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CONNECTION BETWEEN THE ALGEBRA
OF KERNELS ON THE SPHERE AND THE
VOLTERRA ALGEBRA ON THE ONE-SHEETED
HYPERBOLOID : HOLOMORPHIC “PERIKERNELS”
BY

J. BROS anDp G.A. VIANO (%)

RESUME. — On établit une relation de type prolongement analytique entre l’algébre
des noyaux sur la sphere S4_1 et l'algébre des noyaux de Volterra sur I’hyperboloide
a une nappe Xg4_1; cette relation est réalisée au moyen d’une algébre de fonctions
holomorphes (appelées “périnoyaux”) sur I’hyperboloide complexe dans C%; le produit
de composition définissant cette algebre fait intervenir des cycles d’intégration mobiles
permettant le passage de Sq_1 & X4_1 par le domaine complexe.

L’extension de ce résultat au cas d’algebres de Volterra de noyaux-distributions
(incluant ’étude microlocale correspondante) est également effectuée.

ABSTRACT. — The algebra of kernels on the unit sphere S4_; and the algebra
of Volterra kernels on the one-sheeted hyperboloid X;_1 are shown to be related
(through an analytic continuation procedure involving the distortion of integration
cycles) by an algebra of holomorphic functions, called “perikernels” on the complex
unit hyperboloid in C%. This result is then extended to the case of Volterra algebras
of distribution-kernels.

Introduction

The present work has been motivated by analytic structural properties
of Quantum Field Theory which concern the passage from the so-called
“euclidean framework” of this theory (involving purely imaginary times
and energies) to the “minkowskian framework” in real d-dimensional
relativistic space-time.
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170 J. BROS AND G.A. VIANO

More specifically, one of the basic procedures involved in the the-
ory, namely Feynman-type integration, sets the problem of the con-
nection by analytic continuation between the algebra of kernels on the
sphere S4_1 and an appropriate algebra of kernels on the one-sheeted hy-
perboloid X4_1. As a matter of fact, since Xy4_; is equipped with the par-
tial ordering of the ambient minkowskian space R? (namely = > y < z—y
belongs to the closed future cone of R?), the relevance of the algebra of
Volterra kernels in the sense of [1] and [2] (i.e. kernels K (z,y) whose sup-
port is contained in the set {(z,y) € X4—1 X Xgq—1; = > y}) emerges
in a natural way. Then the idea of analytic continuation from S4_; to
X4—1 leads one to regard these sets as submanifolds of the unit complex
hyperboloid X éc_)l in the complex minkowskian space C%, and to intro-
duce holomorphic kernel-type functions on “cut-domains” A, of the form

X xx9\5, where the “cut” £ is a certain analytic hypersurface.

It is the purpose of this work to define an appropriate *(9)-product on
this class of functions, called “perikernels” on X ((f_)l in the following, by an

integration procedure involving a certain class of cycles in X 1(10—)1- By using
a contour distortion technique, this *(9-product will then be shown to
interpolate between :
i) the usual composition product (denoted by ) of kernels on the
sphere Sq_1;
ii) the composition product (denoted by ¢) of Volterra kernels
on Xd—lo
While i) will be obtained simply by taking the restriction of perikernels
to S4—1 X Sg4—1, ii) will involve relevant discontinuity functions of the
perikernels across the “cut” Z,(f) .
By adopting the same analytic continuation viewpoint in a forthcoming
paper, we shall display the connection (via X éc_)l) between the harmonic
analysis on the sphere S4_1 and the harmonic analysis on the one-sheeted

hyperboloid X4—;. To this purpose, we shall consider there a subclass
of perikernels satisfying additional invariance properties with respect to
the complex Lorentz group acting on X c(tc—)l' Then, the previous *(©)-, %-
and o-products will be turned into “ordinary products” by making use of
appropriate Fourier-Laplace-type transformations.

The present paper is organized as follows.
In view of its simplicity, the one-dimensional case (corresponding to the

complex hyperbola X 1(0) in C?) has been presented in section 1; it exhibits
clearly the connection (by analytic continuation) between periodic kernels
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HOLOMORPHIC PERIKERNELS ON THE COMPLEX HYPERBOLOID 171

and Volterra kernels on the real line. Definitions and simple geometrical
facts concerning the general case (i.e. perikernels on X((f_)l, for all d > 3)
are given in section 2; section 3 is then devoted to the proof of our main
result concerning the *(9-product and the connection that it provides
between the x and o-products, respectively on Sy_; and Xy4_;.

At the end of section 3, we also consider the case when the holomorphic
perikernels have a slowly increasing behaviour near the cut El(f), which
ensures the existence of boundary values in the sense of distributions. This
analysis then leads to the consideration of Volterra algebras on X,
whose elements are distribution kernels. For completeness, a microlocal
study in the framework of singular spectrum theory [3], [4], [5], [6] is also
presented.

In the last part of this paper (i.e. section 4), we shall consider a slightly

more general case where the domain A, in X(gc_)l X Xéc_)l is bordered by
two “cuts” ZEf) and Z;L(C), whose relative position corresponds to a certain
symmetry of the complex hyperboloid X((f_)l which we shall call “crossing
symmetry” . The relevance of perikernels holomorphic in such symmetric
domains A, is again suggested by the structural properties of Quantum
Field Theory, in which the notion of “crossing symmetry” has a deep
physical meaning. In section 4, we extend the result of section 3 concerning
the *(9-product of perikernels to this more general geometrical situation.

1. The one-dimensional case

1.1. Convolution of periodic functions and Volterra-convolu-
tion on Rt : their connection by analytic continuation.

In the complex plane Cg) of the variable § = u + v, we consider for

each > 0 the cut-domain 7™ = 7, \ 2(u), where

E(p)={0€C; 6 =2kr+iv, v>pu, kel},
Ty ={0€C; Imo>0}.

We put J, = J,/2nZ, j_,(r“) = j_ﬁ“)/QwZ, and we denote by O(O)(jfr“))
the space of functions f(0) satisfying the properties :

i) Vk e Z, f(0) = f(0 + 2km);

ii) f is holomorphic in JJ(F“ ) and admits a continuous boundary value
on R, denoted by f(u);
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172 J. BROS AND G.A. VIANO

iii) the limits f.(v) = lim u=0 f(eu+tiv), e = + or —, exist in C(O (RT),
u>
and one puts

f(v) = Af(v) = ilf+(v) = f-()];

f belongs to the space C((E; (R™) of continuous functions on R* whose
support in contained in [y, +o00l.

We denote by # the convolution product on R/27Z, namely : for every gy
and g in C(O(R/272),

27
(1) 9(u) = (g1 % g2)(u) = / g1 (u — o) golu) e

and g € CO(R/27Z).
On the other hand, we denote by ¢ the “Volterra convolution product”

on R* defined as follows : for every couple (fi,fs) with f; € C((gz)(R"“),
i=1,2,

(2) flv) = (fiof2)(v) = /Ov fi(v —v")fa(v)dv’

f(v) belongs to the space C((2)1+M2)(R+).

The connection between these two convolution products is provided by
the following property.

PROPOSITION 1. — For every couple (fi, f2), with f; € 0(0)(.74(_“")),
i = 1,2, there exists a unique function f in O(O)(jj(fﬁm)), which we
denote by f = f1 %) fo, such that :
i) f=f; xf;
i) Af =Af1oAfy;

iii) for every 0 = u+iv in j_ﬁ””””), there ezists a class of cycles (0)
in HY(DY), where D% = D8 /2nZ, and
Dl={0ccC; e, 6-0¢cgt)}
such that :

(3) £(6) = /  F1O- R0

ToME 120 — 1992 — ~° 2
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Proof. — For every 6 in J_I(r“ 1*H2)(represented e.g. by the strip
{0; —m < Ref < m}) we define the class ¥(6) of iii) by a representative
~(0) of the form illustrated by Figure 1. Since Dz can be identified with
(e.g.) the “cut-rectangle”

{0/ =u+iv; —r </ <7, 0<0 <o,

0 ¢ E(p2), 0 -0 ¢=(um)},

v Ar 6 =u-+iv
Y
I H1
E(p2) &« 71(6)
Z(p1)
> H2 I : > > u'
-7 0 w

Figure 1.

it is clear that y(0) represents the unique generator of H 1(Dz). The
assumptions on f; and f; imply that the integrand of (3) is an analytic
function of (8, 6') in Ueejiuﬁ,&) ({6} x Df) which is a (locally trivial) fiber

bundle with basis jf_” 1512). then there exists correspondingly (see e.g. [7],
[8]) a homology bundle with fibers H*(D9) over J#Hi2) and since the
set Ueejmﬂz) ({6} x4(0)) is a continuous section of the latter (described
+
explicitly by a “continuous distortion” of the cycle v(6) of Figure 1,
for 6 varying in jj_“ LtH 2)), the integral (3) defines f(6) as an analytic
function in jJ(r“ 1+42) The continuity assumptions on f1, f2 allow one to
take limiting representatives of 4() in 52, and in particular to choose
7(0) = [—m, 7] for 0 < v =Im6 < ps : the boundary value of f is therefore
defined as a continuous function on R/27Z given by the *-convolution
formula of i). On the other hand, when 6 tends to the set =(u; + po)
from the respective sides eRe@ > 0, € = + or —, the situation of ()
is described correspondingly in Figure 2.a and Figure 2.b; in the limit,
-one obtains the functions f.(v) = limu_>8 f(eu + iv) via the following
u>

formulae (deduced from (3)) :
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174 J. BROS AND G.A. VIANO
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Figure 2.b.

(4) fe(v) = / f1(iv — 6') f2(0")do’

[_WrOIU]Ovﬂ']

+ /U—Hz Afi(v =) fa (') dv'.
m

1

It then follows that

6) AW =il -1l = [ A=) AR

1
which expresses property ii). []

The case of distribution boundary values

For any positive integer s, we denote by Os( ._i(,” )) the space of func-

tions f(6), analytic in J® which are of the form f = d®g/d6*®, with g
in 0 (._7J(r“ ). From the theory of distributions as boundary values of holo-
morphic functions [9], we know that if f € Os( 'i“ )), f(u+iv) is “of slow
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increase” near the cut =(u) = [iy, +oo] (i.e. is bounded by M (v)|u|~%)
and admits boundary values fi, f_ on E(u) in the sense of distribu-
tions; fy, f_ and f = Af = i(f; — f-) are distributions of bounded order
(< s—1) on R(,), with support contained in Z(u), and all such distribu-
tions f can be generated in this way. Similarly each function f in Oy (jj(L” ))
will have a (2m-periodic) distribution boundary value (of order < s — 1)
on R.

The convolution product f = f1 *(¢) f, of two functions f; in O, (.,’L(r“ i))
(i = 1,2) can still be defined by the integral formula (3) and it satis-
fies the properties of ProposIiTiON 2, the Volterra convolution product
Af = Af; o Afy being still defined by formula (2) in the sense of distri-
butions. In fact, this follows from the representation f; = d®*g;/dé%, for

functions in Osi(jJ(r i)) and from the relations :

(6) (91 %(©) 92)(sl+82) = ggsl) «() gész)
(checked for @ in the holomorphy domain JJ(F” 1ta 2)) and
(7 (g1 # g2) 152 = g x gl

(8) (910 go)(1+52) = g{*V) 6 g{2)

respectively on $; and R* ; the latter being valid in the sense of distribu-
tions.

1.2. Kernels on S;, Volterra kernels on Rt and associated
perikernels.

In this subsection, we consider algebras of kernels instead of the
convolution algebras of functions considered in § 1.1, and we shall establish
a connection by analytic continuation (similar to that of PrRoposITION 1)
between the algebra of 2m-periodic kernels K(u,u’) on R (or kernels on S7)
(V(k,k') € ZxZ, K(u+ 2km, v + 2k'n) = K(u,u’)) and the algebra of
“Volterra kernels” on R*; by “Volterra kernel” , we mean a kernel K (v,v")
whose support is contained in the set {(v,v') € RT x RT; v > v'}.

These two algebras are respectively defined by means of the composi-
tion products :

27
(9) (K *Ky)(u, u') = K, (u,u") Ky(u”, u')du”,
0

(10) (K 0 Ky)(v,0') = / K, (v,0") K, (", o) dv".
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176 J. BROS AND G.A. VIANO

To perform this connection, we introduce the space P, of functions
K(0,0"), with 6 = u+iv, 8/ = u' + ', called “perikernels”, which satisfy
the following properties :

i) V(k,K')eZ xZ, K(0+2krm, 0/ +2k'n)=K(6,0);
ii) K is holomorphic in the (“cut-tube”) domain

T = (T4 x T\ olu),

where o(p) = {(0,0') € C?; 0 — 0 =2kn +ip, k€ Z, p > u};
iii) K is defined and continuous in the set (Jy x J3) \ o(p), and its
boundary value on R x R is denoted by K(u,u’);

iv) K is continuous on the set o(p) N (J4+ x J4) from both sides and
one puts for ¢ = + or —, Vo, o', (v >0, v' > 0),

K.(v,v') = lim K(eu + iv, iv');
(11) u>0
K(w,v'") = AK(v,0") =i [K, (v,0") — K_(v,0")].

It follows from ii) that K belongs to the space A, of continuous functions
on RT x RT whose support is contained in the set {(v,v'); v —v" > u},
and which enjoy the following analyticity property : Vv, with v > p,
K (v+ X, \) admits an analytic continuation with respect to A (from RT)
in the half-plane Re A > 0. A, is a subspace of the algebra of Volterra
kernels on Ry, and the following statement is readily obtained :

ProrosiTIiON 2.
IfK, €A, and K, € Ay, then K10 Ky € Ay 4p,-

On the other hand, the boundary value K of K introduced in iii) belongs
to the algebra of kernels on S;.

By using an argument completely similar to the proof of PRoPosITION 1,
we shall introduce a structure of algebra on the space of all perikernels
P = lim P, (u > 0), by means of an appropriate composition product *(¢),
consistent with the o- and *-products considered above namely, we will
show :

ProrosiTION 3. — For every couple of perikernels (K,IC,), with
K; € Py, @ = 1,2, there exists a unique perikernel K in Py, 1., which
we denote by K = K, +(°) Ky such that :

i) K=K1*Kz§

ToME 120 — 1992 — N° 2
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i) AK = AK,0AK,;

iii) for every (0,0') in ’Z'Jf’”ﬂ”), the +(9 _product is defined by the
following integral

(12) K(0,0') = / K,(6,6") K (0", 6') 6",
¥(6,0")

with the following specification for the class (6,6")

a) if Im(6 — 0") <0, ¥(0,0') is represented by 0' + [—7,7];

b) if Im(0 — 6") > 0, ¥(6,0") is represented by ' + (6 — 6'), where
v(0 — &) is the cycle defined in the proof of Proposition 1.

Proof. — By putting © = 6 — ¢’ and ©” = 0" — §', we can rewrite
Eq. (12) as follows :

(13)  K(0,0')=K(©+06,0)

(©+060,0" +0") K, (0" +6¢',6")de".
+(0,0)-0"

IfIm(f—6") = Im© < 0, the choice v(6,0')—0" = [—m, 7| is appropriate
since the set {(6”,60'); Im6” = Im @ > 0} belongs to the domain T_ﬁ"?)
of K, and since the set {(0,0”); 0 < Imf# < Im6O”} belongs to the
domain TV of K, .

If Im(d — ¢) = Im© > 0 and (8,0') ¢ o(u1 + u2), the choice
7v(6,0") — 0" = (6 — 6’) given in the proof of ProposITION 1 is relevant,
since the domain {©" € D,S"”} used in the latter is embedded (as easily
checked) in the analyticity domain of the integrand K, - K, at the
r.h.s. of Eq. (13). Formula (13) therefore defines K(6,6’) as an analytic
function in the domain 'TJf” 1+42) which proves iif). Property i) follows
immediately and property ii) is obtained by the same argument as the

similar statement ii) of PrRoPosiTION 1 (in the variables ©, ©”, for each
fixed ' = iv’). []

Remark. — In PropoSITION 3 the statement K € P, 1., together
with the discontinuity formula of ii) are consistent with the result of
PROPOSITION 2.

The class of perikernels 75#

Results similar to those of ProprosiTion 3 hold for the set ﬁ# of
functions K(6,6’), satisfying the periodicity condition i) and which are
analytic in the domain 7. Jf” ) = €2\ o(p) and have continuous boundary
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178 J. BROS AND G.A. VIANO

values (from both sides) on the set o(u). The discontinuity formula (11)
(now valid for all (v,v') in R?) defines K(v,v’) as a Volterra kernel
on R (with support in {(v,v'); v — v’ > pu}). For this extended class of
perikernels ﬁu, the *(®)-product is still defined through formula (12), but
with the additional following specification : if (8,6’) ¢ T_ﬁ“ ), there always
exists a complex number A such that (0,0") = (8+ X, ¢/ + 1)) € 'TJf") and
one then puts :

(14)  K(6,6) = K(© — 1,0 A)
= / K,(0 = 2,0 —\)K,(0" — A\, 0 —\)de”,
5(0,0")

4(©,©’) being then defined in the situation of PRoPoSITION 3 (the value
of the integral in (14) being in fact independent of A, as it can be seen by
contour distortion).

The case of distribution boundary values

As in §1.1, we can introduce the spaces P, s and 73#,S of perikernels
K(8,8') which are of the form K = d©+5)£/d§°d¢’s’, with £ in P, or in
ﬁu and s = (s,8") € N x Nj; each of these kernels admits boundary values
K4 (v,v") and an associated Volterra kernel K = AK on R*, which are
defined as distributions (of bounded order) on R x R*. Similarly, the
kernels K in P, s have distribution boundary values on R x R (and in
fact on $1 x S1 in view of periodicity conditions) from the tube Jy x Ji.
The composition product K, *(¢) KC, of two kernels K, (i = 1,2) in Pus:
(resp. ﬁ#,si) can still be defined by the integral formula (12) (resp. (12)

and (14)) in the complex domain 7 _ﬁ” 1+42) (regp. T, i“ 1+42)) Moreover, this

composition product still satisfies the properties listed in ProposiTION 3
(as it follows from the representation of K, in terms of derivatives of
kernels in P,, or 73#1, and from formulae similar to Egs. (6), (7)), the
Volterra o-product (and possibly the *-product) being now understood in
the sense of distributions (i.e. defining an algebra of distribution kernels).

1.3. The geometrical interpretation : algebra of holomorphic
perikernels on the complex hyperbola X 1(0) .

We introduce the complex hyperbola (isomorphic to the complex unit
circle ${) :

X{c) = {z = (29, W) = 2(0) € C?;

20 = _ising, 2V =cosh, 6 ¢ C}

TOME 120 — 1992 — ~° 2
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and two real submanifolds X; and S; of X 1(6). The hyperbola
X1={2€eR?; 2 =ginhv, 2() =+ coshv; v € R}

is obtained for § = v + kmr, k € Z and the circle S; in (iR) x R
is defined by putting § = u € R in the equations of Xfc); we also
put X;7 = {z = 2(iv) € X;; v > 0}. On X%C), we introduce the
integration measure do(®(z) = df, and put dal(;)l = do(z) = du and
da(ﬁ){1 =ido(z) =idv.

Let us then consider :

i) the class of kernels K(z, 2) on Sy, represented by kernels K (u, u’) =
K(z, 7)) z=2(u),z'=2(u'), €quipped with the composition product :

(15) (K1 xK3)(z,2') = /SKl(z,z")Kz(z",z’)da' = (K; * K,)(u,u');

ii) the class of “Volterra kernels” K(z,z') on X;, represented by
Volterra kernels K (v,v") = K(2,2') | s=z(iv),» =2(iv) 00 RT, equipped with
the composition product

(16) (K10 K3)(z,2') = / Ki(z,2")Ko(2", 2" do (")
2"EX; 2> >
= (K, 0 Ky)(v,v").

In the latter, the relation z > 2 > 2’ (corresponding to v > v” > v') can
be given an intrinsic meaning in the ambient space R%z) by introducing the
cone Qy = {z = (29, 20) e R?; 2(® > |2(1)|} and by putting z > 2’ if
z—2' € Q4 (seein [1], [2] and below in section 2, § 2.2, the generalization
of the o-product of “Volterra-kernels” in dimension d).

By using the results of § 1.2, we can then introduce algebras of “peri-
kernels” K(z,2’) on the complex hyperbola Xfc) which will provide an
analytic interpolation between appropriate classes of kernels K on S
and Volterra kernels K on X;", according to the properties described
in ProprosiTiON 3. We define PH(X§C)) (resp. P#,S(Xl(c))) as the set of

functions K(z, z’) holomorphic in the complex manifold
17) AF = {(z,z’) e X% X 2= 2(0), 2 = 2(0), (0,0) € T+<“>}

represented in (0, 6’)-space by a perikernel K(0,0) = K(z(6),z2(0"))
belonging to P, (resp. P,s).
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180 J. BROS AND G.A. VIANO

For all perikernels K in these classes, a composition product K =
K1 %9 Ky is defined by the formula :

(18) K(z,2') = / Ki(z,2")Ka (2", 2')do'® (")
I'(z,2")

= (K, 9 K,)(0,0).

In the latter, the cycle I'(z,2') is such that T'(z,2')|.=20),2=2() =
v(8,0").

Then, in view of ProposiTiON 3 and of Egs. (15), (16) and (18), the
restrictions (or boundary values) K, K;, Ky of K, K1, K2 to S; x 51
and the corresponding discontinuity functions on X 1+ x X", namely the
Volterra kernels AK, AK;, AK, on X; (represented respectively by ALK,
AK,, AK,), satisfy the relations K = Ky * Ky and AKX = AK; o AK,.

Similar classes of perikernels, denoted by ﬁu(X fc)) and ﬁu,S(X{C)),
can be introduced ; these perikernels are analytic in a domain Afj (larger
than Af) obtained by replacing 7. jf” ) by T, *E” ) in formula (17). ﬁj; can
also be described as the full complex manifold X fc) x X fc) deprived from
the “cut” :

O+ = {(z,z’) e X9 x x{9,
(20 — 22 _ () _ W2 > 9(coshp — 1) ;
det(z,2") > 0}.

The previous results on composition products (x(¢), * and o) hold
similarly for these perikernels, the discontinuity functions AK, AK;,
Ay being now Volterra kernels on the whole branch of hyperbola
Y = XNn{z; z) > 0}. The action of the connected complex Lorentz

group SOg(1,1)( (~ SO((2,C)) on X§C) can be defined as follows :

Vg = go € SO(1,1)(), Vz; = 2(61) € X{,
2o = gpr1 = 2(02) with 02 =6+ 91’

the corresponding actions of SOg(2,R) (resp. SOg(1,1)) on S; (resp. Xi)
being obtained for 8 in R (resp. in iR + k7).

We can then consider for each previous class of perikernels KC, the sub-
class containing those perikernels which satisfy the invariance property :
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Vg € SO0 (1, 1)), K(gz, g2') = K(z, 2"). Such perikernels K(z, 2’) are iden-
tified with analytic functions of a single complex variable f by the formula
K(z(0),2(0")) = f(0 — ¢'). By introducing the point zy = 2(0) = (0,1)
of X, we can also write : K(z(0),20) = f(6). Then for these perikernels
(in particular for those in P,), our previous results concerning the s(e)
*- and o—products reduce exactly to our ProposITioN 1 for convolution
products on j () , and are thus interpretable as describing a convolution
on the complex group SOg(1,1)().

2. The general case : geometry of the problem

2.1. The manifolds X, X, S, and the related groups of
matrices.

For d > 3, we consider the space C?% of variables (z(o), PAC M ,z(d_l))
= (209, ) equipped with the minkowskian quadratic form :

2 2 2
2 =07 _ 7 an?

and we put : 72 = O RN S b e 2?2 = — (0% _32 : the minkowskian
scalar product of two vectors z, z’ is denoted by

oy = H0,0) _ (1) (1) _ . (d=1) r(d=1) = ,(0),/(0) _ 7 2/
The cone 2y = {z € R?; 22 >0, 2(9 > 0} (“closed forward light cone”)
defines on R? the followmg partial ordering relation : z; > 25 (or 2o < 21)
if 21— 2 € Q. We call  the symmetry : z = (20, 2) — x(2) = (—2©, 7)
whose restriction to R? inverts the light-cone ordering relation : z; > 2z, <
x(z2) = x(21).

We now introduce the following notations in which (for simplicity)
we omit the dimension-dependent subscript used in the introduction
(e.g. X(© = Xéc_)l, ete.) :

i) the complex hyperboloid X = {zeC%; 22 =—1};

ii) the real one-sheeted hyperboloid X = R% N X () (see Figure 8);
iii) the “euclidean sphere” S = (iR x R*1) N X () (see Figure 8);
iv) the point zo = (0,0,...,1) of X N S;

v) the following parametrization (IT) of the set

(19) X© = XO\ {z=(2©,7) e C?; 2(4-D% =1, 20 £0},

(M) z=2(0,9,@)= {2 =—isinfcoshy; z*V = cosf;
(7] = (zM,...,2l"?) = —isin@sinh p [@]},
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with 8 € C, p € C, a € SEZ)_S) (complex unit sphere), and the
identifications :

(20) (R) (0,9,d)=(0+2m, ¢, d)=(0,p+2ir,d)
=(-0,p+im,a)=(0,—p,—a).

In this representation, S is obtained for § = u € R, ¢ = in, n € R,
@ € S(4-3)- The subset X = X(© NR? of X can be stratified as follows :

X =YUY'UY”, where

Y={2eX; 2V >1}U{z}={z€X; (- 2)* >0},
Y ={zeX; 29V <1}U{-2}={2€X; (242)2 >0},
YV'={zeX; |29V <1}={zeX; (z—2)% <0, (z+20)? <0}

In the parametrization (II), Y and Y’ are respectively obtained for § =
and 0 = 7 + v, with v,,& real and arbitrary. Y is obtained for
0=ueR, p=E+iim, E€R, @€ Sy_s.

If we now introduce the closed sets X+ = {z € X; 2z > 2} and
X~ =x(X*") ={2€ X; z < 2}, we then have the finer decomposition
of the set Y = Xt U X U {2}, where the sets X* = X+ N X and

X~ =X"NX are respectively obtained by taking v > 0 and v < 0 in
the parametrization (II) of Y.

We now introduce the following groups of matrices acting on C¢ :
i) A = {a(6); 6 € C}, where

cos 6 0 —isind
(21) a(f) = 0 Tig-2) 0 ;
—isinf 0 cos 0

i) Blo) — {b(p); ¢ € C}, where

cosh 0 sinhp 0

| o I4s 0 0

(22) ble) = sinh ¢ 0 coshe 0
1

0 0 0
iii") for d > 4, {c(a); a € SO(d -2, C)}, where
1 0 0
(23) cfa)={0 a 0
0 0 1
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By using formulae (21), (22), (23) one readily checks that the parametric
representation (19) can be rewritten as follows :

(24) Vd >3, z(0,p,d)= Mea 620,

(24" where : myu9 = c(a)b(p)a(h).

(Note that for d = 3, ¢(a) can be chosen (in view of the relation R) equal
to the unit matrix.)

2.2. Kernels on S, Volterra kernels on X and the composition
products * and o.

We represent X (°) by the equation s(z) = 0, with
s(z) = 207 _ 0% L @-n?

and define the invariant measure on X () by the following (d — 1)-form
(with the notation of [10]) :

dzO A dzM A - A dz@D

25 do((z) =2

(25) 7(z) 1ds(z) X ()

We then introduce the real-valued measures : do(z) = do(9(2)|s,
do(z) = —ido(®(2)|x and the following composition products * and

©, respectively on S and X.

With every kernel K(z,2') in C°(S x S) and function F(z) in C°(S),
we associate the function G = K * F in C°(S) by the formula :

(26) G(z):/SK(z,z')F(z’)da(z').

Following [1], [2] we can similarly associate with every kernel K(z,2’)
in C%(X x X) and function F(z) in C°(X), such that supp K C &+ =
{(z,2) e X xX; z>2}andsupp F C Xt = {2 € X; 2z > 2}, the
following function G = K ¢ F in C°(X) by the formula :

(27) G(z) = /( )K(z,z')F(z’)da(z’),

where (%, 29) represents the “double cone with diagonal [z, z9] on X7, i.e.
the compact set : {2/ € X ; 2> 2 > 2}.
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Functions K and F' satisfying the previous support conditions are
respectively called (as in [1], [2]) Volterra kernels and Volterra functions
on X. The function G = K o F associated with the couple (K, F') is then
itself a Volterra function.

We now wish to introduce Volterra functions and kernels with more
special support properties, and for this purpose, we define for every p,
1 > 0, the following subsets of X (see Figure 8) :

(28) X ={zeX; (z2—2)*>¢&pw), 2V >0},
={zeXt; 20D > coshpu};

(28") X, =x(XJ)={zeX™; 247D > cosh u},
(28") with &(u) = 2(cosh pp — 1).

In the parametrization (I) (see Eq. (19)), X;I (resp. X, ) is obtained
for 0 = v, v > p (resp v < —p), ¢ € R and & € Sy_3). Now we
denote by V), the class of functions F(z) in C°(X) satisfying the support
condition : supp F' C X:‘. Similarly we consider the sets :

(29) SE={(,?) e X x X; (z=2')* > £(w), 20— 20 = g},

Then we denote by W, the class of kernels K(z,2) in CO(X x X)
satisfying the condition : supp K C Xf.

The following property holds :

PROPOSITION 4. — For every kernel K in W, and every function F' in
Viuys the corresponding function G = K o F' (defined by Eq. (27)) belongs
to V/J'l +hze

Proof. — One must check that the conditions 2’ € X1, (2,2') € If
imply 2z € X:[NLM. The points 2, 2z’ being such that z > 2’ > z,
the representation (II) (see Eq. (19)) of z, 2’ is given in terms of real
“hyperbolic angles” v(0 = v), v'(0' = '), p, ¢" (with &, @' in S4_3)).
We then obtain for the minkowskian scalar product of z and 2z’ the
expression :

(30)  z-z =sinhwvsinhv'[cosh ¢ cosh ¢’ — sinh psinh ¢’ @ - a’)
— coshvcoshv'.

If 2 > 2/, one has : (z — 2/)2 = —2(1 + 2 - 2’) > 0 and the hyperbolic
angle V between z and 2’ can be defined by cosh V = —2-2'; Eq. (30)
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then yields the following “hyperbolic triangular inequality”, valid for all
points 2, z’ in X such that z > 2’ > 2y : V < v—14'. Since (in view of (28),
(29)), the conditions 2’ € X, (2,2') € B, are respectively equivalent to
—z' 29 > cosh pg and —z- 2" > cosh g (with z > 2’ > 2p), i.e. v' > pg and
V > ui, it follows that v > V + v’ > u3 + ue, and therefore z € X:l+p2.
Similarly, we shall introduce the composition products * and ¢, respec-
tively for kernels on S and Volterra kernels on X :
o With every couple (Ki,K5) with K; € C°(S x 9) (i = 1,2), we
associate the kernel :

(31)  K(z,7)=(K;*xKj)(z,7) = /SKl(z,z”)Kg(z", 2)do(Z").

o With every couple of Volterra kernels (K7, K2) on X, we associate
(as in [1], [2]) the kernel :

(32) K(z,2") = (K0 Ks)(2,2) =/ Ki(z,2")Ka(2",2")do (2"),
o(z,2")
where o(z, 2’) denotes the compact set {2 € X ; z > 2" > 2'}.

For all 2/ in X*, we can write (in view of Eq. (24)) : 2/ = my/y9 20
with o/ € SO(d — 2;R), ¢’ € R, ' € iR, and introduce the point
Z = m;,l 19-%- This matrix mgs,rg: preserves the order relation > on X
and therefore the following formula holds : o(z,2’) = my/we [0(Z, 20)).

Since the measure do is invariant under the transformation
Z" — 2" =my 9 Z", we can write Eq. (32) as follows :

(32/) K(ma/(pfefZ, ma’g&’G’ZO)

= / Kl(ma/<p/01Z7 ma/g,/e/Z/,)
o(Z,20)
X K2(ma’<p/0’Z//a ma’gp’@’ZO) do'(ZH)'
Now since

(32/,) E:@ = {(Z,Zl) e X xX ; R = ma’gp/B’Zy zl = malwla/zo’

o €SO(d—2R), ¢' €R, ' € iR, Zeri}

(with 4« = 1,2) the assumptions of PROPOSITION 4 are satisfied by
the integrand at the r.h.s. of formula (32') (which is then of the form
of Eq. (27)); therefore the function G(Z) = K(mgpeZ, marpe20)
belongs to the class V},, 4, which (in view of Eq. (32), written for £

H1tp2
and X:H-Hz) implies that K(z,z") belongs to the class W, y,,. We can
thus state :
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ProPOSITION 5. — For every couple of Volterra kernels (K1, K2) with
K; e W, (i = 1,2), the composition product K = K; o Ko is a Volterra
kernel in Wy, 4,,.

2.3. Holomorphic functions and perikernels on X (9,

We introduce the following subsets of X(©) :
i) the “cut”

S = {2 € XO; (2 2) — £(w) > 0}
={z€ X© 5 2@ = coshv; v > ©}s

ii) the “cut-domain” D, = X() \ E,. We also put D, = X(©) \ E,.
Analogously we introduce in X(°) x X () the following subsets :
') the “cut” B\ = {(2,2) € X x X (2= 2")2 = &(u) > 0}

ii’) the “cut-domain” A, = (X x X))\ ELC). We shall also put
A, = (X© x X))\ n(.

We denote by V,fc) the subset of V), whose elements F'(z) are moreover
analytic (with respect to (¢, &), via z = 2(8,¢,d)) in the full manifold
E,. Similarly we denote by W, the subset of W, whose elements K (z, 2’)
have analytic continuation in the full manifold Eff) .

We now introduce the following classes of functions :

a) V, denotes the class of holomorphic functions F(z) in D, which
are moreover continuous on the boundary set Z, (from both sides of this
“Cut”) ;

b) W, denotes the class of functions K(z, z") which are holomorphic

in A,, and continuous on the boundary sets E,(f) (from both sides of this
“cut”). Such functions will be called “perikernels” on X (¢).

Variant. — One can release the continuity condition on the boundaries
and replace it by a “slow increase condition”, corresponding to the
existence of boundary values in the sense of distributions; for instance,
for any integer s (s > 0) one can define the spaces V, , and W, s of
holomorphic functions F(z) and K(z,2’) which are derivatives of total
order s of functions belonging respectively to the previous spaces V,
and W,,.

Now, for every function F in V,, we shall put F = F|s (F be-
longs to C°(S)) and we consider the associated “discontinuity function”
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AF =i(Fy — F_) of F, where Fy and F_ denote the boundary values
of F on the analytic hypersurface {z € X(©); Im(z — 2)? = 0} from the
respective sides Im(z — z9)® < 0 and Im(z — 29)? > 0. We note that, in
the set X+ = {2 € X ; 2 > 2}, parametrized (in view of Eq. (19)) by

{(v,0,8); v>0, peC, @€ ST},
one can write (since Im(z — z9)? = 2Im cos(e +iv) < 0, for € > 0) :

(33) Fafz} = lim Fla(ivte,0,@)].
e>0

The function AF has its support contained in the set =, and is analytic
on the complex submanifolds (2 — 29)? = p, p > &(u) (parametrized by
v=uv(p) =cosh '[L+1p], peC,ac Sfic_)g) which generate this set.
The corresponding function F(z) = AL F(z) = Y(2(9)AF| x(z) (where
Y denotes the Heaviside function) has its support contained in the set X I

and belongs to the class V#fc). One can also define in an analogous way
the function A_FO(z) = Y (—2(9)AF| x(z) whose support is contained
in the set X .

Similarly, for every kernel K in W, we put K = K|gxg (K belongs
to C°(S x S)) and we consider the associated “discontinuity function”
AK =i(Ky — K_) of K, where Kt and K_ denote the boundary values
of K on the analytic hypersurface {(z,2') € X(9 x X(©) ; Tm(z—2')? = 0}
from the respective sides Im(z — 2/)?2 < 0 and Im(z — 2’)2 > 0. The
function AKX has its support contained in the set Eff) and is analytic on
the complex submanifolds (z — 2’)? = p, p > &(u) which generate this set.
The corresponding function

(34) K(z2,2) = ALK (z,2) =Y (2 — 2ZO)AK | xxx (2, 2')

is then a Volterra kernel on X with support contained in EZ, which
belongs to the class W,SC)‘ One can also define similarly the function
A_K(z,2) = Y (2O — 2(0)AK| xx x (2, 2') whose support is contained
in ¥7.
I
The study of a general composition product *(©) for perikernels will
be presented below in section 3 and will provide results similar to those
obtained for the classes of perikernels P,(X(¢)) and P.(X () of the case
d = 2 (see PrRoPOsITION 3 and §1.3).
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Remark. — Comparing the set of perikernels W, with the set ﬁM(X (C)),
of the case d = 2, calls for the following comment. In the case d = 2, the
analogue of the holomorphy domain of the kernels in W, can be described

as X (9 x X(©)\ (E,(f)+ U Eﬁf)‘), where E,(f)‘ ={(2,7); (#',2) € EEf”}.
We then notice that the holomorphy domain (X(© x X(©)\ £{? of the
kernels in P,(X°) has no counterpart in the general case (d > 3), since

Eff)Jr and Eif)‘ then become a single analytic hypersurface $' (due to
the extravariables ¢ and [@]).

3. The composition product *(© for perikernels on X(¢)

3.1. From the sphere to the hyperboloid : the analytic continu-
ation procedure.

We will establish the following result, valid for an arbitrary dimension d,
with d > 3.

THEOREM 1. — Let KC belong to W,,,, and F belong to V,,,. Then there
exists a unique function G in the class V,,, with p = p1 + p2, denoted by
K %(©) F which satisfies the following properties :

a)

(35) Gls=K|sxs*F|s.

b)

(36) A_;,_g = A+’C0 A+.7:

c) For every point z in D,, there exists a class of cycles T'(2) in
H@=D(Dz ), where D7, = {2/ € X9 2/ € D, (2,2) € Ay},
such that :

(37) G(2) :/ K(z, 2)F(2')do9 ().
I'(2)

The main part of the proof consists in constructing a representative
cycle T'(z) of T'(z) (relevant for formula (37)) and proving formulae (35),
(36) for all points z in the section D, of D, by the ({0, z(d=D).
plane ((2°, 2(¢=D) € C?), as specified in LEmMA 1 stated below. In
this statement, it will appear that the general d-dimensional case reduces
trivially to the 3-dimensional case. The remaining part of the proof of
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THEOREM 1, namely the extension of the results of LEMmMA 1 to all points
z in D, relies on short arguments of group theory and several complex
variable analysis; it will be given before the (longer) proof of LEmma 1.

Let
XOC) ={z= (2907, 247Vy; 20 = —ising, 2(47V = cosh, 0 € C}.
The domain Dy, 0 = Dy, N X{? of X{ is then represented in the §-plane
by the set J, = J,./27Z, with
J.=1{0€C; 0#iv+2km, |v|>p, kel};

we also introduce the sections Sy, X;_L,o of the sets S5, Xff by Xéc),
represented in the #-plane respectively by the sets {6 € R},

{6 =iv (mod 2m); +v > pu}.

For z = 2(f) = (—isin6,0,cos6) in D, o, we shall define the in-
tegral (37) by using the parametrization (II) for the integration vari-
ables 2/, namely by putting 2’ = 2/(¢', ¢, &@’) according to formulae (19),
with (6,¢',&') varying in C? x Sff_):s/R (see Eq. (20)). This allows us
to represent a dense subdomain of the analyticity fiber of the integrand
Dig% = {2 € X©; 2 € D,,, (2(),2') € A, } by the following “cut-
domain” (in view of the definitions i), ii), i'), ii’) in §2.3) :

(38)  D{O} ={(0'.¢) € C*; (¢,¢) & E(p2) US (a5 0)} x S5/ R
where :

(39) E(pe) ={(0',¢") € C*; 0" = iv' + 2km, || > po, k € 7}
and

(40)  S(u1;0) = {(¢',¢') € C*; cosBcos® + sinBsin 6 cosh ¢’
> cosh i = p1}.

Formula (40) is obtained by noticing that (in view of the representa-
tion (IT), one has : 2{0}-2'(0',¢’,@") = —(sin#sin 6’ cosh ¢’ +cos O cosd’).
We can then state the following basic property, in which the integration

measure (involved in Eq. (41)) is the parametric expression of do()(z’)
(see Eq. (25)).
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LEMMA 1. — For every point z = z(6) in D, o one can define the
analytic function G(z) of theorem 1 by an integral of the following form :

(41) G(2) = (—i)‘H/F K(2,2'(¢,¢',@"))F(£(0',¢',d"))
(sin @)% 2(sinh ¢')?73d@’ A w(@’) A dy/,

where Ty is a (d — 1)-cycle whose support is a compact subset of D(6) of
the form {(¢',¢',d"); 0' € v9, @' € Logr, @' € Sq_3}, v9 and Leg: being
appropriate paths depending continuously on 0 and (0, 6’) respectively, and
where w(@’) denotes the (SO(d —2)-invariant) unit volume form on S4_3.

For z = z(f) in Sy, the integral (41) reduces to the expression
K|s,xs*F| s, obtained for v9 = R/27Z and Lggs = iR (mod 2w); for z(6)

in X:O, the corresponding discontinuity A1 G is given by formula (36).

Starting from this result, the proof of THEOREM 1 is achieved as follows.
In view of formula (24), one can write for each point z = (6, p, @) in X(© :

(42) 2(0,,d) = c(a)b(p)a(8)zo = c(a)b(p)z(0),
with
(43) 2(0) = a(6)z0 = (—isin6,0,cos0) € X{°.

Moreover z(, ¢, @) belongs to the domain Du if and only if z(#) belongs
to D, 0, since one easily checks that (2(0,¢, &) — 20)? = (2(8) — 20)*.

For any point z = z(0, ¢, &) in D#, we then put :
(44) G(z) = / K(z, ) F()do' (')
I'(z)

with T'(2(0, ¢, &@)) = c(a)b(p)T.

We shall first show that this function belongs to the class V,, with
i = p1 + p2. In view of the invariance of the domain D, (resp. Ay,)
of F (resp. K) under the set of transformations 2’ — c(a)b(y)z’ (resp.
(2,2") — (c(@)b(p)z,c(a)b(p)z’), it follows that the support of the
(d — 1)-cycle T'(2(6, p,@)) is compactly contained in the analyticity fiber
Ded) — (e X(); 4 € D,,, (2(0,0,d),2") € Ay, } of the integrand
of (44) at z = 2(6, ¢, d). Since Eq. (41) is defined in D,, o, the integral (44)
defines a germ of analytic function at each point z = 2(6, ,d ) in D, and

ToME 120 — 1992 — ~n° 2



HOLOMORPHIC PERIKERNELS ON THE COMPLEX HYPERBOLOID 191

since the cycle I'(2(0, ¢, d@)) varies continuously with z in the analyticity
domain D of K(z,2')F(2') (namely defines, in the sense of [7] or [8] a
continuous section of the homology bundle associated with D, considered
as a fiberbundle over Du)’ all these germs define G as an analytic function
in D,. The extension of formula (35) from Sy to S follows directly from
the invariance of S and of the measure do under the transformations
2 c(a)b(p)2, for all @ € SO(d — 2; R), ¢ € iR, 2’ € S, and from the
fact that

S ={z=c(a)b(p)z(); o €SO(d—2;R), p €iR, 2(0) € So}.

The extension of formula (36) from X to X" follows from the invariance
of the measure do under the transformations 2z’ — c(a)b(p)z’, a €
SO(d - 2;R), p €R, 2’ € Xt and from the following properties :

Ya € SO(d - 2; R), Yo € R, Vz = z(6,p,d),
(2, 20) = c(@)b(p) [0(2(0), 20) ]

and X;I = {z = c(a)b(p)z(0); a € SO(d - 2; R), p € R, 2(0) € X }.

Finally, it remains to establish that the function G(z) admits an
analytic continuation on the (d — 2)-dimensional subset D, \ X (¢) of X(¢),
namely on the two cones C; = {z € X(©; 2(d=1) = 1 2 # 2} and
C_={z¢€ X@y pld=1) = 1 5 £ —zo}, which are not represented by
the parametrization (IT). From formula (41) written at z = 2z (i.e. 8 = 0),
we know that G(z) is analytic in a neighbourhood N (zp) of 29 in X(¢) and
therefore in a certain open subset N’ = N(29) NCy of C4. It then follows
from Bremermann’s continuity theorem [11], applied to any family of one-
dimensional sections of X(©) admitting as its limit an arbitrary linear
submanifold of C; (which is adherent to zg and has therefore a non-empty
intersection with AN”) that the whole set C, belongs to the analyticity
domain of G (the set C_ being treated similarly). The uniqueness of
the function G satisfying the theorem is obvious since it is the analytic
continuation of the r.h.s. of Eq. (35) (S being a (d — 1)-dimensional real
submanifold of D,,).

Proof of Lemma 1 :

A) Construction of the cycle T'y

We first specify the prescriptions to be satisfied by the cycle I'g, i.e.
more precisely by the fiber bundle Uy, ., (¢, Loe’), for 6 belonging to the
cut-plane J,. As a matter of fact, it will be often convenient to construct
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the image Lgg: of Lgg in the complex plane of the variable ¢ = cosh ¢’
More precisely, we will use the biholomorphic mapping between the strip
{¢’ €C; 0 <Im¢’ <7} and the cut-plane

{CeC; (~1¢R*, (-1¢R"}.
Lggr and Lgg will always be respectively contained in these sets (or

exceptionally on their boundaries).

a) The requirement that supp I'y should avoid the set =(uq) X 82‘23 /R
corresponds (in view of formula (39)), to the following condition : in the
#’-plane, the contour 74 should always avoid the set

bo={0' =iV +2km; |V'| > po, k €Z}.
b) The requirement that supp 'y should avoid the set
(3 6) x S/ R

corresponds (in view of formula (40)) to a condition for the contour
Lggr in the ¢'-plane to be satisfied for each 6 in J, and ¢ in ~y; this
condition, more conveniently expressed in the (-plane, is that Lge should
avoid the trace 8; = 61(0,6’) of X(u1;60) in the (-plane which (in view of
formula (40)) is described by the following formula :

(45) 61 ={¢ €C; (sinfsinf' +cosfcost' —p=0; p>p1, (p1 > 1)}.

For 0 or 0" & wZ, 6, is a half-line, also conveniently represented by the
following two (equivalent) formulae :

—cos(@—0')+p

1= >
(46) ¢ sin @sin ¢’ p=p
—cos(6+6)+p
1= > 1.
(47) ¢t sin @sin 6’ p=n

We will also denote by 8gg/ the support of 61(6,6’'), namely

—cosfcost’
cosfcos® +p GR}'

(48) bo0r = {C €Cic= sin@sing ’

i) The initial situation : the choice of Ty for 0 real.
From Egs. (46), (47), it readily follows that for 6 and @’ real, with
and 0’ € wZ, & is contained in |—o0, —1[ U ]4+1, +o0o[ (6; being empty,
in view of Eq. (45), for 8 or ¢’ € ©Z).
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The previous requirements a) and b) will then be fulfilled if the
chosen cycle I'y is the sphere S (equipped with its natural orientation),
represented in the space of variables 6’, ( and &’ by the following sets

v =R/2rZ = [-m,+7], (€[-1,+1], & €Sq43,

with (¢',¢,a@’) = (0,(,—a’) (in view of (R) : see Egs. (20)). With this
specification of I'y for 6 real, the integral (41) is equal to K|g,xs * F|s
so that property a) of THEOREM 1 is “built in”in our definition.

ii) The continuous distortion of Ty for 6 varying in the set : {6 =
u+iweC; u#0, u#mn}

The distortion that we define will take place in the space C(Qe,, 0 (i.e. will
concern vy and Lgg), but will not affect the real cycle {&’ € S4_3} which
will be kept fixed for all values of # in 7,. The fact that the cuts =(u)
and X(u1,0) are SO(d — 2)-invariant (i.e. that formulae (39), (40), do not

~/

involve the variable @’) implies that our construction is the same for all
dimensions d (d > 3).

We first investigate whether the half-line 6; may contain the points
¢ =1 or —1. In view of formulae (46) and (47), this situation occurs in
the following subset of Cy/ /27Z :

b1 ={0 =60+ or & =—-0+i, with [v'| > pi}

Since such a situation must be avoided (in view of the fact that ¢ = 1 and
¢ = —1 are the end-points of Lgg in the specification of 1)), we are led
to define a continuous distortion of vy such that for each 6, vy avoids the
set 61 U 62.

The construction of I'y will also be simplified thanks to the following
symmetry properties which are immediately implied by Eq. (45) :

(51) V(0,0'), 61(0,0") = 6.(=0,—0") = 61(r — 0, m — 0') = 61(6,0');

(S2) V(6,6’), the sets 6,(6,—0') and 6,(0,0') are symmetric with
respect to the origin in the (-plane.

Property (S1) suggests that it might be sufficient to define an appro-
priate distortion of I'y for 6 varying in the subset

JO ={=u+iveC; 0<u<in v>0}

of J, and to complete the definition of this distortion in the rest of Tu
by using the relevant symmetries.
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Property (S2) suggests that one should first define the part fy;’ con-
tained in the strip 0 < Ref’ < 7 and the corresponding part

Iy ={,¢,a"); 0 €y, ¢ €supp Loy, @' €Sa-3}/R
of suppI'y; then, the complement
Ly ={(0,¢,d"); 0" €7y, ¢ €suppLee, @' €Sa_3}/R
should be defined by the following prescription :
7o ={0'; -0 € 75} and
supp Loy = {¢ € C; —( € supp Ly(—g) }-

For each 6 in the set J©, we adopt the following choice for ~g
which satisfies in an obvious way our previous requirement, namely
supp g N (81 U 62) = ¢. We define 7, as the broken line consisting in the
three segments [0,6], [0,2u] and [2u,n] and we put suppys =74 U,
(see Figures 3.a) and 3.b)). For v = Re# fixed and v = Im 6 increasing
from the value v = 0, the path -y thus defined is continuously distorted
from its initial situation (i.e. [—, +7]) by dilatations parallel to the v'-axis
and proportional to v.

We now have to implement our construction of F; by specifying the
path Lgg: in the (-plane, for all values of # in ’y; . The following property
will be useful.

AUXILIARY LEMMA. — Let mgg: = 899y N {¢; ¢ € R}. Then, if ¢
varies in the strip O, = {6/ = v + v’ ; [V| <|v| (v=1m8)}, the subset
of points 0" for which mgg: is a point between —1 and +1, is composed of
two rectangles, namely :

{6/ =v +iv'; W< v, W= 37| < |u—3n]
or [u'+ 7| < |u—3n| (mod 2m)}
f0<u<m, or

{6’ =+ | <], |u - %71'[ < |lu+ %wl
or |u' + 37| < Ju+ ixw| (mod 2m)}
if —m<u<0.

(Note that these rectangles correspond to the hatchings on Figures 3.a
and 3.b.)
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o | “os A;;//A s
v —7r+61 —>
,/—_214
L #
-
AV
) v (4
—2u /K/ 61 " 10
R ///1/ 0 u T
Ov TN —u / z
—67/1 & 61 %/
) -0 -v

Figure 3.b : —7r < Reb < ‘n'
Figure 3. The path vy in the #’-plane.
Proof. — In view of formula (48), the abscissa ((mgg/) of mge must be
a real solution of the equation : ((mgg ) X sin@sin@’ = —cosfcosb + p

(p real). Therefore we have :

_ Im(cosfcos®')
<o) = n(sinb5in )

The condition |{(mgg/)| < 1 is then equivalent to
Im cos(6 + 6") Im cos( — 6") < 0,
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8o G O=¢c+iv

A\ 4

6

-6 6o

Figure 3.c: 6 = ¢ + iv.

0= —c+ i'v)
b2
o (]
61
I 2e
> > «—) U
-7 -2 | 0 ™
61
«~

-0

Figure 3.d : 8 = —¢ + iv.

Figure 3. The path vy in the ¢’-plane.

which can be rewritten :
sin(u + u') sin(u — «') sinh(v + v') sinh(v — v’) < 0.
For #'in the strip ©,, one has |v'| < |v|, which implies
sinh(v + v") sinh(v — v') > 0;
we are thus led to the condition :
sin(u + u') sin(u —u') <0

which yields the regions described in the auxiliary lemma.
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Remark. — The set of points 6’ such that mgg is the real (-axis is
composed of the corners u — v, 7 — u + v, —u + v, u — 7 — v of the
previous rectangular regions.

Consequences

a) When @’ varies in the complement in ©,, of the union of rectangular
regions described in the auxiliary lemma, the point mge is outside
[-1,41]; this is the case in particular when 6’ belongs to the linear
segment [0, f] and to the arc [0 7] of 7, where f=nr—uifu=Red < ir
and 0 = m — u + id, with 6 € [0,2u] if 1 gm < u < . For all these
values of @, the path Lgg can thus be kept fixed and equal to [—1,+1]
(see Figure 3.a), 3.b) and 4.a)). Note that in order to yield the natural
orientation of the sphere S in the initial situation, this path is oriented
from +1 to —1 (since it is the image of the path ¢’ = i), 0 < ¢ <,
oriented from 0 to i).

(3) When 6’ belongs to the remaining part 44 of v, (i.e. the arc of v
with end-points 6, 6 which is contained in the rectangular regions of the
auxiliary lemma), the situation in the {-plane may necessitate a distortion
of Lggs, since mgg is a point between —1 and +1.

6001

6 fool
% _1 L 41 Lot
. +1
’ -1 7n99)l' A F
Mgg: a8 1

Figure 4.a : 0 € [m — u, 7. Figure 4.b : 6’ € ’y;'

Figure 4. The path Lgg/ in the ¢-plane.

We indicate the following way of implementing the continuous distor-
tion of Lggs when 6’ varies on 'Ay; ; its justification will be given just below.
We define Lgg: as the broken path [—1, £ge/] U [€ger + 1] oriented from +1
to —1 (see Figure 4.b)), where the point £g¢- is introduced by the following
formula :

—cosfcost + p(6,0)
(49) boor = sin #sin 6’ '

with
d(@’,
d(e,

(50) p(0,6') = [cosh(v +v') + 1] — cosh(v + ') ;

==
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in the latter, d(#’ ,é) denotes the distance from 6 to § taken along the
path 4, . It is clear that at the end-points ¢’ = 6 and ¢’ = 6 of the latter,
formula (49), (50) yield fp9 = 1 and £,5 = —1, so that Lgg tends to
[—1,+1] at both ends (see Figure 4.c, 4.d)). Let us now check that :

(51) Vo' € 44, suppLeg N6:1(6,6') = ¢.
800 806 p(6,6) < -1
Lgg. p=1 \‘/ < o
-1 +1\‘6 -1 Log
1 N2
Figure 4.c : 8’ = 6. Figure 4.d : 6/ = 6.

Figure 4. The path Lgg/ in the {-plane.

The point £ge- has been chosen so as to satisfy Eq. (48) for the value
p = p(6,0"), and since the latter varies between — cosh(v+9) and 1 when 6’
moves on 7, (see Eq. (50)), one concludes that :

VO €4S, lop € bpor and oo & 61(6,6").

Therefore (since gg: does not contain the points ( = +1), the property
expressed by formula (51) is valid (see Figure 4.b)).

Finally we notice that completing the definition of I'g by suppl'y =
I'f UT, (according to the previous prescription suggested by (S2)) is
consistent with the continuity requirement, since Lgo and Lg, coincide
with [—1,+1] (Note that the orientation on Iy is indicated in an obvious
way by the initial situation, when 6 is real).

So far, we have constructed the cycle I'y for 6 varying in the subset JO
of j,, This construction defines a section 8 — fg of a homology bundle
with basis J(?) associated with the analyticity domain Uge s (8, D(0))
of the integrand of Eq. (41).

It follows (see e.g. [7]) that the function G(2(#)) defined by the
integral (41) is an analytic function of @ in the set J(®. In order to
establish the analyticity of G(2(f)) in the domain J,,, we proceed with
the following steps :
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1) By taking into account the relation 8:(6,0') = 6,(6,0’) of (S1),
we can define I'y for # in the set {# € C; 0 < u < %77, v < 0} by the
prescription : v = %5 (with 6 € J 0)) and Lgg = Lz . The continuity
requirement between this new set and J© s fulfilled in an obvious way
at v =0 (with ¢’ € [-m,+7], ¢ € [-1,+1]).

2) By taking into account the relation & (7 — 8,7 — 8') = 6,(6,6)
of (S1), we can define I'j for 6 in the strip {§ € C; im < wu<m7}by
the prescription : v, = {6/; 7 — 0 € 'y:_é}, Loo = L, _g._g, and
complete again the definition of supp'y = 1";' UT, as above (according
to (S2)). The continuity requirement between the strips 0 < u < 7 and
%77 < u < 7 is fulfilled since 7:/2 +iv 18 symmetric by itself with respect to
the line u = %w and since the corresponding path Ly o4, ¢ is (for all 6")
equal to [—1,+1].

3) By taking into account the last relation & (—0,—0") = 61(6,6),
we can define F;’ for # in the whole strip {6 € C; —7 < u < 0} by the
prescription v = {0'; —0' € ’yfé}, Lgg = L_j _g and complete again
supp 'y as above (according to (Sz2)).

4) The continuity requirement for 'y is not satisfied across the lines
u =0 and u = =*m, except for v = 0 (i.e. at the points § = 0 or
6 = %), since 9 = Yo = [—7, +7] and Logr = Lyr ¢ = [—1,+1]. This
is however sufficient for our homology section § — I'y, now defined in the
set {0 € C; u # 0, u# n}U{0}U{r}, to provide the analytic continuation
of the function G(2(0)) (via Eq. (41)) in an open neighbourhood of the
previous set. As a matter of fact, one shows directly (by using the real
cycle @ € [—m,+7], ¢ € [-1,+1]) that G(2(0)) is actually analytic at least
on the intervals {# =v; |v| < p1} and {0 =7+ iv; |v] < w1}
A more complete analysis of the situations 6 = iv and 6 = 7 + v will
be given below in part B). It will include :

o The proof of the fact that G(2(0)) is analytic for 8 = v, with
|v| < p = p1 + p2, and for § = 7 +iv, v € R, which will complete the first
part of LEMMA 1 stating the analyticity of G(z) in D, o.

o The proof of the discontinuity formula (36) for G(2(6)) across the
cut § =1iv, v > p.
B) Computing the discontinuity ALG

The situation where u tends to 0 or to ()7 will necessitate a passage to
the limit for the cycle I'y which, in particular, will generate the boundary
set (or “cut”) X::O for the domain of the function G(z) defined by Eq. (41).

We shall first consider the case when u tends to zero, and give the
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detailed derivation of formula (36) for the discontinuity A, G(z(iv)) across
the half-line § = v, v > 0, namely :

(52) A4G(z(iv)) =1 lim [G(2(e + 1)) — G(2(—e +iv))].

e>0

We make use of the previous construction of I'g (see A)) in the
corresponding limiting situations Ref = +& — 0. These situations in
the #'-plane are represented respectively on Figures 3.c) and 3.d).

Each term at the r.h.s. of Eq. (52) is expressed by an integral of the
form (41) which contains :

i) a contribution coming from the horizontal parts of 7y, namely
[—7, —2¢] and [2¢, 7] ;

ii) contributions coming from the broken lines of v neighbouring the
line v’ = 0, namely; [-2¢, —e — iv,0,e + iv, 2¢] for the case § = ¢ + v
(see Figure 3.c)), and [—2¢, —e +1iv,0, ¢ —iv, 2¢] for the case § = —& + v
(see Figure 3.d)).

We first show that the contributions to the r.h.s. of Eq. (52) described
in i) cancel in the limit € — 0. As a matter of fact in both contributions,
the same function K(2(0), 2/(6',¢’,a"))F(2'(¢,¢',a@’)) is integrated on
the same set

{(0/,¢',@"); 6 € [-m,0]U[0,7], " €suppLgg, @' € Sa—3},

where supp Lgg: is defined by its image supp Lggr = [—1, £go] U [€oer, +1].
In fact, for 8 = lim._,o(c + iv) and 8’ € [0, 7], the point £ges is defined by
Eq. (49) which yields :

—coshvcos @ + p(iv, §)
¢ sinh v sin ¢’

logr = €iR.

We then check that for § = lim._,o(—e + iv), the relevant definition
of Lgg: (using the symmetries (S1) and (S2), as described in A)) coincides
with the previous one, since in this situation £gg: = —fgg/. A similar check
holds for ¢’ € [—,0].

We now analyse the contributions to the r.h.s. of Eq. (52) described

in ii) and show that they produce in the limit ¢ — 0 the expression
ALK o AL F of the discontinuity A4 G of G.

We shall first describe the contribution coming from the upper broken
line [0, & + iv, 2¢] in the first term at the r.h.s. of Eq. (52). Since Re#’ is
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L;
ov’
-1 ‘L;'v, +1 / _1/%

‘/ P 1

81 2t

Figure 4.e : 0 = ¢ +4v, 0’ € [0,0]. Figure 4.f: 0 = ¢ +iv, 0’ € [0, 2¢].

61

-1 1oLs, 41N
L.;.I bv

Figure 4.g : 0 = —¢ +iv, 0’ € [-2¢,6]. Figure4.h: 0= —c+1v, 8 €[6,0].

Figure 4. The path Lggs in the (-plane.

positive on this path (and Re® — 0 with ¢ — 0), the relevant limit of
F(Z'(0',¢',a@")) in the corresponding integrand of Eq. (41) will be F4 (in
view of Eq. (33)).

Now, by taking into account the definition of Lggs given in A), we see
that :

a) For ¢ € [0,e+14v] with Im 6’ = v/, Ly is the set [—1, +1] oriented
from +1 to —1, denoted here by L;’U,, and the situation in the {-plane is
the one represented on Figure 4.e).

b) For €' € [e + iv,2¢e] with Im§’ = v, Lgg: must be defined as the
distorted path Ly, = [—1,£p6:] U [{ge,+1] oriented from +1 to —1 (with
Lo given for example by Egs. (49), (50)), as indicated by Figure 4.f).

The limit of the situations pictured in Figures 4.e) and 4.f) for ¢ tending
to zero yields (for the same limiting value 8’ = iv'; 0 < v’ < v) the
situation illustrated on Figure 5.a), after an appropriate distortion of the
path Ly, ,. Figure 5.b) exhibits a clockwise contour L which is homologous
to L}, — L., (in the domain of K) and which encloses the linear segment
[1, (1], ¢1 being the origin of the cut 6, given (in view of Eq. (46)) by the
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following formula :

cosh(v — v’) — cosh p1
sinh v sinh v/

(53) ¢ —1=coshy)(v,v')—1=

L
~ A G ) m
- N +1

! IT’“, +l\\/ \J

Figure 5.a. Figure 5.b.

Figure 5. The ¢-plane : limiting situation for z = 2(6)
(from Ref = ¢ > 0) in the cut X, 0.

The corresponding contribution from the integral (41) to the r.h.s. of
Eq. (52) can therefore be written as follows :

(54) —/w(&’)/()v(sinh v )42 do!
/L Klz(iv), 2/ (iv', ¢, @) Fi [/ (i, ¢, )] (sinh ') ~2 do!

where the clockwise path L enclosing the cut {¢’ € [0, ¢}]} in the ¢’-plane
(see Figure 6)) is the inverse image of the path L of the (-plane.

)

Iﬂ'ﬂ

+
LOv' 1

K

Figure 6. The ¢’-plane.
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By using the parametrization (IT), one then checks that the relevant
limits of K[z(iv),2'(iv',¢',&")] on the cut [0,¢](v,v')] from the sides
Imy’ > 0 and Im¢’ < 0 (or Im¢ > 0 and Im{ < 0) are respectively
the boundary values K, and K_ defined at the end of section 2 (since
Im[(z — 2’)?] = —2sinh vsinh v’ Im().

We can therefore rewrite the integral (54) as follows :

(55)  +i / (@) /O ’ (sinh o')42 o’

/ ALK x Fy(sinh )4 3dy’.
0<p' <ol (v,0)

Now we must consider the contribution coming from the upper broken
line [—2¢; —e +iv; 0] (see Figure 3.d)). By proceeding as before, we obtain
similarly :

(56) i / w(@’) /0  (sinh )42 dv/

/ ALK x F_(sinh ¢')?3dy’.
0<p’ <9 (v,v7)

In fact, instead of the situation of Figure 4.e), 4.f), we now have
in the (-plane the situation represented by Figure 4.g), 4.h), which
yields (in the limit ¢ — 0) the contribution from the integral (41) to
the last term of Eq. (52) expressed by formula (56) (the limit of the
cycle L, — L., being the same as before, illustrated on Figs. 5, 6).
Finally, in view of formulae (55) and (56), the corresponding contribution
to the discontinuity AG (given by Eq. (52)) is (in view of Eq. (33)) :

(57) /w(d”) /v—m (sinhv’)?=2dv’
m

2

/ ALK x Ay F(sinh¢')43dy’
0<¢’ <S¢ (v,0")

since AL F = 0 for v/ < po.

Now we must consider the contribution coming from the lower broken
lines, namely [—2e, —e — iv, 0] (see Figure 3.c)) and [0,e — iv,2¢] (see
Figure 3.d)). The previous analysis in the {-plane remains valid, the new
situation being now symmetric of the previous one under the symmetry
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(¢',¢) — (=0, =) or (since ¢ = cosh¢’), (¢/,¢') — (—6',im — ¢'). So the
range of the integral (57) is now replaced by the set

{(0,¢); 0 =—=iv', pg <V <v—p, ¢ € lim, in — ¢y (v,0)]}.

Then by using the identification (implied by (R)) (6',¢') = (=0, ¢’ —im)
we obtain the following expression for this new contribution to A, G :

v—Ha

(58) —/w(d”)/ (sinhv')42dv’
n

2

— (")
/ AL KA, F(sinh )43 dy’.
0

Adding up the contributions (57) and (58) to A4+ G, we obtain the complete
expression :

v—p1 ACKS]
(59) /w(&')/ (sinh v’)d_de'/ AL KA, F(sinh )43 dy’.
m

2 —¢1(v,0')

In the general case d > 3, it follows from the identification (6’,¢’,a’) =
(0, —¢',—a’) contained in (R) (see Egs. (20)), that the integral (58)
reproduces the integral (57) if [w(@’) is understood as the integral on
the full sphere S;_3. Since the relation R must be taken into account,
Jw(@’) has then to be understood as %de_s w(@’) in formula (59). In

the case d = 3, formula (59) holds with [w(@’) put equal to 1.

In view of Eq. (19), the integration range of the integral (59) represents
a region R of the real hyperboloid X (illustrated in Figure 7 by its
projection onto the space of coordinates 2/(9), |[2']|) which is contained in
the compact set o(z(#v), 2p). This region, which is bounded by the sheets of
hyperboloid 2’2 = u3, with 2/(®) > 0 (i.e. v/ = pp) and (z — 2')? = p2, with
20— 20 >0 (i.e. ¢ = @1(v,0'), @' € Sq_3, v' < v— 1) corresponds in
fact to the intersection of the subsets X! and {2"; (z(iv),2') € &}, } in
which the supports of AL F and A K are respectively contained.

Formula (59) therefore represents (in terms of the parametrization (II))
the composition product ALK ¢ Ay F and yields Eq. (36) for the case
z = z(iv). The support of the function A;G thus obtained, is then
determined by the condition that the region R is non-empty, namely (as
easily seen on Figure 7) by the condition z = z(iv) with v > p; + ue,
i.e. z € X (which in fact corresponds to the result of PROPOSITION 4).
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O]
& sinh v

sinh(v — p1)
¢ == (o) ¢ =0,
[sinh v/, ' = 0]
Y,

sinh po

I(z"1l

0

Figure 7. Hatchings represent the region R.

We now come back to completing the proof of the fact that the
function G(2(0)) is analytic in the domain jp. In view of the results of A),
it remained to prove that G(z(6)) is analytic on the sets {6 = iv; |v| < p}
and {§ =7 +iv; v € R}.

Let us first consider the set {§ = iv}. Since the previous computation of
A4 G(2(iv)) is valid for all positive values of v, it follows from the support
property of the integral (59) that A,G(z(iv)) vanishes in the interval
0 < v < pu. Now, by using the symmetry property D(8) = D(6), we could
give a similar computation for A_G(z(iv)) in terms of A_K and A_F
which would also imply that A_G(z(iv)) vanishes for —p < v < 0. It
follows that, for z = z(iv), with |v| < p, the boundary values G, and G_
of G from both sides Ref > 0 and Ref < 0 coincide (although defined
by different limiting cycles 'y in the integral (41)); therefore, in view
of the Schwarz-Painlevé [12] theorem (or “edge-of-the-wedge theorem” in
one variable), these boundary values define the same function G(z(iv)),
analytic on the interval |v| < p.

We now consider the set {# = 7+ iv}. The boundary values of G(2(9))
on this set from both sides Ref > 7 (or Ref > —x in view of the
periodicity condition) and Ref < 7 are defined by taking limiting
cycles T'g in the integral (41), which are similar to those used above
(for Re 6 tending to zero).

In fact (as a by-product of the analysis of 2) and 3) at the end of part A),
making use of the symmetry properties (S1)), the corresponding paths vy
contain broken lines neighbouring the line Re § = 7 which allow the same

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



206 J. BROS AND G.A. VIANO

computation as above for the discontinuity function of G across the line
z = mw + iv. However, the resulting expression, which would be similar
to the integral (59), would contain the discontinuity of F(2/(¢',¢',a"))
across the set # = w+14v’; but, since this set is contained in the analyticity
domain D,,, of F, the discontinuity of 7 and therefore that of G vanish. By
using as above the Schwarz-Painlevé theorem (now on the line § = 7+ iv,
v € R), we conclude that G(z()) is analytic on this line. This ends the
proof of LEmMmaA 1.

3.2. The algebra of perikernels.

We shall now derive the following extension of THEOREM 1.

THEOREM 1. — Let K1, Ko be perikernels in the respective classes W,
and W,,,. Then, there exists a unique perikernel K in the class W, with
b= p1 + po, denoted by K = K1 %9 Ky, which satisfies the following
properties

(60) ’C|SXS:]C1|SXS*IC2]SXS‘

(61) ALK = AL K1 0 ALK

c) For every (2,2') in A, there exists a class of cycles (2, 2] in
H(d‘l)(Dfoliz), where :

D;ﬁ:’z = {Z” € X(C) ) (21/72/) € Altz; (Z,ZI/) € AHI}

such that :

(62) K(z,2') = / Ki(z,2")Ka (2", 2")do' ().
I'[z,2']

THEOREM 1’ can be presented as a corollary of THEOREM 1, thanks
to the following argument. We first prove property c) by determining
for every (z,2') in A,L the corresponding class of cycles I'[z, z'] involved
in Eq. (62). Since 2’ belongs to X(©), we can apply Eq. (24) and write
2 =2, ¢, 0) = mypg 20 with o € Sgc_)?,, ¢ € C, ¢ € C; then
we define the point Z = ma‘,{p,e,z, which (as z) also belongs to X(©)
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and moreover satisfies the condition (Z — 29)? = (2 — 2')% # p, for all

p > &(p); this implies that Z belongs to the domain Du and that (in view
of THEOREM 1) the corresponding class of cycles I'(Z) is well-defined. We
then introduce the cycle I'[z, 2] by the following equation :

(63) F[Z, ZI] = ma’«p’G’F(Z)

where T'(Z) is the representative of I'(Z) described in the proof of
THEOREM 1 (see Eq. (44)).

Since I'(Z) is contained in the domain
DZ ., ={2"eX\, 7"€D,, (2,2") €A},
it follows that I'[z, 2’] is contained in the domain DZ;";Z and, therefore, that
the integral fF[Z’Z,] Ki(z,2"Ka(2", ) ?10(0)(2") defines a germ of analytic
function at the given point (z,2') € A,. Since (in view of Eq. (63) and
of the properties of I'(Z)) I'[z,2'] varies continuously with (z,2’) in the
analyticity domain of K;(z, 2)Ka(2",2’) (in (2, 2/, 2”)-complex space), it
follows that the previous integral defines an analytic function K(z,2’) in

the domain A,L. We also see that the defining equation for (z, z’) can be
rewritten as follows :

(64) ’C(ma’tp'a/Za ma’«p’e/zo)
=/ Kl(mallp/elz, ma’LP’GIZ”)
(2)

x]C2 (ma,q,/g/ Z//, maer/g/Zo) dO'(C) (Z“)

(in view of Eq. (63) and of the invariance of the measure do() under the
transformation Z” — 2’ = mg 9 Z"). By putting

}-(Z") = K?(ma’ap’ﬂ/zﬂ? ma’ap’@’ZO) and

Q(Z) = IC(ma/ng/ Z, 1’1‘10/‘/,/9/z0)7

we are led to the precise conditions for applying THEOREM 1, and we can
draw the consequences of Eq. (35) and (36). Since Eq. (35) corresponds
to putting T'(Z) = S, Z € S and do(® = do in Eq. (64), (and since
I'[z,2'] = S in this case) we readily obtain property a) of the theorem
(the operation * being explicitly defined by Eq. (31)). Similarly in view of
Eq. (36), we derive from Eq. (64) a formula for the discontinuity AKX
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in terms of AK;, AK,; which is exactly of the form of formula (32)
(equivalent to Eq. (32)) which yields the proof of property b) (Note that
in view of ProposITION 5, AK thus belongs to the class W, 1, ).

Finally, it remains to establish that the function K(z,2’) defined for
(2,7') in A,L by Eq. (62) admits an analytic continuation on the subset
{(2,7") € Ay; z € C+ or 2/ € C+}, where C; and C_ are the (d — 2)-
dimensional cones defined in the proof of THEOREM 1 (before LEMMA 1).
We can follow closely the argument given there, since we now know that
for each 2’ in D,“ K(z,2') is analytic in a neighbourhood of the point
(20,2') in X () x X () \ Eﬁf). By then applying Bremermann’s continuity
theorem [11] in the variable z (at 2’ fixed) as in the proof of THEOREM 1,
we conclude that K can be analytically continued in the subset

{(7); 2€Cs, & €Dy (2,7) g T},

By exchanging the roles of z and 2/, one would similarly obtain the subset
{(2,2'); 2 € Dy, ' € Cq, (2,2) & Eﬁf)}. The remaining points to be
obtained in the analyticity domain of K are then :

a) Points (z,2') such that z € Cx (i.e. 20471 = 41) and 24~V >
coshp (or 241 > coshp and 2/ € Cy). Each of these points can be
shown to belong to the holomorphy envelope of two polydisk-type regions
contained in the previously obtained analyticity domain of K (see [13],
[14] for such results based on a local application of the tube theorem).

3) Points (z,2') such that z € C+ and 2’ € C. Since these points are
contained in a complex analytic submanifold of codimension 2 surrounded
by the domain previously obtained for the function K(z, z’), the latter can
be analytically continued at all these points.

3.3. The case of distribution boundary values.

THEOREM 1 (resp. 1) can be extended to the case where the function F
and the perikernel C (resp. the two perikernels Ky, K2) belong respectively
to classes of the type V,, s, and W,,, o, (resp. Wy, s,, Wi, s, ) introduced
in §2.3.

To be more specific, let us consider the definition of the function
G(2) = (K*(©) F)(2) of THEOREM 1, in the special subset D, ¢ of LEMMA 1.
For every z = z() in D, ¢, the definition of G via Eq. (41) (with the
cycle I'y constructed in the proof of LEMMA 1) remains valid, but one must
now treat the problem of the boundary values of this integral, when the
point z tends to the boundary of D, o, namely to the cut Z,. In order to
show that the boundary values G, G_ of G on =, (and subsequently AG)
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exist in the sense of distributions, it is sufficient to prove that |G(2)]| is
bounded by an inverse power of the distance from z to the set =,. This
can be derived from the fact (implied by the assumptions F € V,, 5, and
K € Wy, s,) that [F(2')| (resp |[K(z,2")]) is itself bounded by an inverse
power of the distance of 2’ from the set =,, (resp. of (z,2’) from the

set fo’l)). To see this, one just has to notice that when z = 2(6) is at a
distance € from Z,, (i.e. when § = e+iv), the integration cycle I'y remains
at a distance bounded by Cst. x ¢ from the boundary of the domain of the
integrand of Eq. (41); in fact, as shown respectively by Figure 3.c), 3.d)
and Figure 4.e), 4.f), 4.g), 4.h), the cycle 7 remains at a distance C,
from the sets 8> and &; in the €-plane and the cycle Lgg remains at
a distance Cy. from the set 8; (a detailed computation which confirms
this descriptive account can be given by using Eq. (45); in particular the
angle of §; with the real (-axis is of the order of e/tanhv + ¢’/tanhv’,
if0=c+iv, 0 =&’ +1iv).

By using this geometrical study, one can also check that (as in the case
where K and F admit continuous boundary values), the integral G(z(6))
is analytic at all points 6 = iv, with |v| < p.

It thus follows from this analysis that AG(z(iv)) = (i[G+ — G-))
exists as a distribution whose support is contained in the set X : oUX, 0
(i.e. |v] > p).

It remains to legitimate the formula A} G = AL Ko A F (correspond-
ing to Eq. (36)) in the present case where A;G, ALK and A,F are
distributions. On the one hand, we can consider this formula as a simple
notation, which expresses the previous definiton of A ;G through the con-
struction of the analytic function G. On the other hand, we can also try
to justify this notation by a limiting procedure starting from situations
where Eq. (27) is meaningful in the usual sense.

To this purpose, we consider the function F(z' (6, ¢’,&")) and the func-
tion K(2(0), 2/ (6',¢',d")) as limits of regularizing families of functions :

Fo(2'(0',¢, ) /f 0" —it', ¢, @), (0')dd’  and
Ko(2(0), 2(6, ¢/, d@")) = / (2(0 — D), 2/ (0, ', &) )iy (0)

where {1, (9); n > 0,7 — 0} denotes a family of C°°-functions with
support contained in the interval [—n,+7] and tending (weakly) to the
Dirac measure 6.

By using the definitions of the singular sets d2 and 6; of F and K (see
in particular Eq. (45)), one can easily control (e.g. with the help of Figs. 3
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and 4) the small perturbations on these sets caused by the smearing out
with the test-function ;. One then notices that the integration contour I'
(for § = £ + iv) can still be chosen as in the proof of LEMMA 1, so that
the integral (41), with K and F now replaced by K, and F,; still defines
an analytic function G,(2(#)), whose boundary values (G,)+ and (Gy,)—
on the line § = v are continuous.

The computation of the corresponding discontinuity function A,G,
can then be carried out along the same line as in part B) of the proof
of LEMMA 1 (since in the limit ¢ — 0, the situation pictured in Fig. 5
remains valid, §; being along the real (-axis, for all 0, with |§| < n).

One therefore obtains for A, G, an expression similar to that of
formula (36), namely :

ALy (2(8)) = (A Ky 0 ALF,)(2(6)).

Then, since the analytic function G is obviously equal to the limit of
the family G, when 7 tends to zero, it follows that A, G, tends (weakly)
to the distribution A, G, so that we can write :

(65) ALG= hrr%)(AJr’Cn o ALTy),
n—

which fully justifies the notation A K ¢ A F for the r.h.s. of Eq. (65).

The previous analysis, which we gave for simplicity in the geometrical
situation of lemma 1, can be extended to the more general situations of
TueoreEM 1 and THEOREM 1’ by using the same matrix transformations
as in the case of continuous boundary values.

The microlocal version of Theorem 1.

For every F € V,, s (and for any order s), the corresponding distribution
AL F has its support contained in X;r and is moreover analytically-
dependent on the variables (p, &) via the parametrization z = z(6, ¢, &@).
Let us now consider A,F as a distribution on the space R¥~! of the
variables 20, [7] = (2(V,..., 2(¢=2)), whose support is contained in the
(one-to-one) projection X\ of X, namely

— 2 —
Xy ={z= (", [2]); 2° =2 7] = (coshp)?, p > p}.

In these variables, the distribution A F thus considered is analytic along
the sheets z? = (cosh p)?. According to the theory of “singular spectra” [6]
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(or “essential supports” [5]) of distributions, one can assert that its
singular spectrum SS(AF) is contained in the set

N, ={(z,m) e X}/ xR"'; n=Xz, AeR}

(provided we define the cotangent bundle to R~! via the minkowskian
bilinear form : £ - n = £©n© — <[5], [71))-

The microlocal extension of the previous class of distributions A F is
then characterized as the class V"> of all distributions F on R?z_)l, such
that suppF C X;f and SS(F) C N,,.

Similarly, for every perikernel X € W, , (and for any order s),
the corresponding distribution AKX (with suppA KX C E;’[) can be
considered as a distribution on the space R‘(iz_)l X R‘(iz_,)l whose support
is contained in the projection E;f of 2:[, namely

of ={(z,2); (z—2')* = (coshp)?, p>p}

and which is moreover analytic along the sheets (z — z’) = (cosh p)2. It
follows that the singular spectrum SS(ALK) of ALK is contained in the
set :

Ay ={(z2,nn) e =} x R xR,
n=Xz—2), n = -Az—2), AeR}.

The microlocal extension of the previous class of distributions A4 K is
then characterized as the class W,Sloc) of all distributions K on R‘(iz_)l X R‘(iz_,)l
such that suppK C 3} and SS(K) C A,.

We can then state the following microlocal counterpart of THEOREM 1.

PRrROPOSITION 6. — For every couple of distribution (K, F) with K in

W) and F in VIO, there exists a distribution G = K o F, defined
formally by Eq. (27), which belongs to the class Vﬁf}m and satisfies the
property G = limg_,o Kg ¢ Fg, for any regularizing families of functions

Kg — K, Fg — F.
Proof. — We shall apply to Eq. (27) the theorems on products and

integrals of distributions given in [5-b] (theorems 10 and 11). Let (z,2’)
be any point in 3F, such that 2’ € XIz' We then have :

SS(K)|(z2) C{(mn); n=-n"=X\(z—72)},
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while SS(F)|(z,2y C {(m,m'); n=0, ¥ = A2’} (F being considered as
a distribution of (z,2’), constant with respect to z). We first easily check
that SS(K)|(z,2) N [-SS(F)|(2,2)] = ¢, which entails that the product
K(z,2')F(2') is well-defined and equal to the limit of Kz(z,2")Fs(2’) for
any families of regularizing functions Kg, Fjg. We now have :

(65/) SS(K : F)|(z,z’) = SS( )l(z,z’) +SS(F)[(z,z’)
C{n, ) m=i(z—2),
=-Mz+ ANz M\ €R, A\ €R}.

The integral (27), now written as

dzO Ao A d2/(d-2)

V1422

G(z) = i(-1)4! /> . K(z,2')F(z')

is then defined as a distribution (equal to limg_.o [ KgFp) whose singular
spectrum satisfies the following formula :

SS(G) 1z =JSS(K - F)|(z2)m=0

z/

(with z’ varying in the integration domain).
In view of formula (65"), we must distinguish two cases :
i) if 2’ is non-colinear to z, SS(K - F')|(z,2/),m/=0 reduces to n = 0.
ii) if 2’ is colinear to z, SS(K - F)|(z,2),y=0 is contained in the fixed
subset {n=Az; A € R}.
It then follows that SS(G), C {n = Az; A € R}. On the other hand,
it still results from ProposiTiON 4 that suppG c X and therefore

p1tpe

we conclude that SS(G) C Ny, 4p,, i.e. that G C Vu(iifzw

4. The algebra of crossing-symmetric perikernels on X ()

In this last section, we shall consider classes of holomorphic functions 7
(resp. perikernels K) defined in domains D of X(©) (resp. in domains A
of X(©) x X(°)) bordered by two cuts, and we shall present properties of
composition products for these classes which are the analogues of those
stated in THEOREMS 1 and 1'.
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4.1. Notations.

i) Together with the subset Z, of X(¢) defined in §2.3 i) (also
described as {z € X(©); 2(¢=1) > cosh u}) we now introduce the subset :

=, = {2 € X195 (z+2)" — () > 0}
={zeX©; 24" < —coshp}

and the “cut domain” ﬁu = X©\ (5, U ) of X(©): we also put
D, =X\ (5, UZ)).

Similarly, together with the real subsets :
X’f =g, NxX* = {z e X+, 2d=0 > coshu} cy,
we introduce the corresponding subsets (see Fig. 8) :

X;Li =g, NX* = {z € X'E - < —coshu} cY’,

A \\\\
X 0 \X?f

Z
—cosh p P4 0 cosh z(d—\l)

o

’
Xt
\\\\\

Figure 8. The hyperboloid X and the regions Xj[, X;ﬁ' (in hatchings)

and X, , X;f‘ A typical point Re z + iIm z of X(¢) and the sphere S
are illustrated via the “arrow representation” of complex points.
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where
Xt ={zeX; 2> 2}, X ={zeX; z2<n},

XT={reX;2< -2} X" ={reX;2>-2}

Note that, according to the parametrization (II) (see Eq. (19)), the
sets Xff and X l’f correspond respectively to the ranges {§ = iv; v > u}
and {# =7 +iv; v > p}, with ¢ and & real.

ii) Together with the subset fo) of X(©) x X(©) defined in §2.3 i'),
we now introduce the subset

2H0 = {(2,7) € X x X9 (24 2)* - £(n) > 0}

and the “cut domain” A, = X(© x X(©)\ (2 U siD) of X© x X(©,
We also put A, = X(© x X(©)\ (= U sy,

Similarly, together with the real subsets Eff (see Eq. (29)), we introduce
the corresponding subsets :

Z:f = {(z,z’) EXxX; (242)>¢€(n), 29 +20 = 0},

and we note that for all real (2, 2') in f (resp. X/, ¥5F, ¥77), the order

relation z — 2/ > 0 (resp. z — 2/ <0, z+ 2’ <0, z + 2/ > 0) is satisfied.
iii) We denote by V,, the class of functions F(z) which are holomorphic

in D, and have continuous boundary values on the set =, U =], (from

both sides of each of these cuts). For every function F in V,, we
put F = F|s and we consider the associated “discontinuity functions”
AF =i(Fy — F-) and A'F = i(F, — F_) of F, respectively across the
analytic hypersurfaces

{zeX©; Im(z— 2)* =0} and {z€X; Im(z + 2)* = 0}.

The boundary values F,, F_ of F are defined as in §2.3, and F, F_
are defined similarly as boundary values of F (on the latter hypersurface)
from the respective sides Im(z + 20)? < 0 and Im(z + 29)? > 0. Note that,
together with formula (33) we also have :

(66) Fl(z) = lim Fz(iv+ 7 +¢, o, @)]
0
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(since Im(z + 29)? = —21Im cos(m + ¢ + iv) < 0).

The functions AF and A’F have their supports respectively contained
in the sets =, and =/, and are analytic on all the corresponding subman-
ifolds (2 — 20)% = p, p > &§(u) and (2 +20)% = p', p' > €(n).

By taking the restrictions of these functions to the real hyperboloid X,
we can give the following definitions : AL F(z) = Y (+2(9)AF|x(2), and

L F(z) = Y(F2O)A'Fix(z). The functions AL F, A_F, A\ F, A_F
have their supports respectively contained in the sets X5, X, X X

iv) We denote by l//V\,L the class of functions K(z, 2’) (again called “peri-
kernels”) which are holomorphic in A, and have continuous boundary
values on the set £\ U/ (from both sides of each of these cuts). For

every perikernel K in W,, we put K = K|sxs and we consider the associ-
ated “discontinuity functions” AK =i(K; —K_) and A’K =i(K/, —K_)
of KC respectively across the analytic hypersurfaces

{(2,2") € X9 x X Im(2 — 2/)> =0} and
{(2,7) € X x X Im(z + 2')> = 0}

The boundary values K, K_ of K are defined as in § 2.3, and K/, , K'_ are
defined similarly as boundary balues of K (on the latter hypersurface) from
the respective sides Im(z+2')? < 0 and Im(z+2')? > 0. The functions AKX
and A’K have their supports respectively contained in the sets E(C) and
Z/(c) and are analytic on all the corresponding submanifolds (z — 2’)? = p,
p>&(u) and (24 2')2 = p/, p' > &(u). By taking the restrictions of these
functions to X x X, we can give the following definitions :

ALK (z,7) = Y[:I:(z(o) - z’(o))] AK | xxx(2,2"),
LK(2,2) = Y[F(O + 2O)AK | xxx (2, 2).

The kernels ALK, A_K, A, K, A” K have their supports respectively
contained in the sets X+, ¥, ¥iF, ¥

v) In §2.2, we defined the ¢-composition product (see Eq. (32)) for
kernels K1, K5 with supports contained in Em’ 2:2 (i.e. Volterra kernels).
In the present case, we are led to extend this o-product to classes of
kernels with the more general support properties described above. One
can easily see that eight possibilities emerge for defining a composition
product by integration on a ¢-like region; these possibilities correspond
to the following order relations ez > 2” > €’2' and €2’ > 2" > ez,
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with e,&’ = +1, which express the various ways of combining the support
properties “(z,2”) € ¥ or £E” and “(2”,2') € XF, or X", In the
following, the notation K; ¢ Ko will mean either

/ Ki(z,2")K2(2",2')do (") or
o(ez,e’z’)

/ Ki(2 2" Ka (", ') da ("),
o(e’2’ ez)

the relevant choice of ¢, ¢ being given by the support properties of the
kernels K, Ko considered. Moreover, as in PROPOSITION 5, each of the
various kernels K7 ¢ K5 thus obtained will have its support contained in

+ 1+
one of the sets ¥/ or X, .

All these considerations hold of course similarly for products of the
form K o F, if F denotes any function whose support is contained in one
of the sets Xff?, Xﬁ (the variable 2’ being then replaced by the fixed
point 2o in all the previous formulae).

4.2. The composition product (9.
We can now state the following properties.
THEOREM 2. — Being given any kernel K in Wm and any function F

m f/uz, there exists a unique function G in the class ]}”, with 1 = py + po,
denoted by K +(©) F which satisfies the following properties :

a)
(67) Gls =K|sxs*F|s.

b)
(68) AyG=AKoA F+A Kol F,
(69) ALG=A_KoA,F+ AN KoALF.

¢) For every point z in 5”, there exists a class of cycles f(z) in

H(d_l)(ﬁzmz), where ﬁfnuz ={ e X, 2 ¢ f)m,, (2,2') € 3”1},
such that :
(70) G(z)= [ K(z,2)F(z')do9(2").

I'(2)
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THEOREM 2/. — Bemg given any couple of perikernels (K1,K2) in the

respective classes Wﬂl, WMZ, there exists a perikernel K in the class W,,,
with = p1 + po, denoted by K = K1 (9 Ky, which satisfies the following
properties

a)
(71) Kisxs = Ki|sxs * K2|sxs-

b)
(72) ALK =A4K1 0 ALKy + ALKy 0 Al Ky ;
(73) ALK = ALKy 0 A Ky + ALKy 0 ALKy

c) For every (z,2') in ﬁﬂ, there erists a class of cycles U[z,2'] in
H@D(D{5E)), where

~

Dl(lzllfz {ZH € X(C) ) (Z//’z/) € APJ; (Z, z”) € 8#1 }’

such that

(74) K(z,2') = / Ki(z, 2")Ka(2", 2')do (O (2").
I(z,2']

Since the proofs of these theorems are very similar to those of
THEOREMS 1 and 1/, we shall only sketch the proof of THEOREM 2,
THEOREM 2’ being then derived from the latter in the same way as
THEOREM 1’ was derived from THEOREM 1.

As in the proof of THEOREM 1, we can reduce the general geomet-
rical situation of Eq. (70) to that of LEMMA 1, in which z = 2(0) =
(—isin 6,0, cos ), and we are thus led to construct an appropriate (d—1)-
cycle T'y (in place of T'y) for the integral (41).

The cycle I'p is now submitted _to the condition that its support is
contained in the following domain D(6) (instead of D(6)) :

D(§) = {(«9’,90’) €C?; (0,¢)) € E(u2) UZ (12) U X (113 0) UE’(ul;H)}
X Sff_)s/R,
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with E(ug2) and X(u1,6) defined by Egs. (39), (40) and
(75)  E'(u2) = {(0',¢) € C?;
0 =iv' + (2k + D)m, |V'| > po, k € Z}

(76) ' (p1;0) = {(8',¢') € C*; cosfcos® +sinfsin’ cosh ¢’
< —coshpy = —p1}.

The cycle 'y will again be taken of the form
{(0,¢'); 0 €40, ¢ € Loo},
but in order to satisfy the previous condition, it is required that :
a) 4p should avoid not only 62 (as yp) but also the subset

=10 =iv + 2k +)m, |V|>p, keZ}.
2

b) The image 1?.;99/ of izeg/ in the (-plane should avoid not only é;
(see Eq. (45)) but also the set :

77 8 ={2€C; (sinfsinf +cosfcost —p, p< —p1},
1

which for 6 or 6’ ¢ 7Z is a half-line with the same support g4 as ;.

The initial situation of I'g (for @ real) can still be chosen to coincide with
that of ['y (namely to represent the sphere S) since &) U 8; is contained
in ]—o0, —1[U]+1, 00| (or empty) for all # and 8’ real; Eq. (67) is then
fulfilled.

The distortion 9y is now submitted to the condition that 4 should
avoid not only the subset é2 U 61, (as v in section 3) but also the subset
84 U 67, where

61={0=0+n+i or ' =—0+m+iv, with [v'| >}

(the latter set corresponding to situations where §] contains the points
¢ = +1 or ( = —1 and therefore violates condition b) above).

A convenient choice consists in defining 4y as the (periodic) broken line
whose vertices are at the points ' = —0, 0 —m, 7 —0, 0, 2mr— 0, 8+, etc.
(see Figure 9.a)). For every 6, 9y is seen to contain the real points §' = 0,
%77, , %ﬂ' etc.. The continuous distortion of 4y from its initial situation
(i.e. for example [—a, 27 — @) by dilatations parallel to the v’-axis and
proportional to v is similar to that of 4 in section 3.

The following definition of the path Lgg (for all 8’ in 44) can be here
again motivated by the auxiliary lemma given in the course of the proof of
LEMMA 1. Lo is kept fixed and equal to the segment [—1,+1] (oriented
from +1 to —1) when 6’ belongs to the linear segments of 4y which do
not contain the points 37 and 37.
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Figure 9.a : the general situation.

Figure 9. The path 44 in the §’-plane.

When 6’ belongs to the remaining linear segments of 4y (cor}taining the
points 27, 37), Lge must be continuously distorted; a convenient choice
consists in defining Lge as the broken line -1, éggl] U [éaol, 1] (see Fig. 10)
oriented from +1 to —1, with for instance (for 8" in [0, 7 — 6)]),

—cosfcost + pg(6')

boor = sin 0 sin 6’ and
6—0| |m—0-¢
o |
A R 7 e e T
(since pg(f) = 1 and po(m — 0) = —1, and therefore fg9 = 1 and

Co(r—g) = —1).
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Figure 9.b : 6 = 6.

Figure 9. The path 44 in the §’-plane.

The previous construction of I'g holds for every 6 = u + iv such that
u #0, %7‘[‘, m, %7!‘. The integral (70), written in the form (41) with z = z(6)
and I'(z) = Iy, therefore defines an analytic function G(z()) in the
following subset of the #-plane :

Doo={0=u+iv; u#ikr, keZ} UR/2rZ.

It remains to show that G(2(0)) can be analytically continued on the
lines u = %7‘[‘ and u = %ﬂ' and to compute the discontinuity functions of
G(z(0)) across the lines u = 0 and u = m, which will yield respectively

formula (68) and (69) (for z = 2(6)).

Let us first show that for u = %ﬂ', the limits of the cycle I'g, although
different from below and from above %ﬂ, yield the same value for the inte-
gral G(z(3m+iv)) so that (in view of the Schwarz-Painlevé theorem [12])
this common limit will be analytic on the line u = %7‘(‘ (the case of the line

u = 37 would be treated similarly).

Let G1(2(6o)) = lim o G(2(67)) and G_(2(6o)) = lime o G(2(67)),
where 6y = 37 +iv, 03 = 3w+ ¢ +iv and 67 = 27 — e + iv. For 6 = 67

2
and 0 = 6, the contour 4y of Fig. 9.a) can be replaced by the broken

lines indicated respectively on Fig. 9.b) and Fig. 9.c).
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Figure 9.c : 6 = 0 .
Figure 9. The path 44 in the §’-plane.
8
: 54
b1 cos P
-1 costy +1\ -1 Lo‘—o./—\wl
€ 61 Y

Figure 10.a: 0/ = ¢'T. Figure 10.b : 6/ = 6'~.

Figure 10. The path Lgy/ in the {-plane for § = 6 .

These pictures and the argument below correspond to the case when v
is positive; the case v < 0 would be completely similar.

In view of the auxiliary lemma, the choice of Ly equal to [—1,+1]
remains valid for all ¢’ on the horizontal (real) parts of 45+ or 4,- and the
corresponding contributions to the integral (70) written in the parametric
form (41) have the same limits when 8 and 67 tend to the same point
0y = %71' + 0.

We now have to compare (in this limiting situation) the contributions
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of the broken vertical parts of 49 centered at u’ = 27 and u’ = Sm. Itis

sufficient illustrative to consider the case when Re 8’ — %ﬂ' and to compare
the contributions (from 61 and 62) of the upper parts of the broken line.
In the ¢-plane, the cuts §; and &) tend to a horizontal position when Re
and Red’ tend to 3, since (in view of Eqs. (45) and (77)) their support
is then described by the real equation

sinhwvsinhv’ + p
78 il
(78) cosh v cosh v/

For § = 6=, §; and & have their supporting line in a situation §_ above
the corresponding path Ly—g,+ = [~1,+1], when 0" =0~ € [Am—2¢,07];
this supporting line is in a situation 6, which crosses the corresponding
path L,-,,, when §' = 0"~ € [0, i), as illustrated on Fig. 10.

By taking the limits 7 — 6y, one obtains the following contribution
to G_(2(6)) coming from the upper broken lines (see Figure 9c)) :

(79) /w(éz”) /Ov—m (coshv')4=2

1
/ AK(2(60), 2’ (37 + v’ iy’ a@"))
0
F(Z(3m+iv' iy, @")) (siny) 2 dy/

where the limit 1; corresponds to the origin of the cut 8; (i.e. {; = cos )
in [-1,+1] (in view of Eq. (78),

G=1-

cosh(v — v') — cosh ,ul)
cosh v cosh v’ ’

and where AK denotes the discontinuity of X across the set X(u1;8).

By a similar analysis of the situation for § = 6, one would obtain, in
the limit 65 — 6, the corresponding contribution to the expression of G,
coming from the upper broken lines near Re§’ = %7‘(’ (see Fig. 9.b). One
then easily checks that this contribution is identical with the integral (79).
The analysis would be similar for the lower broken line contributions and
also for the broken lines around Ref’ = 3. It follows that G (2(6p)) =
G—(2(6o)) for all points fy = 3m + iv.

We shall not repeat the detailed analysis of the discontinuity of G(z(9))
across u = 0, since it is completely similar to the analysis given in the
derivation of the discontinuity formula (36) of THEOREM 1, except for
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the following point. For § = +e + iv, the path vy of Figs. 3.c), 3.d)
must be replaced by a path 4y which now exhibits two “folded vertical
parts”, namely a first one in the neighbourhood of the line v’ = 0 (as
for «p) and an additional one in the neighbourhood of the line v’ = =«
(corresponding to a “pinching configuration” for the sets 6] and &5).
While the first folded vertical part yields the first term at the r.h.s. of
the discontinuity formula (68) (corresponding to the result of Eq. (36) in
THEOREM 1), the second folded vertical part gives rise to the last term of
Eq. (68) (the exact form of the latter being obtained by a computation
which is strictly similar). On the other hand, the analysis of G(z(0)) for
0 = m £+ & + iv (which produced no discontinuity at u = 7 in the case
of THEOREM 1) now yields a situation in the 6’-plane involving again (as
for u = 0) two folded vertical parts of 4y (corresponding respectively to
“pinching configurations” for the sets (61, 5) and (61, 62) : these two parts
respectively give rise to the two terms at the r.h.s. of Eq. (69).

Remark. — The extension of THEOREMS 2 and 2’ to the case when
the functions F and perikernels K have boundary values in the sense of
distributions, respectively on the sets Z,, Z;, and on the cuts Eff), E;fc) ,
can be treated by the method described at the end of section 3 with similar
results.
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