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OPTIMAL INVESTMENT AND REINSURANCE ON SURVIVAL AND GROWTH
PROBLEMS FOR THE RISK MODEL WITH COMMON SHOCK DEPENDENCE

Shida Duan1 and Zhibin Liang2,*

Abstract. This paper investigates goal-reaching problems regarding optimal investment and pro-
portional reinsurance with two dependent classes of insurance business, where the two claim number
processes are correlated through a common shock component. The optimization problems are formu-
lated in a general form first, and then four criteria including maximum survival probability, minimum
expected ruin penalty, minimum (maximum) expected time (reward) to reach a goal are fully discussed.
By the technique of stochastic control theory and through the corresponding Hamilton–Jacobi–Bellman
equation, the optimal results are derived and analyzed in different cases. In particular, when discussing
the maximum survival probability with a target level 𝑈 beyond the safe level (where ruin can be avoided
with certainty once it is achieved), we construct 𝜖-optimal (suboptimal) strategies to resolve the inac-
cessibility of the safe level caused by classical optimal strategies. Furthermore, numerical simulations
and analysis are presented to illustrate the influence of typical parameters on the main results.
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1. Introduction

The topic of reaching a goal has been discussed widely in the past few decades. Associated research started
from Dubins and Savage [1], Pestien and Sudderth [2] and continuoued with the work of Browne [3–6]. Karatzas
[7] discussed the maximization of reaching a target level in a fixed period of time, and Browne [4] investigated
the optimal investment strategies for both survival and growth problems in infinite horizon. More recently, there
has been a focus on maximizing the probability of reaching the bequest. See, for instance, Liang and Young [8],
Bayraktar and Young [9], Bayraktar et al. [10, 11].

The discussion on goal-reaching problems lies mainly in two fields including life insurance and non-life insur-
ance. In the area of non-life insurance business and from the perspective of an insurance company, there are
several intriguing problems like maximizing the probability of reaching a target wealth level before ruin or
minimizing the probability of ruin [12,13]. The initial work can be found in Schmidli [14], Promislow and Young
[15], and Luo [16]. Yener [17] further discussed target maximization issues on portfolio strategies regarding
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survival and growth problems, where constraints with borrowing are set in the financial market. Considering
the influence of common shock, Han et al. [18] investigated the optimal proportional reinsurance with constraints
of [0, 1] on the retention level to minimize the probability of drawdown. Luo et al. [19] considered goal-reaching
problems regarding optimal robust investment and proportional reinsurance with penalty on ambiguity, and the
uncertainty lied in the drift of the risky asset and the claim process.

In the area of life insurance business and from the perspective of an individual, the objectives mainly discussed
involve minimizing the probability of lifetime ruin and maximizing the probability of reaching a bequest goal.
Early studies were pioneered by Milevsky and Robinson [20] and Young [21]. After that, many papers adopted
constraints on consumption and borrowing. Bayraktar et al. [11] seeked the optimal strategies of reaching a
bequest goal under the framework that the individual could consume from the investment account and purchase
term life insurance. Liang and Young [8] solved two optimization problems of reaching a bequest goal with
ambiguity in the return rate of risky asset and the hazard rate of mortality.

Even though a lot of work has been done regarding goal-reaching problems, very few of them considered com-
mon shock influence. Typically, insurance businesses are often shown as dependent. For instance, an earthquake,
hurricane or tsunami often leads to various insurance claims such as death claims, medical claims and household
claims. Therefore, a single event generates claims from different lines of insurance. The so-called common shock
risk model is designed to depict such a dependent structure. Research on common shock problems have been
extensively discussed in the past years. See, for example, Wang [22]; Yuen et al. [23,24]; Centeno [25]; Bai et al.
[26]; Yuen et al. [27]; Liang and Yuen [28, 29]; Bi et al. [30]; Han et al. [18]. Centeno [25] studied the optimal
excess of loss retention limits for two dependent classes of insurance risks. Under the criterion of maximizing the
expected exponential utility, Liang and Yuen [28] considered the optimal reinsurance strategy in a risk model
with two dependent classes of insurance business by the variance premium principle. Bi et al. [30] considered
the problem of optimal reinsurance with two dependent classes of insurance risks in a regime-switching financial
market.

Inspired by the above mentioned work, we focus on both survival problems in the danger-zone and growth
problems in the safe-region from the perspective of an insurance company. The insurance company involves
in two dependent classes of business which correlated with a common shock, and it not only invests in the
financial market with multiple risky assets and a risk-less bond but also shares claim risk with an reinsurance
company. Thus, the control variables being considered are the investment strategy and the retention level for
each business. In this work, we first formulate a general form of portfolio and asset allocation problem under
the financial market framework with the verification theorem. Next, the optimal results for both survival and
growth problems are discussed in detail under a financial market with one risky asset. Since we constrain the
retention levels to be nonnegative, the optimization problems are divided into multiple cases, which makes the
problem more challenging. Note that because of the non-cheap cost of reinsurance, there exists a safe level that
ruin can be avoided once the wealth level hits it. However, it turns out that the optimal strategy will not help
the insurance company reach the safe level when the initial surplus is below it. Motivated by Browne [4], we
construct an 𝜖-optimal strategy to overcome this dilemma so that the wealth can achieve the safe region with
a positive probability.

Based on Browne [3], we extend the model and the problems to the reinsurance industry which can be seen
in the following aspects. Firstly, Browne [4] dealt with optimal investment and consumption, while our work
discusses optimal investments and proportional reinsurance under a common shock framework. When consid-
ering a full reinsurance strategy, the surplus process in our work will degenerate to a process with investments
and a constant consumption rate, then the model in Browne [4] can be realized under our framework. From this
perspective, our paper is more general. Secondly, Browne [4] set no constraints on the control variables, while
we constraint the retention level of reinsurance to be nonnegative, which entails more cases to discuss. Further-
more, we perform numerical examples and provide economic explanations behind those results. In particular,
we add Example 5.3 in Section 5 to analyze the economic background and stress the importance of common
shock influence.
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This paper is organized as follows. In Section 2, we construct usual portfolio and asset allocation problems
in a general form and present its Hamilton–Jacobi–Bellman equations with regard to multiple risky assets
model. In Section 3, we discuss two survival problems regarding maximum survival probability and minimum
expected ruin penalty in different cases. For the maximum problem, when the target level 𝑈 is set below the safe
level, the optimal solutions are obtained explicitly through stochastic control theory and dynamic programming
principle; when 𝑈 is larger than or equal to the safe level, suboptimal strategies are constructed to resolve the
inaccessibility of the safe level under classical strategy. In Section 4, two growth problems about the minimum
expected time and maximum expected reward to a goal are further discussed. To illustrate the main results, we
study numerical examples regarding Section 3.1 and make an analysis in Section 5. Finally, we present a few
interesting directions for further research in Section 6.

2. Model and problem formulation

Throughout this paper, we assume that 𝑊𝑡 = (𝑊1,𝑡, ...,𝑊𝑑,𝑡, 𝑊𝑑+1,𝑡, 𝑊𝑑+2,𝑡) is a 𝑑+2 dimensional correlated
Brownian motion with 𝐸[𝑊𝑖,𝑡𝑊𝑗,𝑡] = 𝜌𝑖𝑗𝑡 in a probability space (Ω,ℱ , P, F), where F = {ℱ𝑡}𝑡≥0. We assume
that 𝜌𝑖𝑗 ∈ [0, 1] and the matrix (𝜌𝑖𝑗) is invertible.
Risk model with common shock. Assume that there are two dependent classes of insurance business which
are generated by three claim number processes: let 𝑁𝑗,𝑡, 𝑗 ∈ {1, 2}, be the claim number process of only type
𝑗 business by time 𝑡 and let 𝑁𝑡 be the number of claims that generates both claims by time 𝑡. Let {𝑌 𝑖

𝑗 }𝑖∈N,
𝑗 ∈ {1, 2} be two sequence of positive independent and identically distributed (i.i.d) random variables with
second moments. The sequence of random variables {𝑌 𝑖

𝑗 }𝑖∈N, 𝑗 ∈ {1, 2} represent the sequence of claim size
of the two classes of insurance business, following the distribution functions 𝐹𝑗(𝑦), 𝑗 ∈ {1, 2}. Without loss of
generality, we assume that 𝐹𝑗(𝑦) = 0, 𝑗 ∈ {1, 2} for 𝑦 ≤ 0 and 0 < 𝐹𝑗(𝑦) ≤ 1, 𝑗 ∈ {1, 2} for 𝑦 > 0. Then the
aggregate claims processes are given by

𝑍𝑡 = 𝑍1𝑡 + 𝑍2𝑡 =
2∑︁

𝑗=1

𝑁𝑗,𝑡+𝑁𝑡∑︁
𝑖=1

𝑌 𝑖
𝑗 ,

where 𝑁𝑗,𝑡 +𝑁𝑡, 𝑗 ∈ {1, 2}, are the aggregated claim number processes for the class 𝑗, and {𝑁𝑗,𝑡}𝑡≥0, 𝑗 ∈ {1, 2},
{𝑁𝑡}𝑡≥0 are independent Poisson processes with intensity 𝜁𝑗 , 𝑗 ∈ {1, 2} and 𝜁 respectively. The counting process
{𝑁𝑡}𝑡≥0 plays the role of the common shock, such as a nature disaster brings claims to both insurance businesses.
Note that the dependence of the two classes of business comes from a common shock governed by the counting
process {𝑁𝑡}𝑡≥0.

Following Grandell [31], we make diffusion approximations to 𝑍𝑗,𝑡, 𝑗 ∈ {1, 2} using Brownian motion risk
models given by

𝑍𝑗,𝑡 = 𝑎𝑗𝑡− 𝑏𝑗𝑊𝑑+𝑗,𝑡;

𝑗 ∈ {1, 2} with 𝑎𝑗 = (𝜁𝑗 +𝜁)𝐸[𝑌𝑗 ], 𝑏2
𝑗 = (𝜁𝑗 +𝜁)𝐸[(𝑌𝑗)2]. The correlation coefficient of the two standard Brownian

motions is 𝜌𝑑+1,𝑑+2.
Risk model with reinsurance. Assume that the insurance company continuously purchases reinsurance for
the sake of risk control. Let (𝑋𝑡)𝑡≥0 be the wealth process under the control of both reinsurance and investment
strategies. Let 𝑞𝑗,𝑡 be the retention level of claim 𝑗 ∈ {1, 2} at time 𝑡 and 𝛿(𝑞1,𝑡, 𝑞2,𝑡) be the reinsurance premium
rate given the retention level 𝑞𝑗,𝑡, 𝑗 ∈ {1, 2}.

Following the expected value premium principle, the premium rate 𝑐 is given by

𝑐 = (1 + 𝜃1)𝑎1 + (1 + 𝜃2)𝑎2, (2.1)

and the reinsurance premium rate 𝛿(𝑞1,𝑡, 𝑞2,𝑡) is given by

𝛿(𝑞1,𝑡, 𝑞2,𝑡) = (1 + 𝜂1)(1− 𝑞1,𝑡)𝑎1 + (1 + 𝜂2)(1− 𝑞2,𝑡)𝑎2, (2.2)



3614 S. DUAN AND Z. LIANG

where 𝜃𝑖 and 𝜂𝑖, 𝑖 ∈ {1, 2}, are the insurer and the reinsurer’s safety loading of the two classes of insurance
business, respectively. To avoid triviality, we assume 𝜂𝑖 ≥ 𝜃𝑖 (𝑖 = 1, 2).

Risk model with portfolio. Suppose that a financial market consists of a risk-free bond with interest rate
𝑟 ≥ 0, and 𝑑 risky assets with the geometric Brownian motion

𝑑𝑆𝑖,𝑡

𝑆𝑖,𝑡
= 𝜇𝑖d𝑡 + 𝜎𝑖𝑑𝑊𝑖,𝑡, 𝑖 = 1, 2, ..., 𝑑. (2.3)

We assume correlation among all the process. For 𝑖, 𝑗 ∈ {1, ..., 𝑑}, 𝜌𝑖𝑗 = 𝑐𝑜𝑣(𝑆𝑖, 𝑆𝑗); for 𝑖 ∈ {1, ..., 𝑑}, 𝑗 ∈ {1, 2},
𝜌𝑖(𝑑+𝑗) = 𝑐𝑜𝑣(𝑆𝑖, 𝑍𝑗); for 𝑖, 𝑗 ∈ {1, 2}, 𝜌(𝑑+𝑖)(𝑑+𝑗) = 𝑐𝑜𝑣(𝑍𝑖, 𝑍𝑗). Assume 𝜇𝑖 ∈ R and 𝜎𝑖 ∈ R be F-progressively
measurable processes. Let 𝜋𝑖,𝑡 be the amounts invested in the 𝑖th, 𝑖 ∈ {1, 2, ..., 𝑑}, risky assets at time 𝑡. Then
the diffusion wealth process 𝑋𝑡 evolves as

𝑑𝑋𝑡 =
𝑑∑︁

𝑖=1

𝜋𝑖,𝑡
𝑑𝑆𝑖,𝑡

𝑆𝑖,𝑡
+
(︂

𝑋𝑡 −
𝑑∑︁

𝑖=1

𝜋𝑖,𝑡

)︂
𝑟d𝑡 + [𝑐− 𝛿(𝑞1,𝑡, 𝑞2,𝑡)]d𝑡− 𝑞1,𝑡𝑑 ˆ𝑍1,𝑡 − 𝑞2, 𝑡)𝑑 ˆ𝑍2,𝑡

=

[︃
𝑟𝑋𝑡 − 𝛼 +

𝑑∑︁
𝑖=1

𝜋𝑖,𝑡(𝜇𝑖 − 𝑟) + 𝛼1𝑞1,𝑡 + 𝛼2𝑞2,𝑡

]︃
d𝑡 +

𝑑∑︁
𝑖=1

𝜋𝑖,𝑡𝜎𝑖𝑑𝑊𝑖,𝑡 +
2∑︁

𝑗=1

𝑞𝑗,𝑡𝑏𝑗𝑑𝑊𝑑+𝑗,𝑡,

(2.4)

where 𝛼1 = 𝜂1𝑎1 ≥ 0, 𝛼2 = 𝜂2𝑎2 ≥ 0, 𝛼 = (𝜂1 − 𝜃1)𝑎1 + (𝜂2 − 𝜃2)𝑎2 ≥ 0, 𝑋0 = 𝑥.

Definition 2.1 (Admissible set). 𝜋 = (𝜋1,𝑡, ..., 𝜋𝑑,𝑡, 𝑞1,𝑡, 𝑞2,𝑡)⊤𝑡≥0 is an admissible control if it is F−𝑎𝑑𝑎𝑝𝑡𝑒𝑑 and
meets the integrability condition that

∫︁ 𝑇

0

⎛⎝ 2∑︁
𝑗=1

𝑞2
𝑗,𝑠 +

𝑑∑︁
𝑖=1

𝜋2
𝑖,𝑠

⎞⎠d𝑠 < ∞

for every 𝑇 < ∞, P− 𝑎.𝑠. The set of all admissible control is denoted by 𝒜.

General problem formulation. Denote the first time hitting the point 𝑧 under the control 𝜋𝑡 =
(𝜋1,𝑡, ..., 𝜋𝑑,𝑡, 𝑞1,𝑡, 𝑞2,𝑡)⊤𝑡≥0 as 𝜏𝜋

𝑧 := inf{𝑡 > 0 : 𝑋𝜋
𝑡 = 𝑧}. Set a lower level 𝐿 which could be interpreted as

the bankruptcy level and an upper level 𝑈 which could be interpreted as the target level for the wealth process.
The first time to escape from the interval (𝐿, 𝑈) with 𝐿 < 𝑋0 < 𝑈 is defined as 𝜏𝜋 := min{𝜏𝜋

𝐿 , 𝜏𝜋
𝑈 }. We will

write 𝜏𝜋 as 𝜏 in the following context for simplicity. Consider the value function

𝑉 (𝑥) = sup
𝜋∈𝒜

E𝑥

[︂∫︁ 𝜏

0

𝑔(𝑋𝑡)𝑒−
∫︀ 𝑡
0 𝜆(𝑋𝑠)d𝑠d𝑡 + ℎ(𝑋𝜏 )𝑒−

∫︀ 𝜏
0 𝜆(𝑋𝑠)d𝑠

]︂
, (2.5)

in which E𝑥(·) := E(·|𝑋0 = 𝑥), 𝜆(𝑥) is a nonnegative continuous function, ℎ(𝑥) and 𝑔(𝑥) are real bounded and
continuous functions.

For any function 𝑣(𝑥) ∈ 𝒞2(𝐿, 𝑈), the operater is defined as

ℒ𝜋𝑣(𝑥) = 𝑣𝑥(𝑟𝑥− 𝛼) + 𝑣𝑥𝜇⊤𝜋 +
1
2
𝑣𝑥𝑥𝜋⊤Ω𝜋, (2.6)
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where 𝑣𝑥 and 𝑣𝑥𝑥 are partial derivatives of 𝑣(𝑥), 𝜋 = (𝜋1, ..., 𝜋𝑑, 𝑞1, 𝑞2)⊤, 𝜇 := (𝜇1 − 𝑟, ..., 𝜇𝑑 − 𝑟, 𝛼1, 𝛼2)⊤, and
the positive semi-definite covariance matrix

Ω :=

⎛⎜⎜⎜⎝
𝑐𝑜𝑣(𝑆1, 𝑆1) · · · 𝑐𝑜𝑣(𝑆1, 𝑆𝑑) 𝑐𝑜𝑣(𝑆1, 𝑍1) 𝑐𝑜𝑣(𝑆1, 𝑍2)

· · · · · · · · · · · · · · ·
𝑐𝑜𝑣(𝑆𝑑, 𝑆1) · · · 𝑐𝑜𝑣(𝑆𝑑, 𝑆𝑑) 𝑐𝑜𝑣(𝑆𝑑, 𝑍1) 𝑐𝑜𝑣(𝑆𝑑, 𝑍2)
𝑐𝑜𝑣(𝑍1, 𝑆1) · · · 𝑐𝑜𝑣(𝑍1, 𝑆𝑑) 𝑐𝑜𝑣(𝑍1, 𝑍1) 𝑐𝑜𝑣(𝑍1, 𝑍2)
𝑐𝑜𝑣(𝑍2, 𝑆1) · · · 𝑐𝑜𝑣(𝑍2, 𝑆𝑑) 𝑐𝑜𝑣(𝑍2, 𝑍1) 𝑐𝑜𝑣(𝑍2, 𝑍2)

⎞⎟⎟⎟⎠ (2.7)

=

⎛⎜⎜⎜⎝
𝜎2

1 · · · 𝜎1𝜎𝑑𝜌1𝑑 𝜎1𝑏1𝜌1(𝑑+1) 𝜎1𝑏2𝜌1(𝑑+2)

· · · · · · · · · · · · · · ·
𝜎1𝜎𝑑𝜌1𝑑 · · · 𝜎2

𝑑 𝜎𝑑𝑏1𝜌𝑑(𝑑+1) 𝜎𝑑𝑏2𝜌𝑑(𝑑+2)

𝜎1𝑏1𝜌1(𝑑+1) · · · 𝜎𝑑𝑏1𝜌𝑑(𝑑+1) 𝑏2
1 𝑏1𝑏2𝜌(𝑑+1)(𝑑+2)

𝜎1𝑏2𝜌1(𝑑+2) · · · 𝜎𝑑𝑏2𝜌𝑑(𝑑+2) 𝑏1𝑏2𝜌(𝑑+1)(𝑑+2) 𝑏2
2

⎞⎟⎟⎟⎠ . (2.8)

Now we give the verification theorem for the stochastic control problem (2.5).

Theorem 2.1. Suppose 𝑣(𝑥) ∈ 𝒞2(𝐿, 𝑈) satisfies the following properties: for any 𝑥 ∈ (𝐿, 𝑈),

(1) 𝑣(𝑥) is concave, meaning that its derivatives satisfy 𝑣𝑥(𝑥) > 0, 𝑣𝑥𝑥(𝑥) < 0;
(2) 𝑣(𝐿) = ℎ(𝐿), 𝑣(𝑈) = ℎ(𝑈);
(3) −𝜆(𝑥)𝑣(𝑥) + ℒ𝜋𝑣(𝑥) + 𝑔(𝑥) ≤ 0 for all 𝜋 ∈ R𝑑 × [0, +∞)2;
(4) −𝜆(𝑥)𝑣(𝑥) + ℒ𝜋*𝑣(𝑥) + 𝑔(𝑥) = 0 for some function 𝜋*(𝑥) ∈ R𝑑 × [0, +∞)2;
(5) for 𝜋*(𝑥) in condition 3, the following feedback stochastic differential equation has a unique strong solution:

𝑑𝑋*
𝑡 =

[︂
𝑟𝑋*

𝑡 − 𝛼 +
𝑑∑︁

𝑖=1

𝜋*𝑖 (𝑋*
𝑡 )(𝜇𝑖 − 𝑟) + 𝛼1𝑞

*
1(𝑋*

𝑡 ) + 𝛼2𝑞
*
2(𝑋*

𝑡 )
]︂
d𝑡

+
𝑑∑︁

𝑖=1

𝜎𝑖𝜋
*
𝑖 (𝑋*

𝑡 )𝑑𝑊𝑖,𝑡 +
2∑︁

𝑗=1

𝑏𝑗𝑞
*
𝑗 (𝑋*

𝑡 )𝑑𝑊𝑑+𝑗,𝑡

(2.9)

where 𝑋0 = 𝑥 and
(︀
𝜋*(𝑋*

𝑡 )
)︀
𝑡≥0

∈ 𝒜.

Then, 𝑣 = 𝑉 and
(︀
𝜋*(𝑋*

𝑡 )
)︀
𝑡≥0

is an optimal control.

Proof. See Appendix A. �

Then, the HJB equation follows as

0 = sup
𝜋∈R𝑑×[0,+∞)2

[−𝜆(𝑥)𝑣(𝑥) + ℒ𝜋𝑣(𝑥) + 𝑔(𝑥)]

= −𝜆(𝑥)𝑣(𝑥) + 𝑔(𝑥) + 𝑣𝑥(𝑟𝑥− 𝛼) + sup
𝜋∈R𝑑×[0,+∞)2

[︂
𝑣𝑥𝜇⊤𝜋 +

1
2
𝑣𝑥𝑥𝜋⊤Ω𝜋

]︂
,

(2.10)

with the boundary conditions 𝑣(𝐿) = ℎ(𝐿) and 𝑣(𝑈) = ℎ(𝑈).
Note that

sup
𝜋∈R𝑑×[0,+∞)2

{︁
𝑣𝑥𝜇⊤𝜋 +

1
2
𝑣𝑥𝑥𝜋⊤Ω𝜋

}︁
(2.11)

is obtained at

𝜋̂ = − 𝑣𝑥

𝑣𝑥𝑥
Ω−1𝜇. (2.12)
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Substitute 𝜋̂ into the HJB equation we get

0 = −𝜆(𝑥)𝑣(𝑥) + 𝑔(𝑥) + 𝑣𝑥(𝑟𝑥− 𝛼)− 1
2

𝑣2
𝑥

𝑣𝑥𝑥
𝜇⊤Ω−1𝜇,

𝐿 < 𝑥 < 𝑈 with boundary conditions 𝑣(𝐿) = ℎ(𝐿), 𝑣(𝑈) = ℎ(𝑈).

Remark 2.1. From (2.4), we can see that when the initial wealth level 𝑥 > 𝛼
𝑟 , ruin can be avoided by simply

choosing a policy which invests only in the risk-free bond and transfers all of the claim risk to the reinsurance
company. To be more specific, if we choose 𝜋 = (𝜋1, ..., 𝜋𝑑, 𝑞1, 𝑞2)⊤ = 0, the surplus will follow a deterministic
differential equation 𝑑𝑋𝑡 = (𝑟𝑋𝑡 − 𝛼)d𝑡 for 𝑋0 = 𝑥 > 𝛼

𝑟 , which implies that the wealth process will experience
an exponential growth. Thus, 𝑃 (𝜏𝑥−𝜖 = ∞) = 1, 𝑎.𝑠. for any 𝜖 > 0. On the other hand, when the initial wealth
level 𝑥 < 𝛼

𝑟 , for any admissible control 𝜋 ∈ 𝒜, the insurance company will inevitably face a possibility of
bankruptcy because of the stochastic factors existed in the wealth process (2.4). Therefore, 𝛼

𝑟 is called the “safe
point” or “safe level” since the company can avoid ruin once it is achieved. Obviously, the survival problem is
interesting in the so-called “danger-zone” with 𝑥 < 𝛼

𝑟 and the growth problem is meaningful in the so-called
“safe-region” with 𝑥 > 𝛼

𝑟 .

Remark 2.2. As we can see from the form of the maximizers in (2.12), the discussion of the constraints (𝑞1 ≥ 0
and 𝑞2 ≥ 0) requires an explicit expression of the last two rows of Ω−1, which is difficult to be derived in the
(𝑑 + 2) × (𝑑 + 2) dimensional matrix. Fortunately, when 𝜌𝑖(𝑑+1) = 0 and 𝜌𝑖(𝑑+2) = 0, 𝑖 ∈ {1, ..., 𝑑}, (implying
that the financial market is independent with the two aggregate claims), the last two rows of Ω−1 will be able
to be figured out (with the nonzero elements coming from the inverse of the 2 × 2 matrix in the lower right
corner of Ω). From this point of view, the discussion of 𝑑 + 2 dimensional framework with 𝑑 risky assets being
independent with the two aggregate claims will be able to be accomplished and it has no much difference with
the situation when 𝑑 = 1 under this independent structure, which would be a special case (with 𝜌12 = 𝜌13 = 0)
in the detailed discussions below. Therefore, we focus on 𝑑 = 1 dimensional financial framework with dependent
structure (meaning that the financial market with one risky asset is dependent with the two aggregate claims)
from now on.

Special problem formulation. Consider a financial market with one risky asset (𝑑 = 1).
Denote 𝜇 = (𝜇− 𝑟, 𝛼1, 𝛼2)⊤, 𝜋 = (𝜋𝑡, 𝑞1,𝑡, 𝑞2,𝑡)⊤𝑡≥0 and the covariance matrix

Ω =

⎛⎝ 𝜎2 𝜎𝑏1𝜌12 𝜎𝑏2𝜌13

𝜎𝑏1𝜌12 𝑏2
1 𝑏1𝑏2𝜌23

𝜎𝑏2𝜌13 𝑏1𝑏2𝜌23 𝑏2
2

⎞⎠ .

Then the wealth process is given by

𝑑𝑋𝑡 = [𝑟𝑋𝑡 − 𝛼 + 𝜋𝑡(𝜇− 𝑟) + 𝛼1𝑞1,𝑡 + 𝛼2𝑞2,𝑡] d𝑡 + 𝜋𝑡𝜎𝑑𝑊1,𝑡 +
2∑︁

𝑗=1

𝑞𝑗,𝑡𝑏𝑗𝑑𝑊1+𝑗,𝑡. (2.13)

Accordingly, the generator of value function is reduced to

ℒ𝜋𝑣(𝑥) = 𝑣𝑥(𝑟𝑥− 𝛼 + 𝜇⊤𝜋) +
1
2
𝑣𝑥𝑥𝜋⊤Ω𝜋. (2.14)

Define

𝑝(𝜋, 𝑞1, 𝑞2) = 𝑣𝑥𝜇⊤𝜋 +
1
2
𝑣𝑥𝑥𝜋⊤Ω𝜋, (2.15)
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its maximizer is 𝜋̂ = − 𝑣𝑥

𝑣𝑥𝑥
Ω−1𝜇. Since

Ω−1 = 𝜅1

⎛⎜⎜⎝
1−𝜌2

23
𝜎2 −𝜅2 −𝜅4

−𝜅2
1−𝜌2

13
𝑏21

−𝜅3

−𝜅4 −𝜅3
1−𝜌2

12
𝑏22

⎞⎟⎟⎠ ,

where ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝜅1 =
1

(1− 𝜌2
12)(1− 𝜌2

13)− (𝜌12𝜌13 − 𝜌23)2
,

𝜅2 =
𝜌12 − 𝜌13𝜌23

𝜎𝑏1
,

𝜅3 =
𝜌23 − 𝜌12𝜌13

𝑏1𝑏2
,

𝜅4 =
𝜌13 − 𝜌12𝜌23

𝜎𝑏2
,

(2.16)

and by denoting

𝑚 = Ω−1𝜇 =

⎛⎝𝑚0

𝑚1

𝑚2

⎞⎠ = 𝜅1

⎛⎜⎜⎝
1−𝜌2

23
𝜎2 (𝜇− 𝑟)− 𝜅2𝛼1 − 𝜅4𝛼2

−𝜅2(𝜇− 𝑟) + 1−𝜌2
13

𝑏21
𝛼1 − 𝜅3𝛼2

−𝜅4(𝜇− 𝑟)− 𝜅3𝛼1 + 1−𝜌2
12

𝑏22
𝛼2

⎞⎟⎟⎠ , (2.17)

we have
𝜋̂ = − 𝑣𝑥

𝑣𝑥𝑥
𝑚. (2.18)

Substituting (2.18) into the HJB equation

0 = −𝜆(𝑥)𝑣(𝑥) + 𝑔(𝑥) + 𝑣𝑥(𝑟𝑥− 𝛼) + sup
𝜋∈R×[0,+∞)2

{︁
𝑣𝑥𝜇⊤𝜋 +

1
2
𝑣𝑥𝑥𝜋⊤ΣΣ⊤𝜋

}︁
, (2.19)

we obtain

0 = −𝜆(𝑥)𝑣(𝑥) + 𝑔(𝑥) + 𝑣𝑥(𝑟𝑥− 𝛼)− 1
2

𝑣2
𝑥

𝑣𝑥𝑥
𝜇⊤Ω−1𝜇

= −𝜆(𝑥)𝑣(𝑥) + 𝑔(𝑥) + 𝑣𝑥(𝑟𝑥− 𝛼) +
1
2

𝑣2
𝑥

𝑣𝑥𝑥
𝜅1

[︂
−1− 𝜌2

23

𝜎2
(𝜇− 𝑟)2 − 1− 𝜌2

13

𝑏2
1

𝛼2
1

−1− 𝜌2
12

𝑏2
2

𝛼2
2 + 2(𝜅2𝛼1 + 𝜅4𝛼2)(𝜇− 𝑟) + 2𝜅3𝛼1𝛼2

]︂
,

(2.20)

with the boundary conditions 𝑣(𝐿) = ℎ(𝐿), 𝑣(𝑈) = ℎ(𝑈) for 𝑥 ∈ (𝐿, 𝑈).
In the next two sections, we will discuss about two different scenarios. In Section 3, we discuss about survival

problems, in which the initial wealth of an insurance company is below the safe level. In Section 4, we discuss
about growth problems, in which the initial wealth of an insurance company is above the safe level.

3. Optimal results for survival problems

In this section, we discuss the optimal investment and reinsurance problems under two criteria within the
“danger-zone” with 𝑥 < 𝛼

𝑟 , where the insurance company has a possibility of ruin.
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3.1. Maximize the probability of reaching a goal before ruin

Now, we formulate the following problem: for any initial wealth point 𝑥 ∈ (𝐿, 𝛼
𝑟 ), we aim to obtain the

optimal policy which maximizes the probability of hitting the level 𝑈 before 𝐿. Let

𝑉1(𝑥 : 𝐿, 𝑈) = sup
𝜋∈𝒜

P𝑥 (𝜏𝜋
𝐿 > 𝜏𝜋

𝑈 ) = sup
𝜋∈𝒜

E𝑥

[︁
𝐼{𝜏𝜋

𝐿 >𝜏𝜋
𝑈 }

]︁
. (3.1)

Remark 3.1. Recognize that the problem in this subsection is the special case of (2.5) with 𝜆 = 0, 𝑔 = 0 and
ℎ(𝑥) = 𝑥−𝐿

𝑈−𝐿 , so that ℎ(𝑈) = 1, ℎ(𝐿) = 0.

Remark 3.2. Constrain the retention level 𝑞1 and 𝑞2 within [0, +∞), and the investment strategy 𝜋 ∈ R.
From (2.16)–(2.18) and the condition that 𝑣𝑥

𝑣𝑥𝑥
< 0, the sign of 𝑞𝑖, 𝑖 ∈ {1, 2} are related to the signs of 𝜅1,

−𝜅2(𝜇−𝑟)+ 1−𝜌2
13

𝑏21
𝛼1−𝜅3𝛼2 and −𝜅4(𝜇−𝑟)−𝜅3𝛼1 + 1−𝜌2

12
𝑏22

𝛼2. We will discuss the sign of 𝑞𝑖, 𝑖 ∈ {1, 2} from the
perspective of comparing 𝛼1. Without loss of generality, suppose 𝜅1 > 0 (the discussion of the other direction
can be obtained in the same way) and set⎧⎪⎪⎨⎪⎪⎩

𝜍1 =
𝑏2
1

(1− 𝜌2
13)

[𝜅2(𝜇− 𝑟) + 𝜅3𝛼2] ,

𝜍2 =
1
𝜅3

[︂
−𝜅4(𝜇− 𝑟) +

1− 𝜌2
12

𝑏2
2

𝛼2

]︂
.

(3.2)

Thus, we split the problem into following three cases.

Case A. 𝜅1 > 0 and 𝜅3 > 0,

For 𝜍1 < 𝜍2, we have ⎧⎪⎨⎪⎩
Case 1 : 𝛼1 ≥ 𝜍2, ⇒ 𝑞1 > 0, 𝑞2 ≤ 0;

Case 2 : 𝜍1 < 𝛼1 < 𝜍2, ⇒ 𝑞1 > 0, 𝑞2 > 0;

Case 3 : 𝛼1 ≤ 𝜍1, ⇒ 𝑞1 ≤ 0, 𝑞2 > 0.

For 𝜍1 > 𝜍2, we have ⎧⎪⎨⎪⎩
Case 1 : 𝛼1 > 𝜍1, ⇒ 𝑞1 > 0, 𝑞2 < 0;

Case 2 : 𝜍2 ≤ 𝛼1 ≤ 𝜍1, ⇒ 𝑞1 ≤ 0, 𝑞2 ≤ 0;

Case 3 : 𝛼1 < 𝜍2, ⇒ 𝑞1 < 0, 𝑞2 > 0.

For 𝜍1 = 𝜍2, we have ⎧⎪⎨⎪⎩
Case 1 : 𝛼1 > 𝜍1 = 𝜍2, ⇒ 𝑞1 > 0, 𝑞2 < 0;

Case 2 : 𝛼1 = 𝜍1 = 𝜍2, ⇒ 𝑞1 = 0, 𝑞2 = 0;

Case 3 : 𝛼1 < 𝜍1 = 𝜍2, ⇒ 𝑞1 < 0, 𝑞2 > 0.

Case B. 𝜅1 > 0 and 𝜅3 < 0.

For 𝜍1 < 𝜍2, we have ⎧⎪⎨⎪⎩
Case 1 : 𝛼1 > 𝜍2, ⇒ 𝑞1 > 0, 𝑞2 > 0;

Case 2 : 𝜍1 < 𝛼1 ≤ 𝜍2, ⇒ 𝑞1 > 0, 𝑞2 ≤ 0;

Case 3 : 𝛼1 ≤ 𝜍1, ⇒ 𝑞1 ≤ 0, 𝑞2 < 0.

For 𝜍1 > 𝜍2, we have ⎧⎪⎨⎪⎩
Case 1 : 𝛼1 > 𝜍1, ⇒ 𝑞1 > 0, 𝑞2 > 0;

Case 2 : 𝜍2 < 𝛼1 ≤ 𝜍1, ⇒ 𝑞1 ≤ 0, 𝑞2 > 0;

Case 3 : 𝛼1 ≤ 𝜍2, ⇒ 𝑞1 < 0, 𝑞2 ≤ 0.
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For 𝜍1 = 𝜍2, we have {︃
Case 1 : 𝛼1 > 𝜍1 = 𝜍2, ⇒ 𝑞1 > 0, 𝑞2 > 0;

Case 2 : 𝛼1 ≤ 𝜍1 = 𝜍2, ⇒ 𝑞1 ≤ 0, 𝑞2 ≤ 0.

Case C. 𝜅1 > 0 and 𝜅3 = 0,

let 𝜈 = 𝜅2𝑏21
1−𝜌2

1𝑑+2
(𝜇1 − 𝑟), 𝛽 = 𝜅4𝑏22

1−𝜌2
1𝑑+1

(𝜇1 − 𝑟), we have⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Case 1 : 𝛼1 > 𝜈, 𝛼2 > 𝛽, ⇒ 𝑞1 > 0, 𝑞2 > 0;

Case 2 : 𝛼1 ≤ 𝜈, 𝛼2 ≤ 𝛽, ⇒ 𝑞1 ≤ 0, 𝑞2 ≤ 0;

Case 3 : 𝛼1 > 𝜈, 𝛼2 ≤ 𝛽, ⇒ 𝑞1 > 0, 𝑞2 ≤ 0;

Case 4 : 𝛼1 ≤ 𝜈, 𝛼2 > 𝛽, ⇒ 𝑞1 ≤ 0, 𝑞2 > 0.

We will only discuss Case A with 𝜍1 < 𝜍2 in detail, and other cases can be deduced similarly.
The discussion differs in 𝑈 < 𝛼

𝑟 and 𝑈 ≥ 𝛼
𝑟 . So we split the problem into two situations in the next two

subsections. Specifically, in Section 3.1.1 when the goal level 𝑈 < 𝛼
𝑟 , we derive the explicit expressions for

the value function and the corresponding optimal investment and proportional reinsurance strategy through
classical stochastic control theory. In addition, we will show that it is impossible to realize the goal of reaching
the safe level before hitting 𝐿 under this optimal strategy. In Section 3.1.2 when the target level 𝑈 ≥ 𝛼

𝑟 , we
construct an 𝜖-optimal strategy so that the wealth can achieve 𝛼

𝑟 with a maximum probability of 𝐽𝛿, where 𝛿 is
uniquely determined by 𝑥 and 𝜖.

3.1.1. The case with 𝑈 < 𝛼
𝑟

When 𝑈 < 𝛼
𝑟 , the corresponding explicit optimal results can be obtained as follows.

Theorem 3.1. In Case A with 𝜍1 < 𝛼1 < 𝜍2, we have 𝑞1 > 0, 𝑞2 > 0. The value function is

𝑉1(𝑥 : 𝐿, 𝑈) =
(𝛼− 𝑟𝑥)

𝑢
𝑟 +1 − (𝛼− 𝑟𝐿)

𝑢
𝑟 +1

(𝛼− 𝑟𝑈)
𝑢
𝑟 +1 − (𝛼− 𝑟𝐿)

𝑢
𝑟 +1

, (3.3)

and the optimal strategy is

𝜋*(𝑥) =

⎛⎝𝜋*

𝑞*1
𝑞*2

⎞⎠ =

⎛⎝ 𝜋̂
𝑞1

𝑞2

⎞⎠ =

⎛⎝𝑚0

𝑚1

𝑚2

⎞⎠ 𝑟

𝑢

(︁𝛼

𝑟
− 𝑥
)︁

, (3.4)

where
𝛼 = (𝜂1 − 𝜃1)𝑎1 + (𝜂2 − 𝜃2)𝑎2 ≥ 0,

𝑢 =
1
2
𝜇⊤Ω−1𝜇 =

1
2
𝜅1[

1− 𝜌2
23

𝜎2
(𝜇− 𝑟)2 +

1− 𝜌2
13

𝑏2
1

𝛼2
1 +

1− 𝜌2
12

𝑏2
2

𝛼2
2

− 2(𝜅2𝛼1 + 𝜅4𝛼2)(𝜇− 𝑟)− 2𝜅3𝛼1𝛼2] > 0.

(3.5)

Proof. In this case, 𝜍1 < 𝛼1 < 𝜍2 means that 𝑞1 > 0, 𝑞2 > 0. According to (2.18) and (2.20) with 𝜆 = 0, 𝑔 = 0,
the value function satisfies

(𝑟𝑥− 𝛼)𝑣𝑥 − 𝑢
𝑣2

𝑥

𝑣𝑥𝑥
= 0, for 𝐿 < 𝑥 < 𝑈 <

𝛼

𝑟
, (3.6)

with the boundary conditions 𝑣(𝐿) = 0, 𝑣(𝑈) = 1, which admits a solution of (3.3). It is easy to verify that
𝑣𝑥 > 0, 𝑣𝑥𝑥 < 0 and 𝑣 satisfies the Verification Theorem 2.1. So we conclude that 𝑣(𝑥) is indeed the value
function, and the optimal strategy can be obtained directly from (2.18). �
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Remark 3.3 (Safe level unattainable). Note that under the optimal strategy 𝜋*, the wealth process 𝑋*
𝑡 satisfies

𝑑𝑋*
𝑡 = (𝛼− 𝑟𝑋*

𝑡 )d𝑡 + (𝛼− 𝑟𝑋*
𝑡 )
(︂

𝜎𝑚0

𝑢
𝑑𝑊1,𝑡 +

𝑏1𝑚1

𝑢
𝑑𝑊2,𝑡 +

𝑏2𝑚2

𝑢
𝑑𝑊3,𝑡

)︂
, for 𝑡 ≤ 𝑇 *, (3.7)

where 𝑇 * = min{𝜏*𝐿, 𝜏*𝑈}. As we can see from (3.4) and (3.7), when the wealth value approaches 𝛼
𝑟 , the optimal

strategy 𝜋* together with the increment of the wealth 𝑑𝑋*
𝑡 approaches 0, which indicates that the company

prefers to choose a “timid” strategy and this in turn shut off the drift and the variance of the wealth process.
Therefore, 𝛼

𝑟 is an attracting but inaccessible barrier for the process 𝑋*
𝑡 since the wealth can never cross from

the danger zone to the safe region under the optimal strategy (3.4).

The other two cases with 𝜍1 < 𝜍2 can be deduced in similar lines by simply changing the notations. Hence,
we only discuss one of them in the following theorem.

Theorem 3.2. In Case A with 𝜍1 < 𝜍2 ≤ 𝛼1, the value function is given by

𝑉1(𝑥 : 𝐿, 𝑈) =
(𝛼− 𝑟𝑥)

𝑢̃
𝑟 +1 − (𝛼− 𝑟𝐿)

𝑢̃
𝑟 +1

(𝛼− 𝑟𝑈)
𝑢̃
𝑟 +1 − (𝛼− 𝑟𝐿)

𝑢̃
𝑟 +1

, (3.8)

and the optimal strategy is

𝜋*(𝑥) =

⎛⎝𝜋*

𝑞*1
𝑞*2

⎞⎠ =

⎛⎝ 𝑚̃0

𝑚̃1

𝑚̃2

⎞⎠ 𝑟

𝑢̃

(︁𝛼

𝑟
− 𝑥
)︁

, (3.9)

where

𝑢̃ =
1

2(1− 𝜌2
12)

[︂
(𝜇− 𝑟)2

𝜎2
+

𝛼2
1

𝑏2
1

− 2
𝜌12

𝜎𝑏1
𝛼1(𝜇− 𝑟)

]︂
> 0, (3.10)

and

𝑚̃0 =
1

1− 𝜌2
12

[︂
𝜇− 𝑟

𝜎2
− 𝜌12𝛼1

𝜎𝑏1

]︂
,

𝑚̃1 =
1

1− 𝜌2
12

[︂
−𝜌12(𝜇− 𝑟)

𝜎𝑏1
+

𝛼1

𝑏2
1

]︂
> 0,

𝑚̃2 = 0.

(3.11)

Proof. In this case, we have 𝑞1 > 0, 𝑞2 ≤ 0. Hence 𝑞*2 = 0 and the maximizer of (2.15) is⎧⎪⎨⎪⎩
𝜋̃ = − 𝑣𝑥

𝑣𝑥𝑥
𝑚̃0,

𝑞1 = − 𝑣𝑥

𝑣𝑥𝑥
𝑚̃1.

(3.12)

Inserting (3.12) into the generator (2.14) yields

0 = (𝑟𝑥− 𝛼)𝑣𝑥 − 𝑢̃
𝑣2

𝑥

𝑣𝑥𝑥
, (3.13)

with the boundary conditions 𝑣(𝐿) = 0 and 𝑣(𝑈) = 1. Through typical calculation and Theorem 2.1, we obtain
the value function as (3.8). Accordingly, we have

𝑞1 =
1

1− 𝜌2
12

[︂
−𝜌12(𝜇− 𝑟)

𝜎𝑏1
+

𝛼1

𝑏2
1

]︂
𝑟

𝑢̃

(︁𝛼

𝑟
− 𝑥
)︁

.

Let 𝜍3 = 𝑏1𝜌12
𝜎 (𝜇− 𝑟). From 𝜍1 < 𝜍2, we have 𝜇−𝑟

𝜎 𝜌13 < 𝛼2
𝑏2

. Together with 𝜅1 > 0 and 𝜅3 > 0, we have

𝜍1 − 𝜍3 = 𝑏1

(︂
𝜌12𝜌13 − 𝜌23

1− 𝜌2
13

)︂(︂
𝜇− 𝑟

𝜎
𝜌13 −

𝛼2

𝑏2

)︂
> 0,

which implies that 𝛼1 ≥ 𝜍2 > 𝜍1 > 𝜍3. So we verify that 𝑞1 > 0, and the optimal strategy is (3.9). �
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Remark 3.4. Similarly, the safe level 𝛼
𝑟 is inaccessible under the optimal strategies obtained in Theorem 3.2.

Therefore, the value function and the optimal strategy derived by the classical methodology are only applicable
when 𝑈 < 𝛼

𝑟 . Furthermore, as is shown in Remark 2.1, once the wealth exceeds the safe level, the goal level
𝑈(> 𝛼

𝑟 ) can be achieved almost surely by simply choose a policy of 𝜋 = (𝜋, 𝑞1, 𝑞2) = (0, 0, 0). Thus, for 𝑥 < 𝛼
𝑟

and 𝑈 ≥ 𝛼
𝑟 , techniques to determine the optimal strategy and the maximum probability of reaching 𝑈(= 𝛼

𝑟 )
before hitting 𝐿 are crucial, which will be discussed in the following subsection.

3.1.2. The case with 𝑈 ≥ 𝛼
𝑟

As described in Remark 3.3, 𝜋* → (0, 0, 0) when 𝑥 ↑ 𝛼
𝑟 . Intuitively, when the wealth approaches the boundary

of the safe region, the company gets increasingly cautious so as not to lose the chances of getting there. However,
this behavior in turn shuts off the drift and the volatility term of the wealth process, causing the wealth to
never cross the safe level with the strategy derived in (3.4). Inspired by Browne [4], we solve this problem by
constructing an 𝜖-optimal strategy.

Definition 3.1 (𝜖-optimal strategy). For any 𝛿 > 0, define

𝜋*𝛿(𝑥) =

⎧⎨⎩𝜋*(𝑥), 𝑥 ≤ 𝛼

𝑟
− 𝛿;

𝜋*(
𝛼

𝑟
− 𝛿), 𝑥 >

𝛼

𝑟
− 𝛿,

(3.14)

in which 𝜋* is the optimal strategy as we derived in (3.4). Let 𝐽𝛿

(︀
𝑥0; 𝐿, 𝛼

𝑟

)︀
be the probability of reaching 𝑈

before hitting 𝛼
𝑟 under 𝜋*𝛿 , starting from an initial wealth level 𝑥0 < 𝛼

𝑟 . For an 𝜖 > 0, assume that there is a
𝛿 > 0 satisfying

𝐽𝛿

(︁
𝑥0; 𝐿,

𝛼

𝑟

)︁
= 𝑉1

(︁
𝑥0; 𝐿,

𝛼

𝑟

)︁
− 𝜖,

then we call 𝜋*𝛿 the 𝜖- optimal strategy.

Next, we discuss the 𝜖-optimal strategy of Case A with 𝜍1 < 𝛼1 < 𝜍2. So, we have

𝜋*𝛿(𝑥) = (𝑚0, 𝑚1, 𝑚2)⊤
(︁ 𝑟

𝑢

)︁
max

{︁𝛼

𝑟
− 𝑥, 𝛿

}︁
.

Substituting 𝑈 = 𝛼
𝑟 into (3.3), we obtain

𝑉1

(︁
𝑥; 𝐿,

𝛼

𝑟

)︁
= 1−

(︂
𝛼− 𝑟𝑥

𝛼− 𝑟𝐿

)︂𝑢
𝑟 +1

.

The objective is to find a policy satisfying 𝐽𝛿 = 𝑉1

(︀
𝑥0; 𝐿, 𝛼

𝑟

)︀
− 𝜖 for any 𝜖 > 0 and 𝐿 < 𝑥0 < 𝛼

𝑟 . Clearly, the
key is to figure out 𝛿 = 𝛿(𝑥0, 𝜖).

Define the wealth process under the 𝜖-optimal strategy as 𝑋𝛿
𝑡 with drift function 𝜇𝛿(𝑥) and volatility function

𝜎2
𝛿 (𝑥) given by

𝜇𝛿(𝑥) = 𝑟𝑥− 𝛼 + (𝜇− 𝑟, 𝛼1, 𝛼2), 𝜋*𝛿 = max {𝛼− 𝑟𝑥, 𝑟𝑥− 𝛼 + 2𝑟𝛿} ,

and
𝜎2

𝛿 (𝑥) = 𝜋2
𝛿𝜎2 + 𝑞2

1𝛿𝑏
2
1 + 𝑞2

2𝛿𝑏
2
2 + 2𝑞1𝛿𝑞2𝛿𝜌23𝑏1𝑏2 + 2𝑞1𝛿𝜋𝛿𝜌12𝑏1𝜎 + 2𝑞2𝛿𝜋𝛿𝜌13𝑏2𝜎

= max
{︂

2(𝛼− 𝑟𝑥)2

𝑢
,

2𝑟2𝛿2

𝑢

}︂
.

Referring to Browne [4], the scale density function for this new process is defines by

𝑠𝛿(𝑦) = exp
{︂
−
∫︁ 𝑦 2𝜇𝛿(𝑥)

𝜎𝛿(𝑥)
d𝑥

}︂
. (3.15)
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For 𝑦 ≤ 𝛼
𝑟 − 𝛿, we have

𝑠𝛿(𝑦) = exp

{︃
−
∫︁ 𝑦

2
𝛼− 𝑟𝑥

2 (𝛼−𝑟𝑥)2

𝑢

d𝑥

}︃
= (𝛼− 𝑟𝑦)

𝑢
𝑟 ;

for 𝑦 > 𝛼
𝑟 − 𝛿,

𝑠𝛿(𝑦) = exp

{︃∫︁ 𝛼
𝑟 −𝛿 𝑢

𝑟

𝑑(𝛼− 𝑟𝑥)
𝛼− 𝑟𝑥

−
∫︁ 𝑦

𝛼
𝑟 −𝛿

2(𝑟𝑥− 𝛼 + 2𝑟𝛿)
2𝑟2𝛿2

𝑢

d𝑥

}︃
= (𝑟𝛿)

𝑢
𝑟 𝑒

𝑢
2𝑟

√
2𝜋𝜙

⎛⎝𝑦 + 2𝛿 − 𝛼
𝑟√︁

𝑟𝛿2

𝑢

⎞⎠ ,

where 𝜙

(︃
𝑦+2𝛿−𝛼

𝑟√︁
𝑟𝛿2
𝑢

)︃
= 1√

2𝜋
exp

{︂
− 1

2

(𝑦+2𝛿−𝛼
𝑟 )2

𝛿2
𝑢

}︂
is the density function of the standard normal distribution.

Therefore, the scale density function can be written as

𝑠𝛿(𝑦) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
(𝛼− 𝑟𝑦)

𝑢
𝑟 , 𝑦 ≤ 𝛼

𝑟
− 𝛿;

(𝑟𝛿)
𝑢
𝑟 𝑒

𝑢
2𝑟

√
2𝜋𝜙

⎛⎝𝑦 + 2𝛿 − 𝛼
𝑟√︁

𝑟𝛿2

𝑢

⎞⎠ , 𝑦 >
𝛼

𝑟
− 𝛿·

(3.16)

As explained in Browne [4], 𝐽𝛿 can be expressed by the scale density function as

𝐽𝛿

(︁
𝑥0; 𝐿,

𝛼

𝑟

)︁
=

∫︀ 𝑥0

𝐿
𝑠𝛿(𝑦)d𝑦∫︀ 𝛼

𝑟

𝐿
𝑠𝛿(𝑦)d𝑦

·

Since we have∫︁ 𝑥0

𝐿

𝑠𝛿(𝑦)d𝑦 =
(𝛼− 𝑟𝐿)

𝑢
𝑟 +1

𝑢 + 𝑟
𝑉
(︁
𝑥0; 𝐿,

𝛼

𝑟

)︁
,∫︁ 𝛼

𝑟

𝐿

𝑠𝛿(𝑦)d𝑦 =
(𝛼− 𝑟𝐿)

𝑢
𝑟 +1

𝑢 + 𝑟

[︃
1−

(︂
𝑟𝛿

𝛼− 𝑟𝐿

)︂𝑢
𝑟 +1
]︃

+ 𝑟
𝑢
𝑟 𝛿

𝑢
𝑟 +1𝑒

𝑢
2𝑟

√︂
2𝜋𝑟

𝑢

[︂
Φ
(︂

2
√︂

𝑢

𝑟

)︂
− Φ

(︂√︂
𝑢

𝑟

)︂]︂
,

where Φ is the distribution function of the standard normal distribution. Thus, we get

𝐽𝛿

(︁
𝑥0; 𝐿,

𝛼

𝑟

)︁
= 𝑉1

(︁
𝑥0; 𝐿,

𝛼

𝑟

)︁ [︀
1 + 𝛿

𝑢
𝑟 +1 ·𝐻(𝑢, 𝑟, 𝛼)

]︀−1
,

where

𝐻(𝑢, 𝑟, 𝛼) =
(︂

𝑟

𝛼− 𝑟𝐿

)︂𝑢
𝑟 +1

{︃
(1 +

𝑢

𝑟
)𝑒

𝑢
2𝑟

√︂
2𝜋𝑟

𝑢

[︂
Φ
(︂

2
√︂

𝑢

𝑟

)︂
− Φ

(︂√︂
𝑢

𝑟

)︂]︂
− 1

}︃
.

By setting 𝐽𝛿 = 𝑉1 ·
(︀
1 + 𝛿

𝑢
𝑟 +1𝐻

)︀−1 = 𝑉1 − 𝜖, we get

𝛿(𝑥0, 𝜖) =
(︂

𝜖

𝐻(𝑢, 𝑟, 𝛼)[𝑉1(𝑥0; 𝐿, 𝛼
𝑟 )− 𝜖]

)︂ 𝑟
𝑢+𝑟

.

To summarize, we present the following Theorem 3.3.

Theorem 3.3. The 𝜖-optimal strategy for Case A with 𝜍1 < 𝛼1 < 𝜍2 is given by

𝜋*𝛿(𝑥) =

⎧⎪⎪⎨⎪⎪⎩
𝜋*(𝑥) = (𝜋*, 𝑞*1 , 𝑞*2)⊤, 𝐿 < 𝑥 ≤ 𝛼

𝑟
− 𝛿;

𝑟

𝑢

(︂
𝜖

𝐻(𝑢, 𝑟, 𝛼)[𝑉1(𝑥0; 𝐿, 𝛼
𝑟 )− 𝜖]

)︂ 𝑟
𝑢+𝑟

(𝑚0, 𝑚1, 𝑚2)⊤, 𝑥 >
𝛼

𝑟
− 𝛿,

(3.17)
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where

𝛿(𝑥0, 𝜖) =
(︂

𝜖

𝐻(𝑢, 𝑟, 𝛼)[𝑉1(𝑥0; 𝐿, 𝛼
𝑟 )− 𝜖]

)︂ 𝑟
𝑢+𝑟

,

and

𝑉1

(︁
𝑥0; 𝐿,

𝛼

𝑟

)︁
= 1−

(︂
𝛼− 𝑟𝑥0

𝛼− 𝑟𝐿

)︂𝑢
𝑟 +1

.

𝜋*𝛿(𝑥) is an 𝜖-optimal strategy for maximizing the probability of reaching the safe level 𝛼
𝑟 before hitting the lower

boundary 𝐿 with initial wealth level 𝑥0 ∈ (𝐿, 𝛼
𝑟 ).

Following the same lines, the 𝜖-optimal strategy for other cases are straightforward. Thus, we present the
optimal results for Case A with 𝜍1 < 𝜍2 ≤ 𝛼1 directly in the following theorem.

Theorem 3.4. The 𝜖-optimal strategy for Case A with 𝜍1 < 𝜍2 ≤ 𝛼1 is given by

𝜋*𝛿(𝑥) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
𝜋*(𝑥) = (𝜋*, 𝑞*1 , 𝑞*2)⊤, 𝐿 < 𝑥 ≤ 𝛼

𝑟
− 𝛿;

𝑟

𝑢̃

(︃
𝜖

𝐻(𝑢̃, 𝑟, 𝛼)[𝑉1(𝑥0; 𝐿, 𝛼
𝑟 )− 𝜖]

)︃ 𝑟
𝑢̃+𝑟

(𝑚̃0, 𝑚̃1, 𝑚̃2)⊤, 𝑥 >
𝛼

𝑟
− 𝛿,

(3.18)

where

𝛿(𝑥0, 𝜖) =

(︃
𝜖

𝐻(𝑢̃, 𝑟, 𝛼)[𝑉1(𝑥0; 𝐿, 𝛼
𝑟 )− 𝜖]

)︃ 𝑟
𝑢̃+𝑟

,

and

𝑉1

(︁
𝑥0; 𝐿,

𝛼

𝑟

)︁
= 1−

(︂
𝛼− 𝑟𝑥0

𝛼− 𝑟𝐿

)︂ 𝑢̃
𝑟 +1

.

3.2. Minimize the discounted penalty of bankruptcy

Suppose that there is a penalty 𝑀 to be paid by the insurer when bankruptcy happens. Thus, it is natural
to concern about how to minimize the penalty when the wealth level hits the ruin level.

Set a constant 𝜆 > 0 as the discounted rate, so the penalty of hitting the ruin level 𝐿 is 𝑀𝑒−𝜆𝜏𝜋
𝐿 . Clearly,

the objective is to minimize E𝑥[𝑒−𝜆𝜏𝜋
𝐿 ] and we have the value function as

𝑉2(𝑥) = inf
𝜋∈𝒜

E𝑥[𝑒−𝜆𝜏𝜋
𝐿 ]. (3.19)

The next steps are to figure out the explicit expressions of the value function and optimal policy which minimize
the expected discounted penalty.

Similarly, we focus on Case A with 𝜍1 < 𝜍2 in the context below. Other cases can be deduced in the same
way.

Theorem 3.5. In Case A with 𝜍1 < 𝛼1 < 𝜍2, the value function is given by

𝑉2(𝑥) =
(︂

𝛼− 𝑟𝑥

𝛼− 𝑟𝐿

)︂𝛾+

, for 𝐿 ≤ 𝑥 <
𝛼

𝑟
, (3.20)

and the optimal strategy is

𝜋*(𝑥) =

⎛⎝𝜋*

𝑞*1
𝑞*2

⎞⎠ =

⎛⎝𝑚0

𝑚1

𝑚2

⎞⎠(︂ 1
1− 𝛾+

)︂(︁𝛼

𝑟
− 𝑥
)︁

, (3.21)

where 𝑚0, 𝑚1, 𝑚2 are defined in (2.17), 𝛾+ = 1
2𝑟

[︁
(𝑢 + 𝜆 + 𝑟) +

√
𝐸
]︁
, 𝐸 = (𝑢 + 𝜆 + 𝑟)2 + 4𝑟𝑢, 𝑢 > 0 and 𝛼 > 0

are defined in (3.5).
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Proof. See Appendix B. �

It is not difficult to get the optimal results for the other case following the same methodology.

Theorem 3.6. In Case A with 𝜍1 < 𝜍2 ≤ 𝛼1, the value function is

𝑉2(𝑥) =
(︂

𝛼− 𝑟𝑥

𝛼− 𝑟𝐿

)︂𝛾+

, for 𝐿 ≤ 𝑥 <
𝛼

𝑟
, (3.22)

and the optimal strategy is

𝜋*(𝑥) =

⎛⎝𝜋*

𝑞*1
𝑞*2

⎞⎠ =

⎛⎝ 𝑚̃0

𝑚̃1

𝑚̃2

⎞⎠(︂ 1
1− 𝛾+

)︂(︁𝛼

𝑟
− 𝑥
)︁

, (3.23)

where 𝑚̃1, 𝑚̃2, 𝑚̃3 are defined in (3.11), and 𝑢̃ > 0 is defined in (3.10), 𝛾+ = 1
2𝑟

[︁
(𝑢̃ + 𝜆 + 𝑟) +

√︀
𝐸̃
]︁
, 𝐸̃ =

(𝑢̃ + 𝜆− 𝑟)2 + 4𝑟𝑢̃.

4. Optimal results for growth problems

Suppose that the safe level 𝛼
𝑟 has been achieved, which means that ruin can be avoided with certainty.

Thus, the insurer concerns about the time to meet a target level or the reward of reaching the target. In the
following subsections, we will discuss two problems including minimizing the expected time to reach the goal
and maximizing the expected reward once the target level is achieved.

4.1. Minimize the expected time to reach a goal

Let the initial wealth 𝑋0 = 𝑥 satisfy 𝛼
𝑟 < 𝑥 < 𝑈 . Define a stopping time 𝜏𝜋

𝑈 := inf{𝑡 > 0, 𝑋𝜋
𝑡 = 𝑈}, and the

objective is described as
𝑉3(𝑥) = inf

𝜋∈𝒜
E𝑥[𝜏𝜋

𝑈 ]. (4.1)

We will still focus on Case A with 𝜍1 < 𝜍2 and find the explicit expressions of the value function and optimal
policy regarding problem (4.1).

Theorem 4.1. In Case A with 𝜍1 < 𝛼1 < 𝜍2, the value function for the problem (4.1) is

𝑉3(𝑥) =
1

𝑟 + 𝑢
ln
(︂

𝑟𝑈 − 𝛼

𝑟𝑥− 𝛼

)︂
, for

𝛼

𝑟
< 𝑥 < 𝑈, (4.2)

and the optimal strategy is

𝜋*(𝑥) =

⎛⎝𝜋*

𝑞*1
𝑞*2

⎞⎠ =

⎛⎝𝑚0

𝑚1

𝑚2

⎞⎠(︁𝑥− 𝛼

𝑟

)︁
, (4.3)

where 𝑚0, 𝑚2, 𝑚3 are defined in (2.17), 𝑢 > 0 and 𝛼 > 0 are defined in (3.5).

Proof. See Appendix C. �

Theorem 4.2. In Case A with 𝜍1 < 𝜍2 ≤ 𝛼1, the value function is given by

𝑉3(𝑥) =
1

𝑟 + 𝑢̃
ln
(︂

𝑟𝑈 − 𝛼

𝑟𝑥− 𝛼

)︂
, for

𝛼

𝑟
< 𝑥 < 𝑈, (4.4)

and the optimal strategy is

𝜋*(𝑥) =

⎛⎝𝜋*

𝑞*1
𝑞*2

⎞⎠ =

⎛⎝ 𝑚̃0

𝑚̃1

𝑚̃2

⎞⎠(︁𝑥− 𝛼

𝑟

)︁
, (4.5)

where 𝑚̃0, 𝑚̃1, 𝑚̃2 are defined in (3.11) where we can see that 𝑚̃2 = 0. 𝑢̃ > 0 is defined in (3.10).
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Other cases can be analyzed in similar lines. So we dismiss them here.

4.2. Maximize the expected discounted reward of reaching a goal

In this subsection, we concern about how to maximize the expected reward of reaching the goal. The objective
is thereby

𝑉4(𝑥) = sup
𝜋∈𝒜

E𝑥

[︁
𝑒−𝜆𝜏𝜋

𝑈

]︁
. (4.6)

Again, we focus on Case A with 𝜍1 < 𝜍2 and give the associated optimal results in the following theorems.

Theorem 4.3. In Case A with 𝜍1 < 𝜂1 < 𝜍2, the value function is in the form of

𝑉4(𝑥) =
(︂

𝛼− 𝑟𝑥

𝛼− 𝑟𝑈

)︂𝛾−

, for
𝛼

𝑟
< 𝑥 < 𝑈, (4.7)

and the optimal strategy is

𝜋*(𝑥) =

⎛⎝𝜋*

𝑞*1
𝑞*2

⎞⎠ =

⎛⎝𝑚0

𝑚1

𝑚2

⎞⎠(︂ 1
1− 𝛾−

)︂(︁
𝑥− 𝛼

𝑟

)︁
, (4.8)

where 𝑚0, 𝑚1, 𝑚2 are defined in (2.17), and 𝛾− = 1
2𝑟

[︁
(𝑢 + 𝜆 + 𝑟)−

√
𝐸
]︁
, 𝐸 = (𝑢 + 𝜆− 𝑟)2 + 4𝑟𝑢. Also, 𝑢 > 0

and 𝛼 > 0 are defined in (3.5).

Proof. See Appendix D. �

Along the same lines, by modifying the related parameters 𝑚0, 𝑚1, 𝑚2, 𝑢 and 𝛾, we can make a conclusion
for the other case in the following theorem.

Theorem 4.4. In Case A with 𝜍1 < 𝜍2 ≤ 𝛼1, the value function for the problem (4.6) is given by

𝑉4(𝑥) =
(︂

𝛼− 𝑟𝑥

𝛼− 𝑟𝑈

)︂𝛾−

, for
𝛼

𝑟
< 𝑥 < 𝑈, (4.9)

and the associated optimal strategy is

𝜋*(𝑥) =

⎛⎝𝜋*

𝑞*1
𝑞*2

⎞⎠ =

⎛⎝ 𝑚̃0

𝑚̃1

𝑚̃2

⎞⎠(︂ 1
1− 𝛾−

)︂(︁
𝑥− 𝛼

𝑟

)︁
, (4.10)

where 𝑚̃0, 𝑚̃1, 𝑚̃2 are defined in (3.11), and 𝛾− = 1
2𝑟

[︁
(𝑢̃ + 𝜆 + 𝑟)−

√︀
𝐸̃
]︁
, 𝑢̃ > 0 is defined in (3.10), 𝐸̃ =

(𝑢̃ + 𝜆− 𝑟)2 + 4𝑟𝑢̃.

5. Numerical example

In this section, some numerical examples are given to illustrate the influence of typical parameters on the
value function and optimal strategies. We first analyze the optimal results in Section 3.1.1, and also the common
shock influence on 𝑞*𝑖 , 𝑖 ∈ {1, 2}. Then we focus on the analysis of the 𝜖-optimal strategy in Section 3.1.2.

Assume that the claim size of two classes of business 𝑌1 and 𝑌2 follow the exponential distribution with
parameters 3 and 4. In the following examples, the values of some parameters are given as: 𝑟 = 0.05, 𝜇 = 0.1, 𝜎 =
0.2, 𝜌12 = 0.3, 𝜌13 = 0.4, 𝜁 = 2, 𝜁1 = 3, 𝜁2 = 4, 𝐿 = 1, 𝜃1 = 𝜃2 = 0.2, 𝜂1 = 𝜂2 = 0.3. By calculation, we obtain
𝑎1 = 5/3, 𝑏1 = 10/9, 𝑎2 = 3/2, 𝑏2 = 3/4. Thus, we get 𝑢 = −0.2431, ,𝑚0 = −0.4445, 𝑚1 = 0.3358, 𝑚2 = 0.7566,
which implies that 𝜋* < 0 and 𝑞*1 > 0, 𝑞*2 > 0. These results correspond with our expectation in Case A with
𝜍1 < 𝛼1 < 𝜍2.
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Figure 1. Influence of 𝑈 and 𝑥 on value function.

Figure 2. Influence of 𝑥 on optimal strategies.

5.1. Impact of parameters on the value function and optimal strategies

Example 5.1. Based on the results of Theorem 3.1, we illustrate the influence of 𝑈 and 𝑥 on the value function
and the optimal strategy. Set the initial wealth level 𝑥 satisfying 𝐿 < 𝑥 < 𝑈 < 𝛼/𝑟. In this case, 𝜅1 > 0, 𝜅3 > 0,
𝜍1 < 𝛼1 < 𝜍2 and 𝑢 > 0. The safe level in this example is 𝛼/𝑟 = 6.3333. The results are shown in Figures 1
and 2.

From Figures 1a and 1b, we can see that fixing 𝑈 < 𝛼/𝑟 = 6.3333, the value function is a concave and
increasing function regarding to the initial wealth level 𝑥 < 𝑈 . In particular, fixing 𝑈 in Figure 1b, it is clear
that a greater value of 𝑥 yields a greater value of 𝑉 . This coincides with our intuition that the more initial
wealth the company has, the less risk of ruin it faces.

From Figure 2, we can see that as 𝑥 increases to 𝛼/𝑟 = 6.3333, the optimal strategy approaches 0 which
indicates that the company invests less and less capital into the financial market and retains less and less shares
of each claim. Practically, this timid strategy is reasonable because the company does not want to lose the
chances of crossing the safe level when 𝑥 ↑ 𝛼/𝑟. However, this policy in turn shuts off the drift and the volatility
terms of the wealth process so that it would never cross the barrier and reach the safe region. Therefore, when
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Figure 3. The influence of 𝜂1 on the optimal strategies. (a) 𝑞*1 . (b) 𝑞*2 . (c) 𝜋*.

the target goal 𝑈 is lager than the safe level, we need to discuss an appropriate strategy to realize the goal of
reaching the safe region before hitting 𝐿, which will be shown in Section 5.2.

Example 5.2. In this example, we present the influence of the safety loading 𝜂1 on the optimal strategies. Fix
𝜂2 = 0.3 and consider three cases of 𝜂1 = 0.3, 𝜂1 = 0.4, 𝜂1 = 0.5. The safe level becomes 6.3333, 9.6667 and 13
respectively. The optimal investment and proportional reinsurance strategies are given in Figure 3.

From Figures 3a and 3b, we can see that 𝑞1 and 𝑞2 decrease as 𝑥 increases, and the greater value of 𝜂1, the
greater value of the safe-level 𝛼/𝑟. Fixing the initial wealth 𝑥, it can be seen that 𝑞1 and 𝑞2 increase as 𝜂1

increases. This corresponds with our expectation because the larger value of the safe loading yields the higher
payment of the reinsurance premium. Thus, the insurance company would rather retain more claims and transfer
less to the reinsurance company. From Figure 3c, we can see that the optimal investment strategy increases as
𝑥 increases, which means that the insurance company sells less risky asset when the initial wealth 𝑥 increases.
Furthermore, given a fixed initial wealth level 𝑥, it is reasonable to see that 𝜋 decreases when the safe loading
increases because the company needs to sell more risky asset to complement a higher reinsurance premium and
to ensure that they can undertake more claims.
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Figure 4. Sensitivity of optimal strategies on the common shock.

Example 5.3 (Common shock influence). In this example, we investigate the impact of common shock on the
optimal strategies. Fix the initial wealth 𝑥 = 3. The common shock influence comes from 𝜌23, which equals

𝜁𝐸[𝑌1]𝐸[𝑌2]√
(𝜁1+𝜁)𝐸[(𝑌1)2](𝜁2+𝜁)𝐸[(𝑌2)2]

. We can see from this formula that the intensity parameter 𝜁 of the common Poisson

counting process plays the role of common shock influence. This result will be shown in Figures 4a and 4b as
below. (In Fig. 4a, fix 𝜁1 = 3, 𝜁2 = 4, 𝜇 = 0.1, 𝜎 = 0.2; in Fig. 4b, fix 𝜁 = 𝜁1 = 4, 𝜇 = 𝜎 = 0.2.)

Combining the insurance background with the above figures, we have the following conclusions:

– From the formula of 𝜌23, we see that as 𝜁 increases (fixing all other parameters), 𝜌23 increases to
𝐸[𝑌1]𝐸[𝑌2]√

𝐸[(𝑌1)]2𝐸[(𝑌2)2]
, meaning that the common shock influence enhances. This case is shown in Figure 4a.

On the other hand, as 𝜁𝑗 , 𝑗 ∈ {1, 2} increases (fixing all other parameters), 𝜌23 decreases, meaning that the
common shock influence weakens. We present this case in Figure 4b using 𝜁2 as an illustration.

– It is shown in Figure 4a that as 𝜁 increases, 𝑞𝑗 , (𝑗 ∈ {1, 2}) increases. It means that when the two insurance
claims get highly correlated, the insurance company tends to increase the rentention level of both claims,
transferring less proportion to the reinsurance company. This is because as 𝜁 gets higher, the volatility
𝑏2
𝑗 = (𝜁𝑗 + 𝜁)𝐸[(𝑌𝑗)2], 𝑗 ∈ {1, 2}, of the diffusion term of both claim processes increases, indicating that

the risk of both claims increases, and thus the reinsurance premium gets higher. Note that the objective
here is to maximize the probability of reaching a goal before ruin, which means that comparing with risks,
the profit is what matters the decisions. Therefore, it is reasonable that the insurance company prefers to
maintain more proportion of claim loss for the sake of risk control. Also, we see that the increase of 𝜁 leads
to the decrease of 𝜋. The company adopts a bolder strategy (selling more risky asset to gain certain capital
circulation) when facing more insurance risk.

– On the other hand, Figure 4b shows that the growth of 𝜁2 entails a stronger performance of the growth of
𝑞2 than 𝑞1. Since the growth of 𝜁2 weakens the common shock influence, it makes sense that 𝜁2 has more
impact on 𝑞2 than on 𝑞1. This phenomenon matches our intuition since the insurance company should take
more actions on 𝑞2 than on 𝑞1 when the risk of the second claim increases, and thus further confirms the
influence of the common shock.
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Figure 5. Suboptimal value function and strategies.

5.2. Suboptimal strategies

As shown in Figure 2, when 𝑥 ↑ 𝛼
𝑟 , we have 𝜋* → 0. Therefore, it is important to discuss the 𝜖-optimal

strategies which make the wealth process cross the safe level before ruin with positive possibility. We discuss
numerical simulations for the suboptimal strategies in this subsection.

Example 5.4. In this example, the suboptimal value function 𝐽𝛿 and suboptimal strategy 𝜋*𝛿 are illustrated in
Figure 5. For convenience, we set 𝐿 = 0. Assume 𝜖 = 0.1, so 𝐽𝛿(𝑥0) = 𝑉 (𝑥0; 0, 𝛼/𝑟)− 𝜖. The first figure shows
the relation between 𝐽𝛿 and 𝑥0; the second figure shows the relation between the optimal 𝜖-strategies and 𝑥,
given the starting initial wealth value 𝑥0 = 2.

From Figure 5a, we can verify that 𝐽𝛿 is an increasing function w.r.t. 𝑥 and the asymptote is 𝐽𝛿 = 0.9. This
is a nature consequence since 𝜖 = 0.1. Figure 5b shows that the 𝜖-optimal strategies 𝑞1𝛿, 𝑞2𝛿 and 𝜋𝛿 do not get
to 0 but remain in constant levels when 𝑥 approaches the safe level 𝛼/𝑟 = 6.3333. Although the suboptimal
strategy 𝜋*𝛿 is quite timid near the safe level, the drift and the volatility terms of the wealth process are not
shut off. Thus, 𝛼/𝑟 is attainable under this suboptimal strategy.

Example 5.5. Fix other parameters , we discuss the influence of 𝜖 on the suboptimal strategies with cases of
𝜖 = 0.1, 𝜖 = 0.05 and 𝜖 = 0.01 respectively, given the starting initial wealth value 𝑥0 = 2. The results are shown
in Figure 6.

It is readily to observe from 𝐽𝛿(𝑥0) = 𝑉 (𝑥0; 0, 𝛼/𝑟)− 𝜖 that 𝐽𝛿 gets greater when 𝜖 gets smaller. Meanwhile,
from Figures 6a and 6b, we can see that the smaller of the value of 𝜖, the lower of the constant part of 𝑞1𝛿 and
𝑞2𝛿. It makes sense because the company retains less proportion of the claims if it has greater probability of
realizing the goal. Figure 6c shows that the level of the constant part of the suboptimal investment strategy gets
higher as 𝜖 decreases, which is reasonable because the insurance company would sell less risky asset to cover
the claim.

6. Further discussion and conclusion

6.1. Futher discussion

For the future research, there are several appealing directions to explore and investigate. See for example, in
Sections 3 and 4, we constrain the reinsurance retention level 𝑞1 and 𝑞2 to be nonnegative but not within [0, 1].
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Figure 6. The influence of 𝜖 on optimal strategies. (a) 𝑞*1𝛿. (b) 𝑞*2𝛿. (c) 𝜋*𝛿 .

That is because adding [0, 1] constraint involves solving a Free Boundary Problem system. In the problem of
maximizing the probability of hitting the goal before ruin, we derived that 𝜋̂ = − 𝑣𝑥

𝑣𝑥𝑥
Ω−1𝜇 = − 2(𝑟𝑥−𝛼)

𝜇⊤Ω−1𝜇
Ω−1𝜇.

Since − 2(𝑟𝑥−𝛼)
𝜇⊤Ω−1𝜇

> 0, whether 𝑞𝑖, 𝑖 ∈ {1, 2} lies in [0, 1] depends on the value of Ω−1𝜇. For the situation with
only one risky asset in the financial market (𝑑 = 1), let

Ω−1𝜇 =

⎛⎝𝛽1

𝛽2

𝛽3

⎞⎠ .

Then 0 ≤ 𝑞𝑖 ≤ 1 ⇔ 0 ≤ − 2(𝑟𝑥−𝛼)
𝜇⊤Ω−1𝜇

𝛽𝑖+1 ≤ 1. In the case of 𝛽𝑖+1 > 0, 0 ≤ 𝑞𝑖 ≤ 1 ⇔ 𝛼
𝑟 −

𝜇⊤Ω−1𝜇
2𝑟𝛽𝑖+1

≤ 𝑥 ≤ 𝛼
𝑟 .

Note that 𝑞𝑖 decreases w.r.t. 𝑥 when 𝛽𝑖+1 > 0 and vice versa. Considering all of combinations of the cases,
we come to the most general situation with 𝛽𝑖+1 > 0 consisting of three cases to be considered: 𝑞*1 = 𝑞*2 = 1;
𝑞*1 ∈ [0, 1], 𝑞*2 = 1; 𝑞*1 = 𝑞1, 𝑞

*
2 = 𝑞2. Substitute the corresponding cases into the HJB equation (2.19), and

transfer the problem into a Free Boundary Problem, we come up with a nonlinear ODE system, which is a
primary difficulty at present. The cases we mentioned here are just with the condition of 𝛽𝑖+1 > 0, 𝑖 ∈ {1, 2}.
The other conditions also need to be fully discussed. Once this is figured out, the discussion under one of the
four objectives in this paper will be enough to be presented as a separate paper. We are working on this and
hope to get a satisfied result in the future soon.
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In addition, it is meaningful to add model uncertainty and ambiguity aversion into the model and discuss
the robust optimal problem. Furthermore, since the risk-less asset is always set with a constant interest rate
in goal-reaching problems, it will be much more general if it can be modified as a stochastic process, like in
the regime-switching framework. All these problems will be more challenging, but also more meaningful and
realistic to be discussed.

6.2. Conclusion

In this paper, we discuss the optimal investment and proportional reinsurance strategies regarding goal-
reaching problems for an insurance company. We investigate two dependent classes of insurance business with
common shock. There are four objectives regarding the survival and growth problems: maximizing the proba-
bility of reaching the safe region before hitting the lower bound; minimizing the expected discounted penalty
of bankruptcy; minimizing the expected time to reach a goal; maximizing the expected discounted reward
of reaching a goal. Under the multidimensional financial market framework, we derive the Hamilton–Jacobi–
Bellman equation to the general problem and give the detailed analysis and optimal results to the model in
one-dimensional financial market. More importantly, we solve the dilema that the safe level can never be achieved
under the strategy evolved by classical methodology by constructing an 𝜖-optimal strategy, so that the wealth
can achieve the safe region with positive probability. In addition, we investigate the explicit expressions of
optimal results in several cases to ensure that the reinsurance proportions are nonnegative. Finally, numerical
examples are presented to analyse those results in detail.

Appendix A. Proof of Theorem 2.1

Proof. We complete the proof in two steps by showing 𝑣 ≥ 𝑉 and 𝑣 ≤ 𝑉 .

Step 1. Given any 𝜋 = (𝜋1,𝑡, ..., 𝜋𝑑,𝑡, 𝑞1,𝑡, 𝑞2,𝑡)⊤𝑡≥0 ∈ 𝒜 and (𝑋𝑡)𝑡≥0 be the corresponding wealth process given
in (2.4). Define a non-decreasing sequence of stopping times {𝜏𝑛}∞𝑛=1 by

𝜏𝑛 = inf

⎧⎨⎩𝑡 ≥ 0 :
∫︁ 𝑡

0

𝑣2
𝑥(𝑋𝑠)

⎛⎝ 2∑︁
𝑗=1

𝑞2
𝑗,𝑠𝑏

2
𝑗 +

𝑑∑︁
𝑖=1

𝜋2
𝑖,𝑠𝜎

2
𝑖

⎞⎠ d𝑠 ≥ 𝑛

⎫⎬⎭ , 𝑛 ≥ 1.

Then for 𝑛 → ∞, 𝜏 ∧ 𝜏𝑛 → 𝜏 . Applying 𝐼𝑡𝑜’s formula to 𝑒−
∫︀ 𝑡
0 𝜆(𝑋𝑠)d𝑠𝑣(𝑋𝑡) for 0 ≤ 𝑡 ≤ 𝜏 ∧ 𝜏𝑛 and adding∫︀ 𝜏∧𝜏𝑛

0
𝑔(𝑋𝑡)𝑒−

∫︀ 𝑡
0 𝜆(𝑋𝑠)d𝑠d𝑡 on both sides yield

𝑒−
∫︀ 𝜏∧𝜏𝑛
0 𝜆(𝑋𝑠)d𝑠𝑣(𝑋𝜏∧𝜏𝑛

) +
∫︁ 𝜏∧𝜏𝑛

0

𝑔(𝑋𝑡)𝑒−
∫︀ 𝑡
0 𝜆(𝑋𝑠)d𝑠d𝑡

= 𝑣(𝑥) +
∫︁ 𝜏∧𝜏𝑛

0

𝑒−
∫︀ 𝑡
0 𝜆(𝑋𝑠)d𝑠 [−𝜆(𝑋𝑡)𝑣(𝑋𝑡) + ℒ𝜋𝑣(𝑋𝑡) + 𝑔(𝑋𝑡)] d𝑡

+
∫︁ 𝜏∧𝜏𝑛

0

𝑒−
∫︀ 𝑡
0 𝜆(𝑋𝑠)d𝑠

⎡⎣𝑣𝑥(𝑋𝑡)

⎛⎝ 𝑑∑︁
𝑖=1

𝜋𝑖,𝑡𝜎𝑖𝑑𝑊𝑖,𝑡 +
2∑︁

𝑗=1

𝑞𝑗,𝑡𝑏𝑗𝑑𝑊𝑑+𝑗,𝑡

⎞⎠⎤⎦ .

(A.1)

By taking the conditional expectation of both sides, the last term of the RHS vanishes because of the
definition of 𝜏𝑛. Let 𝑛 →∞, 𝜏 ∧ 𝜏𝑛 → 𝜏 so we get

E𝑥

[︂
𝑒−
∫︀ 𝜏
0 𝜆(𝑋𝑠)d𝑠𝑣(𝑋𝜏 ) +

∫︁ 𝜏

0

𝑔(𝑋𝑡)𝑒−
∫︀ 𝑡
0 𝜆(𝑋𝑠)d𝑠d𝑡

]︂

= 𝑣(𝑥) + E𝑥

[︂∫︁ 𝜏

0

𝑒−
∫︀ 𝑡
0 𝜆(𝑋𝑠)d𝑠 [−𝜆(𝑋𝑡)𝑣(𝑋𝑡) + ℒ𝜋𝑣(𝑋𝑡) + 𝑔(𝑋𝑡)] d𝑡

]︂
.

(A.2)
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From condition 2, 𝑣(𝑋𝜏 ) = ℎ(𝑋𝜏 ). From condition 3, the second term of the RHS is non-positive. Hence

𝑣(𝑥) ≥ E𝑥

[︂
𝑒−
∫︀ 𝜏
0 𝜆(𝑋𝑠)d𝑠ℎ(𝑋𝜏 ) +

∫︁ 𝜏

0

𝑔(𝑋𝑡)𝑒−
∫︀ 𝑡
0 𝜆(𝑋𝑠)d𝑠d𝑡

]︂
,

for all 𝜋 ∈ 𝒜 and 𝑥 ∈ (𝐿, 𝑈). Therefore, take supremum on both sides yields 𝑣(𝑥) ≥ 𝑉 (𝑥).

Step 2. Replacing 𝜋(𝑋𝑡) in the first step with 𝜋*(𝑋*
𝑡 ), we have

𝑣(𝑥) = E𝑥

[︂
𝑒−
∫︀ 𝜏
0 𝜆(𝑋*𝑠 )d𝑠ℎ(𝑋*

𝜏 ) +
∫︁ 𝜏

0

𝑔(𝑋*
𝑡 )𝑒−

∫︀ 𝑡
0 𝜆(𝑋*𝑠 )d𝑠d𝑡

]︂
,

which implies that 𝑣(𝑥) ≤ 𝑉 (𝑥).

�

Appendix B. Proof of Theorem 3.5

Proof. This objective deals with a maximization problem. We have

𝑉2(𝑥) = − sup
𝜋∈𝒜

{︁
−E𝑥

[︁
𝑒−𝜆𝜏𝜋

𝐿

]︁}︁
.

Thus, let 𝜆(𝑥) = 𝜆, 𝑔(𝑥) = 0 and ℎ(𝐿) = −1. Substitute −𝑉2 into (2.19) and revert it back to 𝑉2, we get the
HJB equation as follows

(𝑟𝑥− 𝛼)𝑣𝑥 − 𝑢
𝑣2

𝑥

𝑣𝑥𝑥
− 𝜆𝑣 = 0, for 𝐿 < 𝑥 <

𝛼

𝑟
(B.1)

with boundary condition 𝑣(𝐿) = 1 and 𝑣𝑥 < 0, 𝑣𝑥𝑥 > 0. There are two solutions to the non-linear second-
order differential equation (B.1) with the form of 𝐶(𝛼− 𝑟𝑥)𝛾+

and 𝐷(𝛼− 𝑟𝑥)𝛾− , where 𝐶 = (𝛼− 𝑟𝐿)−𝛾+
and

𝐷 = (𝛼− 𝑟𝐿)−𝛾− are two constants obtained by the boundary condition 𝑣(𝐿) = 1. 𝛾+ and 𝛾− are roots of the
quadratic equation

𝑄̃(𝛾) = 𝛾2𝑟 − 𝛾(𝑢 + 𝜆 + 𝑟) + 𝜆 = 0.

Thus, we have

𝛾+ =
1
2𝑟

[︁
(𝑢 + 𝜆 + 𝑟) +

√
𝐸
]︁
,

and
𝛾− =

1
2𝑟

[︁
(𝑢 + 𝜆 + 𝑟)−

√
𝐸
]︁
,

where the discriminant 𝐸 = (𝑢+𝜆−𝑟)2 +4𝑟𝑢 is positive clearly. To determine which root satisfies the conditions
𝑣𝑥 < 0 and 𝑣𝑥𝑥 > 0, we need to verify the sign of both 𝛾+ and 𝛾−. From the quadratic equation above, we can
see that 𝛾+ · 𝛾− = 𝜆

𝑟 > 0. Since 𝛾+ > 0 is obvious from its expression, both 𝛾+ and 𝛾− are positive constants.
In addition, from

𝛾+ − 1 =
1
2𝑟

[︁
(𝑢 + 𝜆− 𝑟) +

√︀
(𝑢 + 𝜆− 𝑟)2 + 4𝑟𝑢

]︁
> 0,

we have 𝛾+ > 1; from

𝛾− − 1 =
1
2𝑟

[︁
(𝑢 + 𝜆− 𝑟)−

√︀
(𝑢 + 𝜆− 𝑟)2 + 4𝑟𝑢

]︁
< 0,

we have 𝛾− < 1. Thus 𝑣𝑥𝑥 becomes positive when substituting 𝛾+. Furthermore, it is easy to check that 𝑉2(𝑥)
satisfies the Theorem 2.1 and is indeed the value function. The optimal policy can be obtained by (2.18). �
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Appendix C. Proof of Theorem 4.1

Proof. Since 𝑉3(𝑥) = − sup
𝜋∈𝒜

E𝑥[−𝜏𝜋
𝑈 ] in this case, we substitute −𝑉3, 𝜆(𝑥) = 0, 𝑔(𝑥) = −1, and ℎ(𝑈) = 0 into

(2.19) and revert it back to 𝑉3. Then, we get

(𝑟𝑥− 𝛼)𝑣𝑥 − 𝑢
𝑣2

𝑥

𝑣𝑥𝑥
+ 1 = 0, for

𝛼

𝑟
< 𝑥 < 𝑈 (C.1)

with boundary condition 𝑣(𝑈) = 0. In this problem, note that 𝑣𝑥 < 0, 𝑣𝑥𝑥 > 0. The value functions and
the optimal policy are derived in (4.2) and (4.3), respectively. These optimal results satisfy the Verification
Theorem 2.1 and the proof is readily to be found in Browne [4]. �

Appendix D. Proof of Theorem 4.3

Proof. The proof is identical to the Theorem 3.5. More simply, we directly substitute 𝜆(𝑥) = 𝜆, 𝑔(𝑥) = 0 and
ℎ(𝑈) = 1 into (2.19), and then we get

(𝑟𝑥− 𝛼)𝑣𝑥 − 𝑢
𝑣2

𝑥

𝑣𝑥𝑥
− 𝜆𝑣 = 0, for

𝛼

𝑟
< 𝑥 < 𝑈 (D.1)

with boundary condition 𝑣(𝑈) = 1. In addition, 𝑣𝑥 > 0, 𝑣𝑥𝑥 < 0. In this case, the two solutions to the non-
linear second-order differential equation (D.1) are 𝐶(𝛼− 𝑟𝑥)𝛾+

and 𝐷(𝛼− 𝑟𝑥)𝛾− , where 𝐶 = (𝛼− 𝑟𝑈)−𝛾+
and

𝐷 = (𝛼− 𝑟𝑈)−𝛾− are two constants obtained by the boundary condition 𝑣(𝑈) = 1. 𝛾+ and 𝛾− are roots of the
quadratic equation

𝑄̃(𝛾) = 𝛾2𝑟 − 𝛾(𝑢 + 𝜆 + 𝑟) + 𝜆 = 0.

We have verified previously that the root 𝛾− < 1, which satisfies the conditions 𝑣𝑥 > 0 and 𝑣𝑥𝑥 < 0. Furthermore,
it is easy to check that 𝑉4(𝑥) satisfies the Theorem 2.1 and is indeed the value function of the problem (4.6).
The optimal strategy can be obtained by (2.18). �
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