMILY OF INTERSECTING TOTALLY REAL MANIFOLDS
OF (Cn, 0) AND GERMS OF HOLOMORPHIC DIFFEOMORPHISMS

by Laurent Stolovitch

Abstract. — We prove the existence (and give a characterization) of a germ of
complex analytic set left invariant by an abelian group of germs of holomorphic dif-
feomorphisms at a common fixed point.We also give condition that ensure that such
a group can be linearized holomorphically near the fixed point. It rests on a “small
divisors condition” of the family of linear parts.

The second part of this article is devoted to the study families of totally real inter-
secting n-submanifolds of (Cn, 0). We give some conditions which allow to straighten
holomorphically the family. If it is not possible to do this formally, we construct a
germ of complex analytic set at the origin which intersection with the family can be
holomorphically straightened. The second part is an application of the first.

1. Introduction

One of the aim of the article is to study the geometry of some germs of
real analytic submanifolds of (Cn, 0). We shall consider, in this article, only
families of totally real submanifolds of (Cn, 0) intersecting at the origin. We
are primarily interested in the holomorphic classification of such objects, that
is the orbits of the action of the group of germs of holomorphic diffeomorphisms
fixing the origin.
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248 L. STOLOVITCH

In this article, we shall mainly focus on the existence of complex analytic
subsets intersecting such germs of real analytic manifolds. We shall also be in-
terested in the problem of straightening holomorphically the family. We mean
that we shall give sufficient condition which will ensure that, in a good holomor-
phic coordinates system, each (germ of) submanifold of the family is an n-plane.
In the case there are formal obstructions to straighten the family, we show the
existence of a germ complex analytic variety which intersects the family along
a set that can be straightened. This part of this work takes its roots in and
generalizes a work of Sidney Webster [21] from which it is very inspired. This
part of the work start after having listen to Sidney Webster at the Partial Dif-
ferential Equations and Several Complex Variables conference held in Wuhan
University in June 2004.

The starting point of the first problem appeared already in the work of
E. Kasner [8] and was studied, from the formal view point, by G.A. Pfeiffer [12].
They were interested in pairs of real analytic curves in (C, 0) passing through
the origin. We shall not consider the case were some of the submanifolds are
tangent to some others. We refer the reader to the works of I. Nakai [11],
J.-M. Trépreau [20] and P. Ahern and X. Gong [1] in this direction.

The core of this problem rests on geometric properties of an associated dy-
namical systems. To be more specific, we shall deal, in the first part of this
article, with germs of holomorphic diffeomorphisms of (Cn, 0) in a neighbor-
hood of the origin (a common fixed point). We shall consider those whose linear
part at the origin is different from the identity. The main result is the existence
of germ of analytic subset of (Cn, 0) invariant by an abelian group of such dif-
feomorphisms under some diophantine condition. This diophantine condition
is a Brjuno like condition over small divisors of the full family of linear parts
(such condition was already devised by the author for commuting vector fields
in [17]). The main result is obtained when trying not to linearize (this not
possible in general) but rather to linearize along a well-chosen ideal in a neigh-
borhood of the origin. In fact, this is almost always possible when considering
namely the resonant ideal, generated by the polynomial first integrals of the
linear part. The zero locus of this ideal provides, in good holomorphic coordi-
nates, the invariant analytic set. If the family is formally linearizable and the
family of linear parts satisfies the small divisor condition then, we shall also
prove the family is holomorphically linearizable (in that case the ideal is chosen
to be zero). This first kind (resp. second) of result was obtained by the author
for a single (resp. family of commuting) germ of holomorphic vector field at
singular point [16] (resp. [17]). This article corresponds to the two first parts of
the preprint [19]. This work is also used in a recent work in collaboration with
Xianghong Gong [5].
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2. Abelian group of diffeomorphisms of (Cn, 0) and their invariant sets

The aim of this section is to prove the existence of complex analytic invariant
subset for a commuting family of germs of holomorphic diffeomorphisms in a
neighborhood of a common fixed point. This is very inspired by a previous
article of the author concerning holomorphic vector fields. Although the objects
are not the same, some of the computations are identical and we shall refer to
them when possible.

Let D1 := diag(µ1,1, . . . , µ1,n), . . . , Dl := diag(µl,1, . . . , µl,n) be diagonal
invertible matrices. Let us consider a family F := {Fi}i=1,...,l of commuting
germs of holomorphic diffeomorphisms of (Cn, 0) whose linear part, at the
origin, is D := {Dix}i=1,...,l:

Fi(x) = Dix+ fi(x), with fi(0) = 0, Dfi(0) = 0, fi ∈ On.

Let I be an ideal of On generated by monomials of Cn. Let V ( I ) be the
germ at the origin, of the analytic subset of (Cn, 0) defined by I . It is left
invariant by the family D. Let us set Î := Ôn ⊗ I . Here we denote On (resp.
Ôn) the ring of germ of holomorphic function at the origin (resp. ring of formal
power series) of Cn. For Q = (q1, . . . , qn) ∈ Nn and x = (x1, . . . , xn) ∈ Cn, we
shall write

|Q| := q1 + · · ·+ qn, xQ := xq11 · · ·xqn
n .

We shall shall denote Nn2 , the set of Q ∈ Nn such that |Q| ≥ 2.
Let {ωk(D, I )}k≥1 be the sequence of positive numbers defined by

ωk(D, I ) = inf

{
max
1≤i≤l

|µQi − µi,j | 6= 0 | 2 ≤ |Q| ≤ 2k, 1 ≤ j ≤ n,Q ∈ Nn, xQ 6∈ I
}

where µQi := µq1i,1 · · ·µ
qn

i,n. Let {ωk(D)}k≥1 be the sequence of positive numbers
defined by

ωk(D) = inf

{
max
1≤i≤l

|µQi − µi,j | 6= 0 | 2 ≤ |Q| ≤ 2k, 1 ≤ j ≤ n,Q ∈ Nn
}
.

Definition 2.1. — 1. We say that the ideal I is properly embedded if it has
a set of monomial generators that does not involve all variables. In that
case, the set S of variables not involved in any generator is not empty.

2. We say that the family D is diophantine (resp. on I ) if

(ω(D)) : −
∑
k≥1

lnωk(D)

2k
< +∞ (resp. (ω(D, I )) : −

∑
k≥1

lnωk(D, I )

2k
< +∞).

3. A linear anti-holomorphic involution of Cn is a map ρ(z) = P z̄ where the
matrix P satisfies PP̄ = Id; z̄ denotes the complex conjugate of z.

4. We denote by ĈI the vector subspace of formal power series with no mono-
mial in I .
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250 L. STOLOVITCH

5. We shall say that I is compatible with a anti-holomorphic linear invo-

lution ρ if the map ρ∗ : Ôn → Ôn+p−1 defined by ρ∗(f) = f ◦ ρ maps Î

to Î and ĈI to ĈI.

Remark 2.1. — If n > 3 and I = (x1x2) then I is properly embedded with
S := {x3, . . . , xn}. The ideal I = (0) can also be regarded as properly embedded
with S := {x1, . . . , xn}.

Let Ô
D

n be the ring of formal invariant of the family D, that is

Ô
D

n := {f ∈ Ôn | f(Dix) = f(x) i = 1, . . . , l}.
Let CD be the non-linear formal centralizer of D, that is

CD := {F ∈ ( M̂
2

n)n | F (Dix) = DiF (x) i = 1, . . . , l}.

Here M̂n denotes the maximal ideal of the ring Ôn of formal power series. It can
be shown (as in Proposition 5.3.2 of [17]) that this ring is generated by a finite
number of monomials xR1 , . . . , xRp and that the non-linear centralizer CD of D

is a module over Ô
D

n of finite type. Let ResIdeal be the ideal generated by the
monomials xR1 , . . . , xRp in On.

Definition 2.2. — We say that the family F is formally linearizable on Î
if there exists a formal diffeomorphism Φ̂ of (Cn, 0), tangent to the identity
at the origin with a zero projection on CD such that Φ̂∗Fi − Dix ∈ ( Î )n for
all 1 ≤ i ≤ l. Here, Φ̂∗Fi stands for Φ̂ ◦ Fi ◦ Φ̂−1.

Theorem 2.1. — Let I be a monomial ideal (resp. properly embedded). As-
sume that the family D is diophantine (resp. on I ). If the family F is formally
linearizable on Î , then it is holomorphically linearizable on I . Moreover, there
exists a unique such diffeomorphism Φ such that the projection of the Taylor
expansion of Φ− Id onto I n ∪ CD vanishes and which linearizes F on I .

Moreover, let ρ be a linear anti-holomorphic involution such that ρ CDρ = CD.
We assume that I is compatible with ρ. Assume that, for all 1 ≤ i ≤ l, ρ◦Fi ◦ρ
belongs to the group generated by the Fi’s. Then Φ and ρ commute with each
other.

This theorem can be rephrased as follow : Under the afore-mentioned dio-
phantine condition, then there exists a germ of holomorphic diffeomorphism Φ

such that Φ∗Fi − Dix ∈ ( I )n for all 1 ≤ i ≤ l. As a consequence, in a good
holomorphic coordinates system, the analytic subset V ( I ) is left invariant by
each Fi and its restriction to it is the linear mapping x 7→ Di|V ( I )x. Recall
that the analytic set is actually the union of complex linear subspaces whose
components are obviously invariant by the diagonal linear map.
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Remark 2.2. — Such a diophantine condition of a family was first devised in
the case of germs of vector fields by the author [17]. In order to conjugate a
family of commuting diffeomorphisms of the circle, close to rotations, to ro-
tations, J. Moser [10] also used a Siegel type condition for the full family of
rotations.

Remark 2.3. — The family D can be diophantine while none of the Di’s is
(see [18, 17]).

Remark 2.4. — The fact that the ideal is properly embedded allow us to use
only the diophantine condition (ω(D, I )) which is weaker than (ω(D)).

The second part of the theorem will only be used for further applications.

Remark 2.5. — 1. If the ring of invariant of D reduces to the constants and
if D is diophantine, then F is holomorphically linearizable in a neigh-
borhood of the origin. For a single diffeomorphism, this was obtain by
H. Rüssmann [14, 15] and by T. Gramtchev and M.Yoshino [6] for an
abelian group under a slightly coarser diophantine condition.

2. There are examples of germs of diffeomorphisms with non diagonalizable
linear part, which cannot be analytically linearized even if the diffeomor-
phism is formally linearizable and the semi-simple part of its linear part
is diophantine[4, 22].

3. The existence of an invariant manifold for a germ of diffeomorphism
was obtain by J. Pöschel [13]. Despite the fact that we are dealing with
a family of diffeomorphisms, the main difference is that we are able to
linearize simultaneously on each irreducible component of the analytic
set.

According to M. Chaperon [3][Theorem 4, p.132], if the family of diffeomor-
phisms is abelian then there exists a formal diffeomorphism Φ̂ such that

Φ̂∗Fi(Djz) = DjΦ̂∗Fi(z), 1 ≤ i, j ≤ l.

We call the family of Φ̂∗Fi’s a formal normal form of the family F . Then we
have the following corollary :

Corollary 2.1. — Let F be an abelian family of germs of holomorphic diffeo-
morphisms of (Cn, 0). Let us assume that D is diophantine on ResIdeal. If the
non-linear centralizer of D is generated by the xRi ’s then F is holomorphically
linearizable on I .

Corollary 2.2. — Let F be an abelian family of germs of holomorphic dif-
feomorphisms of (Cn, 0). Let us assume that the family D is diophantine. If F
is formally linearizable, then F is holomorphically linearizable in (Cn, 0).
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Remark 2.6. — The condition that the non-linear centralizer of D is gener-
ated by the xRi ’s means: if µQi = µi,j for some Q ∈ Nn2 , 1 ≤ j ≤ n and for
all 1 ≤ i ≤ l, then xQ belongs to the ideal generated by xR1 , . . . , xRp . This a
very weak condition since only all but a finite number of resonances satisfy this
condition.

Remark 2.7. — Since I is a monomial ideal, its zero locus is an intersection
of unions of complex hyperplanes {zij = 0}.

Example 2.1. — For instance, if the eigenvalues µ1, µ2 of germ of diffeomor-
phism φ in (C2, 0) satisfy µ1µ2 = 1 then, in a good holomorphic coordinates
system (z1, z2) of a neighborhood of the origin, the complex set {z1z2 = 0} is
invariant under φ as soon as µ1 is diophantine. The ideal I = (z1z2) is not
properly embedded.

We shall prove that there exists a holomorphic map Φ : (Cn, 0) → (Cn, 0),
tangent to the identity at the origin, such that

Φ−1 ◦ Fi ◦ Φ(y) = Gi(y) := Diy + gi(y) i = 1, . . . , l

where the components of gi are non-linear holomorphic functions and belong
to the ideal I . It is unique if we require that its projection on I n ∪ C0 is zero.

Let us set xj = Φj(y) := yj+φj(y), j = 1, . . . , n. Let us expand the equations
Fi ◦ Φ(y) = Φ ◦Gi, i = 1, . . . , l. For all 1 ≤ j ≤ n and all i = 1, . . . , l, we have

µi,jyj + gi,j(y) + φj(Gi(y)) = µi,j(yj + φj(y)) + fi,j(Φ(y))

gi,j(y) + φj(Diy) + (φj(Gi(y))− φj(Diy)) = µi,jφj(y) + fi,j(Φ(y)).

We have, by definition, φj(Diy) = φj(µi,1y1, . . . , µi,nyn). Let us expand the
functions at the origin :

fi,j(y) =
∑
Q∈Nn

2

fi,j,Qy
Q, gi,j(y) =

∑
Q∈Nn

2

gi,j,Qy
Q and φj(y) =

∑
Q∈Nn

2

φj,Qy
Q.

Then we have

(1)
∑
Q∈Nn

2

δiQ,jφj,Qy
Q + gi,j(y) = fi,j(Φ(y))− (φj(Gi(y))− φj(Diy))

where
δiQ,j := µQi − µi,j , µi := (µi,1, . . . , µi,n).

Let {f}Q denote the coefficient of xQ in the Taylor expansion at the origin
of f . We define φj,Q and gi,j,Q by induction on |Q| ≥ 2 in the following way:
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– if yQ does not belong to I and maxi |δiQ,j | 6= 0, then there exists 1 ≤ i0 ≤ l
such that |δi0Q,j | = maxi |δiQ,j |. We set

φj,Q =
1

δi0Q,j
{fi0,j(Φ(y))− (φj(Gi0(y))− φj(Di0y))}Q

gi,j,Q = 0.

– If yQ does not belong to I and maxi |δiQ,j | = 0, then we have

{fi0,j(Φ(y))− (φj(Gi0(y))− φj(Di0y))}Q = 0

and we set φj,Q = 0 = gi,j,Q.
– If yQ belongs to I , we set

φj,Q = 0

gi,j,Q = {fi,j(Φ(y))− (φj(Gi(y))− φj(Diy))}Q .

Remark 2.8. — Assume that Gi(y) − Diy belongs to ( Î )n. If yQ does not
belong I then {(φj(Gi(y))− φj(Diy))}Q = 0. In fact, let us Taylor expand φj
at the point Diy. We obtain

φj(Gi(y))− φj(Diy) =
∑
|α|≥1

1

α!
Dαφj(Diy)(Gi(y)−Diy)α ∈ ( Î )n.

Moreover, if the k-jet of Gi(y) −Diy belongs to ( Î )n and if |Q| = k + 1 then
{(φj(Gi(y))− φj(Diy))}Q = 0 since φj is of order ≥ 2.

Lemma 2.1. — Assume that the family F is formally linearizable on Î . Then
the formal diffeomorphism Φ defined above linearizes simultaneously the family
F on Î where Î := Ôn ⊗ I .

Proof. — Let Ψ be a formal diffeomorphism tangent to identity at the origin
and linearizing formally the family F on Î . For all 1 ≤ i, j ≤ j ≤ l, we have

Fi ◦ Fj = Fj ◦ Fi thus Fi ◦ Fj ◦Ψ = Fj ◦ Fi ◦Ψ.

Therefore, we have

DiDjΨ+Di(fj ◦Ψ)+fi(DjΨ+fj ◦Ψ) = DjDiΨ+Di(fi◦Ψ)+fj(DiΨ+fi◦Ψ).

For each i, let us consider the linear diffeomorphism D̃i ∈ Ô
n

n with linear part
Di :

D̃i : x 7→ Di.x.

Let us define the operator Ti(U) := U ◦ D̃i −DiU defined on Ô
n

n to itself. The
previous equality reads

Ti(fj◦Ψ)+fj(DiΨ+fi◦Ψ)−fj(Ψ◦D̃i) = Tj(fi◦Ψ)+fi(DjΨ+fj◦Ψ)−fi(Ψ◦D̃j)
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Moreover, we have Fi ◦Ψ = Ψ ◦Gi. Let us write Gi(z) = Diz+ gi(z), where gi
is a map vanishing at first order at the origin. Hence, we have

fi(DjΨ + fj ◦Ψ)− fi(Ψ ◦ D̃j) = fi ◦ Fj ◦Ψ− fi(Ψ ◦ D̃j)

= fi ◦Ψ ◦Gj − fi ◦Ψ ◦ D̃j

= D(fi ◦Ψ)(D̃j)gj + · · · .

Assume the Gi’s are linear on I up to order k ≥ 2. This means that, for
any 1 ≤ m ≤ n and any 1 ≤ i ≤ l, the k-jet Jk(gi,m) belongs to I . The previ-
ous computation shows that the (k + 1)-jet of fi(DjΨ + fj ◦Ψ)− fi(Ψ ◦ D̃j)

depends only on the k-jet of gj and belongs to I . The same is true
for Ψj(Gi(y))−Ψj(Diy). Therefore, if Q ∈ Nn2 with |Q| = k + 1 is such
that xQ does not belong to I , then we have

{fj(Ψ ◦ D̃i)−Di(fj ◦Ψ)}Q = {fi(Ψ ◦ D̃j)−Dj(fi ◦Ψ)}Q;

that is, for all 1 ≤ m ≤ n,

(2) (µQi − µi,m){fj,m ◦Ψ}Q = (µQj − µj,m){fi,m ◦Ψ}Q.

Let us show by induction on |Q| ≥ 2 that if xQ does not belong to I and
maxi |δiQ,j | 6= 0, then ψj,Q = φj,Q. In fact, assume that it is true up to order k
and let |Q| = k + 1, xQ 6∈ I . According to Taylor expansion, we have

{fi,j(Ψ(y))}Q = {fi,j(Φ(y))}Q.

Thus, according to (2), we have

(µQi − µi,m){fj,m ◦ Φ}Q = (µQj − µj,m){fi,m ◦ Φ}Q.

If |δi0Q,j | = maxi |δiQ,j | 6= 0, then gi,j,Q := 0 and

δi0Q,jφj,Q := {fi0,j ◦ Φ}Q = {fi0,j ◦Ψ}Q = δi0Q,jψj,Q.

This means that equation (1) is solved by induction and that Φ linearizes
formally the Fi’s on Î .

Let ρ be a linear anti-holomorphic involution satisfying the assumptions of
the theorem. We have Fi ◦ Φ = Φ ◦ Gi where Gi is linear along Î . Hence, we
have

(ρ ◦ Fi ◦ ρ) ◦ (ρ ◦ Φ ◦ ρ) = (ρ ◦ Φ ◦ ρ) ◦ (ρ ◦Gi ◦ ρ).

Let us set F̃i := ρ ◦ Fi ◦ ρ. By assumptions, F̃i belongs to the group generated

by the Fi’s. Since ρ∗ Î ⊂ Î , then ρ ◦ Gi ◦ ρ is a formal diffeomorphism which
is linear on Î . By assumptions, the projection of ρ ◦ Φ ◦ ρ − Id onto I ∪ CD
vanishes identically. By uniqueness, we have ρ ◦Φ ◦ ρ = Φ since Φ linearizes F̃i
on I .
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We shall prove, by using the majorant method, that Φ actually converges on
a polydisc of positive radius centered at the origin. Let us define Nn2 \ I to be the
set of multiindices Q ∈ Nn such that |Q| ≥ 2 and xQ 6∈ I . Let f =

∑
Q fQx

Q

and g =
∑
Q gQx

Q be formal power series. We shall say that g dominates if
|fQ| ≤ |gQ| for all multiindices Q. We define f̄ =

∑
Q |fQ|xQ.

First of all, for all 1 ≤ j ≤ n and allQ ∈ Nn2 \ I such that max1≤i≤l |δiQ,j | 6= 0,
we have

|φj,Q||δQ,j | = |{fi0(Q),j(Φ)}Q| ≤ {f̄i0(Q),j(y + φ̄)}Q

where |δQ,j | = max1≤i≤l |δiQ,j | = |δ
i0(Q,j)
Q,j |. In fact, {fi◦Φ◦Gj−fi◦Φ◦Dj}Q = 0

whenever Q ∈ Nn2 \ I . This inequality still holds if max1≤i≤l |δiQ,j | = 0. Let us
set

– δQ := min{|δQ,j |, 1 ≤ j ≤ n such that δQ,j 6= 0},
– δQ := 0 if max1≤i≤l |δiQ,j | = 0.

Let us sum over 1 ≤ j ≤ n the previous inequalities. Let us first notice that,
since φj,Q = 0 if δQ,j = 0, we have δQφj,Q ≤ φj,Qδj,Q in all cases. Hence, we
obtain for all Q ∈ Nn2 \ I ,

δQ

n∑
j=1

|φj,Q| ≤
n∑
j=1

|φj,Q||δQ,j | ≤


n∑
j=1

f̄i0(Q,j),j(y + φ̄)


Q

≤


l∑
i=1

 n∑
j=1

f̄i,j

 (y + φ̄)


Q

.

Since
∑l
i=1

∑n
j=1 fi,j vanishes at the origin with its derivative as well, there

exist positives constants a, b such that

l∑
i=1

n∑
j=1

fi,j ≺
a
(∑n

j=1 xj

)2

1− b
(∑n

j=1 xj

) .
Since the Taylor expansion of the right hand side has non-negative coefficients,
we obtain

δQφ̃Q ≤


a
(∑n

j=1 yj + φ̃
)2

1− b
(∑n

j=1 yj + φ̃
)

Q

where we have set φ̃Q :=
∑n
j=1 |φj,Q| and φ̃ =

∑
Q∈Nn

2
φ̃Qx

Q. Here, we have set
φ̃Q = 0 whenever δQ = 0.
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Let us define the formal power series σ(y) =
∑
Q∈Nn

2
σQy

Q as follow:

∀Q ∈ Nn2 \ (Nn2 \ I ) σQ = 0

∀Q ∈ Nn2 \ I σQ =


a
(∑n

j=1 yj + σ
)2

1− b
(∑n

j=1 yj + σ
)

Q

.

Lemma 2.2 ([16, lemme 2.1]). — The series σ is convergent in a neighborhood
of the origin 0 ∈ Cn.

Let us define the sequence {ηQ}Q∈Nn
1 \ I of positive number as follow :

1. ∀P ∈ Nn1 \ I such that |P | = 1, ηP = 1 (such multiindices exists.),
2. ∀Q ∈ Nn2 \ I with δQ 6= 0

δQηQ = max
Qj∈Nn

1 ,S∈N
n

Q1+···+Qp+S=Q

ηQ1 · · · ηQp ,

the maximum been taken over the sets of p+ 1, 1 ≤ p ≤ |Q|, multiindices
Q1, . . . , Qp, S such that ∀1 ≤ j ≤ p, Qj ∈ Nn1 , |Qj | < |Q|, S ∈ Nn. These
sets are not empty.

3. ∀Q ∈ Nn2 \ I with δQ = 0, ηQ = 0.
This sequence is well defined. In fact, if Q ∈ Nn2 \ I , then there exists mul-
tiindices Q1, . . . , Qp, S such that Q = Q1 + · · · + Qp + S, ∀1 ≤ j ≤ p,

Qj ∈ Nn1 , |Qj | < |Q|, S ∈ Nn. In this case, ∀1 ≤ j ≤ p, Qj ∈ Nn1 \ I .
The following lemmas are the key points.

Lemma 2.3 ([16, lemme 2.2]). — For all Q ∈ Nn2 \ I , we have φ̃Q ≤ σQηQ.

Lemma 2.4 ([16, lemme 2.3]). — There exists a constant c > 0 such that
∀Q ∈ Nn2 \ I , ηQ ≤ c|Q|.

Let θ > 0 be such that

(3) 4θ := min
1≤j≤n

max
1≤i≤l

|µi,j | ≤ 1.

We can always assume this, even if this means using, for each 1 ≤ i ≤ l, the
inverse of the diffeomorphisms Fi : Fix j, for each i, if |µi,j | > 1 then consider
F̃i := F−1

i . Then, at the end, we have |µi,j | ≤ 1 for all i. If the ideal I is
properly embedded, then we shall set

4θ := min
j∈ S

max
1≤i≤l

|µi,j | ≤ 1

where S 6= ∅ denotes the set of variables not involved in any generator. In
particular, we have the property that if xQ 6∈ I then xsxQ 6∈ I for all s ∈ S.
As the in previous case, this can always be achieved.
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By definition, ηQ is a product of 1/δQ′ with |Q′| ≤ |Q|. Let k be a non-
negative integer. Let us define φ(k)(Q) (resp. φ(k)

j (Q)) to be the number
of 1/δQ′ ’s present in this product and such that 0 6= δQ′ < θωk(D, I ) (resp.
and δQ = δj,Q). The lemma is a consequence of the following proposition

Proposition 2.1 ([16, lemme 2.8]). — For all Q ∈ Nn2 \ I , we have φ(k)(Q) ≤
2n |Q|

2k if |Q| ≥ 2k + 1; and φ(k)(Q) = 0 if |Q| ≤ 2k.

In fact, φ(k)(Q) bounds the number of 1/δQ′ ’s appearing in the product
defining ηQ and such that θωk+1(D, I ) ≤ δQ′ < θωk(D, I ).

Proof of Lemma 2.4. — Let r be the integer such that 2r+1 ≤ |Q| < 2r+1 +1.
Then we have

ηQ ≤
r∏

k=0

(
1

θωk+1(D, I )

)φ(k)(Q)

.

By applying the Logarithm and Proposition 2.1, we obtain

ln ηQ ≤
l∑

k=0

2n
|Q|
2k

(
ln

1

θωk+1(D, I )

)

≤ |Q|

−2n
∑
k≥0

lnωk+1(D, I )

2k
+ 2n ln θ−1

∑
k≥0

1

2k

 .

Since the family D is diophantine, we obtain ηQ ≤ c|Q| for some positive
constant c.

For any positive integer k, for any 1 ≤ j ≤ n, let us consider the function
defined on Nn2 \ I to be

∀Q ∈ Nn2 \ I , ψ
(k)
j (Q) =

{
1 if δQ = |δQ,j | 6= 0 and |δQ,j | < θωk(D, I )

0 if δQ = 0 or δQ 6= |δQ,j | or |δQ,j | ≥ θωk(D, I )

Then we have,

0 ≤ φ(k)
j (Q) = ψ

(k)
j (Q) + max

Qj∈Nn
1 ,S∈N

n

Q1+···+Qp+S=Q

(
φ

(k)
j (Q1) + · · ·+ φ

(k)
j (Qp)

)
.

The proof of Proposition 2.1 identical to the proof of [16][lemme 2.8] except
that we have to use the following version of [16][lemme 2.7] :

Lemma 2.5. — Let Q ∈ Nn2 \ I be such that ψ(k)
j (Q) = 1. If Q = P + P ′

with (P, P ′) ∈ Nn1 × Nn2 and |P | ≤ 2k − 1, then (P, P ′) ∈ Nn1 \ I × Nn2 \ I and
ψ

(k)
j (P ′) = 0.
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Proof. — Clearly, if Q = P + P ′ ∈ Nn2 \ I then (P, P ′) ∈ Nn1 \ I × Nn2 \ I .
There are two cases to consider:

1. if δP ′ 6= |δj,P ′ | or δP ′ = 0 then ψ(k)
j (P ′) = 0, by definition.

2. if δP ′ = |δj,P ′ | 6= 0, assume that δP ′ < θωk(D, I ). Then, for all 1 ≤ i ≤ l,
we have

|µP
′

i | > |µi,j | − θωk(D, I ) ≥ 4θ − 2θ = 2θ.

It follows that, for all 1 ≤ i ≤ l,

2θωk(D, I ) > |µQi − µi,j |+ |µ
P ′

i − µi,j |
> |µQi − µ

P ′

i | = |µP
′

i ||µPi − 1|.
If I is properly embedded, for all a ∈ S, we have xaxP 6∈ I . Therefore,
for all 1 ≤ i ≤ l and all a ∈ S, we have

2θωk(D, I ) > 2θ|µi,a|−1|µP+Ea
i − µi,a|.

So, for a well chosen i = i(a), we have |µP+Ea
i − µi,a| = maxj |µP+Ea

j −
µj,a| ≥ ωk(D, I ). So, for that i(a), we have

2θωk(D, I ) > 2θ|µi(a),a|−1ωk(D, I ).

This contradicts the facts that mina∈ S max1≤i≤l |µi,a| ≤ 1. If I is not
properly embedded, then for each 1 ≤ a ≤ n there exists 1 ≤ i(a) ≤ l

2θωk(D) > 2θ|µi(a),a|−1ωk(D).

Hence, we have |µi(a),a| > 1 which contradicts (3).

Hence, we have shown that ψ(k)
j (P ′) = 0.

3. Family of totally real n-manifolds in (Cn, 0)

Let us consider a family M := {Mi}i=1,...,m of real analytic totally real
n-submanifolds of Cn passing through the origin. Locally, each Mi is the fixed
point set of an anti-holomorphic involution ρi : Mi = FP (ρi) and ρi ◦ ρi = Id.
This means that

ρi(z) := Biz̄ +Ri(z̄)

where Ri is a germ of holomorphic map at the origin with Ri(0) = 0 and
DRi(0) = 0. Each matrix Bi is invertible and satisfies BiB̄i = Id. The tangent
space, at the origin, of Mi is the totally real n-plane

{z = Biz̄}.
We assume that these are all distinct one from another. Their intersection at
the origin is the set

{z ∈ Cn | Biz̄ = z, i = 1, . . . ,m} ⊂
{
z ∈ Cn | BiB̄jz = z, i, j = 1, . . . ,m

}
.
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It is contained in the common eigenspace of the BiB̄j ’s associated to the eigen-
value 1. We shall not assume that this space is reduced to 0.

Let us consider the group G generated by the germs of holomorphic diffeo-
morphisms of (Cn, 0) Fi,j := ρi ◦ ρj , 1 ≤ i, j ≤ m. Let Di,j := BiB̄j be the
linear part at the origin of Fi,j . Let us set

Fi,j := Di,jz + fi,j(z)

where fi,j is a germ of holomorphic function at the origin with fi,j(0) = 0 and
Dfi,j(0) = 0.

Lemma 3.1. — We have, for any 1 ≤ i, j ≤ m,

(4) Ri(z̄)−Di,jRi(F̄i,j) = Di,jBif̄i,j(z̄) + fi,j(ρj).

Proof. — Let us write the relation Fi,j = ρi ◦ ρj and ρi ◦ ρi = Id. We obtain

fi,j(z) = BiR̄j(z) +Ri(ρ̄j)(5)
0 = BiR̄i(z) +Ri(ρ̄i).(6)

By multiplying the first equation by B̄i, we obtain

R̄j(z) = B̄ifi,j(z)− B̄iRi(ρ̄j).

Hence,we have

0 = BjB̄ifi,j(z)−BjB̄iRi(ρ̄j) +Bif̄i,j(ρ̄j)−BiR̄i(ρj ◦ ρj).

Let us multiply by B̄i on the left and take the conjugation. We obtain

0 = Di,jBif̄i,j(z̄)−Di,jBiR̄i(ρj) + fi,j(ρj)−Ri(z̄).

On the other hand, by evaluating equation (6) at ρ̄j , we obtain

0 = BiR̄i(ρ̄j) +Ri(F̄i,j).

At the end,we obtain

Ri(z̄)−Di,jRi(F̄i,j) = Di,jBif̄i,j(z̄) + fi,j(ρj).

Definition 3.1. — The ρi’s are simultaneously normalizable whenever
Ri(z̄)−Di,jRi(D̄i,j z̄) = 0 for all 1 ≤ i, j ≤ l.

Remark 3.1. — If the group G is holomorphically linearizable at the ori-
gin then the ρi’s are simultaneously normalizable. This follows from (4) with
fi,j ≡ 0 for all i, j.
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Moreover, assume the Di,j’s are simultaneously diagonalizable and let us
set Di,j = diag(µi,j,k). Then, for any 1 ≤ k ≤ n and any 1 ≤ j ≤ m, the
k-component ρi,k of ρi can be written as

(ρi(z)−Biz̄)k =
∑
Q∈Nn

2

∀j, µ̄Q
i,j=µ−1

i,j,k

ρi,k,Qz̄
Q.

Here, (f)k denotes the k-th-component of f .

As a consequence, we have

Theorem 3.1. — Let us assume that the group G associated to the family of
totally real submanifolds M is a semi-simple Lie group. Then the ρi’s are si-
multaneously and holomorphically normalizable in a neighborhood of the origin.

Proof. — It is classical [9, 7, 2] that if the Lie group G of germs of diffeo-
morphisms at a common fixed point is semi-simple then it is holomorphically
linearizable in a neighborhood of the origin. Then, apply the previous Re-
mark 3.1.

Definition 3.2. — We shall say that such a family M = {Mi}i=1,...,m of
totally real n-submanifold of (Cn, 0) intersecting at the origin is commutative
if the group G is abelian.

From now on, we shall assume that M is commutative and that the fam-
ily D of linear part of the group G at the origin is diagonal. In other words,
Di,j = diag(µi,j,k). Let I be a monomial ideal of On. It is generated by some
monomials xR1 , . . . , xRp . We shall denote Ī the ideal of C[[x̄1, . . . , x̄n]] gener-
ated by x̄R1 , . . . , x̄Rp .

Definition 3.3. — 1. We shall say that the family M of manifolds is non-
resonant whenever, for all 1 ≤ i ≤ m, 1 ≤ k ≤ n and for all Q ∈ Nn2 ,
there exists a 1 ≤ j ≤ m such that µ̄Qi,j 6= µ−1

i,j,k.
2. We shall say that the family M of manifolds non-resonant on I whenever

for all monomial zQ not belonging to I and for all couple (i, k), there
exists j such that µ̄Qi,j 6= µ−1

i,j,k.

Theorem 3.2. — Assume that the group G is abelian. Let I be a monomial
ideal (resp. properly embedded) left invariant by the family D := {Di,j} and the
involutions z 7→ Biz̄. Assume that D is diophantine (resp. on I ) and that M is
non-resonant on I . Assume G is formally linearizable on I . Then, the family F
is holomorphically linearizable on I . Moreover, in these coordinates, the ρi’s
are linear and anti-holomorphic on Ī .
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Proof. — By Theorem 2.1, the family F is holomorphically linearized on I .
Let us show that, in these coordinates, the ρi’s are anti-linearized on Ī .

Let us prove by induction on |Q| ≥ 2 that {ρi,k}Q = 0 whenever zQ doesn’t
belong to I and µ̄Qi,j 6= µ−1

i,j,k. We recall that {ρi,k}Q denotes the coefficient of z̄Q

in the Taylor expansion of ρi,k. Assume it is case up to order k. Let Q ∈ Nn2
with |Q| = k + 1. Let us compute {ρi,k}Q. Using equation (4), we obtain

Ri(z̄)−Di,jRi(D̄i,j z̄) +Di,j

(
Ri(D̄i,j z̄)−Ri(F̄i,j z̄)

)
= Di,jBif̄i,j(z̄) + fi,j(Bj z̄) + (fi,j(ρj)− fi,j(Bj z̄)) .

Moreover, F is linearized on V ( I ). Hence, both {Di,jBif̄i,j(z̄) + fi,j(Bj z̄)}Q
and {Ri(D̄i,j z̄) − Ri(F̄i,j z̄)}Q vanish when zQ doesn’t belong to I . Hence,
if zQ 6∈ I , then we have

(1− µi,j,kµ̄Qi,j)RQ,i,k = {(fi,j,k(ρj)− fi,j,k(Bj z̄)}Q .
But by induction, we have

{(fi,j,k(ρj)− fi,j,k(Bj z̄)}Q = {Dfi,j,k(Bj z̄)Rj +Df2
i,j,k(Bj z̄)R

2
j + · · · }Q = 0.

Therefore, since (1− µi,j,kµ̄Qi,j) 6= 0, then we have RQ,i,k = 0. That is,

ρi(z) = Biz̄ mod Ī .

Corollary 3.1. — Under the assumptions of Theorem 3.2, there exists a
complex analytic subvariety S passing through the origin and intersecting each
totally real submanifold Mi. In good holomorphic coordinate system, S is a
finite intersection of a finite union of complex hyperplane defined by complex
coordinate subspaces:

S = ∩i ∪j {zij = 0}.
The intersection Mk ∩ S is then given by

Mk ∩ S =
{
z ∈ ∩i ∪j {zij = 0} | Bkz̄ = z

}
.

Proof. — The complex analytic subvariety S is nothing but V ( I ). The trace
of it on Mi is the fixed points set of ρi belonging to V ( I ). According to the
previous theorem, the ρi’s are holomorphically and simultaneously linearizable
on V ( I ). By assumptions, I is a monomial ideal so V ( I ) is a finite intersection
of a finite union of hyperplane defined by coordinate subspaces:

S = ∩i ∪j {zij = 0}.

Corollary 3.2. — Assume that the family M is non-resonant, G is formally
linearizable and D is diophantine. Then, in a good holomorphic coordinates
system, M is composed of linear totally real subspaces⋃

i

{z ∈ Cn | Biz̄ = z} .
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Remark 3.2. — If the family M is non-resonant and if for all (i, k), one of
the eigenvalues µi,j,k’s belong to the unit circle, then G is formally linearizable.
In fact, for any Q ∈ Nn2 , any 1 ≤ i ≤ m, any 1 ≤ k ≤ n, there exists 1 ≤ j ≤ m
such that

µ̄Qi,j 6= µ−1
i,j,k = µ̄i,j,k.

This means precisely that D is non-resonant in the classical sense. There is no
obstruction to formal linearization.

Corollary 3.3. — Let I be the ideal generated by the monomials xR1 , . . . , xRp

generating the ring Ô
D

n of formal invariants of D. We assume that the non-
linear centralizer of D is generated by the same monomials. If D is diophantine
on I then, in a good holomorphic coordinate system, we have

V ( I ) = {z ∈ (Cn, 0) | zR1 = · · · = zRp = 0},

and
ρi|V ( I )(z) = Biz̄.

Corollary 3.4. — Let us consider two totally real n-manifolds of (Cn, 0)

not intersecting transversally at the origin. Assume that the l first eigenvalues
of DF (0) are one. Let µR1 = 1, . . . , µRp = 1 be the other (i.e., Ri ∈ Nn and
|Ri| > 1) generators of resonant relations. Let

V ( I ) = {z ∈ (Cn, 0) | z1 = · · · = zl = zR1 = · · · = zRp = 0}.

If DF (0) is diophantine on V ( I ), then in good holomorphic coordinate system,

Mi ∩ V ( I ) = {z ∈ V ( I ) | Biz̄ = z} , i = 1, 2.
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