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REMARKS ON COMPONENT FACTORS IN GRAPHS

GUOWEI DAT*

Abstract. For a family of connected graphs F, a spanning subgraph H of a graph G is called an
F-factor of G if its each component is isomorphic to an element of F. In particular, H is called an
Si-factor of G if F = {K1,1,K1,2,..., K1k}, where integer k > 2; H is called a P>3-factor of G if every
component in F is a path of order at least three. As an extension of Sk-factors, the induced star-factor
(i.e., ZSk-factor) is a spanning subgraph each component of which is an induced subgraph isomorphic
to some graph in F = {K1,1,K1,2,...,K1,5}. In this paper, we firstly prove that a graph G has an
Sk-factor if and only if its isolated toughness I(G) > % Secondly, we prove that a planar graphs G
has an Sp-factors if its minimum degree 6(G) > 3. Thirdly, we give two sufficient conditions for graphs
with ZSk-factors by toughness and minimum degree, respectively. Additionally, we obtain three special
classes of graphs admitting P>3-factors.
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1. INTRODUCTION

The graphs considered here are finite and simple, unless explicitly stated. Let G = (V(G), E(G)) be a graph.
We denote by V(G) and E(G) the vertex set and the edge set of G, respectively. For v € V(G), we use dg(v)
and Ng(v) to denote the degree of v and the set of vertices adjacent to v in G, respectively. For S C V(G), we
write Ng(S) = UyesNg(v). A graph G is called an r-regular graph if dg(v) = r for each v € V(G). We use
4(G) to denote the minimum degree of a graph G. The number of connected components and isolated vertices
of a graph G is denoted by w(G) and i(G), respectively. We refer to [3] for the notation and terminologies not
defined here.

The complete bipartite graph K, , is called the star of order r 4+ 1, where r is a positive integer. We use S,
to denote the set {K71,K1,2,K13,...,K1k}, where integer k > 2.

Let F be a family of connected graphs. Then a spanning subgraph H of G is called an F-factor of
G if each component of H is isomorphic to an element of F. In particular, for an integer k& > 2, a
{Ki11,K12,K13,..., K1} factor is briefly called an Si-factor. Similarly, a {Py, Py+1,...}-factor is called a
P j-factor.

In 1947, Tutte [10] presented a criterion for the existence of 1-factors (perfect matchings), which is one of the
classical results in graph theory. Denote by o(G) the number of odd components of G, whose orders are odd.
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Theorem 1.1. (Tutte [10]) A graph G has a I-factor if and only if o(G — S) < |S| for any S C V(QG).

Since the well-known Tutte 1-factor theorem [10] was proposed, there are many results about component-
factors, see [5,9,13,14], etc.

Akiyama, Avis and Era [1] demonstrated the following classical result, which is a characterization for the
existence of P>o-factors in a graph.

Theorem 1.2. (Akiyama, Avis and Era [1]) A graph G has a P>o-factor if and only if i(G — S) < 2|S| for any
S CV(G).

Amahashi and Kano [2] and Las Vergnas [11] gave independently a characterization for graphs with Si-factors,
which is a generalization of Theorem 1.2.

Theorem 1.3. (Amahashi and Kano [2]; Las Vergnas [11]) Let k be an integer with k > 2. Then a graph G
has an Sk-factor if and only if i(G — S) < k|S| for any S C V(G).

A connected graph is called a cactus if each block of the graph is a complete subgraph. A cactus of odd order is
called an odd-cactus. As an extension of Si-factors, the induced star factor, denoted by ZS-factor, is a spanning
subgraph each component of which is an induced subgraph isomorphic to some graph in {K; 1, K12,..., K11}
Denote by oc(G — S) the number of odd-cactus of G — S. The criterion for ZS-factors was obtained by Egawa,
Kano and Kelmans as following.

Theorem 1.4. (Egawa, Kano and Kelmans [6]) Let k > 2 be an integer. A graph G has an ISy-factor if and
only if oc(G — S) < k|S| for any S C V(G).

The toughness of a connected graph G, denoted by 7(G), was first introduced by Chvétal [4] as follows. If G
is complete, then 7(G) = +o00; otherwise,

7(G) min{w(CLS—S) S CV(G),w(G—-8) > 2}.

Kaneko [7] introduced the concept of a sun and gave a characterization for the existence of P>s-factors in
a graph. It is perhaps the first criterion of graphs admitting path factors not including P,. Additionally, Kano
et al. [8] obtained a simpler proof for Kaneko’s result [7].

A graph H is said to be a factor-critical graph if for each v € V(H), H — {v} has a 1-factor. Let H be a
factor-critical graph such that V(H) = {v1,va,...,v,}. A graph is called a sun if it is obtained from H by
adding new vertices {uy, ug, ..., u,} together with new edges {v;u; : 1 <1i < n} to H. Note that, according to
Kaneko [7], K; and K> are also regarded as a sun, respectively. Usually, the suns other than K are called big
suns. We use sun(G — X) to denote the number of sun components of G — X.

Theorem 1.5. (Kaneko [7]) A graph G has a P>g-factor if and only if sun(G — S) < 2|S| for any S C V(G).

Corollary 1.6. (Kaneko [7]) A graph G has a Ps3-factor if one of the following holds: (i) G is r-regular where
r>2; (i) 7(G) = 1; (iii) 7(G) = 3 and §(G) > 2; (iv) G is 3-connected planar; (v) G is claw-free with §(G) > 2.

This paper attempts to find more sufficient conditions for the existence of these component factors by different
graphic parameters including minimum degree, toughness, isolated toughness, binding number, etc.
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2. STAR-FACTOR

The isolated toughness of a connected graph G denoted by I(G). If G is complete, then I(G) = 4o00; otherwise,

. IS| .
1 = —: 5 C — >27.
(@) mm{i(G—S) S CV(G),i(G-S) >
Lemma 2.1. [15] Let G be a graph and k > 1 be a real number. Then the following three statements are
equivalent.
(1) i(G—S) <kK|S| for all S C V(G).
(i1) |U| < k|Ng(U)| for all independent set U of G.

Theorem 2.2. A connected nontrivial graph G has an Sk-factor if and only if I(G) > %, where integer k > 2.

Proof. Sufficiency: If G is complete and nontrivial, then G has an Si-factor obviously. Thus we may assume
that G is a graph of order at least two and not complete. Suppose, by way of contradiction, that G has no
Sk-factor, then by Theorem 1.3, there is a subset S C V(G) such that i(G — S) > k|S|. Then, by the integrality
of i(G — S), we obtain that

i(G—8) > k|S| + 1. (2.1)

If |S| =0, then i(G) = i(G — S) > k|S| + 1 = 1, which contradicts the fact that G is connected.
If |S| =1, then (G — S) > k|S| = k. By the definition of I(G), we have that

|51 1
< =
O <e—s<w
a contradiction.
If |S| > 2, then by (2.1), we have
i(G—-5)-1
< AT
5 < 19
By the definition of I(G), we have
5]
I
(@) =< i(G—9)
i(G—-S5)—1
kxi(G—-S)
_1 1
k kxi(G-S)
-1
k?

a contradiction.
Necessity: Suppose that G has an Sg-factor and I(G) < % Then by Theorem 1.3 and Lemma 2.1, for each
independent set U C V(G), we have
|U| < k[Ng(U)|. (2.2)
Since I(G) < 4, there is a subset S C V(G) such that % < 1. Let U be the set of isolated vertices of
G — S, then Ng(U) C S. Obviously, U is independent and
i(G-5) |U|

N, < a2 U
INa(U)| < || < =2 = £,

which contradicts (2.2). O
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Lemma 2.3. [3] Let G be a simple connected planar graph of order at least three. If G does not contain triangles,
then |E(G)| < 2|V(G)| — 4.

Theorem 2.4. Let G be a connected planar graph. If §(G) > 3, then G has an Sy-factor.

Proof. Suppose that G is a connected planar graph with no S;-factor. By Theorem 1.3, there exists a subset
S C V(G) such that i(G — S) > 2|S|. According to the integrality of i(G — S), we obtain that

i(G—9)>25]+ 1. (2.3)
Claim 2.5. S # 0.
Proof. Suppose S = 0, by (2.3), i(G — S) > 2|S| +1 = 1. On the other hand, i(G) < w(G) = 1 since G is a
) > 3.

connected graph. So, we obtain that G is an isolated vertex, which contradicts that §(G) > 3 (I

By Claim 2.5, S # 0. Set |S| = s. Then by (2.3), i(G — S) > 2s + 1. The set of isolated vertices in G — S
is denoted by I(G — S). Then we construct a simple bipartite graph H = H[X,Y] as follows. Let X = S and
Y C I(G— S) such that |Y| =2s+ 1. Forany s € X and y € Y, sy € E(H) if and only if sy € E(G). Since
d(G) > 3, it is clear that for each y € Y, we have |Ng(y)| > 3. Hence, |H| =s+ (2s+1) =3s+1 >4 and

|E(H)| >3 x (254 1) =65 + 3 > 6s. (2.4)

As G is a connected planar graph, it is easy to see that H is also a connected planar graph. According to the
fact that a bipartite graph does not contain any odd cycles, Lemma 2.3 implies that

|E(H)| < 2[H| -4

=2x(3s+1)—4
=6s5—2
< 6s,
which is a contradiction to (2.4). O

Remark 2.6. Now, we explain that the condition of minimum degree §(G) > 3 in Theorem 2.4 is the best
possible. Let G = 2K; V 5K; be a complete bipartite graph, where V means “join”. We know that G is a
connected planar graph with 6(G) = 2 < 3. Choose X =: V(2K;) with | X| = 2, then we have that

i(G-X)=5>2|X|=4.
In view of Theorem 1.3, G has no Ss-factor.

3. INDUCED STAR-FACTOR

Theorem 3.1. Let G be a connected graph of order at least three. If G is not an odd cactus and 7(G) >
then G has an ZSy-factor.

1
)

Proof. Suppose, to the contrary, that G is a connected graph with no ZSg-factor. If G is a complete graph,

then G has a Hamilton cycle, denoted by C'. Since G is not an odd cactus, C' is an even cycle and thus G has a

1-factor. Hence, G has an ZS-factor, a contradiction. Thus, we may assume that G is not a complete graph.
By Theorem 1.4, there is a subset S C V(G) such that oc(G — S) > k|S|. Due to the integrality, we obtain

oc(G—S)>k|S|+ 1. (3.1)
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Claim 3.2. S # 0.

Proof. Suppose that S = 0, then by (3.1), we have oc(G) = oc(G—S) > k|S|+1 = 1. Note that oc(G) < w(G) =1
since G is connected. Thus G is an odd cactus, a contradiction. (Il

By Claim 3.2, we have |S| > 1.
If |S| = 1, then by (3.1), we have oc(G — S) > k|S|+1 = k+ 1. Then due to the definition of 7(G), we obtain

that 5] |

11
< < < < -
ST S G S oG=9 Sh1 <%

1
k
a contradiction.
If |S| > 2, then by (3.1), we have
5] < oc(G ;S) -1

Then by (3.2) and the definition of 7(G), we obtain that

5]
< T(G) < m

|51
~ oc(G-9)
<oc(G—S)—1
~ kxoc(G-S)
1 1
k kxoc(G—=2S) <%

T =

a contradiction. O

Theorem 3.3. Let G be a connected graph of order n > 3 which is not an odd cactus. Then G has an ZSy-factor
if 0(G) = max{ 7, 55 — 1}

Proof. Suppose, to the contrary, that G is a connected graph having no ZSy-factor. By Theorem 1.4, there
exists S C V(G) such that oc(G — S) > k|S|. Due to the integrality, we obtain

oc(G—S) > k|S|+ 1. (3.3)
Claim 3.4. S # 0.

Proof. Suppose that S = 0, then by (3.3), we have oc(G) = oc(G—S) > k|S|+1 = 1. Note that oc(G) < w(G) =1
since G is connected. Thus G is an odd cactus, a contradiction. ([l

By Claim 3.4 and (3.3), we have that
oc(G—-S)>E|S|+1>k+1. (3.4)

Let C1,Cy,...,Cy, be the odd cactus components of G — S, where m = oc(G — S). Choose an odd cactus
component C; of G — S such that |C;| is as small as possible, where 1 < i < m. Without loss of generality, we
assume that C; is such an odd cactus component and |Cy| = ¢.



726 G. DAI

Case 1.t =1.
In this case, let Cy = {x}. Since Ng(z) C S, we have that

n
> > > .
1812 do(a) 2 6(6) 2
It follows from (3.3) that
Gl = [S]+_|Cil
i=1
> S|+ (kIS +1)
= (k+1)[S|+1
n
> 1 1
> (k+1) x F o +
=n+1,

a contradiction.
Case 2.t > 2.

Since C1 is an odd cactus and ¢ > 2, we find that |C1| = t > 3. On the other hand, according to the minimality

property, we have that
|G| n n 3n

< < < .
“oc(G-S) T kIS|+1 T k+1 " 3k+1
Let u be the vertex with maximum degree in C1, then d¢, (u) <t — 1. It follows that

(3.5)

|S| > ds(u)
> 6(G) — dc, (u)
in

>0 1 (t-1
= 3k+1 (t-1)

This together with (3.3), (3.5) and ¢ > 3 implies that

G| > IS+ ) |G

=1
|S]+ (K|S|+1) x t
kt +1)]S]

4dn
1 =
kt+1) x <3k+1 t)
n 3n
= (kt+1) x <3k+1+<3k+1_t)>

> (kt+1) x

2
>
2

(
(

:n’

n
kt+1
a contradiction. O

Remark 3.5. Now, we explain that the condition of toughness 7(G) > % in Theorem 3.1 and minimum degree

(G) > max{kLH, é—”ﬂ —1} in Theorem 3.3 are all the best possible. Let Hy, Ha, ..., Hiy1 be k+1 odd complete
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n—1 n—1
k+1 k+1
a connected graph G = K; V (Uf:ll H;), the order of which is n. It is obviously that 7(G) = 47 < 1, and

k1
(G) = ZT_% < 747~ Choose X =: V(K1) with |X| = 1, then we have that

graphs, each of which contains exactly vertices, where integer £ > 2 and is an integer. We construct

oc(G—X)=k+1>k[X|=kF.

It follows from Theorem 1.4 that G has no ZS-factor.

4. PATH-FACTOR

In this section, we obtain some sufficient conditions for the existence of graphs admitting P>3-factors.
The binding number is introduced by Woodall [12] and defined as

bind(G) = min { 'Nfs(f)' 04 S CV(G), Na(S) # V(G)} .

Theorem 4.1. Let G be a connected graph of order n > 3. Then G has a P>3-factor if one of the following
statements holds:
(i) 1(G) > 3;
(i) bind(G) > 2;
(iii) m > 8 and for all three independent vertices u,v,w € V(QG),
max{dg(u),dg(v),dg(w)} >

w3

Proof. By way of contradiction, suppose that G is a connected graph with no P>s-factor. Then by Theorem
1.5, there is a subset S C V(G) such that sun(G — S) > 2|S|. Due to the integrality of sun(G — S), we obtain

sun(G — S) > 2|S| + 1. (4.1)

(i) Obviously G has a P>s-factor if G is complete, a contradiction. Thus, we may assume that G is not
complete. We shall consider two cases by the value of |S| and derive a contradiction in each case.

Case 1. |S] =0.

By (4.1), we have sun(G) = sun(G — S) > 2|S|+1 = 1. Note that sun(G) < w(G) = 1 since G is connected.
Then, sun(G) = 1 and thus G is a big sun. Of course, G is not an isolated edge since its order at least three.
Let R be the factor-critical subgraph of G and set U = V(R). It is clear that G — U is an independent set and
|G — U| = |U|. By the definition of I(G) and I(G) > 2, we have that

3 U
S <16 < (G'_U) 1,
a contradiction.
Case 2. |S]| > 1.
By (4.1), we have that
1] < sun(G;S)—l. (4.2)

Assume that sun(G — S) — i(G — S) = m, i.e., there are m big sun components of G — S, denoted by C =
{C1,Cq,...,Cp}. For each i € [1,m], let R; be the factor-critical subgraph of C; if C; is not an isolated edge,
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and choose vertices ¢; € V(R;). If C; is an isolated edge, then choose arbitrarily ¢; € V(R;) where 1 < i < m.
Let S” = {¢; : 1 <i < m}. Then by (4.2), we have that

[SUS’| =8|+ sun(G - S) —i(G - S)
< |S| 4 sun(G - S)

S -1
< M +sun(G — S)
3 xsun(G—-S)—1
B 2
By the definition of I(G), it follows that

3 S US|

- <IG) < ——F—=~

2~ (@) < i(G—-S5-5"

3x sun(G—S)—1
2xi(G-8-29)
~ 3xsun(G—-S)—1 <§
2 x sun(G — S) 2’

a contradiction.
The statement (i) in Theorem 4.1 is proved.

(ii) Let S’ = V(G — S). By the definition of bind(G), we have that

INa($')] = 218 (4.3)

Case 1. |5] > %.

In this case, |S'| = |G| — [S| < 4. By (4.3),

ot

(n—1]) = 218'| < [N(S")
= [Na(G = S)[<n—i(G-S5).

>~

It follows immediately that
5 n
i(G—85) < -|S|——- 4.4
i(G-8)< 15|~ 5 (4.4
Hence, by (4.4),

n>|S|+i(G—-5)+2x (sun(G—S) —i(G—9))
=S|+ 2 x sun(G — S) —i(G — S)

5 n
> 18]+ 48] - (5181 - )
15 n
= >

a contradiction.
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Case 2. [5] < %-

In this case, |S'| = |G| — |S| > 4. Let Sy C S’ such that |So| = %*. By (4.3), we have that [Ng(So)| >
518y| = n and so V(G) C Ng(S'). Consequently, there exists no singleton component of G — S, i.e.,

i(G—8)=0. (4.5)

Consider all the sun components in G — S and let S” = V(Sun(G — 5)). Since sun(G — S) > 2|S|, by (4.5),
|S”] > 2 x sun(G — S) > 4|S|. Hence,

[Na(S")| _ [S"] + 5]

bind(G) < o S 57
_ S| L5
=l+gr<l+i=1

a contradiction.
The statement (ii) in Theorem 4.1 is proved.

(iii) We first give the argument as following,.
Claim 4.2. S # 0.
Proof. Suppose S = (), by (4.1), sun(G) = sun(G — S) > 1. On the other hand, sun(G) < w(G) = 1. So, we
obtain that G is a big sun containing at least 8 vertices. It follows that there exist three vertices of degree one,
denoted by {u,v,w}, which contradicts that max{dg(u), dc(v),da(w)} > 5 > 2. O
By Claim 4.2 and (4.1), we have sun(G — S) > 2|S|+1 > 3.
Case 1. i(G—S) > 3.

Let {z,y, 2} be three distinct isolated vertices of G — S. Since max{dq(z),dc(y),dc(z)} >
Ne(y) U Ng(z) C S, we have that

5 and Ng(z)U

S| = max{dq(z), da(y), da(2)} =

It follows from (4.1) that sun(G — S) > 2[S|+1 > 2* 4+ 1 and thus

w3

2n
+

n > |S| + sun(G — S) > 5

n
- 1= 1
>+ tl=ntl,

a contradiction.
Case 2. i(G—5) < 2.

In this case, by (4.1), there exist at least three suns of G — S, denoted by C;,C,...,C; where t > 3.
Then we choose ¢; € V(C;) such that d¢,(c;) < 1, where ¢ = 1,2,3. Obviously, {c1,c2,c3} is an independent
set of G. Then max{dg(c1),dc(c2),da(c3)} > %. Without loss of generality, we assume dg(c1) > %. Since
ds(c1) = dg(c1) —de, (e1) > § — 1, we have that [S| > ds(c1) > § — 1. It follows from (4.1) that

2
3un(G—S)22|S|+12£—1,

and thus
n > |S]+2 x sun(G — 8) —i(G — 9)
n 2n
>0 -7 _
Z 3 1+2><<3 1> 2
5n

:?_5>n,

a contradiction. The statement (iii) in Theorem 4.1 is proved. O
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Remark 4.3. Now, we claim that the conditions of isolated toughness I(G) > % and binding number bind(G) >

% in Theorem 4.1 are all the best possible. Let P5s be a path of order 5, the center vertex of which is denoted

by u. We construct a connected graph G = Ps U {v} U e, where e = uv. It is obvious that I(G) =1 < 2, and
bind(G) =1 < 2. Choose X =: {u}, then we have that sun(G—X) = 3 > 2 = 2|X|[. It follows from Theorem 1.5
that G has no P>3-factor.

Remark 4.4. Now, we explain that the degree condition in the statement (iii) of Theorem 4.1 is the best
possible. Let G = 2K, V 7TK; be a connected complete bipartite graph of order n = 9. We know there exists
three independent vertices {u,v,w} C V(7K1) such that max{dg(u),dc(v),dg(w)} = 2 < 3 = %. Choose
X =: V(2K;7) with |X| = 2, then we have that sun(G — X) = 7 > 2|X| = 4. Using Theorem 1.5, G has no
P-s-factor.
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