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ON THE SUPER CONNECTIVITY OF DIRECT PRODUCT OF GRAPHS

FARNAZ SOLIEMANY!, MOHSEN GHASEMI* AND REZVAN VARMAZYAR?

Abstract. A vertex-cut S is called a super vertez-cut if G — S is disconnected and it contains no
isolated vertices. The super-connectivity, ', is the minimum cardinality over all super vertex-cuts. This
article provides bounds for the super connectivity of the direct product of an arbitrary graph and the
complete graph K,,. Among other results, we show that if G is a non-complete graph with girth(G) = 3
and k'(G) = oo, then £'(G x K,) < min{mn — 6, m(n — 1) + 5,5n + m — 8}, where |V(G)| = m.
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1. INTRODUCTION

We follow [1] for graph theoretic terminologies and notations not defined here. Let G be a simple undirected
graph, where V(G) and E(G) denote the set of vertices and the set of edges of G, respectively. For two vertices
u,v € V(G), u and v are neighbors if u and v are adjacent and we write u ~ v. If u and v are not adjacent in
G, then we write wv € E(G). For each vertex v € V(G), the neighborhood Ng(v) of v is defined as the set of
all vertices adjacent to v and deg(v) = |Ng(v)| is the degree of v. The number 6(G) = min{deg(v) | v € V(G)}
is the minimum degree of G. Also the girth of the graph G, girth(G), is the length of its shortest cycle if G
contains cycle, define girth(G) = oo otherwise. A wheel graph is a graph formed by connecting a single universal
vertex to all vertices of a cycle. We use W, to denote a wheel graph with n > 3 vertices. For an arbitrary subset
S C V(G) we use G — S to denote the graph obtained by removing all vertices in S from G. For any connected
graph G, if G — S is disconnected, then S is a vertez-cut. The connectivity of a graph G, denoted by k(G), is
the minimum cardinality of a set S C V(G) such that G — S is either disconnected or the trivial graph K. It
is known that x(G) < §(G). A vertex-cut S is called a super vertez-cut if G — S is disconnected and it contains
no isolated vertices. The super-connectivity k' is the minimum cardinality over all super vertex-cuts, that is,

#'(G@) = min{|S| | S C V isasuper vertex-cut of G}.

Clearly, the super connectivity «'(G) does not always exist for a connected graph G. We write £'(G) = oo if
k' (G) does not exist. For example, £'(G) = oo if G is the star K .

It is well known that when the underlying topology of an interconnection network is modeled by a graph
G = (V,E), where V represents the set of processors and F represents the set of communication links in the
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network, the connectivity x(G) of G is an important measurement for the fault tolerance of the network. It has
been shown that a super connected network is most reliable and has the smallest vertex failure rate among all
the networks with the same connectivity (see, e.g. [20,21]).

The direct product X x Y of two graphs X and Y is the graph having V(X xY) = V(X) x V(Y) and
E(X xY)={(z1,y1)(z2,y2) | x122 € E(X)andy1y2 € E(Y)}.

We state two known results of the direct product of graphs that will be used in the proof of our main results.

Proposition 1.1 ([17]). Let G and H be connected graphs. The graph G x H is connected if and only if G or
H contains an odd cycle.

Proposition 1.2 ([17]). Let G be a connected graph. If G has no odd cycle, then G x Ko has exactly two
components isomorphic to G.

The direct product plays an important role in design and analysis of network [18]. This product has generated
a lot of interest mainly due to its various applications. For instance, it is used in complex networks to generate
realistic networks [12], in multiprocessor systems to model of concurrency [11] and in automata theory [5]. The
connectivity of direct product graphs has been investigated in [15] and [17]. Also the connectivity of direct
product of a bipartite graph and a complete graph has been presented by Guji and Vumar (see [6]). Moreover,
the super connectivity of K, , x K,, is determined by Ekinci and Kirlangic (see [3]). For more results we refer the
reader to [2,4,7-10,13,14,16,19,22]. In this paper we investigate the super connectivity £’ of the direct product
of an arbitrary graph and the complete graph K,,. We show that if x'(G) =t < oo then «'(G x K,,) < tn. Also
if K'(G) = oo and girth(G) = 3, then /(G x K,,) < min{mn — 6, m(n—1)+5,5n+m — 8}, where |V(G)| = m.

2. SUPER CONNECTIVITY OF G X K,

Throughout this section, G is a connected non-complete graph.

Let G be a graph with V(G) = {1,292, ..., 2m} and V(K,,) = {v1,vs,...,v,}. Suppose that S; = V(G) x v;
for ¢ € Z,,, where Z,, = {1,2,3,...,n}. Hence V(G x K,,) = S USy U---U S, where {S;} is a partition of
G x K,.

Theorem 2.1. Let G be a graph with k'(G) =t < co. Then '(G x K,) < tn.

Proof. Let X = {z1,2,...,2;} be a minimum super vertex-cut of G. Then S = {(x;,v;) | j € Z¢,i € Zy} is a
super vertex-cut in G x K. So (G x K,,) < tn. |

Let C,, be a cycle of length n > 6 and V(C,) = {x1,...,2,} where 1 ~ 9 ~ x3 ~ -+- ~ 2, ~ x1. Then
S = {x1,24} is a super vertex-cut in C,,. Hence, for a graph G with girth(G) > 6 we have '(G) < oo and by
Theorem 2.1, k'(G x K,,) < co. Thus we may suppose that girth(G) < 5. First suppose that girth(G) = 5. If
|E(G)] > 6 then «'(G) < oo and so again by Theorem 2.1, '(G x K,,) < oco. Thus in the following theorem we
may suppose that girth(G) =5 and |E(G)| = 5. It is easy to see that £'(G x K3) = 2.

Theorem 2.2. Let G be a cycle of length 5. Then r'(G x K,) = min{bn — 8,3n} forn > 3.

Proof. Suppose that G is a cycle of length 5 and V(G) = {a,b,¢,d,e} wherea~b~c~d~e~a.Let j€Z,
be constant. Then by deleting all vertices {(a,v;), (b, v;), (¢, v;), (d,v:), (e,v¢) | © € Zy,t € Z, —{j}} we obtain a
disconnected graph without any isolated vertex. Therefore, k(G X K,) <14+ n+142(n—1) = 3n. Now, let S
be a super vertex-cut of G x K,,. Hence (G x K,,) — S has at least two components, say Cy, Cs. Let (x,v,) € C;
and (y,v;) € Cy for some z,y € V(G). We have four cases:

Case 1. Let x = y. Hence v, # v;. Without loss of generality, let x = a. So (a,v,.) € Cy and (a,v) € Cs.
Since Ng(a) = {b,e}, for every j € Z, — {r,t}, (a,v,) ~ (b,v;) ~ (a,v¢) and (a,v,) ~ (e,v;) ~ (a,v:)
are paths between (a,v,) and (a,v;) in G x K,,. Therefore {(b,v;), (e,v;) | j € Zn — {r,t}} C S. Clearly
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(b,ve), (e,v) € Cy and (b,vy), (e,v,) € Co. Also, for every j € Z, — {r,t}, (b,vs) ~ (a,v;) ~ (b,v,)
and (e,v;) ~ (a,v;) ~ (e,v;) are paths in G x K,,. Thus, {(a,v;) | j € Z, — {r,t}} C S. Similarly,
{(d,v)),(c,vj) | j € Zn, —{r,t}} C S. By deleting these vertices of G x K,, we obtain an 10—gone, say Pig,
where

V(Plo) = {(av Ut)v (b7 UT)? (Cv vt)? (dv UT)’ (6, ’Ut)’ (a7 UT)? (bv Ut)? (C’ UV“)? (d7 Ut)? (67 UT)}'

Hence U?:l(#m) S; with two more vertices is S, that is, |S| = 5(n — 2) +2 = 5n — 8.

Case 2. Let x # y, v, = vy and = ~ y. Without loss of generality, let + = a and y = b. Hence S =
{(a,v;), (b,v;) | j € Z,, — {r}} U{(e,vy), (c,v,)} U{(d,v;) | i € Zy}. Therefore, in this case |S| =2(n—1) +
2+n=3n.

Case 3. Let ¢ £y , v, = v; and xy € E(G). Without loss of generality, let x = a and y = ¢. Since (a,v,) ~
(b,v;) ~ (c,vr) is a path in G x K,, for every vj # v, the set {(b,v;) | j € Z, — {r}} lies in S. Now, we
choose one element ! € Z,, with [ # r. Since (e, v;) € C1, (d,v;) € Cy and (e, v;) ~ (d,v;) for i # j, the set
{(e,v;),(d,v;) | j € Zp, —{l}} lies in S. In the remaining graph the vertex (b, v,) is adjacent to all vertices of
{(a,v;) € Ci,(c,v;) € Ca | j # 1}, s0 (b,v,) € S. Finally, (a,v;) and (¢, v;) are isolated vertices. Thus they
belong to S. Therefore, in this case |S| =n+2+2(n —1) = 3n.

Case 4. Let x #y , v, # v;. Clearly zy ¢ E(G). Suppose that © = a, y = c and [ # r,t. Thus (e, v;) € Cy and
(d,v;) € Cy. Now with the similar arguments in Case 3, we get S = {(e,v;), (d,v;) | j € Z, — {I}} U{(b, v;) |
i € Zn} U{(a,v), (c,v;)}. Therefore, in this case |S| = 3n.

Thus &'(G x K,) < min{bn — 8,3n}. Furthermore, by the process of the proof, in all cases if |S| <
min{5n — 8,3n} then (G x K,,) — S is either connected or has some isolated vertices. Therefore, £'(G x K,,) =
min{5n — 8, 3n}. O

By the above theorem, the following result holds.
Corollary 2.3. Let G be a cycle of length 5. Then k(G x K,) = 3n forn > 4.

Suppose that G is a bipartite graph with x'(G) = co. Hence girth(G) = oo or girth(G) is even. If girth(G) > 6
then k(@) < oo and by Theorem 2.1, ¥'(G x K,,) < co. So we have the following result when girth(G) = 4 or
girth(G) = oo.

Theorem 2.4. Let G be a bipartite graph and k' (G) = co. Then £'(G x K,,) < m(n — 2), where |[V(G)| =m.

Proof. By Proposition 1.2, (G x K,,) — (U_3S;) = G x K3 has two components isomorphic to G. Thus &'(G x
K,) <m(n—2). O

Finally in Theorem 2.5, we investigate k(G x K,,) when girth(G) = 3 and £'(G) = cc.

Theorem 2.5. Let G be a graph with girth(G) = 3, |V(G)| = m and &'(G) = oo. Then «'(G x K,) <
min{mn — 6, m(n — 1) + 5,5n +m — 8}.

Proof. First suppose that G has a unique triangle. Let C be the only cycle of G with V(C) = {uy, uz,us}. We
consider the following cases:

Case 1. Let deg(u;) =2 for all j € Zs. Then G is K3 and by Theorem 2.7 of [3] /(G x K,,) = 3n — 4.

Case 2. Let deg(u;) > 3 for all j € Z3. Also let No_qu, upy(u1) = {20 | 7' € Zp}, Na—{uyus) (u2) = {ys |
s € Zs} and Ng_{u, usy(us) = {wy | t' € Zs} where r + s+t = m — 3. Now, &'(G) = oo implies that
deg(x,/) = deg(ys) = deg(wy) = 1, for every ' € Z,, s’ € Zs and t' € Z;. Hence S = {(uj,v;) | j € Zs,l €
Zp, — {1}} U{(zpr,01), (ysr,v1), (weryv1) | 77 € Zypys' € Zs,t' € Zy} is a super vertex-cut in G x K,, with
S| =3(n—1)+ (m—3)=3n+m—6.

Case 3. Let deg(ui) > 3 and deg(ugz) = deg(us) = 2. In this case S = Ul 3S5; U {(us,v1), (us,v2)} is a super
vertex-cut in G x K,, with |S| =m(n —2) + 2.
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Case 4. Let deg(u1) > 3, deg(uz) > 3 and deg(uz) = 2. Let Ng_{u,us3(w1) = {zw | ' € Z;} and
NG—fuyusy(u2) = {ys | 8 € Zs} where r + s = m — 3. We have two subcases:

Subcase 1. If deg(z,/) = deg(ys) = 1 for every v € Ng_{uyus1(u1) and ys € Ng_qy, uq)(u2) then
S = {(us,v;) | i € Zp} U {(u1,v5), (u2,v;) | j € Zp — {1}} U{(ysr,v1), (xrr,01) | ' € Zy,s" € Zs} is a
super vertex-cut in G x K, with |S|=n+2(n—1)+ (m—3) =3n+m —5.

Subcase 2. Let there exist some vertices 7, € Ng_{u,u,} (¥1) and yg € Ng_qu, uy) (u2) such that x, ~ y,.
Since k'(G) = oo if x, ~ y, and xp ~ yu then z, ~ yy or x, ~ y,. Let h be the number of
vertices x,» with deg(z,») > 2 and [ be the number of vertices ys with deg(ys) > 2. Without loss of
generality let [ < h, and {y1,%2,..., %} C Ng—{u,,us}(u2) be such that deg(y,) > 2 for ¢ € Z;. Then
§ = {(us, vs) | § € Zu} UL (u1, 03), (42, 05) | € Zum AT} }U{ (g ) | 0 € Za,i € Zon— {11} UL (g 1) |1 <
s’ < spU{(xp,v1) | 7 € Z,} is a super vertex-cut in G x K, with |S| = n+2(n—1)+l(n—1)+(s—1)+r =
3n+m—5+1(n—2). If | = s then (ug,v) is an isolated vertex in (G x K,)—S.Sol <s. Nowl<m-—5
implies that |[S| < n(m —2) —m+5.
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Now, let deg(x,/) > 2 and deg(ys/) > 2 for every z,» € Ng_{us,us}(U1), Ys' € NG—fuy us}(u2). We choose a
constant | # 1 of Z,,. Hence S = {(us,v;) | i € Zn} U {(u1,v;), (u2,v;) | i € Zp, — {1}} U{(2p,vi), (ys,v5) | 7 €
Z,, — 1} is a super vertex-cut in G x K, with |S|=n+2(n—1)+ (m —3)(n—1)=m(n—1) + 1.

Now, suppose that G contains t cycles which have common edges. We consider the following cases:

Case 1. Let G be isomorphic to ¢ triangles which have a common edge {a,b}. Also, let the other vertices be the
set {on, 2,...,am—2}. Now S = {(«j,v;),(a,v;) | § € Zyp—2,1 € Zyp, — {1,2}} U {(b,v;) | i € Z,,} is a super
vertex-cut in G x K, with [S| = mn — 2m + 2. Also let G be isomorphic to ¢ triangles and a square which
have a common edge {a,b}. Let {a,b, a1, @z} be vertices of square and {as,...,,—2} be other vertices.
Again S is a super vertex-cut in G x K,, with |S| = mn — 2m + 2. Furthermore, if G has more than one
square with common edge {a, b} then it is clear that x'(G) < oo, a contradiction. Assume that G contains
more than one square and there are some edges between the vertices of squares such that «'(G) = oo then
we have two subcases:

Subcase 1. If the vertices of square are such that there is no pentagon then S is as above.

Subcase 2. Let {a1,as,...,as} be the vertices of triangles and {@s41,@sy2,...,m—2} be the vertices
of squares. We have to delete some vertices for removing pentagons. Let {asi1, @sya,...,as11} be the
minimum vertices which deleting them removes pentagons. Hence S = {(b,v;) | i € Z,} U {(a,v;) | i €
Zp —{1,2}} U{(aj,v) | § € Zg,i € Zy, — {1,2}} U{(ej,05) | s+ 1 < j<s+1ié€Z,}U{(,v)]
s+l+1<j<m-—2,i€Z,—{1,2}}} is a super vertex-cut in G x K,, with |S| =n+ (n —2) + s(n —
D+in+(m—2—-s—1—-14+1)(n—2) =mn—2m+2+2l. Thus | < m — 5 implies that |S| < mn — 8.

Moreover, if G is isomorphic to Figure 1, then S = {(a,v;), (b,v;) | ¢ € Z,, — {1}} U{(Bj,v1), (vr,v1) | J €
Zg,r € L} U{(ae,vi) | € € Zy,i € Zy} is a super vertex-cut in G x K,, with [S| =2(n—1) + f+ f+ fn. Now,
f+7f+f=m-—2and f <m — 4 implies that |S| <2(n—1)+m —2+ f(n—1) < n(m — 2).

Also, if G is isomorphic to Figure 2, then S = {(a,v;),(b,v;),(c1,v) | @ € Zn, — {1}} U
{(Bj,v1), (v v1), Aw,v1) | J € L € Lj,w € Zf-} U{(ae,v;) | 2 < e < f,i €Z,} is a super vertex-cut in
GxK,.Now f+f+f+f=m—2and f—1 < m—6 implies that |S| < 3(n—1)+f+f+f+(f—1)n < n(m—3).

Case 2. Let G contains three cycles Cy, Cy and C5 with V(G) = {uy, uz,ug, ..., um}. Let V(Cy) = {uy, us, us},
V(C2) = {uz2,us,us} and V(C3) = {ug,ug,us}. If deg(uy) = deg(us) = 2, deg(uz) = 4 and deg(uz) =
deg(ug) = 3 then S = U 35;U{(uz,v1), (uz,v2)} is a super vertex-cut in G x K,, with |S| = m(n—2)+2. Now
suppose that deg(uz) > 5 and either deg(us) > 4 or deg(us) > 4. Let No—qu; ug,uqus} (u2) = {z0 | ' € Z,},
NG turugugy(3) = {ys | 8" € Zs} and Ng_f{ugug,usy(va) = {wy | t' € Zi} where r + s+t =m — 5. Let
deg(z,/) = deg(ys) = deg(wy) = 1, for every r' € Z,, s’ € Zs and t' € Zs. So S = {(uj,v;) |2 < j < 4,1 €
Zn — {1} U{(u1,v1)} U{(us,v;) | i € Zpn} U{(zyr,01), (ysr,v1), (Wer,01) | ¥ € Zy, 8" € L, t' € 7y} is a super
vertex-cut in G x K, with |S| = 3(n—1)+1+n+(m—>5) = 4n—T+m. Alsoif x,,/ ~ 7 Or ys, ~ ys, OF Wy, ~
Wy, OF Tyyr ~ Ys 1 OF Tpyr ~ Wy O Yg,o ~ wy,» for some i, j then #'(G) < oo. Moreover if ug ~ Wy, Or Uy ~ Ys,'
then S = {(uj,v;) |2 <j<4,i€Zy—{1}} U{(u1,v:), (us,v) |t € Zp} U{(zyr,v1), (Ysr,v1), (wpr,v1) | 7' €
Zy,s' € Zg,t' € Zyt} is a super vertex-cut in G x K,, with |S|=3(n—1)+2n+ (m —5) = 5n — 8 + m. Now
let 2, ~ uz or x,,» ~ uy for some 7, j. Let A = {x € Ng_{u, ugusus}(U2) | ~uzand . ~ us}, B = {r €
NG—{uy ugua,usy (U2) | © ~ug and zuy & E(G)}, C = {2 € No—(uy,ug,ui,us} (u2) | 2us & E(G) and @ ~ ua},
D = {2 € No—{us usus,us}(u2) | @ ~ & for some &; (£ € Ng_{u, us,usus} (U2) N No—{uy us,uiy (us) and & &
NG—{ul,u37u4,us}(u2) N NG—{uz,ug,us}(u4) or ('f € NG—{ul,u37u4,u5}(u2) N NG—{uz,ug,us}(u4) and & ¢
NG tuug,uust (2) VNG fuy usugy(u3) and F = {2 € No_{uy ug,uaus}(U2) | 2 € AUBUC U D} with
|Al =1, |BUC| =1, |D| =i and |F| = . Then S = {(uz, v;), (us,v;) | i € Zy — {1}} U {(uz,v;) | i €
Zn} U {(ur,v1), (us,v1)} U{(z,v;) |z € Aorz € Fii € Zp,} U{(z,v1) | x € BUC}U{(ys,v1), (wg,v1)} is a
super vertex-cut in G x K, with [S| =2(n—1)+n+2+ (I +)n+ () + (m—5—r). Now, [+[+1=r—1,
[ <m—7andl+1<m—5implies that |S| < n(m —2) —m +7.

Moreover, if there are vertices h € Ng_fuy uz} (Y1) = Na—{us,us} (us) or he NG fusuay (Us) = No—{ug,us} (U1)
then x'(G) < oo, a contradiction. Let {h1,...,hf} = No_{us,us} (¥1) NV NG—fuy,u,) (us). If for some i, j, hy ~ h;
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or deg(usz) > 4 or deg(us) > 4 then x'(G) < oo, a contradiction. Hence let for every i,j, h;h; ¢ E(G),
deg(uz) = deg(us) = 3 and Ng_{u, ug,uqust(U2) = {z0 | 7" € Zp}. So S = {(uz,vy), (ua,v)) | i € Zn} U
{(u1,vi), (u2,v:), (us,v) | @ € Zyp, — {1} U {(hj,01), (xpr,v1) | j € Zy,7 € Zy} is a super vertex-cut in G x K,
with |S| =2n+3(n—1)+ (m —5) =5n+m — 8.

Now, let deg(usz) = 4, deg(uz) = 3, deg(uq) = 3 and u; ~ wus. The graph is Wy and has four triangles. In
this case, S = {(u2,v;) |1 € Zp} U {(uj,v:) | j € Zs — {2},i € Zy, — {1,2}} is a super vertex-cut in G x K,
with |S| = n + 4(n — 2) = 5n — 8. Furthermore, let u; ~ us, deg(uz) > 4, deg(ug) > 3 and deg(ug) > 3. Let
NG*{UI,US’U4,U5}(’U2) = {zy | € Z}, NG*{ul,uz,w}(ui’r) ={ys | 8’ € Zs} and NG*{uz,us,u5}(u4) ={wy | €
Z.} where r + s+t =m — 5, and deg(x,s) = deg(ys') = deg(wy) =1 for each 1/, s",t'. Then S = {(u;,v;) | 2 <
J<4,i€ Zy,—{1}} U{(us,v:), (u1,v;) | ¢ € Zp} U {(zr,v1), (Wsr,v1), (wer,v1) | 7 € Zypy 8" € L, t' € Zy} is a
super vertex-cut in G x K, with [S| =3(n —1) +2n + (m —5) = 5n — 8 +m. Now if z,, ~ u3 or x,;/ ~ uy
for some i, j, then by using A, B,C, D and F as above, and putting {(u1,v;), (us,v;) | ¢ € Z,} in S we get S a
super vertex-cut in G x K, with |S| <n(m—2)—m+74+2n—-2=m(n—1)+5.

Now let G be the graph W5 with vertices {u; }icz, where uy; ~ ug ~ ug ~ us ~ ug ~ uy and us is adjacent to
all others. Hence by putting {(uz, v;) | i € Z,,} in S and using Theorem 2.2, we get |.S| = min{4n, 6n—8}. Now let
deg(uz) > 6, NG—fuy us,ua,us,ut (U2) = {xp | ' € Z,}. If for some 4, j, xpr, ~ xpr, OF 24, ~ u, for s € Zy, — {2},
then k'(G) < oo, a contradiction. Let for all # € Z,, deg(x,r) = 1. Then S = {(u1,v;), (u2,v;)(us,v;) | © €
Zp, — {1,2}} U {(us, v;), (g, v5), (ug,v;) | ¢ € Zp} U{(zr,v;) | 7' € Zy,i € Zy, — {1,2}} is a super vertex-cut
in G x K,, with |S| = m(n —2) 4+ 6. Also let uy ~ ug or u3 ~ us Or uz ~ U Or Uz ~ Ug OF Uy ~ Ug Where
deg(ug) = 5. Since G is not complete we may assume that deg(u;) = deg(ug) = 4 and vjus ¢ E(G). Thus
S = {(u2,v;), (us,v;), (ug,v;) | € Zp} U {(u1,v:), (us,v;), (ua,v;) | @ € Z,, — {1,2}} is a super vertex-cut in
G x K, with |S| = 6n— 6. Similarly, for any non complete graph G with vertices {x1, ..., 2} and girth(G) = 3,
if 123 € E(G) and @1 ~ xo ~ x3, then S = {(z;,v;) | j € Z, — {1,2,3},4 € Zp} U {(zj,v;) | j € Z3,i €
Zn — {1,2}} is a super vertex-cut in G x K,, with |S| = (m — 3)n + 3(n — 2) = mn — 6. Also, K'(W,,) < o0
where n > 6. If a graph G includes W,, with more than 2n vertices where x'(G) = oo then by above argument
we see that the cardinality of a super vertex-cut is mn — 6. Therefore, if girth(G) = 3 and £'(G) = oo then,
K (G x K,) < min{mn —6,m(n — 1) +5,5n +m — 8}. O

3. CONCLUSION

In this article we provide bounds for the super connectivity of the direct product of an arbitrary graph and
the complete graph K,. Also, we show that if G is a non-complete graph with girth(G) = 3 and &'(G) = oo,
then k(G x K,) < min{mn — 6,m(n — 1) + 5,5n + m — 8}, where |V(G)| = m.
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