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NETWORK DATA ENVELOPMENT ANALYSIS WITH TWO-LEVEL MAXIMIN
STRATEGY

FENG YANG, YU SuN, DAWEI WANG* AND SHENG ANG

Abstract. Network data envelopment analysis (NDEA), one of the most important branches of recent
DEA developments, has been developed for examining the decision making units (DMUs) of a system
with complex and internal component divisions. In this study we apply a maximin strategy to network
DEA at two levels. At the individual DMU level, we evaluate the system’s performance by maximizing
the minimum of the divisions efficiencies, which is based on the weak-link approach. At the all DMUs
level, we evaluate the system’s performance by maximizing the minimum of the DMUSs’ efficiencies,
which is based on the maximin ratio efficiency model. With such two-level maximin strategy, we propose
the two-level maximin NDEA model to evaluate efficiencies of all divisions as well as all DMUs at the
same time. The model will provide unique and unbiased efficiency scores for all divisions in a system
and improve incomparable efficiency scores and weak discrimination power of traditional DEA models.
In addition, we discuss the cross efficiency evaluation based on the two-level maximin NDEA model.
The proposed models are applied to the efficiency evaluation of supply chains for illustrations.
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1. INTRODUCTION

Data envelopment analysis (DEA), initiated by Charnes et al. [8], is a nonparametric approach for measuring
the relative efficiency of independent peer decision making units (DMU) incorporating multiple inputs and
outputs [12]. Generally, DEA estimates the efficiency of a DMU by calculating the ratio of its weighted sum of
inputs and weighted sum of outputs through a set of weights. In its basic form, DEA allows each DMU under
evaluation to arbitrarily choose its favorable weights for inputs and outputs such that it obtains its optimally
maximized efficiency score. For its effectiveness in identifying the best-practice frontier and ranking the DMUs,
DEA has been applied to many activities in many sectors for various purposes [2,29, 35|, such as agricultures
[1,40,50], banks [19,33,55], and supply chains [22,51,53].

In conventional DEA, DMUs are considered as a whole unit, in that component structures are generally
ignored, and the performance of a DMU is assumed to be a function of the chosen inputs and outputs. However,
most systems are composed of many divisions operating interdependently wvia the intermediate products that
are created by some divisions and consumed by some others within the system. Ignoring the operations of the
component divisions may cause misleading results in efficiency evaluation [5]. Network DEA models are thus
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developed to address such issue, in which efficiencies of competent divisions and the whole system are evaluated
simultaneously [18,27]. In the network DEA models, three kinds of system structures are often investigated,
including series, parallel and mixed structures [28]. The series structure refers to several processes are linked by
intermediate measures in sequence. For example, the operations of a bank are divided into two serial processes to
measure profitability and marketability [44]. The parallel structure is composed of parallel processes that operate
independently. University is an example of a parallel system, where the individual stages are the departments
that operate parallel and separately inside the university [28]. The mixed structure is more complex than the
series and parallel ones, which is a mixture of serial and parallel structures [26].

In network DEA, the efficiency is a multi-dimensional measure, as one has to consider the efficiency of the
component divisions as well as the overall system efficiency. For comparable component divisions across all
DMUs, divisional efficiencies can be defined as the ratio of the weighted sum of inputs and weighted sum of
outputs. According to whether the overall system or the divisional efficiencies is given priority for optimization,
two broad approaches can be classified, namely the top-down approach and the bottom-up approach [45].
In the top-down approach, the overall system efficiency is optimized first, and then the divisional efficiencies
are obtained from offspring from the optimal solution that maximizes the system efficiency. This approach
mainly includes the additive efficiency decomposition method [9,13] and the relational model [24,27]. On the
contrary, in the bottom-up approach, the divisional efficiencies are measured first and the system efficiency is
achieved ex post. Representative methods of the bottom-up approach are the additive aggregation method [3,21],
multiplicative aggregation method [34,54], the min-max method [17] and the weak-link method [15,16,32,43].
The weak-link approach, first presented by Despotis et al. [16], is inspired by the weak-link notion in supply
chains and the maximal flow-minimal cut problem in networks. In the weak-link approach, the system efficiency
is obtained by maximizing the minimum of the stage efficiencies. This approach provides unique and unbiased
efficiency scores of the divisions and identifies adequately the source of system inefficiency.

On the other hand, a prominent characteristic of the traditional DEA models is that allows each DMU to
select the most desirable weights in calculating its efficiency score. Therefore, in the classical DEA model, this
flexible weight selection prevents DMUs from comparing the efficiencies under the same baseline. Further, weak
discrimination is often found in classical DEA models, since many of the DMUs are estimated as efficient. To
overcome the above mentioned limitations, common set of weight (CSW) DEA models have been developed
by many researchers. The common weights method indicates that each DMU applies the same benchmark
for computing efficiency. Several methods are proposed for finding CSW including separation vector [11, 31],
cross efficiency [4,41], ideal point method [23,30], goal programming [20,37], and evaluation of a subset of
units [39,46,48,49]. The maximin efficiency ratio model is a significant method for evaluation of DMUs. In the
maximin efficiency ratio model, CSW is determined by maximizing the minimum efficiency ratio across a set
of all DMUs [48, 49]. This method not only can surmount the issues in classical DEA models which include
incomparable efficiency scores and weak discrimination power but also can find the minimum efficiency unit
between all DMUs.

In the field of DEA, the property of units invariance indicates that efficiency results are independent of the
units in which the observed inputs and outputs are measured so long as the units are the same for every DMU [7],
is a desirable property of an ideal efficiency measure [38]. Lovell and Pastor [36] discussed that Charnes, Cooper
and Rhodes’s CCR and Banker, Charnes and Cooper’ BCC models are units invariant with respect to the radial
measure, but not to the slack component. Cooper et al. [14] claimed the range adjusted measure (RAM) model
is units invariant. Tone [47] noted that the slacks-based measure (SBM) model satisfies the property of units
invariant. The property of units invariance is considered important in designing the measures in DEA. We will
discuss units invariance of the proposed models in the study.

Almost all previous studies on the maximin efficiency ratio model focused on the single-stage system, only
one exception is Wu et al. [52]. Wu et al. [52] developed a maximin efficiency multistage supply chain model
which considers the internal structure of DMUs to assess the supply chain performance. In their approach, the
overall efficiency of the supply chain is defined as a weighted sum efficiency of its individual divisions. Although
they looked into the internal stages of the DMUs, they did not consider the efficiency of the minimum efficiency
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stage in multi-stage system. In this study, we establish a two-level maximin network data envelopment analysis
(NDEA) model for the efficiency evaluation of network production processes. The proposed model combines
weak-link approach which can identify adequately the minimum efficiency stage inside the DMU and maximin
efficiency ratio model which can find the minimum efficiency unit between all DMUs. Thus, our model exhibits
an advantage in enabling decision makers to identify the stages that is the minimum efficiency stage in the
minimum efficiency unit and effectively improve the performance of these systems. Moreover, the proposed
model can provide unique and unbiased efficiency scores for the divisions. Otherwise, this model can surmount
incomparable efficiency scores and weak discrimination power. Then, we extend cross efficiency evaluation
method to the multi-stage system based on the two-level maximin NDEA model. The new cross efficiency
evaluation method does not require secondary objective functions and can provide unique efficiency results.

Main contributions of this study are as follows. First, we are the first to develop a two-level maximin NDEA
model. In the depicted approach, we explicitly provide the measures of overall efficiency and stage efficiencies.
In addition, we discuss units invariance of the two-level maximin NDEA model. Last, we develop cross efficiency
model based on the two-level maximin NDEA model for network system, which is firstly to extend the cross
efficiency evaluation to a network system.

The remainder of the paper is organized as follows. Section 2 introduces the CCR ratio model, maximin
efficiency ratio model, and cross efficiency evaluation method. Section 3 develops the two-level maximin NDEA
model and cross efficiency model based on the two-level maximin NDEA model for the efficiency evaluation
of the network system. Section 4 applies these models to an empirical study with 8 three-stage supply chains.
Finally, the last section concludes the paper.

2. PRELIMINARY

2.1. The CCR ratio model

Suppose that there are n DMUs, and each DMU;(j = 1,...,n) products s outputs y,;(r =1,...,s) by m
inputs z;;(i = 1,...,m). For any given DMUy, its CCR ratio efficiency is defined as a ratio of the weighted sum
of outputs to weighted sum of inputs [8]:

Zi:1 UrdYrd

Ey =
2 VidTid

(2.1)

where v; and u, are the weights given respectively to the i-th input and the r-th output. The CCR ratio
efficiency can be formulated by the following model.

Zi:lurdyrd
X Vid%id
Ei:luryrj <
Lt vizi;
Vi, Uy > 0, i=1,....m;r=1,...,s. (2.2)

Max Ed =

s.t. 1, i=1...,n

Model (2.2) is equivalent to the following linear programming after the Charnes—Cooper transformation [6].

Max Egq = X7 _1UrdYrd
s.t. Zﬁzluryrj — Z?leixij < 07 ] = 1, e
Y viaTia = 1
Vi, Up > 0, i=1,....m;r=1,...,s. (2.3)
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2.2. The maximin efficiency ratio model

The maximin efficiency ratio was proposed to enable DEA analysis along with a subset of DMUs [52]. The
maximin efficiency ratio model [48] can be given as the following.

27— UrYr;
L Ui
X UrYry
ML i
¥ _jur=1

Vi, Up > 0, i=1,....m;r=1,...,s. (2.4)

Max min

s.t. <1, j=1,...,n

It is not easy to derive an optimal solution by transforming the nonlinear model (2.4) into a linear one.
Fortunately, Bolzano (bisection) search procedure can be used to get an approximate solution for model (2.4).

2.3. Cross efficiency evaluation in DEA

The cross efficiency method measures each DMU through self-evaluation and peer-evaluation two processes.
For a DMUy, its self-evaluation efficiency score is computed by using model (2.3).
Solving model (2.3), we obtain a set of optimal weights (v}, u},;). Then, the cross efficiency of DMU,(j =

1,...,n) is formulated with the weights of DMU, obtained in the peer-evaluation process
S _qulk Y
Egi = r=1"rdJrJ . 2.5
TR vy (25)
Now each DMU,(j = 1,...,n) obtains one self-evaluation efficiency E4; and n— 1 peer-evaluation efficiencies
Egj. Then, the cross efficiency scores of DMU;(j = 1,...,n) can be computed by the following
N 1 "
Eq= =% Eq- (2.6)

n

3. MODEL DEVELOPMENT

A serial multi-stage structure is one of the most representatives network systems [25]. We next present the
formulation of the new model under the serial multi-stage structure. In a general series multi-stage production

system, several processes are connected in series, as shown in Figure 1. In this system, any process p(p = 1,...,q)
utilizes exogenous inputs Xi(p) (i=1,...,m;p=1,...,q) and intermediate products Zﬁp_l)(r =1,...,9;p =
1,...,q) created by its preceding process, to create exogenous outputs Yf(p)(f =1,....,8,p =1,...,q9) and

intermediate products Zr(p)(r =1,...,9;p = 1,...,q) for the succeeding process to use. For the first process,
there are no intermediate products from other processes are utilized for the first process, and for the last
process g there are no intermediate products are generated for other processes. The notation that will be used
throughout the paper is listed in Table 1.

Typically, the ratio efficiencies of process p (p =1,...,q) of DMUj are defined as follows:

D YLD SO Y e A

7

p=1,...,q (3.1)

1, ifp=2,...,q

Where<p:{0’ 1fp:1,7q_1and6:{0 lfp:1

ifp=gq
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FIGURE 1. General multi-stage series production system.

TABLE 1. Notation used in the paper.

Categories  Notation Meaning

n Number of DMUs
q Number of stages
m Number of inputs
g

General
parameters Number of intermediate outputs
Number of exogenous outputs
Dat Xi(p) i(i=1,...,m) inputs of stage p(p =1,...,q)
ata . .
parameters Zﬁ(p)) r(r=1,...,9g) intermediate outputs of stage p(p =1,...,q)
Yfp f(f=1,...,s) exogenous outputs of stage p(p =1,...,q)
Decision vi(p) Weight attached to the i(i = 1,...,m) inputs of stage p(p =1,...,q)
variables ng) Weight attached to the r(r =1,...,g) intermediate outputs of stage
plp=1,...,q)
u;p) Weight attached to the f(f =1,...,s) exogenous outputs of stage
plp=1,...,q)

3.1. The two-level maximin NDEA model

In our model, the maximin strategy will be applied at two levels. At the individual DMU level, the system
efficiency of each DMU in the model is defined as the minimum of the stage efficiencies. Formally, the system

efficiency of is defined as
E; =min{Ej,...,E},... E]} (3.2)

where EY is defined in (3.1).
At the all DMU level, we evaluate all the DMUs simultaneously by using the maximin efficiency ratio model
for multistage as follows.

s Py 4 pxd_ n? z®
® v @) oD, P = b
Sy X A0Sy 2

;Zlugpp)Yf(f) + wEﬁzlﬂﬁp)Zr(i)

SN o A

Max min {

s.t <1, p=1,...,q;5=1,...,n

Z;Zlu}p) +oxI_ 7P =1, p=1,...,q
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uP P 7@ > 0, f=1,...,si=1,....myr=1,....g. (3.3)
In model (3.3), the objective function seeks to maximize the minimum of the stage efficiencies. Let o« =

. »s (P)Y(P)+<st_ 7P 7(P)
min = (lp)f . ==L ¢, then the model (3.3) becomes
DUBTIRES SLEE R DI ERETY e 934

Max a
ES 1uf)Y(P) +(,02 17Ty )Z(P)
® @ <1><1>ZO"
EmlvaeréEg P ZP
Es luf )Y(P) +<p29 17Tr )Z(P)

s.t.

p=1,...,¢;5=1,...,n

<1, p=1,...,¢;73=1,....,n
s UU ®) 4 §539_ mP- ”Zﬁf Y
= 1“§f)+802q— P =1, p=1....q
ulP v 7@ >0, f=1,....8,i=1,....mr=1,....g (3.4)

which is further transformed into a parametric linear programming with parameter «:
Max «
st a (TP X P+ oxg_ -z )
— ( ;Zlu}(p)Yf(f) + wEﬁzlﬂ'ﬁp)Zﬁ?)) <0, p=1,...,q;5=1,...,n
E;:1u§cp)yf(f) + @Egzlﬂ'v(-p)zr(?)
— (Eﬁlvg(p)Xg)) + 5Zf:17r;(p_1)Z£§_l)) <0, p=1,...,q;7=1,...,n

Ej}:lu}(p)—l-wEf:l?r;(p) =1, p=1,...,q
U ol @) > 0, f=1,...,s,i=1,....m,r=1,...,9. (3.5)

We provide the following bisection algorithm to solve the model (3.5).

Step 1. Set | =1 and denote ( *(p)7 /*(p) vf;(p), Fllt(p)) as an optimal solution to model (3.5). The set of ng

processes is then divided into two groups Ji1 and Jy as follows:

J1={P
ng{p

If the set Jy is empty, Jo = 0 or |J2| = 0, then the procedure exits; otherwise go to Step 2.
Step 2. Set [ =1+ 1, solve the following general model:

f rj

0/1*(1))(2? vﬁ(p)X(p oI, /*(p 1)Z(p 1)) 25 ju 1( )Y(p) px9 17T1T(Z))Z(zo) :0}

and

O/l*(p) (21 /*(p)X(p oY, /*(p l)Z(p 1)) s /*(p)Y(p) o3I 171'1

Py (p)Z(p) >O}

T

o] = Max «
s.t. o/l*(p) (EQIU'EP)XI-(JP) + 5Ele7r;(p_1)Zr(§71)>
_ ( ;:1u/5£p)yf(§7) +<ng:17r;@>z§§>) —0, ey

0/2*(17) (Z?;IU/'EP)XZ(JP) 4 52507:17TL(P—1)Z1(‘§7*1))
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— (S WPV eme m @ 28 o, pe s

AR ORI G IR D LA

- (Zj":lu/;p)y;;‘g) + 9025:1”;@)27(«?)) =0, D E Jy_3
a(Z?;lv’Z(.p)Xi(f) + 5Ef:1w;.(p*1)Zr(§_l))

- ( ?:W/Srp)yf(f) + wz‘?:ﬂﬁp)zﬁ?) <0, pE Joy o

;:lu/(P)Y(?) + (ng_ 7T_/(p)Z(P)

(zl, v P X P 4 559 il 70 ”) 0, p=1,....¢:5=1,....n
s P+ oRd_ @ =1, p=1....q
u/f(p)’ll}:(p)77r7/"(p) Z 07 f == 17"'757 7:: ]" 7m7 T = 17 7g (3'6)

We can obtain (a;*(p),ulf( vl/:(p) Wl/:(p)) from model (3.6).
Step 3. Jg;_5 can be divided into two subsets:

Jo_1 = {p

and

Ju = {p|a® (S P XD + 035 yu VYY) S5O - ext a2 > o)

az*(p) (Ei’ilvﬁ(mef) T 52;:1u;;(p—1)yf(§3—1)> _ E?:ﬂﬁ}(p)Yﬁ) —nY_ WZT(p)Z(p) 0}

If the set Jo; is empty, ng = V) or |Jy;| = 0, then the procedure exits; otherwise iterate from Step 2.
Let W*P = (u/f*(p ) /*(p ) ) be the solution to the problem using the maximin principle. The DEA-
efficiency of p process and DMUd can be denoted as follows:
Z;_luf (p)Y(p) FoxI_, /*(p)Z(p)
nm /*(p)X(p 659, /*(p 1)Z(p 1))

i=1Y;

By =

and
Eq=min{E},...,EY,... El}.
The bisection algorithm has the following characteristics.

Theorem 3.1. The bisection algorithm converges.

Proof. (a;*(p), u;;(p), vl'i*(p), w;*(p)) is a feasible solution of model (3.5). We can obtain the inequation below.

ch 1u;}(p)Y(p)+s02‘q /*(p)Z(p)
nm '*(p)X(p)+5Zg ’*(p 1)Z(p 1) —

i=1Y

0< /*(P) <

Clearly, (ag*(f),ug*_(f},vl/*_(fi),ﬂl/i(fr)) is a feasible solution of model (3.6). In addition,

(a;*(p) ulf( 7v;;(p), Ty (p)) is an optimal solution of model (3.6). Therefore, we have
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Thus, the below inequation is obtained.

0< aﬁ(f) < a;*(p) <1.

The bisection algorithm converges. (I
In the field of DEA, the property of units invariance, which is in fact an application of a general mathematical
property known as “dimensionless” [36], is that efficiency results is independent of the units in which the observed

inputs and outputs are measured so long as the units are the same for every DMU [7]. Units invariance is a
desirable property [42]. The following theorem shows the proposed model (3.3) is not units invariance.

Theorem 3.2. The model given in (3.3) is not units invariance.

Proof. By substitution in the model (3.3) we then have

. { Z‘; 1u§c )Y(P)’ +502g 171.1(}7)2( p)/ }
Max min Seees @

P =
2;11’“1( P) + (qu_lﬂ' P— 1)z(P 1)
Zs (p)Y(p) + (ng (p)Z(p)/

s.t. <1, p=1,....¢;5=1,...,n
Zmlv(p)X(p)/Jr(;Eg 7T(p 1)Z(p 1)1

P 1u§cp)+<p2g:1ﬂ'£):1, p=1,...,q

ugcp),vgp),ﬂ,(.p) >0, f=1..,8i=1,....mr=1,...,g9. (3.7)

Let Xi(f)' = kng), Zﬁgf)/ CTZ(p) Yf(f)' =a Y(p), where k;, c,,ay are any collection of positive constants.
Model (3.7) becomes the following model:

Max min i 1u(fp)afy(p) + %, ’Ep)cTZ(f) ,p=1 q
Sy (p)k X(p) + %9 1ﬂ.rp D ﬁ;j 1)’ o
st Zi:lu; )afyf(j) + R m )CTZ’E];) <1 p=1 ¢ i=1,....,n
£ 0Pk X P 689 17r,(” Ve, z™H =7 B o
I 1ugc +oxd_ 7P =1, p=1,...,q
uP 0P 7®) >0, f=1,...,si=1,...,mr=1,...,4g.
(3.8)
Let vl(p)/ = vgp)k;i, P =P, ugcp) = ugfp)af, model (3.8) can be converted to the following model:
N E‘} 1uf (p)! Y(P) + QDE 17T£ p)/ Z(P) - 1 .
nm IU(P)X(P) +6%9_ 7r(p 1)Z(p 1’ ’
o Efﬂuf p)/ Y(p) +pnd_ (p) Zr(é?) bt it
i m 1)/ 1) — & — Lyl -
Zi:ﬂ}l(p) (p) +o%9_, p ) Zf? )
s u( p)’ Zg "(‘p)
=1 ! +S0 17T :17 p:17 »q
af Cr
u? o 7P > 0, f=1,...,8i=1,....om;r=1,...,q. (3.9

Comparing model (3.3) and model (3.9), we find that the constraints have changed. Therefore, the solutions
to model (3.9) are different from that of model (3.3) and the model is not units invariant. O
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}p)—i—cpi:lm(-p) =1,p=1,...,q with
E{’;lvgp)Xi(g) + 5275’:171'51771)25571) =1,p=1,...,q in model (3.3). Then, we have the following model:

To obtain the unit invariance property, we replace the constraint X%_,u

ES (P)Y(P) +<p29 (P)Z(P)
. T Lrj —
Max min {Em lv(p)X(p onr (p 1)2(1?_1)’27— 1,...,(1}
rj
Zs 1u5£ )Y(P) + @Z 171.7(, )Z(P)
s.t. Em ( )X(p) n 62‘7 p 1)Z(p = p= 17 45 ] ]-7 ,
m 1U(P)X(P) + 529:171_7(}7 1)ZT(Z b _ p=1,...,q;
Uf) (p) ) >0, f=1,...,8i=1, ,my r=1,...,9. (3.10)

Theorem 3.3. The model given in (3.10) is units invariance.

Proof. A similar proof of Theorem 3.2 for model (3.10), we have

Es lugfp) Y;;’)_F(ng 17T7(~p)/Z7E§)

Max min ,p=1,...,q
m 1 —1
I 11;(”))( +oxd_ mr Dz
s (p)1y/(p) g (P)! 7 (p)
N =S Mk e iy S =1 ci=1,....n
’ sm (P)/X(p) 539 (p—1) (p—1) — 7 pP=4L4...,4 )= ;
i=1Y; ij + r=17r er
E;’;lvgp)lXi(g) + 5E£:1ﬂ'7(.p71)’ZT(§_1) =1, p=1,...,q;
u;p)/,vgp)/,wﬁp)/ >0, f=1....s5i=1,....m;r=1,...,g.

(3.11)

Comparing model (3.10) and model (3.11), we can find that the two models are equivalent. Thus, the original
model is units invariant. (]

Theorem 3.4. The model given in (3.10) has a feasible solution.

Proof Consider a solution where ugcp) = 0(Vf,Vp), w @) _ = 0(Vf,Vp), v;" = 0(Vi # i1,¥p # p1), and v(pl)
W This solution is a feasible solution to model (3.10). Thus, the model given in (3.10) has fea81ble
solutl(l)lri 0

The model (3.10) is units invariance. However, the model (3.10) cannot gain a common set of weight. To
surmount incomparable efficiency scores and weak discrimination power, we next present cross efficiency model
based on the two-level maximin NDEA model.

3.2. Cross efficiency model based on the two-level maximin NDEA model

In model (3.10), when we change the evaluated DMUy, different optimal solutions of u/;;p ), U:Z( P) and ﬂ/*(p )
can be obtained. Using the same solution procedure described in model (3.3), the solution of the model (3 10)
are obtained.

Let W;* = (U}*d(p), zd(p), ﬂ;*(p)) be the solution to the problem using the maximin principle for DMUyg. The

DEA efficiencies of p process and DMUy are

D5 1ufd( )Y(p)+%02r 1 :ntl(p)Zr(d)

Emlviz(p)X(p)_H;Eg 177:;@ ”Zﬁﬁ 1)

P _
Edd
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and
Egq =min{E},,...EY, ... E%,}.
Then, the peer-evaluation efficiencies given to DMU; when DMUjy is under evaluation corresponding to the
p process are defined as follows:
S5y + psa, 0 2

Zzilv:;(p)Xz(Jp) + 62?:17T:‘2(p_1)z7(‘§_1) ;

P _
Edj—

j#Fd,j=1,...,n.

In this manner, the cross efficiency scores of p process and DMU; are defined as follows:

1 .
C’E}’ = ;EgﬂES}a ji=1,....n
and
— i 1 L
CE; —mln{CEj7...,CEf}, ji=1,...,n.
Note that all obtained efficiency scores Egj (j =1,...,n) are unique. This is due to that all efficiency scores
Egj (j =1,...,n) are directly determined in the objective function in our modeling optimization. This is different

from those secondary goals in DEA cross efficiency evaluation methods that are optimized for obtaining a set
of optimal weights for the next efficiency score calculation. Then, CE;’ and C'E; can be unique. Thus, model
(3.10) can obtain the unique cross efficiency.

The new models for parallel structure are similar to serial structures. In a parallel production system, at the
individual DMU level, we define the system efficiency as the minimum of the subsystem efficiencies. Then, at
the all DMU level, we evaluate all the DMUs simultaneously by using the maximin efficiency ratio model. For
network structure, by utilizing dummy processes, a network system can be represented by a series structure
where each stage in the series is of a parallel structure composed of a set of processes [24]. Therefore, the
proposed approach can be applied to any network structure.

4. A NUMERICAL ILLUSTRATION

In this section, we use the dataset of supply chain systems from Wu et al. [52] to illustrate the usefulness and
the validity of the proposed models. The supply chain system is a network system that can be divided into three
processes: the supplier, the manufacturer, and the retailer. The supplier consumes various inputs such as labor
(X11) and operating cost (X12) to produce revenue (Y71 ), which then becomes the input cost to the downstream
manufacturer. The manufacturer utilizes manufacturing cost (Xs1) and lead time (Xs2) to absorb fill rate (Y1)
and quantity of products (Ya2). Products are then shipped to the retailer. The retailer bear inventory cost (X31)
and backorders (X32) in inventory to earn profits (Yz1).

Table 2 reports this dataset. The results obtained by the model (3.3) and the supply chain model of Wu et al.
[52] are provided in Table 3.

In Table 3, the second and fifth columns report the efficiencies of the supply chain, the supplier, the man-
ufacturer, and the retailer which are obtained by the model (3.3). The sixth to ninth columns describe the
efficiencies of the supply chain, the supplier, the manufacturer, and the retailer which are got by the Wu et al.’s
method. From Table 3, it can be concluded that the overall efficiency scores from the model (3.3) are all much
less than those from Wu et al.’s method. This is due to the fact that the overall efficiency scores from the
model (3.3) are the efficiencies of the weak-link of the supply chain and those from Wu et al.’s method are the
weighted sum efficiency of stages. These differences indicate that the efficiency of the supply chain systems may
be overestimated due to applying the weighted sum model.

Note that our model can show the bottleneck in the production process that is critical to the total efficiency
of the system. For example, the overall efficiency of DMUj (0.8153) is higher than this of DMUjs (0.7722) in
Wu et al.’s method. However, the overall efficiency of DMUj3 (0.5918) is lower than this of DMUj (0.6657) in
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Supplier

Manufacturer

Retailer

DMU Inputs (X1)

Intermediates (Y1)

Inputs (X32)

Intermediates (Y2)

Inputs (X3)

Outputs (Y2)

X1 X2 Y11 Xo1 Xao Yor Yoo X311 Xzo Y31
1 125 90 35 218 5 0.70 800 90 10.0 3000
2 150 80 25 190 4 0.90 700 100 11.0 2200
3 115 110 23 180 3 0.78 750 80 13.0 3200
4 155 100 24 205 5 0.88 500 70 12.5 2300
5 180 100 27 185 2 0.73 650 85 14.0 3300
6 145 85 25 180 3 0.95 550 7 13.5 2400
7 155 95 28 190 6 0.89 650 78 12.5 3500
8 180 125 35 180 2 0.87 600 90 15.5 3800
TABLE 3. Results for two-level maximin NDEA model approach.
Weak-link efficiency Weighted sum efficiency
DMU
e el e2 e3 e el e2 e3

1 0.6657(2) 0.8407 0.6657 0.7128 0.8978 1.0000 0.7569 0.9366

2 0.5918(6) 0.7457 0.8407 0.5918 0.7784 0.7115 0.9498 0.6740

3 0.5918(6) 0.5918 0.9954 0.8407 0.8153 0.5918 1.0000 0.8541

4 0.5918(6) 0.5918 0.7018 0.7018 0.6830 0.5918 0.7569 0.7004

5 0.6657(2) 0.6657 0.8284 0.8407 0.7722 0.6260 0.8238 0.8667

6 0.6657(2) 0.7018 0.8284 0.6657 0.7509 0.6975 0.8813 0.6740

7 0.7128(1) 0.7128 0.7457 0.9343 0.8593 0.7119 0.8660 1.0000

8 0.6657(2) 0.7018 0.6657 0.9343 0.8051 0.7103 0.7651 0.9398

TABLE 4. Results for cross efficiency model based on the two-level maximin NDEA model.

DMU e el e2 ed

1 0.6380(5) 0.9048 0.6380 0.8193
2 0.6375(6) 0.7637 0.7850 0.6375
3 0.5918(7) 0.5918 0.8496 0.8458
4 0.5918(7) 0.5918 0.6833 0.7191
5 0.6652(2) 0.6652 0.7282 0.8617
6 0.6652(2) 0.7189 0.7375 0.6652
7 0.6997(1) 0.7240 0.6997 0.9481
8 0.6652(2) 0.7028 0.6652 0.9639

our method. This is attributed to the efficiency scores of the second stage and the third stage of DMUj; is
significantly higher than those of DMUj, while the efficiency of the first stage of DMUj is lower than this of
DMUs;. This infers that the efficiency of partial stages conceals the overall inefficiency in the weighted sum

model.

The cross efficiency scores are reported in Table 4. It is shown that the efficiencies of the supply chain which
are obtained by the model (3.3). This finding indicates that the cross efficiency model has stronger discriminating
power in ranking DMUs and is able to produce more representative results.
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5. CONCLUSIONS

In this study we introduce the two-level maximin strategy in DEA-based efficiency evaluation for network
systems. We develop the two-level maximin NDEA model and cross efficiency model based on the two-level
maximin NDEA model and measured the efficiency of eight supply chains with three processes. In the two-level
maximin NDEA model, we combine the maximin efficiency ratio model with the weak-link approach in multi-
stage systems. Based on the two-level maximin NDEA model, we build cross efficiency model for multi-stage
systems.

In this paper, the proposed model was found to have the following advantages. First, the proposed model can
help decision makers to identify the stage that is the minimum efficiency stage in the minimum efficiency unit
and effectively improve the performance of these systems. Second, this approach provides unique and unbiased
efficiency scores for the divisions. Third, the proposed cross efficiency model does not require secondary objective
functions and provides unique results.

Based on the results of the application, our conclusions are summarized as follows. First, compared with the
traditional multi-stage weighted sum model, our model can show the bottleneck in the production process that
is critical for the total efficiency of the system can overcome that the efficiency of partial stages conceals the
overall inefficiency. Second, cross efficiency model based on the two-level maximin NDEA model has stronger
discriminating power in ranking DMUs, and is able to produce more representative results.

Looking at extensions to this research, in this study, all inputs, intermediate products, and outputs are
considered desirable. Further studies can develop the two-level maximin NDEA model for network systems in
presence of undesirable factors. For example, if available, CO2 emissions could be incorporated into the research
when the models are applied to the industrial production process. In addition, in the study, the evaluated
DMUs are completely homogeneous. However, the perfect homogeneity is difficult to be found in DMUs. Some
non-homogeneous factors may block the accuracy and rationality of evaluation, if they are neglected [10]. Thus,
one may consider non-homogeneous DMUs and evaluate their efficiency. Moreover, it would be interesting for
future research to apply our methods to more real-world applications such as banks, hotels, and educational
institutions. Finally, with the increase in the number of processes and DMUs, the computation time will increase.
Therefore, it might be interesting to study how to optimize the algorithm to reduce the computation time.
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