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PRICING RAINBOW OPTION FOR UNCERTAIN FINANCIAL MARKET

RonGg Gaol*® AND X1AoL1 WU?

Abstract. Rainbow option refers to the option whose payoff depends on at least two underlying risky
assets, which is justifiably one of the most significant tool to hedge risk brought by the uncertainty from
financial market. Hence, option pricing problem is always an issue with great attention. In this paper,
we assume that the multiple dynamic stock prices obey uncertain differential equations without sharing
dividends in the framework of uncertainty theory. Then we discuss the rainbow option pricing problem
for multiple stocks in a financial market with uncertain information, give the concepts and derive pricing
formulas for five scenarios including maximum call, minimum call, maximum put, minimum put, and
put on 2 and call on 1. Moreover, some corresponding examples are respectively taken to illustrate the
pricing formulas in five cases.
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1. INTRODUCTION

Rainbow option is a financial instrument exposed to at least two sources of uncertainty brought by different
underlying assets and its value also comes from the price of these risky assets. In real financial markets, there
are always several underlying assets existing simultaneously, therefore rainbow option is an issue deserving to
be explored in depth. In fact, the theory of this option can trace back to 1970s. For example, Margrabe [16]
evaluated the option relative to one asset being exchanged for another one, which is justifiably regarded as the
most eminent early option pricing paper and opens up a new epoch of option pricing for multiple assets. As an
extension, Stulz [18] delivered and priced “best of assets or cash” option that purchase or sell the maximum
or minimum of the risky assets at a strike price at due date. While, it was not until 1991 that the concept of
rainbow option was proposed by Rubinstein [17].

To the best of our knowledge, current study with regard to rainbow option is under the framework of prob-
ability theory, where the dynamic change of asset price is characterized by stochastic process and assumed to
subject to a stochastic differential equation. However, uncertain process, another tool used to describe dynamic
uncertainty associated with human beings’ belief degree, was proposed by Liu [10]. Following that, Liu [11]
put forward Liu process, a special type of uncertain process, which is the cornerstone of constructing uncertain
calculus and uncertain differential equation. By using uncertain differential equation, the investigation of uncer-
tain fiance entered a period of rapid development. For example, Chen and Gao [2] took the lead in presenting
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uncertain interest model. Then the zero-coupon bond model was studied by Jiao and Yao [8], and the interest
rate ceiling/floor models model are proposed and discussed by Zhang et al. [23]. Additionally,uncertain cur-
rency model was established by Liu et al. [14]. Additionally, uncertain currency model was established by Liu
et al. [14]. Wang and Ning [21] made some improvements referring to Liu-Chen-Ralescu model, and presented
an uncertain currency model with floating interest rates. Then Gao et al. [7] studied American barrier option
for uncertain currency model.

With the presentation of uncertain asset model, option pricing issue was paid close attention which is indu-
bitably the core problem in financial theory. Liu [11] presented uncertain stock model where the stock price
was modeled by uncertain differential equation, and proved European option pricing formulas for an uncertain
stock model including put on and call on. Then Chen [1] respectively proved European option pricing formulas
and American option pricing formulas for an uncertain stock model including put on and call on. Then focusing
on exotic option, Asian option pricing in uncertain financial market was first studied by Sun and Chen [19].
Yang [22] and Gao et al. [4] respectively studied Asian barrier option and American barrier option for the
uncertain stock model. Gao et al. [5] studied Geometric Asian barrier option and proved its pricing formulas for
the uncertain stock model. Next a new stock was presented by Lu et al. [15] and its European option pricing
problem was explored. And the pricing problem of European barrier option was investigated by Tian et al. [20]
for the uncertain mean-reverting stock model.

Up to present, the existing literature under uncertainty theory most studied the option including only one
asset. For tackling with the risk carried by the dynamic change of assets price, option is an important derivative
in financial market. While, in reality, many assets usually coexist in an market at the same time. Hence Gao
et al. [3] studied multi-asset option pricing in an uncertain financial market with jump risk. And Gao et al. [6]
discussed Asian rainbow option for the uncertain multi-stock model. But the European rainbow option pricing
problem has not been studied. Admittedly, we will introduce European rainbow option into the uncertain
financial market composed of multiple stocks. Furthermore, option pricing formulas will be proved under five
scenarios concluding maximum call, minimum call, maximum put, minimum put, and put on 2 and call on 1.
The remainder of this paper is assigned as follows. Section 2 is planed to introduce some necessary concepts
and propertied. Section 3 expresses settings, symbols and presents a model used in next sections. Then we
discuss the rainbow option pricing problem including pricing formulas and their properties under maximum
call, minimum call, maximum put, minimum put, and put on 2 and call on 1 scenarios in Section 4. Finally,
brief summary and expectation in future are give in Section 5.

2. PRELIMINARIES

In this part, lots of basic definitions and key properties are introduced relative to the uncertain variable, the
uncertain process, and the uncertain differential equation.

Assumed that I is a set that is nonempty, and assumed that L is a o-algebra on I', where any element A
taken from L is regarded as an event. The we assign a number M{A} to interpret the degree of human belief
that the event A may occur. For coping with belief degrees rationally, three axioms were proposed in [9] which
are:

Axiom 1. (Normality Axiom) For the universal set I", we have M{I'} = 1;
Axiom 2. (Duality Axiom) For each event A, we have M{A} + M{A¢} = 1;

Axiom 3. (Subadditivity Axiom) The following equality
M{U Az} <> o M{A}
i=1 i=1

holds for any denumerable sequence of events A, As, - --.
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Definition 2.1. (Liu [9]) If set function M satisfies normality, duality and subadditivity axioms, then it is
called to be an uncertain measure.

We call (I, L, M) an uncertainty space. Then Liu [11] introduce Product axiom
Axiom 4. (Product Axiom) Providing that (I, Lr, M) (k = 1,2,---) are uncertainty spaces. Then M is an

uncertain measure if it satisfies
o0 o
M{H Ak} =\ Mi{Ax}
k=1

k=1

where Ay, are arbitrary events respectively chosen from Ly (k=1,2,---).
Definition 2.2. (Liu [9]) If £ is measurable from (I, £, M) to a real number set, i.e., the following set
{¢eB}={yc ') € B}
is an event for each real Borel set B, then £ is called an uncertain variable.
Definition 2.3. (Liu [9]) The uncertainty distribution of uncertain variable ¢ is defined as
() = M€ < o}
for any real number z.

An uncertainty distribution @(z) is said to be regular if its inverse function #~!(a) exists and is unique
for each a € (0,1). Inverse uncertainty distribution plays an important role in the operations of independent
uncertain variables. In the following, the concept of inverse uncertainty distribution will be presented.

Definition 2.4. (Liu [12]) Supposed that there is an uncertain variable £ owing regular uncertainty distribution
@(x). Then the inverse function ¢~ !(«) is called the inverse uncertainty distribution of &.

Definition 2.5. (Liu [11]) An uncertain variable sequence of &1, &a, - - - , &, is regarded to be independent mutu-
ally if
M{ﬂ(fz € Bi)} = \M{& € B}
i=1 i=1
is tenable for any real Borel sets By, Bo, -+ , B,.

Definition 2.6. (Liu [9]) Assumed that £ is an uncertain variable. Then £ owns an expected value defined by

the following formula
+oo

El¢] = M&Zmﬁm3[ M{¢ < a}da

0

under condition that one of the two integrals is finite at least.

Theorem 2.7. (Liu [9]) Supposed that & is an uncertain variable owning regular uncertainty distribution &,
and its expected value exists. Then its expected value is

E[¢) = /01 & Ha)do

Definition 2.8. (Liu [10]) Assumed that (I, £,M) is the uncertain space, and assumed that set T is totally
ordered. If function X; is measurable from T x (I", £, M) to a real number set, i.e., for arbitrary given ¢, {X; € B}
is an event for any real Borel set B, then we say X; an uncertain process.
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TABLE 1. Notations.

Symbol Meaning

Sit Spot price of the stock i, i =1,2,--- ,n

X Spot price of the bond

K; Strike price of the rainbow option w.r.t. stock ¢, i =1,2,--- |n
T Expiry date of the option

r Riskless interest rate

i Log-drifts (revenue rate) of the stock 7, i =1,2,--- ,n

o Log-diffusions (revenue variance) of the stock i, 1 =1,2,--+ ,n
C; Independent Liu processes, i =1,2,---,n

Definition 2.9. (Liu [11]) The uncertain process C is called to be a Liu process, supposed that

(i) its initial value is 0, i.e., Cy = 0, and all of its sample paths are Lipschitz continuous almost,

(ii) the increments of C} is independent and stationary,

(iii) each increment Cs4+ — Cs obeys normal uncertainty distribution whose expected value is 0 and variance is
2 such that its uncertainty distribution is

B(z) = <1+eXp (_gf))_l zeR.

Theorem 2.10. (Liu [13]) For a sequence of independent uncertain processes X1z, Xot, - - , Xpt whose reqular
uncertainty distributions are respectively @1y, Doy, -+ , Py, if there is a continuous function f(xi,xa, -, x,)
being strictly increasing in regard to x1,x2,--- , Ty, and strictly decreasing in regard to Tyyy1, Tm+42, " 5 Tn,
then

Xt = f(X1t7X2t7 e 7Xnt)

possesses the following inverse uncertainty distribution which is
O () = f(P1 (), Prp(@), DLy, (L= a) -, (1= a)).

Definition 2.11. (Liu [10]) Supposed there is a Liu process C; and continuous functions f and g. Then for
any given initial value X,
dXt = f(t, Xt)dt + g(t, Xt)dCt

is said to be an uncertain differential equation with Xj.

3. NOTATION, SETTING AND MODEL

This section is employed to introduce multiple uncertain stock model including some notations and settings.
Before giving the model, we define some variables as shown in Table 1.
The system for dynamic uncertain financial market is

dXt = TXtdt
dS1y = p1S1¢dt + 0151:dCy¢
dSas = p252:dt + 0252, dC¢ (1)

St = finSedt + 0SnedCr.
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From Model (1), we can obtain the analytic solutions of the prices of bond X; and stock ¢, ¢ =1,2,--- ,n which
are

X: = Xoexp(rt)

S1t = Sioexp(pit + 01C1y)

Sat = Sag exp(pat + 020%)

Snt = SnO eXP(Mnt + JnCnt)7
where the inverse uncertainty distributions of S;;, i =1,2,--- ,n are
O (@) = Sioexp (,ult + %‘/5’ In ﬁ)

1;52—1‘/1(04) = Sogexp (HZt + %\/ﬁ In ﬁ)

&1 (a) = Spoexp (unt 4 eatB ﬁ) .

4. MAIN RESULTS

In this section, we pioneer a new type of option which is rainbow option for hedging risk brought by at least
two stocks existing simultaneously in an uncertain financial market. It can be considered as the option whose
payoff depends on more than one underlying risky asset and each asset is supposed to be as a color of the
rainbow. And rainbow option is usually said call or put on the best or worst of n underlying assets, which is
going to be investigated in five scenarios including maximum call, minimum call, maximum put, minimum put,
and put on 2 and call on 1.

4.1. Maximum call scenario

In this section, the scenario of maximum call option is discussed. Considering n underlying assets in an
uncertain market with upward trend, in order to hedge the risk of excessive premium, a contract is provided for
the investor (she) to purchase the best-performing stock S;, at corresponding strike price K; at expiry date 7
where every stock has its own strike price, while this is just a right instead of obligation. Here, best-performing
stock means that its spot price minus the strike price being largest, that is, its revenue is best. Hence, the
investor should pay for acquiring the right to the bank (he). However, how much should the contract price be
reasonable? Next we will discuss this problem according to pair price principle.

Supposed that fg .. denotes the price of maximum call option. Thus the investor should pay fg .. at time
0 for holding the opportunity to purchase the best-performing stock at strike price K; at expiry date T with
revenue max (Sh —Ky,S5,; — Ko, -+, Spr — Kn)7 if the spot price of the best-performing stock is more than
K;. Otherwise, she will abandon this right. Then the present income of the investor is exp(—r7) [max ((SlT -
K1), (Sor — Ko) T+, (Spr — Kn)"’)]. Thus, at time zero, the investor has the net revenue which is

exp(—r7) max [(S” — K1), (Sor — Ko)t oo (Spr — Kn)+] — foax:

And focusing from the point of bank, he will receive f£ . for selling the contract at time zero. If the spot price of
best-performing stock is more than K, then the bank should give the payment whose value is max (S 17— K1, Sor—
Ko, -, S, —Kn). Otherwise, he has no loss. That is, the present income of the bank is — exp(—r7) [max ((S’lT—
K1)*,(S2r — K2)T, -+, (Snr — K)7)]. Naturally, at time zero, the investor has the net revenue which is

max

¢ ax — exp(—r7) [max ((S1r — K1)T, (Sor — K2) T, -+, (Sur — Ki) ).
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According to fair price principle that the expected net revenue of the investor should equal to that of the bank,
so we can derive the following relationship

_ B S o _ KAt
eXp( TT)E[lr;liaSXn(SlT K’L) :| max fmax exp( TT)E[lréliaSXn(SZT Kl) :|

which indicates
foax = GXp(fT‘T)E{ max (Sir — Ki)q-
1<i<n
That is, the price of maximum call option is the expected present value of revenue of the best stock.

Definition 4.1. Assumed that the expiry date is 7 and the strike price is K in a maximum call option. Then
the price of the maximum call option is

S ax = €xp(—r7)E [ 1r£1ia<xn(5i7 - KQ'*]

max

Theorem 4.2. Considering the same conditions in Definition 4.1, the price of the maximum call option of

Model (1) is

1 . +
ot [ [ (e 222 )
0 ™

In
1<i<n l—«
Proof. Due to Cy,i = 1,2--- ,n being independent, we may assert that Sy, Sot,---,Sn: are independent
uncertain processes for any ¢,0 < ¢ < 7. Noting that max [(z; — K1), (z2 — K2)T, -+, (x, — K,,)T] is strictly
increasing regarded to 1, @2, -+ , Ty, so we obtain that max [(S1, — K1), (S2r — K2), -+, (Spr) — Ky,)*] has

an inverse uncertainty distribution
v (o) = max [(@71(0) = K1), (931 (0) = K2) T (@ 0) = Ka) ']
) +
oiTV3 a ) 3 Ki]

In
T 11—«

= max |:Si0 exp (,uir + (2)

1<i<n

from Theorem 2.10. Consider that exp(—r7) is just a real function and has no relation to uncertainty. It follows
from equation (2) and Theorem 2.7 that exp(—r7) max [(S1, — K1) ¥, (S2r — K2), -+, (Spr) — Ky,)*] has the
following expected value, that is,

1 +
iTV3
fSax = exp(—rr)/ max [Sio exp (Mﬂ + ﬂ In 1 a ) - Kl} da.
0 ™

1<i<n — o
Thus the proof is accomplished. (]
If K1 =Ky =---= K, = K, then what is the formula for option pricing? In this situation, we obtain

max [(Slr - K1)+7 (527' - K2)+; e 7(Sn‘r - Kn)+]
= max [Sl'r - KlstT - KZ»' o aSn'r - Knvo]
= max [max(SlT, Soryot oy Snr) — K, O]

= [HlaX(Sl-,—, 527’5 T ’S’VLT) - K]Jr

whose inverse uncertainty distribution is

7 (o) = [max (B71(a), B31(a), - 811 () Kr

T 1T

s (swosw (e 2202 ) -] o

1<i<n l1—«

from Theorem 2.10. Thus we give the following theorem where the pricing formula is giving under the assumption
Ole ZKQZZKn:K
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Theorem 4.3. Considering the same conditions in Definition 4.1, the price of the mazimum call option of
Model (1) with K1 =Ky =---=K, = K is

1 ) +
o = eXp(—TT)/ |:1Iila<X <Si0 exp (uﬂ’ + oiTV3 In — >) - K] da.
0 <i<n

T -«
Proof. According to Theorem 4.2 and equation (3), the result can be derived directly. O

Remark 4.4. We usually regard such maximum call option as the extension of the standard call option for a
single asset.

Theorem 4.5. The rainbow option f£.. of maximum call scenario for Model (1) has the following properties:

1) f&.« is respectively increasing with respect to Sio, pi and o;;

2) fE.x 1s decreasing with respect to K.

O'Z'T\/g « +
g—[lrgixn<5ioexp<pﬂ+ - lnl_a)>—K}

is increasing concerning S;o if other parameters is fixed. Hence, f ., is increasing with respect to S;g. The
proof of variables u; and o; is similar to that of Sy.

Proof. 1) The function

2) The function

_ +
g= [ max (Sio exp <[Li7' + oiV3 In a )) - K}
0

1<i<n 1l -«

is decreasing concerning K if other parameters is fixed. Hence, f¢

max

is increasing with respect to K.
|

Example 4.6. Considering Model (1), let n = 3 and set 7 = 10,7 = 0.03, K = 16, 41 = 0.04, uo = 0.05, u3 =
0.07,01 = 0.05,09 = 0.06,03 = 0.09, S0 = 10,550 = 13 and S39 = 15. Then we find that the maximum call
option price f£ .. = 0.2028.

4.2. Minimum call scenario

In this section, the scenario of minimum call is studied. Considering n underlying assets in the uncertain
market possessing upward trend, in order to hedge risk of undue premium,

a contract is supplied for the investor to buy the minimum stock S;, at corresponding strike price K; at
expiry date 7 where every stock has its own strike price, while this is just a right instead of obligation. Here,
minimum stock means that its spot price minus the strike price being smallest. Hence, the investor should pay
for the right to the bank. However, how much should the contract price be appropriate? Next we will probe this
problem according to the pair price principle.

Assumed that fS,, represent the price of minimum call option. Thus the investor should pay fS;, at time

0 for holding the opportunity to buy the minimum stock S;,; at strike price K; at expiry date 7 with income

min (517 —K1,8,;—Ks, - ,Spr —Kn), if the spot price of the minimum stock is more than K. On the contrary,
she will give up this opportunity. Thus the present income of the investor is exp(—r7) [min ((517 —K1)", (Sor —
Kyt (Spr — Kn)+)]. Thus, at time zero, the investor has the net revenue which is

eXp(—’I"T) min [(Sl‘r - K1)+7 (527' - K2)+7 Y (SnT - Kn)+] - fs

min*
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And from the standpoint of bank, he will receive fS;, for selling the contract at time zero. If the spot price
of best stock is more than K, then the bank should give the payment whose value is min (SlT — Kq,85, —
Ky, -, Snr — Kn). Contrarily, he does not lose anything. In other words, the present income of the bank is
— min [(S’lT — K1), (Sor—K2)T, -+, (Spr —Kn)+]. Naturally, at time zero, the bank has the net revenue which
is

Cin — €xp(—77) min [(SlT — K1), (Sor — Ko)T, oo+ (Spr — Kn)+].
According to fair price principle that the expected net revenue of the investor should equal to the one of the
bank, we can derive the following relationship

exp(—rT)E[lrgig (Sir — KZ-)‘*} —fe =fc - exp(—rT)E[ min (S;, — Ki)ﬂ

max max 1§ZSTL

which implies
fein = exp(—rT)E{ min (S;; — KZ)'*'}

1<i<n

That is, the price of minimum call option is the expected present value of revenue of best stock.

Definition 4.7. Assumed that the expiry date is 7 and the strike price is K in a minimum call option. Then
the price of the minimum call option is

L — i KNt
i = exp( ’I“T)E|:11Snil£1n(5” K;) }

Theorem 4.8. Considering the same conditions in Definition 4.7, the price of the minimum call option of
Model (1) is
1 +
min = exp(—7T) min [Sio exp (MzT +— 17\[ < ) - Ki:| da.
™

o 1<i<n 1—
Proof. Due to Cy,i = 1,2--- ,n being independent, we may claim that Si;, Spe,- -, Snt are independent
uncertain processes for any ¢,0 < ¢ < 7. Noting that min [(z1 — K1)T, (z2 — K2)*, -+, (2, — K,,) "] is strictly
humdrum increasing regarded to 1,2, - ,x,, SO we obtain that min [(SlT — K1), (Sor — Ko)ty -+, (Spr) —

K,,)™] has an inverse uncertainty distribution

7= (a) = min [(@17( ) — Kl) (5 () — KQ) e (B e) — K }
= 11§nii£n |:Si0 exp (Mﬂ + Oi;\/g In 1 aa> - KZ} " (4)

from Theorem 2.10. Consider that exp(—r7) is just a real function and has no relation to uncertainty. It follows
from equation (4) and Theorem 2.7 that exp(—77) min [(SlT — K1)t (Sor — K2) T+, (Spr) — Kn)+] has the
following expected value, that is,

1 +
TV 3
o = exp(—rT) mln [Sio exp (/J,iT + JiTv?e V3 In—2 > — KZ} da.
o 1<isn T 1—«a
Thus the proof is finished. O
If K1 =Ky =---= K, = K, then what is the formula for option pricing? In this situation, we obtain

min [(S1r — K1), (S2r — K2), -+ (Spr — Ki) ™|
=min [S1; — K1, 52, — Kz, -+, Snr — Ky, 0]

= min [maX(SlT,SQT,"' ,Snr) — K, 0]

= [min(S1i-, Sor, -+, Spr) — K]
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whose inverse uncertainty distribution is

T »FnT

- [ min (Sio exp (;m+ Ui;‘/g — )) - Kr (5)

1<i<n l1—«

7 (o) = [min ($(0), 93 (0), -+ B} (@) ~ K|

from Theorem 2.10. Thus we give the following theorem where the pricing formula is giving under the assumption
Ole :KQZZKn:K

Theorem 4.9. Considering the same conditions in Definition 4.1, the price of the maximum call option of

Model (1) is
1 4 +
o = exp(—rT)/ [ max (Sio exp (uﬂ + L\/gl a)) — K] da,
0 ™

n
1<i<n 11—«

fKi=Ky=-=K,=K.
Proof. According to Theorem 4.8 and equation (3), the result can be derived directly. O

Remark 4.10. We usually regard such minimum call option as the extension of the standard call option for a
single asset.

Theorem 4.11. The rainbow option fS.. of minimum call scenario for Model (1) has the following properties:
1) f&., is respectively increasing with respect to Sio, u; and o;;
2) f&i, is decreasing with respect to K.

) +
g= [ min (Sio exp <Hi7' + 017'\/51 a )) — K}
0

n
1<i<n 1l -«

Proof. 1) The function

is increasing concerning S;q if other parameters is fixed. Hence, f¢

& in is increasing with respect to S;o. The
proof of variables u; and o; is similar to that of Sy.

2) The function

) +
g= [ min (SiO exp <Hi7' + 0iTV3 In a )) — K}
T

1<i<n 1l -«

is decreasing concerning K if other parameters is fixed. Hence, f¢

min

is increasing with respect to K.
|

Example 4.12. Considering Model (1), let n = 3 and set 7 = 10,r = 0.03, K = 16, 3 = 0.04, 2 = 0.05, u3 =
0.07,01 = 0.05,02 = 0.06,03 = 0.09, 519 = 10,52 = 13 and S5y = 15. Then we find that the minimum call
option price f<;, = 0.1248.

4.3. Maximum put scenario

In this section, we are going to inquire some useful result under the scenario of maximum put. Considering
n underlying assets in the uncertain market which appear down trend, in order to hedge the risk of downtick,
a contract is put forward for the investor to sell the best-performing stock S;; at corresponding strike price K;
at expiry date 7 where every stock has its own strike price, while this is just a right rather than an obligation.
Here, best-performing stock means that the strike price minus its spot price being largest, that is, revenue of
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investor is best. Hence, the investor should pay for the right to the bank. But, how can we price a rational value
to satisfy both the investor and the bank? In the following, we will resolve this problem according to pair price
principle.

Supposed that f¢_  denotes the price of maximum put option. Thus the investor should pay f2.  at time
0 for holding the opportunity to sell the best-performing stock S;,; at strike price K; at expiry date 7 with
revenue max (K1 - S, Ky — SS9, K, — Sm), if the spot price of the best-performing stock S;; is less than
K;. Otherwise, she plans to give up the right. Hence the present income of the investor is exp(—r7) max [(K 1 —

S17) T, (Ko — Sor )T+ (K — Sm)"’]. Thus, at time zero, the investor has the net revenue which is

exp(—r7) max [(K7 — Si.)", (Ko — Sar) T, o (K — Sur)T] = £l

2 ax for selling the contract at time zero. If the spot price

of best stock is more than K, then the bank should give the payment whose value is max (K1 - S, Ko —

Sory oo, Ky — Sm). Inversely, he has no loss. The two cases imply that the present income of the bank is

—exp(—r7) max [(Ky — S17)", (K2 — S2-) ", -+, (Ky — Syr) 7] Naturally, at time zero, the investor has the net
revenue which is

And focusing from the point of bank, he will receive f¢

d  —exp(—r7) max (K1 — S17)T, (K2 — Sar) T+ L (K — Snr) .

max

According to fair price principle that the expected net revenue of the investor should equal to the one of the
bank, we can derive the following relationship

exp(frT)E{lrgixn(Ki - SiT)ﬂ — foax = foax — exp(frT)E[ max (K; — SiT)Jr]

max 1<i<n

which indicates
i = exp(—rT)E[ max (K; — S,»T)"']
1<i<n
That is, the price of maximum put option is the expected present value of revenue of best stock.

Definition 4.13. Assumed that the expiry date is 7 and the strike price is K; with respect to S;; in a maximum
put option. Then the price of the maximum put option is

fi = exp(—rT)[ max (K; — Sl-T)JF],

1<i<n

Theorem 4.14. Considering the same conditions in Definition 4.13, the price of the mazximum put option of
Model (1) is

1 +
iTV 3
i = eXp(—rT)/ max [K, — S0 exp (,uir + M In —2 )} da.
0

1<i<n s 11—«
Proof. Thanks to Cj;,i = 1,2---,n being independent, we may make sure that the uncertain processes
Si1t,Snt, -+, Snt are independent for any ¢,0 < ¢ < 7. Noting that max [(Ky—z1) ", (Ko —x2) ", -, (Kn—an) 7]
is strictly humdrum decreasing regarded to x1,x9,-:-,x,, so we obtain that max [(K1 — Si)t (K —
Sg:)T, -+, (Ky — Spr)T| has an inverse uncertainty distribution

¥=1(a) = max [(K1 o (1 —a)) T (Ky— 03 (1 —a)) e (K — k(1 — a))ﬂ
o3 1a>}+

In
T «

— K, — S, ,
lIgzaan |: i i0 €XP <.UZT +
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from Theorem 2.10. Consider that exp(—r7) is just a real function and has no relation to uncertainty. It follows

from equation (6) and Theorem 2.7 that exp(—r7) max [(Ki — Si.) ", (K2 — S2-) %, -+, (K, — Spr) "] has the
following expected value, that is,

da.

1 1+
omV/3 . 1—a
fihax = exp(=r7) | _Ki — Sioexp (uﬂ + T In— )
By using variable substitution ¥y = 1 — «, the following equality is derived

1

/3 1t
1 =exp(—rr) ; Jmax _K,» — Sip exp (,uﬂ + # In . fa)_ da.
Thus the proof is done. O
If K1 =Ky =---= K, = K, then what is the formula for option pricing? In this situation, we obtain

max [(K1 — S1.)", (K2 — S2-) T, -+, (Kn — Snr) T
= max [K1 — 81T Ky — S ), Ky — Sy, ()]
= max [K — min(Si, Sz, , Snr), 0]

= [K — min(S1-, Sor, -+, Sur)] *

whose inverse uncertainty distribution is

¥ (a) = [K — min (67} (1 — a), &5} (1 — a), -+, P11 — oé))}+

T ) nTt

— [K ~ min (Sio exp (/m + A a>)} ' (7)

1<i<n T «

from Theorem 2.10. Thus we give the following theorem where the pricing formula is giving under the assumption
of K1=Ky=---=K, =K.

Theorem 4.15. Considering the same conditions in Definition 4.13, the price of the call on max option of
Model (1) with K1 =Ky =---=K, =K is

1 ‘ +
d = exp(—rT)/ {K — min (SiO exp (un + oi7V3 In—2 ))} da.
0

1<i<n ™ 11—«

Proof. According to Theorem 4.14 and equation (7), the result can be derived directly. (]

Remark 4.16. We usually regard such maximum put option as the extension of the standard put option for
an individual asset.

Theorem 4.17. The rainbow option f2.  of mazimum put scenario for Model (1) has the following properties:

1) fa.. is respectively decreasing with respect to Sy, p; and o;;

2) fa.. is increasing with respect to K.

Proof. 1) The function
. Jﬂ'\/g [0 +
g= {K — 1§i1£n <Si0 exp (uﬂ + - In T a>)]

is decreasing concerning S;o if other parameters is fixed. Hence, f¢
proof of variables p; and o; is similar to that of Sy.

ax 1S increasing with respect to S;o. The
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2) The function

) +
g= {K — min (Sio exp (un + L\/g In @ ))]
T

1<i<n l—«o

is increasing concerning K if other parameters is fixed. Hence, f¢

Gax 18 increasing with respect to K.

O

Example 4.18. Considering Model (1), let n = 3 and set 7 = 20,7 = 0.03, K = 18,41 = —0.04, 42 =
—0.05, 43 = —0.07,01 = 0.01,00 = 0.01,03 = 0.01,S519 = 20,550 = 21 and S3p = 19. Then we obtain
= 0.028.

max

4.4. Minimum put scenario

This section is applied to studying the scenario of minimum put. Considering n underlying assets in the
uncertain market which appear down trend, in order to hedge the risk of downtick, a contract is provided for
the investor to sell the minimum stock at strike price K at expiry date 7, while this is just a right instead of
obligation. Hence, the investor should pay for the right to the bank. However, how can we make an appropriate
price satisfy the bank and investor? Next we will resolve this problem according to the pair price principle.

Assumed that f¢. represents the price of minimum put option. Thus the investor should pay f2, at time
0 for holding the opportunity to sell the minimum stock at strike price K at expiry date 7, if the spot price of
the minimum stock is less than K. If not, she can discard the right. Then the present income of the investor is

exp(—rT) [K — min(Si-, Sor, - ,Sm)} *, Thus, at time zero, the investor has the net revenue which is
exp(—rT) [K — min(S1,, Sor, - ,SnT)]+ - fiin-

And from the point of bank, he will receive f2, for selling the contract at time zero. If the spot price of minimum

stock is less than K, then the bank should give the payment whose value is K — min(S1,, Sar, -+, Spr). If not,

it has no influence on the bank. That is, the present income of the bank is — [K — min(S1+, Sar, - ,Sm)]Jr.
Naturally, at time zero, the investor has the net revenue which is

r(?lin - eXp(fT‘T) [K - min(SlT, SZT’ Tty STLT)] "

According to fair price principle that the expected net revenue of the investor should equal to the one of the
bank, we can derive the following relationship

exp(—rT)E{(K — min(S,, Sor, - - )Snr))+:| _pd gl eXp(—?“T)E[(K — min(Si,, Sar, - - 7SnT))+}

min

which indicates
fr‘flin = exp(—TT)E[(K — min(S1,, Sor, - ,Sm))q .

That is, the price of minimum put option is the expected present value of revenue of minimum stock.

Definition 4.19. Assumed that the expiry date is 7 and the strike price is K in a minimum put option. Then
the price of the minimum put option is

ffrllin = exp(fTT)E[(K — min(S1,, Sor, - ’S"T))Jr} )

Theorem 4.20. Considering the same conditions in Definition 4.19, the price of the mazimum call option of

Model (1) is
1 ) +
fd. = exp(frT)/ {K — min (SiO exp <[J,1'T + 773 In — ))} da.
0 ™

1<i<n 1l -«
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Proof. Because of Cy,i = 1,2--- ,n being independent, we may assert that uncertain processes Sy, So¢, -« , Snt
should be independent for any ¢,0 < ¢ < 7. Noting that [K — min(zq, zg, - ,xn)] T s strictly humdrum
decreasing regarded to x1, zs, - - - , T, SO we obtain that [K—min(SlT7 Sory e, Sm)] * has an inverse uncertainty
distribution

) nTtT

= [K — min (Sio exp (uﬂ + 7i7V3 In L= a))} ' (8)

1<i<n T «

¥ (a) = [K — min (67} (1 — a), &5} (1 — a), -+, P11 — a))] ’

from Theorem 2.10. Consider that exp(—r7) is just a real function and has no relation to uncertainty. It follows

from equation (8) and Theorem 2.7 that exp(—r7)|[min(Si-, Sar,- - ,Spr) — K]+ has the following expected
value, that is,

1 . 1 +
fr‘flin = eXp(—rT)/ {K — min (Sio exp (/,LiT + L\/g In a))} do.
0

1<i<n T «

By using variable substitution y = 1 — «, the following equality is derived

1 _ +
fio = exp(—rT)/ {K — min (Sio exp <pﬂ + 7i7V3 In —2 ))} da.
0 s

1<i<n 1l -«

Thus the proof is fulfilled. U

Theorem 4.21. The rainbow option fd..

of mazimum put scenario for Model (1) has the following properties:

1) fa. is respectively decreasing with respect to Sig, j1; and o;;

2) fd. s increasing with respect to K.

. Jﬂ'\/g (6% +
g{K1<i1é1n<Sioexp(uiT+ - lnl—a>)]

is decreasing concerning S;o if other parameters is fixed. Hence, f<.
proof of variables u; and o; is similar to that of Sy.

Proof. 1) The function

is increasing with respect to S;9. The

2) The function

) +
g= {K— in (SiO exp (,uﬂ—l— L\/gl @ ))]
1<i<n s

n
11—«

is increasing concerning K if other parameters is fixed. Hence, f¢. is increasing with respect to K.

min

Example 4.22. Considering Model (1), let n = 3 and set 7 = 20,7 = 0.03, K = 18, u; = —0.04,us =
—0.05, 3 = —0.07,01 = 0.01,09 = 0.01,03 = 0.01,S19 = 20,52 = 21 and S3p = 19. Then we have f2, =
0.0046.
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4.5. Put on 2 and call on 1 scenario

We employ this section to study the colorred put on 2 and call on 1 option, which is actually to evaluate the
option to exchange one stock for the other at maturity date 7. Considering two underlying asset in an uncertain
market, one has an upward trend and the other has downward trend. Hence, a type of option is provided for
the investor, where they can buy the asset 1 at the price of asset 2. This conceptually likes a call option on
asset 1, in which the exercise price is uncertain, dynamic and is the price of asset 2 in reality. However, this is
just a right rather than an obligation. Hence, the investor should pay something for obtaining the opportunity.
However, how much should the contract price be reasonable? Next we will discuss this issue according to the
pair price principle.

Supposed that f denotes the price of put on 2 and call on 1 option. Thus the investor should pay f at time 0
for holding the opportunity to buy the stock 1 at strike price stock 2 at due date 7 if the spot price of the stock
1 is more than that of stock 2. On the contrary, she could give up the right. Following that, the present income
of the investor is exp(—r7) (SlT — SQT)+. Naturally, at time zero, the investor has the net revenue which is

+
exp(—r7)(S1r — S0r) " — 1.
And for the bank, he will receive f for selling the contract at time zero. If the spot price of stock 1 is more
than stock 2, then the bank should give the payment whose value is S1, — So,. If not, he has no any loss. In

other words, the present income of the bank is — (S’lT — SQT)J’_. Naturally, at time zero, the investor has the net
revenue which is

+
f—exp(—r7)(S1r — SQT) .
According to fair price principle that the expected net revenue of the investor should equal to the one of the
bank, therefore we can derive the following relationship

eXP(—TT)E[(Slr - SQT)T —f=f- exp(—rT)E[(SlT — 527)1
which indicates
f= exp(frT)E[(SlT - SQT)+:|-
That is, the price of put on 2 call on 1 option is the expected present value of revenue of stock 1.

Definition 4.23. Assumed that the expiry date is 7 and the strike price is K in a put on 2 and call on 1
option. Then the price of the put on 2 and call on 1 option is

f=exp(—r7)E [(517 - 5'27)—1.

Theorem 4.24. Considering the same conditions in Definition 4.23, the price of the put on 2 and call on 1
option of Model (1) is

017\/§ «
In
™ l—«

In
s l—«

027V3 a >rda

1
f= eXP(*TT)/ {510 exp <M17 + > — Sa0 exp <M27 +
0

where 1 = 2.
Proof. Noting that Cj,7 = 1,2 being independent, we may conclude that Sy;, So; are independent uncertain
processes for any t,0 <t < 7. Due to (a:l — x2)+ being strictly humdrum increasing regarded to x; and strictly

humdrum decreasing regarded to 2, so we obtain that (SlT — 527—)+ has an inverse uncertainty distribution
+
v (a) = [07}(0) - 231(1 )]
017\/§ le’

In
™ 11—«

In
T «

oo7V3 104”+

= [Sio exp (MT + ) — Sio exp <H27’ +



PRICING RAINBOW OPTION FOR UNCERTAIN FINANCIAL MARKET 3987

from Theorem 2.10. Consider that exp(—r7) is just a real function and has no relation to uncertainty. It follows
from equation (9) and Theorem 2.7 that exp(—r7) (SlT - SQT)+ has the following expected value, that is,

1 +
1—
I= eXP(—TT)/ {510 exp <M1T + 01;\/3 In a) — Sap exp <M27 + 02;\/3 In a)} da.
0

1l -« «

For one case, if S1, > S, then by using variable substitution y = 1 — «, the following equality is derived

! V3, 1-—
f= eXp(—TT)/ [Sw exp <M1T + 017'\/3 . a ) Sog exp (/.LQT + UQW\f In a)] da
0 ™

(07

1
1 —
)da —exp(—r7) / Sop exp <p2t + UzT\/gda In a>da
0 T «
3
= exp(—7r7) / S10 exp (,ulT + )da —exp(—rT) / Soo exp (ﬂQT + 2T\[dcu In a )da
0

1
3
= eXp(—TT)/ [510 exp ( 1T + \[ In ) So0 exp (,LLQT + LK) In a )]da.
0 T l1-«a T 1

- -«

1
= exp(frT)/ S10 exp (,LL1T+
0

For the other case, if S, < S9,, then f = 0. Thus we derive

' +
f= exp(—rT)/ {Slo exp <M17 + 01;\/3 In a> — Sag exp (MQT + 02;\/3 In 2 ﬂ dao.
0

11—« l—«

Thus the proof is completed. O

Theorem 4.25. The rainbow option f of mazimum put scenario for Model (1) where i = 2 has the following
properties:

1) f is respectively increasing with respect to Sio, 1 and o1;

2) f is decreasing with respect to Sag, po and os.

Proof. 1) The function

0'17'\/§ «
In
T

= {510 exp (MlT + ) — Sy exp (MQT +

11—«

ooTV3 o )} +
In
s

is decreasing concerning Sig if other parameters is fixed. Hence, f is increasing with respect to Sig. The
proof of variables p; and o7 is similar to that of Sig.

2) The function

o o
g= |Sipexp | u17+ In — Sogexp | poT + 2 In
s l1—« s 11—«

17V3 o 3 @ >Tr

is decreasing concerning Soq if other parameters is fixed. Hence, f is decreasing with respect to Sog. The
proof of variables po and o4 is similar to that of Sag.

O

Example 4.26. Considering Model (1), let n = 3 and set 7 = 10,7 = 0.03, K = 18, 41 = 0.05, uo = 0.03, 07 =
0.03,02 = 0.025, S19 = 13, and S99 = 10. Then we have f = 0.0148.
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5. CONCLUSIONS

In this paper, we assume that the dynamic stock prices obey uncertain differential equation without sharing
dividends. Based on the multiple uncertain stock model, we studied the rainbow option pricing issue for multiple
stocks in a financial market with uncertain information, presented the concepts of corresponding option and
derived pricing formulas for five scenarios including maximum call, minimum call, maximum put, minimum put,
and put on 2 and call on 1. In the future, some extensions can be considered. For example, we can introduce
the rainbow option to uncertain interest market and uncertain currency market under the frame of uncertainty
theory, respectively. In addition, we can also design rainbow option into other types such as American option
type and Asian option type. Furthermore, the rainbow option can also be combined with barrier option. Then
these new combined options can be used into stock market, interest market and currency market.
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