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PRICING RAINBOW OPTION FOR UNCERTAIN FINANCIAL MARKET

Rong Gao1,* and Xiaoli Wu2

Abstract. Rainbow option refers to the option whose payoff depends on at least two underlying risky
assets, which is justifiably one of the most significant tool to hedge risk brought by the uncertainty from
financial market. Hence, option pricing problem is always an issue with great attention. In this paper,
we assume that the multiple dynamic stock prices obey uncertain differential equations without sharing
dividends in the framework of uncertainty theory. Then we discuss the rainbow option pricing problem
for multiple stocks in a financial market with uncertain information, give the concepts and derive pricing
formulas for five scenarios including maximum call, minimum call, maximum put, minimum put, and
put on 2 and call on 1. Moreover, some corresponding examples are respectively taken to illustrate the
pricing formulas in five cases.
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1. Introduction

Rainbow option is a financial instrument exposed to at least two sources of uncertainty brought by different
underlying assets and its value also comes from the price of these risky assets. In real financial markets, there
are always several underlying assets existing simultaneously, therefore rainbow option is an issue deserving to
be explored in depth. In fact, the theory of this option can trace back to 1970s. For example, Margrabe [16]
evaluated the option relative to one asset being exchanged for another one, which is justifiably regarded as the
most eminent early option pricing paper and opens up a new epoch of option pricing for multiple assets. As an
extension, Stulz [18] delivered and priced “best of assets or cash” option that purchase or sell the maximum
or minimum of the risky assets at a strike price at due date. While, it was not until 1991 that the concept of
rainbow option was proposed by Rubinstein [17].

To the best of our knowledge, current study with regard to rainbow option is under the framework of prob-
ability theory, where the dynamic change of asset price is characterized by stochastic process and assumed to
subject to a stochastic differential equation. However, uncertain process, another tool used to describe dynamic
uncertainty associated with human beings’ belief degree, was proposed by Liu [10]. Following that, Liu [11]
put forward Liu process, a special type of uncertain process, which is the cornerstone of constructing uncertain
calculus and uncertain differential equation. By using uncertain differential equation, the investigation of uncer-
tain fiance entered a period of rapid development. For example, Chen and Gao [2] took the lead in presenting
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uncertain interest model. Then the zero-coupon bond model was studied by Jiao and Yao [8], and the interest
rate ceiling/floor models model are proposed and discussed by Zhang et al. [23]. Additionally,uncertain cur-
rency model was established by Liu et al. [14]. Additionally, uncertain currency model was established by Liu
et al. [14]. Wang and Ning [21] made some improvements referring to Liu-Chen-Ralescu model, and presented
an uncertain currency model with floating interest rates. Then Gao et al. [7] studied American barrier option
for uncertain currency model.

With the presentation of uncertain asset model, option pricing issue was paid close attention which is indu-
bitably the core problem in financial theory. Liu [11] presented uncertain stock model where the stock price
was modeled by uncertain differential equation, and proved European option pricing formulas for an uncertain
stock model including put on and call on. Then Chen [1] respectively proved European option pricing formulas
and American option pricing formulas for an uncertain stock model including put on and call on. Then focusing
on exotic option, Asian option pricing in uncertain financial market was first studied by Sun and Chen [19].
Yang [22] and Gao et al. [4] respectively studied Asian barrier option and American barrier option for the
uncertain stock model. Gao et al. [5] studied Geometric Asian barrier option and proved its pricing formulas for
the uncertain stock model. Next a new stock was presented by Lu et al. [15] and its European option pricing
problem was explored. And the pricing problem of European barrier option was investigated by Tian et al. [20]
for the uncertain mean-reverting stock model.

Up to present, the existing literature under uncertainty theory most studied the option including only one
asset. For tackling with the risk carried by the dynamic change of assets price, option is an important derivative
in financial market. While, in reality, many assets usually coexist in an market at the same time. Hence Gao
et al. [3] studied multi-asset option pricing in an uncertain financial market with jump risk. And Gao et al. [6]
discussed Asian rainbow option for the uncertain multi-stock model. But the European rainbow option pricing
problem has not been studied. Admittedly, we will introduce European rainbow option into the uncertain
financial market composed of multiple stocks. Furthermore, option pricing formulas will be proved under five
scenarios concluding maximum call, minimum call, maximum put, minimum put, and put on 2 and call on 1.
The remainder of this paper is assigned as follows. Section 2 is planed to introduce some necessary concepts
and propertied. Section 3 expresses settings, symbols and presents a model used in next sections. Then we
discuss the rainbow option pricing problem including pricing formulas and their properties under maximum
call, minimum call, maximum put, minimum put, and put on 2 and call on 1 scenarios in Section 4. Finally,
brief summary and expectation in future are give in Section 5.

2. Preliminaries

In this part, lots of basic definitions and key properties are introduced relative to the uncertain variable, the
uncertain process, and the uncertain differential equation.

Assumed that 𝛤 is a set that is nonempty, and assumed that L is a 𝜎-algebra on 𝛤 , where any element 𝛬
taken from L is regarded as an event. The we assign a number M{𝛬} to interpret the degree of human belief
that the event 𝛬 may occur. For coping with belief degrees rationally, three axioms were proposed in [9] which
are:

Axiom 1. (Normality Axiom) For the universal set 𝛤 , we have M{𝛤} = 1;

Axiom 2. (Duality Axiom) For each event 𝛬, we have M{𝛬}+ M{𝛬𝑐} = 1;

Axiom 3. (Subadditivity Axiom) The following equality

M

{︃ ∞⋃︁
𝑖=1

𝛬𝑖

}︃
≤

∞∑︁
𝑖=1

M{𝛬𝑖}

holds for any denumerable sequence of events 𝛬1, 𝛬2, · · · .
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Definition 2.1. (Liu [9]) If set function M satisfies normality, duality and subadditivity axioms, then it is
called to be an uncertain measure.

We call (𝛤,L, M) an uncertainty space. Then Liu [11] introduce Product axiom

Axiom 4. (Product Axiom) Providing that (𝛤𝑘, L𝑘, M𝑘) (𝑘 = 1, 2, · · · ) are uncertainty spaces. Then M is an
uncertain measure if it satisfies

M

{︃ ∞∏︁
𝑘=1

𝛬𝑘

}︃
=

∞⋀︁
𝑘=1

M𝑘{𝛬𝑘}

where 𝛬𝑘 are arbitrary events respectively chosen from L𝑘 (𝑘 = 1, 2, · · · ).

Definition 2.2. (Liu [9]) If 𝜉 is measurable from (𝛤,L, M) to a real number set, i.e., the following set

{𝜉 ∈ 𝐵} = {𝛾 ∈ 𝛤 |𝜉(𝛾) ∈ 𝐵}

is an event for each real Borel set 𝐵, then 𝜉 is called an uncertain variable.

Definition 2.3. (Liu [9]) The uncertainty distribution of uncertain variable 𝜉 is defined as

𝛷(𝑥) = M {𝜉 ≤ 𝑥}

for any real number 𝑥.

An uncertainty distribution 𝛷(𝑥) is said to be regular if its inverse function 𝛷−1(𝛼) exists and is unique
for each 𝛼 ∈ (0, 1). Inverse uncertainty distribution plays an important role in the operations of independent
uncertain variables. In the following, the concept of inverse uncertainty distribution will be presented.

Definition 2.4. (Liu [12]) Supposed that there is an uncertain variable 𝜉 owing regular uncertainty distribution
𝛷(𝑥). Then the inverse function 𝛷−1(𝛼) is called the inverse uncertainty distribution of 𝜉.

Definition 2.5. (Liu [11]) An uncertain variable sequence of 𝜉1, 𝜉2, · · · , 𝜉𝑛 is regarded to be independent mutu-
ally if

M

{︃
𝑛⋂︁

𝑖=1

(𝜉𝑖 ∈ 𝐵𝑖)

}︃
=

𝑛⋀︁
𝑖=1

M {𝜉𝑖 ∈ 𝐵𝑖}

is tenable for any real Borel sets 𝐵1, 𝐵2, · · · , 𝐵𝑛.

Definition 2.6. (Liu [9]) Assumed that 𝜉 is an uncertain variable. Then 𝜉 owns an expected value defined by
the following formula

𝐸[𝜉] =
∫︁ +∞

0

M{𝜉 ≥ 𝑥}d𝑥−
∫︁ 0

−∞
M{𝜉 ≤ 𝑥}d𝑥

under condition that one of the two integrals is finite at least.

Theorem 2.7. (Liu [9]) Supposed that 𝜉 is an uncertain variable owning regular uncertainty distribution 𝛷,
and its expected value exists. Then its expected value is

𝐸[𝜉] =
∫︁ 1

0

𝛷−1(𝛼)d𝛼.

Definition 2.8. (Liu [10]) Assumed that (𝛤,L, M) is the uncertain space, and assumed that set 𝑇 is totally
ordered. If function 𝑋𝑡 is measurable from 𝑇×(𝛤,L, M) to a real number set, i.e., for arbitrary given 𝑡, {𝑋𝑡 ∈ 𝐵}
is an event for any real Borel set B, then we say 𝑋𝑡 an uncertain process.
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Table 1. Notations.

Symbol Meaning

𝑆𝑖𝑡 Spot price of the stock 𝑖, 𝑖 = 1, 2, · · · , 𝑛
𝑋𝑡 Spot price of the bond
𝐾𝑖 Strike price of the rainbow option w.r.t. stock 𝑖, 𝑖 = 1, 2, · · · , 𝑛
𝜏 Expiry date of the option
𝑟 Riskless interest rate
𝜇𝑖 Log-drifts (revenue rate) of the stock 𝑖, 𝑖 = 1, 2, · · · , 𝑛
𝜎𝑖 Log-diffusions (revenue variance) of the stock 𝑖, 𝑖 = 1, 2, · · · , 𝑛
𝐶𝑖𝑡 Independent Liu processes, 𝑖 = 1, 2, · · · , 𝑛

Definition 2.9. (Liu [11]) The uncertain process 𝐶𝑡 is called to be a Liu process, supposed that
(i) its initial value is 0, i.e., 𝐶0 = 0, and all of its sample paths are Lipschitz continuous almost,
(ii) the increments of 𝐶𝑡 is independent and stationary,
(iii) each increment 𝐶𝑠+𝑡 −𝐶𝑠 obeys normal uncertainty distribution whose expected value is 0 and variance is
𝑡2 such that its uncertainty distribution is

𝛷(𝑥) =
(︂

1 + exp
(︂
−𝜋𝑥√

3𝑡

)︂)︂−1

, 𝑥 ∈ ℜ.

Theorem 2.10. (Liu [13]) For a sequence of independent uncertain processes 𝑋1𝑡, 𝑋2𝑡, · · · , 𝑋𝑛𝑡 whose regular
uncertainty distributions are respectively 𝛷1𝑡, 𝛷2𝑡, · · · , 𝛷𝑛𝑡, if there is a continuous function 𝑓(𝑥1, 𝑥2, · · · , 𝑥𝑛)
being strictly increasing in regard to 𝑥1, 𝑥2, · · · , 𝑥𝑚 and strictly decreasing in regard to 𝑥𝑚+1, 𝑥𝑚+2, · · · , 𝑥𝑛,
then

𝑋𝑡 = 𝑓(𝑋1𝑡, 𝑋2𝑡, · · · , 𝑋𝑛𝑡)

possesses the following inverse uncertainty distribution which is

𝛷−1
𝑡 (𝛼) = 𝑓(𝛷−1

1𝑡 (𝛼), · · · , 𝛷−1
𝑚𝑡(𝛼), 𝛷−1

𝑚+1,𝑡(1− 𝛼) · · · , 𝛷−1
𝑛𝑡 (1− 𝛼)).

Definition 2.11. (Liu [10]) Supposed there is a Liu process 𝐶𝑡 and continuous functions 𝑓 and 𝑔. Then for
any given initial value 𝑋0,

d𝑋𝑡 = 𝑓(𝑡, 𝑋𝑡)d𝑡 + 𝑔(𝑡, 𝑋𝑡)d𝐶𝑡

is said to be an uncertain differential equation with 𝑋0.

3. Notation, setting and model

This section is employed to introduce multiple uncertain stock model including some notations and settings.
Before giving the model, we define some variables as shown in Table 1.

The system for dynamic uncertain financial market is⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
d𝑋𝑡 = 𝑟𝑋𝑡d𝑡
d𝑆1𝑡 = 𝜇1𝑆1𝑡d𝑡 + 𝜎1𝑆1𝑡d𝐶1𝑡

d𝑆2𝑡 = 𝜇2𝑆2𝑡d𝑡 + 𝜎2𝑆2𝑡d𝐶2𝑡

...
d𝑆𝑛𝑡 = 𝜇𝑛𝑆𝑛𝑡d𝑡 + 𝜎𝑛𝑆𝑛𝑡d𝐶𝑛𝑡.

(1)
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From Model (1), we can obtain the analytic solutions of the prices of bond 𝑋𝑡 and stock 𝑖, 𝑖 = 1, 2, · · · , 𝑛 which
are ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

𝑋𝑡 = 𝑋0 exp(𝑟𝑡)
𝑆1𝑡 = 𝑆10 exp(𝜇1𝑡 + 𝜎1𝐶1𝑡)
𝑆2𝑡 = 𝑆20 exp(𝜇2𝑡 + 𝜎2𝐶2𝑡)

...
𝑆𝑛𝑡 = 𝑆𝑛0 exp(𝜇𝑛𝑡 + 𝜎𝑛𝐶𝑛𝑡),

where the inverse uncertainty distributions of 𝑆𝑖𝑡, 𝑖 = 1, 2, · · · , 𝑛 are⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝛷−1
1𝑡 (𝛼) = 𝑆10 exp

(︁
𝜇1𝑡 + 𝜎1𝑡

√
3

𝜋 ln 𝛼
1−𝛼

)︁
𝛷−1

2𝑡 (𝛼) = 𝑆20 exp
(︁
𝜇2𝑡 + 𝜎2𝑡

√
3

𝜋 ln 𝛼
1−𝛼

)︁
...

𝛷−1
𝑛𝑡 (𝛼) = 𝑆𝑛0 exp

(︁
𝜇𝑛𝑡 + 𝜎𝑛𝑡

√
3

𝜋 ln 𝛼
1−𝛼

)︁
.

4. Main results

In this section, we pioneer a new type of option which is rainbow option for hedging risk brought by at least
two stocks existing simultaneously in an uncertain financial market. It can be considered as the option whose
payoff depends on more than one underlying risky asset and each asset is supposed to be as a color of the
rainbow. And rainbow option is usually said call or put on the best or worst of 𝑛 underlying assets, which is
going to be investigated in five scenarios including maximum call, minimum call, maximum put, minimum put,
and put on 2 and call on 1.

4.1. Maximum call scenario

In this section, the scenario of maximum call option is discussed. Considering 𝑛 underlying assets in an
uncertain market with upward trend, in order to hedge the risk of excessive premium, a contract is provided for
the investor (she) to purchase the best-performing stock 𝑆𝑖𝜏 at corresponding strike price 𝐾𝑖 at expiry date 𝜏
where every stock has its own strike price, while this is just a right instead of obligation. Here, best-performing
stock means that its spot price minus the strike price being largest, that is, its revenue is best. Hence, the
investor should pay for acquiring the right to the bank (he). However, how much should the contract price be
reasonable? Next we will discuss this problem according to pair price principle.

Supposed that 𝑓 𝑐
max denotes the price of maximum call option. Thus the investor should pay 𝑓 𝑐

max at time
0 for holding the opportunity to purchase the best-performing stock at strike price 𝐾𝑖 at expiry date 𝜏 with
revenue max

(︀
𝑆1𝜏 −𝐾1, 𝑆2𝜏 −𝐾2, · · · , 𝑆𝑛𝜏 −𝐾𝑛

)︀
, if the spot price of the best-performing stock is more than

𝐾𝑖. Otherwise, she will abandon this right. Then the present income of the investor is exp(−𝑟𝜏)
[︀

max
(︀
(𝑆1𝜏 −

𝐾1)+, (𝑆2𝜏 −𝐾2)+, · · · , (𝑆𝑛𝜏 −𝐾𝑛)+
)︀]︀

. Thus, at time zero, the investor has the net revenue which is

exp(−𝑟𝜏) max
[︀
(𝑆1𝜏 −𝐾1)+, (𝑆2𝜏 −𝐾2)+, · · · , (𝑆𝑛𝜏 −𝐾𝑛)+

]︀
− 𝑓 𝑐

max.

And focusing from the point of bank, he will receive 𝑓 𝑐
max for selling the contract at time zero. If the spot price of

best-performing stock is more than 𝐾, then the bank should give the payment whose value is max
(︀
𝑆1𝜏−𝐾1, 𝑆2𝜏−

𝐾2, · · · , 𝑆𝑛𝜏−𝐾𝑛

)︀
. Otherwise, he has no loss. That is, the present income of the bank is − exp(−𝑟𝜏)

[︀
max

(︀
(𝑆1𝜏−

𝐾1)+, (𝑆2𝜏 −𝐾2)+, · · · , (𝑆𝑛𝜏 −𝐾𝑛)+
)︀]︀

. Naturally, at time zero, the investor has the net revenue which is

𝑓 𝑐
max − exp(−𝑟𝜏)

[︀
max

(︀
(𝑆1𝜏 −𝐾1)+, (𝑆2𝜏 −𝐾2)+, · · · , (𝑆𝑛𝜏 −𝐾𝑛)+

)︀]︀
.
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According to fair price principle that the expected net revenue of the investor should equal to that of the bank,
so we can derive the following relationship

exp(−𝑟𝜏)𝐸
[︁

max
1≤𝑖≤𝑛

(𝑆𝑖𝜏 −𝐾𝑖)+
]︁
− 𝑓 𝑐

max = 𝑓 𝑐
max − exp(−𝑟𝜏)𝐸

[︁
max

1≤𝑖≤𝑛
(𝑆𝑖𝜏 −𝐾𝑖)+

]︁
which indicates

𝑓 𝑐
max = exp(−𝑟𝜏)𝐸

[︁
max

1≤𝑖≤𝑛
(𝑆𝑖𝜏 −𝐾𝑖)+

]︁
.

That is, the price of maximum call option is the expected present value of revenue of the best stock.

Definition 4.1. Assumed that the expiry date is 𝜏 and the strike price is 𝐾 in a maximum call option. Then
the price of the maximum call option is

𝑓 𝑐
max = exp(−𝑟𝜏)𝐸

[︁
max

1≤𝑖≤𝑛
(𝑆𝑖𝜏 −𝐾𝑖)+

]︁
.

Theorem 4.2. Considering the same conditions in Definition 4.1, the price of the maximum call option of
Model (1) is

𝑓 𝑐
max = exp(−𝑟𝜏)

∫︁ 1

0

max
1≤𝑖≤𝑛

[︂
𝑆𝑖0 exp

(︂
𝜇𝑖𝜏 +

𝜎𝑖𝜏
√

3
𝜋

ln
𝛼

1− 𝛼

)︂
−𝐾𝑖

]︂+

d𝛼.

Proof. Due to 𝐶it, 𝑖 = 1, 2 · · · , 𝑛 being independent, we may assert that 𝑆1𝑡, 𝑆2𝑡, · · · , 𝑆𝑛𝑡 are independent
uncertain processes for any 𝑡, 0 ≤ 𝑡 ≤ 𝜏 . Noting that max

[︀
(𝑥1 −𝐾1)+, (𝑥2 −𝐾2)+, · · · , (𝑥𝑛 −𝐾𝑛)+

]︀
is strictly

increasing regarded to 𝑥1, 𝑥2, · · · , 𝑥𝑛, so we obtain that max
[︀
(𝑆1𝜏 −𝐾1)+, (𝑆2𝜏 −𝐾2)+, · · · , (𝑆𝑛𝜏 )−𝐾𝑛)+

]︀
has

an inverse uncertainty distribution

𝛹−1
𝜏 (𝛼) = max

[︁(︀
𝛷−1

1𝜏 (𝛼)−𝐾1

)︀+
,
(︀
𝛷−1

2𝜏 (𝛼)−𝐾2

)︀+
, · · · ,

(︀
𝛷−1

𝑛𝜏 (𝛼)−𝐾𝑛

)︀+
]︁

= max
1≤𝑖≤𝑛

[︂
𝑆𝑖0 exp

(︂
𝜇𝑖𝜏 +

𝜎𝑖𝜏
√

3
𝜋

ln
𝛼

1− 𝛼

)︂
−𝐾𝑖

]︂+

(2)

from Theorem 2.10. Consider that exp(−𝑟𝜏) is just a real function and has no relation to uncertainty. It follows
from equation (2) and Theorem 2.7 that exp(−𝑟𝜏) max

[︀
(𝑆1𝜏 −𝐾1)+, (𝑆2𝜏 −𝐾2)+, · · · , (𝑆𝑛𝜏 )−𝐾𝑛)+

]︀
has the

following expected value, that is,

𝑓 𝑐
max = exp(−𝑟𝜏)

∫︁ 1

0

max
1≤𝑖≤𝑛

[︂
𝑆𝑖0 exp

(︂
𝜇𝑖𝜏 +

𝜎𝑖𝜏
√

3
𝜋

ln
𝛼

1− 𝛼

)︂
−𝐾𝑖

]︂+

d𝛼.

Thus the proof is accomplished. �

If 𝐾1 = 𝐾2 = · · · = 𝐾𝑛 = 𝐾, then what is the formula for option pricing? In this situation, we obtain

max
[︀
(𝑆1𝜏 −𝐾1)+, (𝑆2𝜏 −𝐾2)+, · · · , (𝑆𝑛𝜏 −𝐾𝑛)+

]︀
= max

[︀
𝑆1𝜏 −𝐾1, 𝑆2𝜏 −𝐾2, · · · , 𝑆𝑛𝜏 −𝐾𝑛, 0

]︀
= max

[︀
max(𝑆1𝜏 , 𝑆2𝜏 , · · · , 𝑆𝑛𝜏 )−𝐾, 0

]︀
=

[︀
max(𝑆1𝜏 , 𝑆2𝜏 , · · · , 𝑆𝑛𝜏 )−𝐾

]︀+
whose inverse uncertainty distribution is

𝛹−1
𝜏 (𝛼) =

[︀
max

(︀
𝛷−1

1𝜏 (𝛼), 𝛷−1
2𝜏 (𝛼), · · · , 𝛷−1

𝑛𝜏 (𝛼)
)︀
−𝐾

]︁+

=
[︂

max
1≤𝑖≤𝑛

(︂
𝑆𝑖0 exp

(︂
𝜇𝑖𝜏 +

𝜎𝑖𝜏
√

3
𝜋

ln
𝛼

1− 𝛼

)︂)︂
−𝐾

]︂+

(3)

from Theorem 2.10. Thus we give the following theorem where the pricing formula is giving under the assumption
of 𝐾1 = 𝐾2 = · · · = 𝐾𝑛 = 𝐾.
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Theorem 4.3. Considering the same conditions in Definition 4.1, the price of the maximum call option of
Model (1) with 𝐾1 = 𝐾2 = · · · = 𝐾𝑛 = 𝐾 is

𝑓 𝑐
max = exp(−𝑟𝜏)

∫︁ 1

0

[︂
max

1≤𝑖≤𝑛

(︂
𝑆𝑖0 exp

(︂
𝜇𝑖𝜏 +

𝜎𝑖𝜏
√

3
𝜋

ln
𝛼

1− 𝛼

)︂)︂
−𝐾

]︂+

d𝛼.

Proof. According to Theorem 4.2 and equation (3), the result can be derived directly. �

Remark 4.4. We usually regard such maximum call option as the extension of the standard call option for a
single asset.

Theorem 4.5. The rainbow option 𝑓 𝑐
max of maximum call scenario for Model (1) has the following properties:

1) 𝑓 𝑐
max is respectively increasing with respect to 𝑆𝑖0, 𝜇𝑖 and 𝜎𝑖;

2) 𝑓 𝑐
max is decreasing with respect to 𝐾.

Proof. 1) The function

𝑔 =
[︂

max
1≤𝑖≤𝑛

(︂
𝑆𝑖0 exp

(︂
𝜇𝑖𝜏 +

𝜎𝑖𝜏
√

3
𝜋

ln
𝛼

1− 𝛼

)︂)︂
−𝐾

]︂+

is increasing concerning 𝑆𝑖0 if other parameters is fixed. Hence, 𝑓 𝑐
max is increasing with respect to 𝑆𝑖0. The

proof of variables 𝜇𝑖 and 𝜎𝑖 is similar to that of 𝑆𝑖0.

2) The function

𝑔 =
[︂

max
1≤𝑖≤𝑛

(︂
𝑆𝑖0 exp

(︂
𝜇𝑖𝜏 +

𝜎𝑖𝜏
√

3
𝜋

ln
𝛼

1− 𝛼

)︂)︂
−𝐾

]︂+

is decreasing concerning 𝐾 if other parameters is fixed. Hence, 𝑓 𝑐
max is increasing with respect to 𝐾.

�

Example 4.6. Considering Model (1), let 𝑛 = 3 and set 𝜏 = 10, 𝑟 = 0.03, 𝐾 = 16, 𝜇1 = 0.04, 𝜇2 = 0.05, 𝜇3 =
0.07, 𝜎1 = 0.05, 𝜎2 = 0.06, 𝜎3 = 0.09, 𝑆10 = 10, 𝑆20 = 13 and 𝑆30 = 15. Then we find that the maximum call
option price 𝑓 𝑐

max = 0.2028.

4.2. Minimum call scenario

In this section, the scenario of minimum call is studied. Considering 𝑛 underlying assets in the uncertain
market possessing upward trend, in order to hedge risk of undue premium,

a contract is supplied for the investor to buy the minimum stock 𝑆𝑖𝜏 at corresponding strike price 𝐾𝑖 at
expiry date 𝜏 where every stock has its own strike price, while this is just a right instead of obligation. Here,
minimum stock means that its spot price minus the strike price being smallest. Hence, the investor should pay
for the right to the bank. However, how much should the contract price be appropriate? Next we will probe this
problem according to the pair price principle.

Assumed that 𝑓 𝑐
min represent the price of minimum call option. Thus the investor should pay 𝑓 𝑐

min at time
0 for holding the opportunity to buy the minimum stock 𝑆𝑖𝜏 at strike price 𝐾𝑖 at expiry date 𝜏 with income
min

(︀
𝑆1𝜏−𝐾1, 𝑆2𝜏−𝐾2, · · · , 𝑆𝑛𝜏−𝐾𝑛

)︀
, if the spot price of the minimum stock is more than 𝐾. On the contrary,

she will give up this opportunity. Thus the present income of the investor is exp(−𝑟𝜏)
[︀

min
(︀
(𝑆1𝜏 −𝐾1)+, (𝑆2𝜏 −

𝐾2)+, · · · , (𝑆𝑛𝜏 −𝐾𝑛)+
)︀]︀

. Thus, at time zero, the investor has the net revenue which is

exp(−𝑟𝜏) min
[︀
(𝑆1𝜏 −𝐾1)+, (𝑆2𝜏 −𝐾2)+, · · · , (𝑆𝑛𝜏 −𝐾𝑛)+

]︀
− 𝑓 𝑐

min.
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And from the standpoint of bank, he will receive 𝑓 𝑐
min for selling the contract at time zero. If the spot price

of best stock is more than 𝐾, then the bank should give the payment whose value is min
(︀
𝑆1𝜏 − 𝐾1, 𝑆2𝜏 −

𝐾2, · · · , 𝑆𝑛𝜏 − 𝐾𝑛

)︀
. Contrarily, he does not lose anything. In other words, the present income of the bank is

−min
[︀
(𝑆1𝜏−𝐾1)+, (𝑆2𝜏−𝐾2)+, · · · , (𝑆𝑛𝜏−𝐾𝑛)+

]︀
. Naturally, at time zero, the bank has the net revenue which

is
𝑓 𝑐
min − exp(−𝑟𝜏) min

[︀
(𝑆1𝜏 −𝐾1)+, (𝑆2𝜏 −𝐾2)+, · · · , (𝑆𝑛𝜏 −𝐾𝑛)+

]︀
.

According to fair price principle that the expected net revenue of the investor should equal to the one of the
bank, we can derive the following relationship

exp(−𝑟𝜏)𝐸
[︁

min
1≤𝑖≤𝑛

(𝑆𝑖𝜏 −𝐾𝑖)+
]︁
− 𝑓 𝑐

max = 𝑓 𝑐
max − exp(−𝑟𝜏)𝐸

[︁
min

1≤𝑖≤𝑛
(𝑆𝑖𝜏 −𝐾𝑖)+

]︁
which implies

𝑓 𝑐
min = exp(−𝑟𝜏)𝐸

[︁
min

1≤𝑖≤𝑛
(𝑆𝑖𝜏 −𝐾𝑖)+

]︁
.

That is, the price of minimum call option is the expected present value of revenue of best stock.

Definition 4.7. Assumed that the expiry date is 𝜏 and the strike price is 𝐾 in a minimum call option. Then
the price of the minimum call option is

𝑓 𝑐
min = exp(−𝑟𝜏)𝐸

[︁
min

1≤𝑖≤𝑛
(𝑆𝑖𝜏 −𝐾𝑖)+

]︁
.

Theorem 4.8. Considering the same conditions in Definition 4.7, the price of the minimum call option of
Model (1) is

𝑓 𝑐
min = exp(−𝑟𝜏)

∫︁ 1

0

min
1≤𝑖≤𝑛

[︂
𝑆𝑖0 exp

(︂
𝜇𝑖𝜏 +

𝜎𝑖𝜏
√

3
𝜋

ln
𝛼

1− 𝛼

)︂
−𝐾𝑖

]︂+

d𝛼.

Proof. Due to 𝐶𝑖𝑡, 𝑖 = 1, 2 · · · , 𝑛 being independent, we may claim that 𝑆1𝑡, 𝑆𝑛𝑡, · · · , 𝑆𝑛𝑡 are independent
uncertain processes for any 𝑡, 0 ≤ 𝑡 ≤ 𝜏 . Noting that min

[︀
(𝑥1 −𝐾1)+, (𝑥2 −𝐾2)+, · · · , (𝑥𝑛 −𝐾𝑛)+

]︀
is strictly

humdrum increasing regarded to 𝑥1, 𝑥2, · · · , 𝑥𝑛, so we obtain that min
[︀
(𝑆1𝜏 −𝐾1)+, (𝑆2𝜏 −𝐾2)+, · · · , (𝑆𝑛𝜏 )−

𝐾𝑛)+
]︀

has an inverse uncertainty distribution

𝛹−1
𝜏 (𝛼) = min

[︁(︀
𝛷−1

1𝜏 (𝛼)−𝐾1

)︀+
,
(︀
𝛷−1

2𝜏 (𝛼)−𝐾2

)︀+
, · · · ,

(︀
𝛷−1

𝑛𝜏 (𝛼)−𝐾𝑁

)︀+
]︁

= min
1≤𝑖≤𝑛

[︂
𝑆𝑖0 exp

(︂
𝜇𝑖𝜏 +

𝜎𝑖𝜏
√

3
𝜋

ln
𝛼

1− 𝛼

)︂
−𝐾𝑖

]︂+

(4)

from Theorem 2.10. Consider that exp(−𝑟𝜏) is just a real function and has no relation to uncertainty. It follows
from equation (4) and Theorem 2.7 that exp(−𝑟𝜏) min

[︀
(𝑆1𝜏 −𝐾1)+, (𝑆2𝜏 −𝐾2)+, · · · , (𝑆𝑛𝜏 )−𝐾𝑛)+

]︀
has the

following expected value, that is,

𝑓 𝑐
min = exp(−𝑟𝜏)

∫︁ 1

0

min
1≤𝑖≤𝑛

[︂
𝑆𝑖0 exp

(︂
𝜇𝑖𝜏 +

𝜎𝑖𝜏
√

3
𝜋

ln
𝛼

1− 𝛼

)︂
−𝐾𝑖

]︂+

d𝛼.

Thus the proof is finished. �

If 𝐾1 = 𝐾2 = · · · = 𝐾𝑛 = 𝐾, then what is the formula for option pricing? In this situation, we obtain

min
[︀
(𝑆1𝜏 −𝐾1)+, (𝑆2𝜏 −𝐾2)+, · · · , (𝑆𝑛𝜏 −𝐾𝑛)+

]︀
= min

[︀
𝑆1𝜏 −𝐾1, 𝑆2𝜏 −𝐾2, · · · , 𝑆𝑛𝜏 −𝐾𝑛, 0

]︀
= min

[︀
max(𝑆1𝜏 , 𝑆2𝜏 , · · · , 𝑆𝑛𝜏 )−𝐾, 0

]︀
=

[︀
min(𝑆1𝜏 , 𝑆2𝜏 , · · · , 𝑆𝑛𝜏 )−𝐾

]︀+
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whose inverse uncertainty distribution is

𝛹−1
𝜏 (𝛼) =

[︀
min

(︀
𝛷−1

1𝜏 (𝛼), 𝛷−1
2𝜏 (𝛼), · · · , 𝛷−1

𝑛𝜏 (𝛼)
)︀
−𝐾

]︁+

=
[︂

min
1≤𝑖≤𝑛

(︂
𝑆𝑖0 exp

(︂
𝜇𝑖𝜏 +

𝜎𝑖𝜏
√

3
𝜋

ln
𝛼

1− 𝛼

)︂)︂
−𝐾

]︂+

(5)

from Theorem 2.10. Thus we give the following theorem where the pricing formula is giving under the assumption
of 𝐾1 = 𝐾2 = · · · = 𝐾𝑛 = 𝐾.

Theorem 4.9. Considering the same conditions in Definition 4.1, the price of the maximum call option of
Model (1) is

𝑓 𝑐
max = exp(−𝑟𝜏)

∫︁ 1

0

[︂
max

1≤𝑖≤𝑛

(︂
𝑆𝑖0 exp

(︂
𝜇𝑖𝜏 +

𝜎𝑖𝜏
√

3
𝜋

ln
𝛼

1− 𝛼

)︂)︂
−𝐾

]︂+

d𝛼,

if 𝐾1 = 𝐾2 = · · · = 𝐾𝑛 = 𝐾.

Proof. According to Theorem 4.8 and equation (3), the result can be derived directly. �

Remark 4.10. We usually regard such minimum call option as the extension of the standard call option for a
single asset.

Theorem 4.11. The rainbow option 𝑓 𝑐
min of minimum call scenario for Model (1) has the following properties:

1) 𝑓 𝑐
min is respectively increasing with respect to 𝑆𝑖0, 𝜇𝑖 and 𝜎𝑖;

2) 𝑓 𝑐
min is decreasing with respect to 𝐾.

Proof. 1) The function

𝑔 =
[︂

min
1≤𝑖≤𝑛

(︂
𝑆𝑖0 exp

(︂
𝜇𝑖𝜏 +

𝜎𝑖𝜏
√

3
𝜋

ln
𝛼

1− 𝛼

)︂)︂
−𝐾

]︂+

is increasing concerning 𝑆𝑖0 if other parameters is fixed. Hence, 𝑓 𝑐
min is increasing with respect to 𝑆𝑖0. The

proof of variables 𝜇𝑖 and 𝜎𝑖 is similar to that of 𝑆𝑖0.

2) The function

𝑔 =
[︂

min
1≤𝑖≤𝑛

(︂
𝑆𝑖0 exp

(︂
𝜇𝑖𝜏 +

𝜎𝑖𝜏
√

3
𝜋

ln
𝛼

1− 𝛼

)︂)︂
−𝐾

]︂+

is decreasing concerning 𝐾 if other parameters is fixed. Hence, 𝑓 𝑐
min is increasing with respect to 𝐾.

�

Example 4.12. Considering Model (1), let 𝑛 = 3 and set 𝜏 = 10, 𝑟 = 0.03, 𝐾 = 16, 𝜇1 = 0.04, 𝜇2 = 0.05, 𝜇3 =
0.07, 𝜎1 = 0.05, 𝜎2 = 0.06, 𝜎3 = 0.09, 𝑆10 = 10, 𝑆20 = 13 and 𝑆30 = 15. Then we find that the minimum call
option price 𝑓 𝑐

min = 0.1248.

4.3. Maximum put scenario

In this section, we are going to inquire some useful result under the scenario of maximum put. Considering
𝑛 underlying assets in the uncertain market which appear down trend, in order to hedge the risk of downtick,
a contract is put forward for the investor to sell the best-performing stock 𝑆𝑖𝜏 at corresponding strike price 𝐾𝑖

at expiry date 𝜏 where every stock has its own strike price, while this is just a right rather than an obligation.
Here, best-performing stock means that the strike price minus its spot price being largest, that is, revenue of
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investor is best. Hence, the investor should pay for the right to the bank. But, how can we price a rational value
to satisfy both the investor and the bank? In the following, we will resolve this problem according to pair price
principle.

Supposed that 𝑓𝑑
max denotes the price of maximum put option. Thus the investor should pay 𝑓𝑑

max at time
0 for holding the opportunity to sell the best-performing stock 𝑆𝑖𝜏 at strike price 𝐾𝑖 at expiry date 𝜏 with
revenue max

(︀
𝐾1−𝑆1𝜏 , 𝐾2−𝑆2𝜏 , · · · , 𝐾𝑛−𝑆𝑛𝜏

)︀
, if the spot price of the best-performing stock 𝑆𝑖𝜏 is less than

𝐾𝑖. Otherwise, she plans to give up the right. Hence the present income of the investor is exp(−𝑟𝜏) max
[︀
(𝐾1−

𝑆1𝜏 )+, (𝐾2 − 𝑆2𝜏 )+, · · · , (𝐾𝑛 − 𝑆𝑛𝜏 )+
]︀
. Thus, at time zero, the investor has the net revenue which is

exp(−𝑟𝜏) max
[︀
(𝐾1 − 𝑆1𝜏 )+, (𝐾2 − 𝑆2𝜏 )+, · · · , (𝐾𝑛 − 𝑆𝑛𝜏 )+

]︀
− 𝑓𝑑

max.

And focusing from the point of bank, he will receive 𝑓𝑑
max for selling the contract at time zero. If the spot price

of best stock is more than 𝐾, then the bank should give the payment whose value is max
(︀
𝐾1 − 𝑆1𝜏 , 𝐾2 −

𝑆2𝜏 , · · · , 𝐾𝑛 − 𝑆𝑛𝜏

)︀
. Inversely, he has no loss. The two cases imply that the present income of the bank is

− exp(−𝑟𝜏) max
[︀
(𝐾1−𝑆1𝜏 )+, (𝐾2−𝑆2𝜏 )+, · · · , (𝐾𝑛−𝑆𝑛𝜏 )+

]︀
. Naturally, at time zero, the investor has the net

revenue which is

𝑓𝑑
max − exp(−𝑟𝜏) max

[︀
(𝐾1 − 𝑆1𝜏 )+, (𝐾2 − 𝑆2𝜏 )+, · · · , (𝐾𝑛 − 𝑆𝑛𝜏 )+

]︀
.

According to fair price principle that the expected net revenue of the investor should equal to the one of the
bank, we can derive the following relationship

exp(−𝑟𝜏)𝐸
[︁

max
1≤𝑖≤𝑛

(𝐾𝑖 − 𝑆𝑖𝜏 )+
]︁
− 𝑓 𝑐

max = 𝑓 𝑐
max − exp(−𝑟𝜏)𝐸

[︁
max

1≤𝑖≤𝑛
(𝐾𝑖 − 𝑆𝑖𝜏 )+

]︁
which indicates

𝑓𝑑
max = exp(−𝑟𝜏)𝐸

[︁
max

1≤𝑖≤𝑛
(𝐾𝑖 − 𝑆𝑖𝜏 )+

]︁
.

That is, the price of maximum put option is the expected present value of revenue of best stock.

Definition 4.13. Assumed that the expiry date is 𝜏 and the strike price is 𝐾𝑖 with respect to 𝑆𝑖𝑡 in a maximum
put option. Then the price of the maximum put option is

𝑓𝑑
max = exp(−𝑟𝜏)

[︁
max

1≤𝑖≤𝑛
(𝐾𝑖 − 𝑆𝑖𝜏 )+

]︁
.

Theorem 4.14. Considering the same conditions in Definition 4.13, the price of the maximum put option of
Model (1) is

𝑓𝑑
max = exp(−𝑟𝜏)

∫︁ 1

0

max
1≤𝑖≤𝑛

[︂
𝐾𝑖 − 𝑆𝑖0 exp

(︂
𝜇𝑖𝜏 +

𝜎𝑖𝜏
√

3
𝜋

ln
𝛼

1− 𝛼

)︂]︂+

d𝛼.

Proof. Thanks to 𝐶𝑖𝑡, 𝑖 = 1, 2 · · · , 𝑛 being independent, we may make sure that the uncertain processes
𝑆1𝑡, 𝑆𝑛𝑡, · · · , 𝑆𝑛𝑡 are independent for any 𝑡, 0 ≤ 𝑡 ≤ 𝜏 . Noting that max

[︀
(𝐾1−𝑥1)+, (𝐾2−𝑥2)+, · · · , (𝐾𝑛−𝑥𝑛)+

]︀
is strictly humdrum decreasing regarded to 𝑥1, 𝑥2, · · · , 𝑥𝑛, so we obtain that max

[︀
(𝐾1 − 𝑆1𝜏 )+, (𝐾2 −

𝑆2𝜏 )+, · · · , (𝐾𝑛 − 𝑆𝑛𝜏 )+
]︀

has an inverse uncertainty distribution

𝛹−1
𝜏 (𝛼) = max

[︁(︀
𝐾1 − 𝛷−1

1𝜏 (1− 𝛼)
)︀+

,
(︀
𝐾2 − 𝛷−1

2𝜏 (1− 𝛼)
)︀+

, · · · ,
(︀
𝐾𝑛 − 𝛷−1

𝑛𝜏 (1− 𝛼)
)︀+

]︁
= max

1≤𝑖≤𝑛

[︂
𝐾𝑖 − 𝑆𝑖0 exp

(︂
𝜇𝑖𝜏 +

𝜎𝑖𝜏
√

3
𝜋

ln
1− 𝛼

𝛼

)︂]︂+

(6)
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from Theorem 2.10. Consider that exp(−𝑟𝜏) is just a real function and has no relation to uncertainty. It follows
from equation (6) and Theorem 2.7 that exp(−𝑟𝜏) max

[︀
(𝐾1 − 𝑆1𝜏 )+, (𝐾2 − 𝑆2𝜏 )+, · · · , (𝐾𝑛 − 𝑆𝑛𝜏 )+

]︀
has the

following expected value, that is,

𝑓𝑑
max = exp(−𝑟𝜏)

∫︁ 1

0

max
1≤𝑖≤𝑛

[︂
𝐾𝑖 − 𝑆𝑖0 exp

(︂
𝜇𝑖𝜏 +

𝜎𝑖𝜏
√

3
𝜋

ln
1− 𝛼

𝛼

)︂]︂+

d𝛼.

By using variable substitution 𝑦 = 1− 𝛼, the following equality is derived

𝑓𝑑
max = exp(−𝑟𝜏)

∫︁ 1

0

max
1≤𝑖≤𝑛

[︂
𝐾𝑖 − 𝑆𝑖0 exp

(︂
𝜇𝑖𝜏 +

𝜎𝑖𝜏
√

3
𝜋

ln
𝛼

1− 𝛼

)︂]︂+

d𝛼.

Thus the proof is done. �

If 𝐾1 = 𝐾2 = · · · = 𝐾𝑛 = 𝐾, then what is the formula for option pricing? In this situation, we obtain

max
[︀
(𝐾1 − 𝑆1𝜏 )+, (𝐾2 − 𝑆2𝜏 )+, · · · , (𝐾𝑛 − 𝑆𝑛𝜏 )+

]︀
= max

[︀
𝐾1 − 𝑆1𝜏 )+, 𝐾2 − 𝑆2𝜏 )+, · · · , 𝐾𝑛 − 𝑆𝑛𝜏 , 0

]︀
= max

[︀
𝐾 −min(𝑆1𝜏 , 𝑆2𝜏 , · · · , 𝑆𝑛𝜏 ), 0

]︀
=

[︀
𝐾 −min(𝑆1𝜏 , 𝑆2𝜏 , · · · , 𝑆𝑛𝜏 )

]︀+
whose inverse uncertainty distribution is

𝛹−1
𝜏 (𝛼) =

[︀
𝐾 −min

(︀
𝛷−1

1𝜏 (1− 𝛼), 𝛷−1
2𝜏 (1− 𝛼), · · · , 𝛷−1

𝑛𝜏 (1− 𝛼)
)︀]︁+

=
[︂
𝐾 − min

1≤𝑖≤𝑛

(︂
𝑆𝑖0 exp

(︂
𝜇𝑖𝜏 +

𝜎𝑖𝜏
√

3
𝜋

ln
1− 𝛼

𝛼

)︂)︂]︂+

(7)

from Theorem 2.10. Thus we give the following theorem where the pricing formula is giving under the assumption
of 𝐾1 = 𝐾2 = · · · = 𝐾𝑛 = 𝐾.

Theorem 4.15. Considering the same conditions in Definition 4.13, the price of the call on max option of
Model (1) with 𝐾1 = 𝐾2 = · · · = 𝐾𝑛 = 𝐾 is

𝑓𝑑
max = exp(−𝑟𝜏)

∫︁ 1

0

[︂
𝐾 − min

1≤𝑖≤𝑛

(︂
𝑆𝑖0 exp

(︂
𝜇𝑖𝜏 +

𝜎𝑖𝜏
√

3
𝜋

ln
𝛼

1− 𝛼

)︂)︂]︂+

d𝛼.

Proof. According to Theorem 4.14 and equation (7), the result can be derived directly. �

Remark 4.16. We usually regard such maximum put option as the extension of the standard put option for
an individual asset.

Theorem 4.17. The rainbow option 𝑓𝑑
max of maximum put scenario for Model (1) has the following properties:

1) 𝑓𝑑
max is respectively decreasing with respect to 𝑆𝑖0, 𝜇𝑖 and 𝜎𝑖;

2) 𝑓𝑑
max is increasing with respect to 𝐾.

Proof. 1) The function

𝑔 =
[︂
𝐾 − min

1≤𝑖≤𝑛

(︂
𝑆𝑖0 exp

(︂
𝜇𝑖𝜏 +

𝜎𝑖𝜏
√

3
𝜋

ln
𝛼

1− 𝛼

)︂)︂]︂+

is decreasing concerning 𝑆𝑖0 if other parameters is fixed. Hence, 𝑓𝑑
max is increasing with respect to 𝑆𝑖0. The

proof of variables 𝜇𝑖 and 𝜎𝑖 is similar to that of 𝑆𝑖0.
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2) The function

𝑔 =
[︂
𝐾 − min

1≤𝑖≤𝑛

(︂
𝑆𝑖0 exp

(︂
𝜇𝑖𝜏 +

𝜎𝑖𝜏
√

3
𝜋

ln
𝛼

1− 𝛼

)︂)︂]︂+

is increasing concerning 𝐾 if other parameters is fixed. Hence, 𝑓𝑑
max is increasing with respect to 𝐾.

�

Example 4.18. Considering Model (1), let 𝑛 = 3 and set 𝜏 = 20, 𝑟 = 0.03, 𝐾 = 18, 𝜇1 = −0.04, 𝜇2 =
−0.05, 𝜇3 = −0.07, 𝜎1 = 0.01, 𝜎2 = 0.01, 𝜎3 = 0.01, 𝑆10 = 20, 𝑆20 = 21 and 𝑆30 = 19. Then we obtain
𝑓𝑑
max = 0.028.

4.4. Minimum put scenario

This section is applied to studying the scenario of minimum put. Considering 𝑛 underlying assets in the
uncertain market which appear down trend, in order to hedge the risk of downtick, a contract is provided for
the investor to sell the minimum stock at strike price 𝐾 at expiry date 𝜏 , while this is just a right instead of
obligation. Hence, the investor should pay for the right to the bank. However, how can we make an appropriate
price satisfy the bank and investor? Next we will resolve this problem according to the pair price principle.

Assumed that 𝑓𝑑
min represents the price of minimum put option. Thus the investor should pay 𝑓𝑑

min at time
0 for holding the opportunity to sell the minimum stock at strike price 𝐾 at expiry date 𝜏 , if the spot price of
the minimum stock is less than 𝐾. If not, she can discard the right. Then the present income of the investor is
exp(−𝑟𝜏)

[︀
𝐾 −min(𝑆1𝜏 , 𝑆2𝜏 , · · · , 𝑆𝑛𝜏 )

]︀+. Thus, at time zero, the investor has the net revenue which is

exp(−𝑟𝜏)
[︀
𝐾 −min(𝑆1𝜏 , 𝑆2𝜏 , · · · , 𝑆𝑛𝜏 )

]︀+ − 𝑓𝑑
min.

And from the point of bank, he will receive 𝑓𝑑
min for selling the contract at time zero. If the spot price of minimum

stock is less than 𝐾, then the bank should give the payment whose value is 𝐾 −min(𝑆1𝜏 , 𝑆2𝜏 , · · · , 𝑆𝑛𝜏 ). If not,
it has no influence on the bank. That is, the present income of the bank is −

[︀
𝐾 − min(𝑆1𝜏 , 𝑆2𝜏 , · · · , 𝑆𝑛𝜏 )

]︀+.
Naturally, at time zero, the investor has the net revenue which is

𝑓𝑑
min − exp(−𝑟𝜏)

[︀
𝐾 −min(𝑆1𝜏 , 𝑆2𝜏 , · · · , 𝑆𝑛𝜏 )

]︀+
.

According to fair price principle that the expected net revenue of the investor should equal to the one of the
bank, we can derive the following relationship

exp(−𝑟𝜏)𝐸
[︁(︀

𝐾 −min(𝑆1𝜏 , 𝑆2𝜏 , · · · , 𝑆𝑛𝜏 )
)︀+

]︁
− 𝑓𝑑

min = 𝑓𝑑
min − exp(−𝑟𝜏)𝐸

[︁(︀
𝐾 −min(𝑆1𝜏 , 𝑆2𝜏 , · · · , 𝑆𝑛𝜏 )

)︀+
]︁
,

which indicates
𝑓𝑑
min = exp(−𝑟𝜏)𝐸

[︁(︀
𝐾 −min(𝑆1𝜏 , 𝑆2𝜏 , · · · , 𝑆𝑛𝜏 )

)︀+
]︁
.

That is, the price of minimum put option is the expected present value of revenue of minimum stock.

Definition 4.19. Assumed that the expiry date is 𝜏 and the strike price is 𝐾 in a minimum put option. Then
the price of the minimum put option is

𝑓𝑑
min = exp(−𝑟𝜏)𝐸

[︁(︀
𝐾 −min(𝑆1𝜏 , 𝑆2𝜏 , · · · , 𝑆𝑛𝜏 )

)︀+
]︁
.

Theorem 4.20. Considering the same conditions in Definition 4.19, the price of the maximum call option of
Model (1) is

𝑓𝑑
min = exp(−𝑟𝜏)

∫︁ 1

0

[︂
𝐾 − min

1≤𝑖≤𝑛

(︂
𝑆𝑖0 exp

(︂
𝜇𝑖𝜏 +

𝜎𝑖𝜏
√

3
𝜋

ln
𝛼

1− 𝛼

)︂)︂]︂+

d𝛼.
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Proof. Because of 𝐶𝑖𝑡, 𝑖 = 1, 2 · · · , 𝑛 being independent, we may assert that uncertain processes 𝑆1𝑡, 𝑆2𝑡, · · · , 𝑆𝑛𝑡

should be independent for any 𝑡, 0 ≤ 𝑡 ≤ 𝜏 . Noting that
[︀
𝐾 − min(𝑥1, 𝑥2, · · · , 𝑥𝑛)

]︀+ is strictly humdrum
decreasing regarded to 𝑥1, 𝑥2, · · · , 𝑥𝑛, so we obtain that

[︀
𝐾−min(𝑆1𝜏 , 𝑆2𝜏 , · · · , 𝑆𝑛𝜏 )

]︀+ has an inverse uncertainty
distribution

𝛹−1
𝜏 (𝛼) =

[︀
𝐾 −min

(︀
𝛷−1

1𝜏 (1− 𝛼), 𝛷−1
2𝜏 (1− 𝛼), · · · , 𝛷−1

𝑛𝜏 (1− 𝛼)
)︀]︁+

=
[︂
𝐾 − min

1≤𝑖≤𝑛

(︂
𝑆𝑖0 exp

(︂
𝜇𝑖𝜏 +

𝜎𝑖𝜏
√

3
𝜋

ln
1− 𝛼

𝛼

)︂)︂]︂+

(8)

from Theorem 2.10. Consider that exp(−𝑟𝜏) is just a real function and has no relation to uncertainty. It follows
from equation (8) and Theorem 2.7 that exp(−𝑟𝜏)

[︀
min(𝑆1𝜏 , 𝑆2𝜏 , · · · , 𝑆𝑛𝜏 ) − 𝐾

]︀+ has the following expected
value, that is,

𝑓𝑑
min = exp(−𝑟𝜏)

∫︁ 1

0

[︂
𝐾 − min

1≤𝑖≤𝑛

(︂
𝑆𝑖0 exp

(︂
𝜇𝑖𝜏 +

𝜎𝑖𝜏
√

3
𝜋

ln
1− 𝛼

𝛼

)︂)︂]︂+

d𝛼.

By using variable substitution 𝑦 = 1− 𝛼, the following equality is derived

𝑓𝑑
min = exp(−𝑟𝜏)

∫︁ 1

0

[︂
𝐾 − min

1≤𝑖≤𝑛

(︂
𝑆𝑖0 exp

(︂
𝜇𝑖𝜏 +

𝜎𝑖𝜏
√

3
𝜋

ln
𝛼

1− 𝛼

)︂)︂]︂+

d𝛼.

Thus the proof is fulfilled. �

Theorem 4.21. The rainbow option 𝑓𝑑
min of maximum put scenario for Model (1) has the following properties:

1) 𝑓𝑑
min is respectively decreasing with respect to 𝑆𝑖0, 𝜇𝑖 and 𝜎𝑖;

2) 𝑓𝑑
min is increasing with respect to 𝐾.

Proof. 1) The function

𝑔 =
[︂
𝐾 − min

1≤𝑖≤𝑛

(︂
𝑆𝑖0 exp

(︂
𝜇𝑖𝜏 +

𝜎𝑖𝜏
√

3
𝜋

ln
𝛼

1− 𝛼

)︂)︂]︂+

is decreasing concerning 𝑆𝑖0 if other parameters is fixed. Hence, 𝑓𝑑
min is increasing with respect to 𝑆𝑖0. The

proof of variables 𝜇𝑖 and 𝜎𝑖 is similar to that of 𝑆𝑖0.

2) The function

𝑔 =
[︂
𝐾 − min

1≤𝑖≤𝑛

(︂
𝑆𝑖0 exp

(︂
𝜇𝑖𝜏 +

𝜎𝑖𝜏
√

3
𝜋

ln
𝛼

1− 𝛼

)︂)︂]︂+

is increasing concerning 𝐾 if other parameters is fixed. Hence, 𝑓𝑑
min is increasing with respect to 𝐾.

�

Example 4.22. Considering Model (1), let 𝑛 = 3 and set 𝜏 = 20, 𝑟 = 0.03, 𝐾 = 18, 𝜇1 = −0.04, 𝜇2 =
−0.05, 𝜇3 = −0.07, 𝜎1 = 0.01, 𝜎2 = 0.01, 𝜎3 = 0.01, 𝑆10 = 20, 𝑆20 = 21 and 𝑆30 = 19. Then we have 𝑓𝑑

min =
0.0046.
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4.5. Put on 2 and call on 1 scenario

We employ this section to study the colorred put on 2 and call on 1 option, which is actually to evaluate the
option to exchange one stock for the other at maturity date 𝜏 . Considering two underlying asset in an uncertain
market, one has an upward trend and the other has downward trend. Hence, a type of option is provided for
the investor, where they can buy the asset 1 at the price of asset 2. This conceptually likes a call option on
asset 1, in which the exercise price is uncertain, dynamic and is the price of asset 2 in reality. However, this is
just a right rather than an obligation. Hence, the investor should pay something for obtaining the opportunity.
However, how much should the contract price be reasonable? Next we will discuss this issue according to the
pair price principle.

Supposed that 𝑓 denotes the price of put on 2 and call on 1 option. Thus the investor should pay 𝑓 at time 0
for holding the opportunity to buy the stock 1 at strike price stock 2 at due date 𝜏 if the spot price of the stock
1 is more than that of stock 2. On the contrary, she could give up the right. Following that, the present income
of the investor is exp(−𝑟𝜏)

(︀
𝑆1𝜏 − 𝑆2𝜏

)︀+. Naturally, at time zero, the investor has the net revenue which is

exp(−𝑟𝜏)
(︀
𝑆1𝜏 − 𝑆2𝜏

)︀+ − 𝑓.

And for the bank, he will receive 𝑓 for selling the contract at time zero. If the spot price of stock 1 is more
than stock 2, then the bank should give the payment whose value is 𝑆1𝜏 − 𝑆2𝜏 . If not, he has no any loss. In
other words, the present income of the bank is −

(︀
𝑆1𝜏 −𝑆2𝜏

)︀+. Naturally, at time zero, the investor has the net
revenue which is

𝑓 − exp(−𝑟𝜏)
(︀
𝑆1𝜏 − 𝑆2𝜏

)︀+
.

According to fair price principle that the expected net revenue of the investor should equal to the one of the
bank, therefore we can derive the following relationship

exp(−𝑟𝜏)𝐸
[︁(︀

𝑆1𝜏 − 𝑆2𝜏

)︀+
]︁
− 𝑓 = 𝑓 − exp(−𝑟𝜏)𝐸

[︁(︀
𝑆1𝜏 − 𝑆2𝜏

)︀+
]︁

which indicates
𝑓 = exp(−𝑟𝜏)𝐸

[︁(︀
𝑆1𝜏 − 𝑆2𝜏

)︀+
]︁
.

That is, the price of put on 2 call on 1 option is the expected present value of revenue of stock 1.

Definition 4.23. Assumed that the expiry date is 𝜏 and the strike price is 𝐾 in a put on 2 and call on 1
option. Then the price of the put on 2 and call on 1 option is

𝑓 = exp(−𝑟𝜏)𝐸
[︁(︀

𝑆1𝜏 − 𝑆2𝜏

)︀+
]︁
.

Theorem 4.24. Considering the same conditions in Definition 4.23, the price of the put on 2 and call on 1
option of Model (1) is

𝑓 = exp(−𝑟𝜏)
∫︁ 1

0

[︂
𝑆10 exp

(︂
𝜇1𝜏 +

𝜎1𝜏
√

3
𝜋

ln
𝛼

1− 𝛼

)︂
− 𝑆20 exp

(︂
𝜇2𝜏 +

𝜎2𝜏
√

3
𝜋

ln
𝛼

1− 𝛼

)︂]︂+

d𝛼

where 𝑖 = 2.

Proof. Noting that 𝐶𝑖𝑡, 𝑖 = 1, 2 being independent, we may conclude that 𝑆1𝑡, 𝑆2𝑡 are independent uncertain
processes for any 𝑡, 0 ≤ 𝑡 ≤ 𝜏 . Due to

(︀
𝑥1− 𝑥2

)︀+ being strictly humdrum increasing regarded to 𝑥1 and strictly
humdrum decreasing regarded to 𝑥2, so we obtain that

(︀
𝑆1𝜏 − 𝑆2𝜏

)︀+ has an inverse uncertainty distribution

𝛹−1
𝜏 (𝛼) =

[︀
𝛷−1

1𝜏 (𝛼)− 𝛷−1
2𝜏 (1− 𝛼)

]︁+

=
[︂
𝑆𝑖0 exp

(︂
𝜇1𝜏 +

𝜎1𝜏
√

3
𝜋

ln
𝛼

1− 𝛼

)︂
− 𝑆𝑖0 exp

(︂
𝜇2𝜏 +

𝜎2𝜏
√

3
𝜋

ln
1− 𝛼

𝛼

)︂]︂+

(9)
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from Theorem 2.10. Consider that exp(−𝑟𝜏) is just a real function and has no relation to uncertainty. It follows
from equation (9) and Theorem 2.7 that exp(−𝑟𝜏)

(︀
𝑆1𝜏 − 𝑆2𝜏

)︀+ has the following expected value, that is,

𝑓 = exp(−𝑟𝜏)
∫︁ 1

0

[︂
𝑆10 exp

(︂
𝜇1𝜏 +

𝜎1𝜏
√

3
𝜋

ln
𝛼

1− 𝛼

)︂
− 𝑆20 exp

(︂
𝜇2𝜏 +

𝜎2𝜏
√

3
𝜋

ln
1− 𝛼

𝛼

)︂]︂+

d𝛼.

For one case, if 𝑆1𝜏 > 𝑆2𝜏 , then by using variable substitution 𝑦 = 1− 𝛼, the following equality is derived

𝑓 = exp(−𝑟𝜏)
∫︁ 1

0

[︂
𝑆10 exp

(︂
𝜇1𝜏 +

𝜎1𝜏
√

3
𝜋

ln
𝛼

1− 𝛼

)︂
− 𝑆20 exp

(︂
𝜇2𝜏 +

𝜎2𝑡
√

3
𝜋

ln
1− 𝛼

𝛼

)︂]︂
d𝛼

= exp(−𝑟𝜏)
∫︁ 1

0

𝑆10 exp
(︂

𝜇1𝜏 +
𝜎1𝜏

√
3

𝜋
ln

𝛼

1− 𝛼

)︂
d𝛼− exp(−𝑟𝜏)

∫︁ 1

0

𝑆20 exp
(︂

𝜇2𝑡 +
𝜎2𝜏

√
3

𝜋
d𝛼 ln

1− 𝛼

𝛼

)︂
d𝛼

= exp(−𝑟𝜏)
∫︁ 1

0

𝑆10 exp
(︂

𝜇1𝜏 +
𝜎1𝜏

√
3

𝜋
ln

𝛼

1− 𝛼

)︂
d𝛼− exp(−𝑟𝜏)

∫︁ 1

0

𝑆20 exp
(︂

𝜇2𝜏 +
𝜎2𝜏

√
3

𝜋
d𝛼 ln

𝛼

1− 𝛼

)︂
d𝛼

= exp(−𝑟𝜏)
∫︁ 1

0

[︂
𝑆10 exp

(︂
𝜇1𝜏 +

𝜎1𝜏
√

3
𝜋

ln
𝛼

1− 𝛼

)︂
− 𝑆20 exp

(︂
𝜇2𝜏 +

𝜎2𝜏
√

3
𝜋

ln
𝛼

1− 𝛼

)︂]︂
d𝛼.

For the other case, if 𝑆1𝜏 ≤ 𝑆2𝜏 , then 𝑓 = 0. Thus we derive

𝑓 = exp(−𝑟𝜏)
∫︁ 1

0

[︂
𝑆10 exp

(︂
𝜇1𝜏 +

𝜎1𝜏
√

3
𝜋

ln
𝛼

1− 𝛼

)︂
− 𝑆20 exp

(︂
𝜇2𝜏 +

𝜎2𝜏
√

3
𝜋

ln
𝛼

1− 𝛼

)︂]︂+

d𝛼.

Thus the proof is completed. �

Theorem 4.25. The rainbow option 𝑓 of maximum put scenario for Model (1) where 𝑖 = 2 has the following
properties:

1) 𝑓 is respectively increasing with respect to 𝑆10, 𝜇1 and 𝜎1;

2) 𝑓 is decreasing with respect to 𝑆20, 𝜇2 and 𝜎2.

Proof. 1) The function

𝑔 =
[︂
𝑆10 exp

(︂
𝜇1𝜏 +

𝜎1𝜏
√

3
𝜋

ln
𝛼

1− 𝛼

)︂
− 𝑆20 exp

(︂
𝜇2𝜏 +

𝜎2𝜏
√

3
𝜋

ln
𝛼

1− 𝛼

)︂]︂+

is decreasing concerning 𝑆10 if other parameters is fixed. Hence, 𝑓 is increasing with respect to 𝑆10. The
proof of variables 𝜇1 and 𝜎1 is similar to that of 𝑆10.

2) The function

𝑔 =
[︂
𝑆10 exp

(︂
𝜇1𝜏 +

𝜎1𝜏
√

3
𝜋

ln
𝛼

1− 𝛼

)︂
− 𝑆20 exp

(︂
𝜇2𝜏 +

𝜎2𝜏
√

3
𝜋

ln
𝛼

1− 𝛼

)︂]︂+

is decreasing concerning 𝑆20 if other parameters is fixed. Hence, 𝑓 is decreasing with respect to 𝑆20. The
proof of variables 𝜇2 and 𝜎2 is similar to that of 𝑆20.

�

Example 4.26. Considering Model (1), let 𝑛 = 3 and set 𝜏 = 10, 𝑟 = 0.03, 𝐾 = 18, 𝜇1 = 0.05, 𝜇2 = 0.03, 𝜎1 =
0.03, 𝜎2 = 0.025, 𝑆10 = 13, and 𝑆20 = 10. Then we have 𝑓 = 0.0148.
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5. Conclusions

In this paper, we assume that the dynamic stock prices obey uncertain differential equation without sharing
dividends. Based on the multiple uncertain stock model, we studied the rainbow option pricing issue for multiple
stocks in a financial market with uncertain information, presented the concepts of corresponding option and
derived pricing formulas for five scenarios including maximum call, minimum call, maximum put, minimum put,
and put on 2 and call on 1. In the future, some extensions can be considered. For example, we can introduce
the rainbow option to uncertain interest market and uncertain currency market under the frame of uncertainty
theory, respectively. In addition, we can also design rainbow option into other types such as American option
type and Asian option type. Furthermore, the rainbow option can also be combined with barrier option. Then
these new combined options can be used into stock market, interest market and currency market.

Acknowledgements. This work was supported by National Natural Science Foundation of China (Grant No. 72101080),
Natural Science Foundation of Hebei Province(Grant No. F2020202056), and the Key Project of Hebei Education Depart-
ment (Grant No. ZD2020125).

References

[1] X.W. Chen, American option pricing formula for uncertain financial market. Int. J. Oper. Res. 8 (2011) 32–37.

[2] X.W. Chen and J. Gao, Uncertain term structure model of interest rate. Soft Comput. 17 (2013) 597–604.

[3] Z.C. Gao, X.S. Wang and M.H. Ha, Multi-asset option pricing in an uncertain financial market with jump risk. J. Uncertain.
Anal. Appl. 4 (2016).

[4] R. Gao, K.X. Liu, Z.G. Li and R.J. Lv, American barrier option pricing formulas for stock model in uncertain environment.
IEEE Access 7 (2019) 97846–97856.

[5] R. Gao, W. Wu, C. Lang and L.Y. Lang, Geometric Asian barrier option pricing formulas of uncertain stock model. Chaos
Solit. Fractals 140 (2020) 110178.

[6] R. Gao, W. Wu and J. Liu, Asian rainbow option pricing formulas of uncertain stock model. Soft Comput. 25 (2021) 8849–8873.

[7] R. Gao, K.X. Liu, Z.G. Li and L.Y. Lang, American barrier option pricing formulas for currency model in uncertain environment.
J. Syst. Sci. Complex. 35 (2022) 283–312.

[8] D.Y. Jiao and K. Yao, An interest rate model in uncertain environment. Soft Comput. 19 (2015) 775–780.

[9] B. Liu, Uncertainty Theory, 2nd edition. Springer-Verlag, Berlin (2007).

[10] B. Liu, Fuzzy process, hybrid process and uncertain process. J. Uncertain Syst. 2 (2008) 3–16.

[11] B. Liu, Some research problems in uncertainty theory. J. Uncertain Syst. 3 (2009) 3–10.

[12] B. Liu, Uncertainty Theory: A Branch of Mathematics for Modeling Human Uncertainty. Springer-Verlag, Berlin (2010).

[13] B. Liu, Uncertainty distribution and independence of uncertain processes. Fuzzy Optim. Decis. Mak. 13 (2014) 259–271.

[14] Y.H. Liu, X.W. Chen and D.A. Ralescu, Uncertain currency model and currency option pricing. Int. J. Intell. Syst. 31 (2015)
40–51.

[15] Z. Lu, H. Yan and Y. Zhu, European option pricing model based on uncertain fractional differential equation. Fuzzy Optim.
Decis. Mak. 18 (2019) 199–217.

[16] W. Margrabe, The value of an option to exchange one asset for another. J. Finance 23 (1978) 177–186.

[17] M. Rubinstein, Somewhere over the rainbow. Risk 4 (1991) 63–66.

[18] R.M. Stulz, Options on the maximum of two risky assets. J. Financ. Econ. 10 (1982) 161–185.

[19] J.J. Sun and X.W. Chen, Asian option pricing formula for uncertain financial market. J. Uncertain. Anal. Appl. 3 (2015) 11.

[20] M. Tian, X. Yang and Y. Zhang, Barrier option pricing of mean-reverting stock model in uncertain environment. Math.
Comput. Simul. 166 (2019) 126–143.

[21] X. Wang and Y.F. Ning, An uncertain currency model with floating interest rates. Soft Comput. 21 (2017) 6739–6754.

[22] X. Yang, Z. Zhang and X. Gao, Asian-barrier option pricing formulas of uncertain financial market, Chaos Solit. Fractals 123
(2019) 79–86.



PRICING RAINBOW OPTION FOR UNCERTAIN FINANCIAL MARKET 3989

[23] Z.Q. Zhang, D.A. Ralescu and W.Q. Liu, Valuation of interest rate ceiling and floor in uncertain financial market. Fuzzy Optim.
Decis. Mak. 15 (2016) 139–154.

This journal is currently published in open access under a Subscribe-to-Open model (S2O). S2O is a transformative
model that aims to move subscription journals to open access. Open access is the free, immediate, online availability of
research articles combined with the rights to use these articles fully in the digital environment. We are thankful to our
subscribers and sponsors for making it possible to publish this journal in open access, free of charge for authors.

Please help to maintain this journal in open access!

Check that your library subscribes to the journal, or make a personal donation to the S2O programme, by contacting
subscribers@edpsciences.org

More information, including a list of sponsors and a financial transparency report, available at: https://www.
edpsciences.org/en/maths-s2o-programme

mailto:subscribers@edpsciences.org
https://www.edpsciences.org/en/maths-s2o-programme
https://www.edpsciences.org/en/maths-s2o-programme

	Introduction
	Preliminaries
	Notation, setting and model
	Main results
	Maximum call scenario
	Minimum call scenario
	Maximum put scenario
	Minimum put scenario
	Put on 2 and call on 1 scenario

	Conclusions
	References

