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WEAK AND STRONG DOMINATION ON SOME GRAPHS

DERYA DOGAN DURGUNY*® AND BERNA LOKCU KURT?

Abstract. Let G = (V(G), E(G)) be a graph and uve E. A subset D C V of vertices is a dominating set
if every vertex in V' — D is adjacent to at least one vertex of D. The domination number is the minimum
cardinality of a dominating set. Let © and v be elements of V. Then, u strongly dominates u and v
weakly dominates u if (¢)uveE and (ii)deg(u) > deg(v). A set D C V is a strong (weak) dominating set
(sd-set)(wd-set) of G if every vertex in V' — D is strongly dominated by at least one vertex in D. The
strong (weak) domination number 7,(vw) of G is the minimum cardinality of a sd-set (wd-set). In this
paper, the strong and weak domination numbers of comet, double comet, double star and theta graphs
are given. The theta graphs are important geometric graphs that have many applications, including
wireless networking, motion planning, MST construction and real-time animation.
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1. INTRODUCTION AND PRELIMINARIES

In this paper we consider finite, undirected graphs G without multiple edges and loop. Let G = (V(G), E(G))
be a graph. V(G) and E(G) denote the vertex set and the edge set of a graph G. The order |(V(G)| of G is
denoted by n. Let u, veV(G),uve E(G). Two adjacent vertices are referred to as neighbors of each other. The set
of neighbors of a vertex v is called the open neighborhood of v (or simply the neighborhood of v) and is denoted
by N(v). The set N[v] = N(v) Uw is called the closed neighborhood of v. The degree of a vertex v in a graph
G is the number of vertices in G that are adjacent to v. Thus, the degree of v is the number of vertices in its
neighborhood N (v). Equivalently, the degree of v is the number of edges incident with v. The degree of a vertex v
is denoted by deg(v). Hence deg(v) = |N(v)|. The largest degree among the vertices of G is called the maximum
degree of G and is denoted by A(G). The minimum degree of G is denoted by §(G) [4]. A subset D C V(G) of
vertices is a dominating set if every vertex v in V(G) — D is adjacent to at least one vertex of D. The domination
number y(G) of G is the minimum cardinality of a dominating set. Let u and v be elements of V(G). Then
u, strongly dominates u and v weakly dominates u if (¢)uve E(G) and (ii)deg(u) > deg(v). The strong (weak)
domination number (7, ) of G is the minimum cardinality of a sd — set(wd — set). The domination number
~v(G) is a well-studied parameter as one can see from the bibliography [14] on domination. In this paper, we use
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Ys = Ys(G)yYw = Yw(G),V = V(G) and E = E(G) shortly. In general dominating sets in graph theory finds
variety of applications of communication networks. The minimum dominating set of sites plays an important
role in the network for it dominates the whole network with the minimum cost. The concept of strong and weak
domination were introduced by Sampathkumar and Pushpa Latha in [21]. Strong and weak domination come
on the scene inartificially practical situations. Consider a network of roads connecting a number of locations.
In such a network, the degree of a vertex v is the number of roads meeting at v. Suppose deg(u) > deg(v).
Inherently, the traffic at u is heavier than that at v. If we consider the traffic between v and v, preference should
be given to the vehicles going from w to v. Therefore, in some sense, u strongly dominates v and v weakly
dominates u. They give this definition by this motivation. It is shown that the problems of computing v, and -,
are NP-hard [21]. In 1999 and 2000, Rautenbach investigated some bounds on v, [18][19]. Also, some bounds are
given by Bhat et al. [2]. Rautenbach and Zverovich have studied results on NP-completeness related to strong
and weak dominating set [20]. Desai and Gangadharapppa have investigated upper bounds a strong domination
number for trees [7]. The concept of strong and weak domination in fuzzy graphs are introduced by Gani and
Ahamed [10]. The strong domination number of some path related graphs given by Vaidya and Karkar [25]
and also the strong domination number of some wheel related graphs are studied by Vaidya and Mehta [24].
The relations between strong domination and weak domination number are given by Boutrig and Chellali [3].
Swaminathan and Thangaraju investigated some relations between strong domination and maximum degree
of the graph as well as weak domination and minimum degree of the graph [22]. In 2015 Dogan Durgun et
al. investigated strong domination number of some graphs [8] and in 2020 they investigated strong and weak
domination number in thorn graphs [9]. An algorithm have introduced by Berberler et al. in 2020 [23].

In this paper the strong and weak domination numbers of comet, double comet, double star and theta graphs are
given. Theta graphs are important geometric graphs that have many applications, including wireless networking,
motion planning, MST construction and also real-time animation [17]. For further information reader should
check [17]. The other graphs in this paper are star related graphs. Several graph types are defined in terms
of star, the star network, a computer network modeled after the star graph which is important in distributed
computing.

In the next section we give some results and proofs of comet graph C ., double comet DC(n, a,b), double star
S(a,b) and theta graph 6(s1, s2,83,.-.,8n)-

2. MAIN RESULTS

In this section we mention about strong and weak domination number of Cy,, DC(n,a,b), S(a,b),
0(s1, 82,83, ...,5y,) graphs (see Fig. 1).
Definition 2.1. Comet C;, is a graph which is obtained by identifying one end of the path P, with the center
of the star K, [6].

Theorem 2.2. Let G = Cy, be a comet graph, wheret > 2 and r > 1,

t—2 t—3
’YS(Ctﬂ“) = ’73-‘ + 1a’7w(ct,r) = ’73-‘ +r+1.

FIGURE 1. Comet graph C} .
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Proof. There is three cases for the proof of strong domination number. Let D be a strong dominating set.

Case 1. Let t = 0(mod3). D should contain vy to strongly dominate wj,us,us,...,u,,v; and vi_o to
strongly dominate v;_1 and v;_3. In order to strongly dominate the rest of the vertices % + 1 number of vertices
should be in D. These vertices can be {vg, v3,vg, ..., Vt_2} or {vp,v2,vs,...,v_o}. Thus,

t
’Ys(ct,r) S g + 1.

Let D ={vg,v3,06,...,0t—2} (or D={vg,v2,04,...,0t—2}) not be a minimal strong dominating set. Delete v
from D. Then wq,us,us,...,u, should be in D to strongly dominate themselves. Since
deg(uy) = deg(uz) = deg(uz) = ... = deg(u,) < deg(vo)

then this can not strongly dominate vg. So vy should be in D. If any other vertex deleted from D then to
strongly dominate itself or vertices which are its neighbours at least one other vertex must in D. Thus, the
cardinality of D invariable. So,

t
’Ys(ct,r> 2 g + 1
Then |,
t
’Ys(ct,r) = g +1
where t = 0(mod3).

Case 2. Let ¢ = 1(mod3). D should contain vy to strongly dominate uy,us,us, ..., u,,v1. v1—o to strongly
dominate v;_1 and v;_3 so v;_o should be in D.

deg(v2) = deg(vs) = ... = deg(v,—s5) = deg(vi—4) = 2

In order to strongly dominate other vertices which are not dominated % number of vertices should be in D.
There are still two vertices which are not strongly dominated. To dominate them one of the vertices should be
in D. Then

t+2
P)/S(Ct,r) S Y -
3
D = {vg,vs3,v6,...,0t—3,04—2} or D = {vg,v2,04,...,0;_4,v:—2}. Now we consider D = {wg,vs, vg,...,

vi—3,Vt—2}. Let D not be a minimal strong dominating set. Delete one of the vertices of D. Then D is not
strong dominated set.Therefore, D is a minimal strong dominating set. So,

t+2
Vs(ct,r) Z T e
3
Then,
t+2
() =
where ¢t = 1(mod3).
Case 3. t = 2(mod3). By using same idea
t+1
’Ys(ct,r) 2
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From these three cases
t—2
VS(Ot,'r) = ’73“ + 1.
Now we consider weak domination number of C} ,.. Since
deg(uy) = deg(us) = deg(us) = ... = deg(u,) < deg(vo)

and there is no edges among uy,usg, us, . .., u, these vertices should be in weak dominating set. These vertices
weakly dominate themselves and vg. Since deg(vi—1) < deg(vi—2), vi—1 weakly dominates v;_o. Remained
vertices v1vV2v3, - .., Vt_4Vt_3 can consider as a path. There is three cases. Let D be a weak dominating set.

Case 4. t = 0(mod3). Let D = {uj,us,u3,..., U, V2,U5,...,0t_4,0t_1} be a weak dominating set.
Then
t—3
'}/w(ct,r) < T +r+1.

Let D not be a minimal dominating set. Delete one of the elements of D. Let u; be this vertex. Then vy can
not be weakly dominated. So

t—3
3

t = 1(mod3) and t = 2(mod3) cases can be obtain by using same process. Therefore,

Yu(Ctr) > +r+1
t—3
’Yw(ct,r) = 3 +7r+1

See Figure 2. O

Definition 2.3. For a,b > 1,n > a+ b+ 2 by DC(n,a,b) we denote a double comet, which is a tree composed
of a path containing n — a — b vertices with a pendent vertices attached to one of the ends of the path and b
pendent vertices attached to the other end of the path [14] (see Fig. 3).

Theorem 2.4. Let DC(n,a,b) be a double comet where a,b>1 andn > a+ b+ 2. Then,

D0 =2+ [P
Yo(DC(n,a,b)) = a+b+ V‘“;b_ﬂ .
Uy
U>
Uz
@®

Va2 V3 \2

Us I:I : The elements of Vg get

O : The elements of Jyy-set

FIGURE 2. Comet graph C(7,5)vs(C75) =4, v, (Cr5) = 8.
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F1GURE 3. Double comet graph DC(18,5,6),n = 18,a = 5,b = 6.

Vi3
\'"Z1 Vig
\'23 Vis
A
éo) *>——o—o—o—o
6 V7 Vg Vg Vig Vi1 Vi2
\Z Vie
Vs D : The elements of Vy.set Vi7
Vis

O : The elements of Jyy-set

FIGURE 4. Double comet graph DC(18,5,6),(n = 18,a = 5,b = 6)v,(DC(18,5,6)) = 4,
Yo (DC(18,5,6)) = 13.

FIGURE 5. Double star graph S(6,7).

Proof. Let DC(n,a,b) be a double comet where a,b>1,n>a+b+ 2.
proof of this theorem can be shown easily by using same process with the previous proof (see Fig. 4). O

Definition 2.5. Double star S(a,b) graph where a,b > 0 is the graph consisting of the union of two starts
K, and K ,, together with a line joining their centers [11] (see Fig. 5).

Proposition 2.6. Let S(a,b) be a double star graph where a,b > 0. Then vs(S(a,b)) = 2 and v,(S(a,b)) = a+b
(see Fig. 6).

Definition 2.7. A complete k —ary tree with depth n is all leaves have the same depth and all internal vertices
n+1 n+1
have degree k. A complete k — ary tree has & ,:_fl vertices and ,:_;1 — 1 edges [11].

Proposition 2.8. Let G be a complete k — ary tree where m,k,n € Z+ with depth n. Then
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Uq
Uz
us

®

6 Uz

Uy

Us

Q : The elements of Yyy-set

FIGURE 6. Double star graph S5(5,4), (¢ = 5, b

7w(5(574)) =9 ’Yw(S(aa b)) =a+b.

S

D : The elements of Ys.gat

Ug

Ug

Uio

Uig

4) 75(5(5:4)) =2 75(5(a, b)) =

FIGURE 7. Theta graph (2,2, 3, 3).

E: EnP2 4k k241
k=1

k3 —1
)75 (G) Zk 1 ’W#
+2
Zk 1k;;3 lk
kn+3_1
ZZZ 1 5131 3
ZZ)”YM(G) Zk 1 w

k3=
4k — k2 -1
Zkﬂ E3—1

Definition 2.9. The generalized theta graph 6(ly,1ls, I3,
internally vertex disjoint paths with respective lengths 1 <[y

Theorem 2.10. Let (s, so, S3, -
tude Ly, vo1,va2, Va3,

2
1)Ys(0(s1, 52,53, .. .,50)) = {

18)yw (0(s1, 52, 83,...,5n)) = {

Proof. Let (s, $2, 83, . .
V21, V22,023, - - -

consider a strong domination number of 6(s1, sa, S3,

., 8n) be a theta graph where n > 3, (v11,v12, 013,
..., Vag, be wvertices of longitude Ly and vy1,Vn2, Un3,
Then

[313—21 + [323*21 4+ .+ {’"7372

., Sn) be a theta graph where n > 3,(v11,v12, V13,
, V2, be vertices of longitude Ly and vy,1, vp2, Uns,

n = 0(mod3)
n = 1(mod3)
n = 2(mod3)
n = 0(mod3)
n = 1(mod3)
n = 2(mod3)

..,1p) consists in two end-vertices joined by p > 2
., < 1,[16] (see Fig. 7).

., V1s, be vertices of longi-
., Uns, be vertices of longitude L., ).

1§81282253:.

Lo=8, <2
3<s51<s2<s3%,...,<sp
s1=1, 1< sa=83=...=85, <2
51 =2, 2< 83 =83=...=8np
s1> 2, 2<s2<s3<,...,< sn.

.,V1s, be vertices of longitude L,

., Uns, be vertices of longitude L,,). Now we

3,...,8n). There is two cases. Let D be a strong dominating
set.
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Case 1. To find strong domination number where 1 < s1 = s9 =s3=...=s, <2and sy = sg =83 =...=
Sp = 1, since

deg(N) = deg(S) > deg(v11) = deg(vi2) = deg(v13) = ... = deg(v1s,)
deg(N) = deg(S) > deg(va1) = deg(vaa) = deg(vez) = ... = deg(vas,)
deg(N) = deg(S) > deg(vn1) = deg(vne) = deg(vys) = ... = deg(vps, )
then vertex IV should be in D. So, vertices v11,v12,v13, ..., V15, can be strongly dominated. To strongly dominate

vertex S itself should be in D. Therefore D = {N, S} and v,(0(s1, s2, 83, ..., 8,)) < 2.
Assume that D = {N, S} not be a minimal strong dominating set. Remove any vertex from D, say S. This
means S can not be strongly dominated. Hence our assumption is false.

Then v5(0(s1,52,83,...,8n)) = 2.l 59 = 5o =83 =... =8, =2, then
deg(N) = deg(S) > deg(v11) = deg(vi2) = deg(v13) = ... = deg(v1s,)
deg(N) = deg(S) > deg(va1) = deg(vez) = deg(vaz) = ... = deg(vas,)
deg(N) = deg(S) > deg(vn1) = deg(vn2) = deg(vps) = ... = deg(vps.,, ).
Therefore N and S should be in D to strongly dominate vertices v11,v12, V13, - - . , V15, and Up1, Un2,Un3, .- -, Uns,,

respectively. So, D = {N, S} and ~,(0(s1, s2, $3,...,5n)) < 2.
Assume that D = {N,S} not be a minimal strong dominating set. By using some process one can obtain

75(0(317 52,83, -, Sn)) > 2.
Thus vs(0(s1, 82,83, .- .,8,)) = 2.

Case 2. Let 3 <551 < 89 <s83<...<s,.

deg(N) = deg(S) > deg(v11) = deg(viz) = deg(vi3) = ... = deg(v1s,)

deg(N) = deg(S) > deg(va1) = deg(vaz) = deg(vez) = ... = deg(vas,)

deg(N) = deg(S) > deg(vn1) = deg(vne) = deg(vns) = ... = deg(vps,, )-
In order to strongly dominate vertices vi1,v12,v13, .., V15, and Up1,Un2, Uns, - - ., Uns, vertices N and S should
be in D, respectively. There is 2n 4+ 2 number of vertices which are strongly dominated in each longitude. To
strongly dominated rest of the vertices in each longitude {313_21 , [523_21, (833_% e [5“3_2] number of vertices

should be in D, respectively. So,

-2 -2 n—2
73(0(51,52,53,...,5n))§2+[513 —‘Jr’VSQ —‘Jr...JrF —‘

3 3

If we remove any vertex in strong dominate set which is mentioned above then this increases strong domination
number, then

75(9(51’82’53""’8"))2[313 %FQB W+"'+F3 Lz,

Hence

s1 — 2 S0 — 2
%<9<sl,52,s3,...,3n>):[13 M{gg %
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Va1

Uz
: The elements of Ys.get

O : The elements of Viy-set

FIGURE 8. Theta graph 6(1,2,2,2)7,(0(1,2,2,2)) = 2,v,(0(1,2,2,2)) = 4.

From these two cases,

2, 1<s1=s2=83=...=5, <2
Vs (0(s1,82,83,--,8n)) = 2+ {L;Q-‘ + [752372-‘ +..+ [75"3_2-‘ 3<s1 < s2<s3< ... < sq.

Now we consider weak domination number of 6(s1, sz, s3,...,8,). There is three cases. Let D be a weak
dominating set.

Case 3. Let s1 = s9 = s3 = ... = s, = 1. In order to weakly dominate to N , S and other vertices of the
graph one vertex from each longitude can be chosen. Thus, 7, (0(s1, s2,S3,...,8n)) < 81+ S2 + 83+ ... + sp.
This means that D = {v11, 12,013, ..., V15, }- Let D = {v11, 012,013, ..., V15, } DOt be minimal weak dominating

set. Then removing one vertex from D can be a weak dominating set. Remove v; from D. Then v1; can not be
weakly dominated by any other vertex in D. So, v, (6(s1, S2,83,.--,8n)) = S1+S2+8S3+...+8,. Let s =1 and
Sg = 83 = ... = 8, = 2. In order to weakly dominate vertices NV and S vertex in longitude should be chosen.
To weakly dominate other vertices in other longitude (%21, {S?ﬂ, (5341 e {%ﬂ number of vertices should be
in D. Then 7, (0(s1, $2,83,...,8,)) < 1+ (%2] + {%ﬂ + ...+ [—“-| Let D not be a minimal dominating set.

By using same idea with previous proofs, ~,,(6(s1, s2, s3, - - - )?5 > 1+ “ﬂ + P?ﬂ + ..+ ( : w Therefore
Yo (O(s1, 82,83, ,80)) =14 [Z] + 2] +...+ 2]

Case 4. Let s1 = 2 and 2 < s9 = . = S,. In order to weakly dominate N and S two vertices

3 = .
of Ly should be in D. For other vertices [§2—| [%3] P’—‘ﬂ, ceey ﬁﬂ number of vertices should be in D. Then
Ys(0(s1, 82,83, 50)) =24+ [F ]+ [%] +... + [%].
Case 5. Let s7 > 2 and 2 < s < s3 < ... < s,. By using same process we obtain
Yo (O(s1, 82,83, ..., 8,)) =2+ [22 2] + (2] 4 ...+ [22] (see Fig. 8).

From cases above
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1+[i 4. +|'L“’ s1=1, 1< sg=83=...=5,<2
Yw(0(51, 82,53, ...,5,)) = 2+ [F]+... + %], s1=2, 2<sy=83= ... =50
24 [22] 4 [2] 4. 4 [52], 51> 2, 2<sy<s3< ... < sy

3. CONCLUSIONS

The concept of weak and strong domination in graphs relates dominating sets and degree of vertices. The
weak and strong domination number of some graphs are already available in the literature where we have
investigated the strong and weak domination number for the comet, double comet, double star and theta
graphs. These graphs are important for networks. To obtain similar results for the other graph classes are open
areas of research.

Acknowledgements. The authors are highly thankful to the anonymous referees for their comments and fruitful sugges-
tions on the first draft of this paper.
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