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EQUILIBRIUM REINSURANCE-INVESTMENT STRATEGY WITH A COMMON
SHOCK UNDER TWO KINDS OF PREMIUM PRINCIPLES

JUNNA Bi1, DANPING L1* AND NAN ZHANG

Abstract. This paper investigates the optimal mean-variance reinsurance-investment problem for an
insurer with a common shock dependence under two kinds of popular premium principles: the vari-
ance premium principle and the expected value premium principle. We formulate the optimization
problem within a game theoretic framework and derive the closed-form expressions of the equilibrium
reinsurance-investment strategy and equilibrium value function under the two different premium prin-
ciples by solving the extended Hamilton-Jacobi-Bellman system of equations. We find that under the
variance premium principle, the proportional reinsurance is the optimal reinsurance strategy for the op-
timal reinsurance-investment problem with a common shock, while under the expected value premium
principle, the excess-of-loss reinsurance is the optimal reinsurance strategy. In addition, we illustrate the
equilibrium reinsurance-investment strategy by numerical examples and discuss the impacts of model
parameters on the equilibrium strategy.
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1. INTRODUCTION

The study of an insurer’s optimal reinsurance-investment problem has attracted a lot of attention in the
literature of actuarial science in the past few years. The optimization criteria which are commonly used in these
optimal reinsurance-investment problems include maximizing the expected utility of the terminal wealth of an
insurer (see e.g., [10,12,18,20,21,26,27]), minimizing the ruin probability of an insurer (see e.g., [10,22,23]),
and the mean-variance criterion (see e.g., [3-5,16]). In this paper, we take the mean-variance criterion as the
optimization criterion.

For the optimal reinsurance-investment problem of an insurer with more lines of insurance business, we have
to consider the dependence among the lines of the insurance business. For example, a hurricane can lead to
different kinds of insurance claims such as death claims, household claims, and so on. The common shock risk
model is often used to describe the dependence between different classes of an insurance business. In this model,
there is a common shock affecting the claim numbers of all classes in addition to their underlying risks. Yuen
et al. [30] and Liang and Yuen [17] assumed that the claim number processes were correlated through a common
shock, and studied the optimal proportional reinsurance strategy. More researches about dependent insurance

Keywords. Optimal reinsurance-investment, common shock, premium principles, mean-variance criterion, equilibrium strategy.

School of Statistics, KLATASDS-MOE, East China Normal University, Shanghai 200062, P.R. China.
*Corresponding author: dpli@fem.ecnu.edu.cn

© The authors. Published by EDP Sciences, ROADEF, SMAI 2022

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0),
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.


https://doi.org/10.1051/ro/2021183
https://www.rairo-ro.org
mailto:dpli@fem.ecnu.edu.cn
https://creativecommons.org/licenses/by/4.0

2 J.BIL ET AL.

risks can be found in Yuen et al. [29], Bai et al. [2], Bi et al. [5], Zhang and Liang [34], Liang et al. [18], and
references therein.

It is well-known that the optimal reinsurance-investment problems under the mean-variance criterion in a
continuous time framework are time inconsistent due to the fact that variance lacks of the iterated-expectation
property. So the dynamic programming cannot be directly applied to such problems. Actually, the optimal
strategies in most of the mean-variance works mentioned above are called pre-committed strategies. A pre-
committed strategy means that if the decision makers can commit themselves at the initial time, they can
choose a strategy that is optimal from the point of view at the initial time, and then constrain themselves to
abide by it in the future, although the strategy is no longer optimal for the future time. Considering a real-world
example, if an investor adopts the pre-committed strategy, it is optimal only when sitting at the initial time
but no longer optimal in the remaining time interval, which is time-inconsistent, while this investor hopes to
choose a strategy which is optimal at every remaining time, i.e., she/he prefers the time-consistent strategy.
For this reason, more and more scholars have become to study the time-consistent strategies for the dynamic
mean-variance problems. Bjork and Murgoci [6] developed a general theory for time inconsistent stochastic
control problems, and derived an extended Hamilton—Jacobi-Bellman (HJB) system of equations that can be
used to solve for the equilibrium strategy, which is time-consistent. From then on, many works have addressed
the equilibrium strategies of dynamic mean-variance problems within the game theoretic framework, including
Zeng and Li [31], Li and Li [15], Bjork et al. [8], Bjork and Murgoci [7], Wu and Zeng [25], Bjork et al. [9], Wei
and Wang [24], and Liu and Chen [19].

A reinsurance policy consists of one risk sharing function which determines how the insurer and the reinsurer
share risk, and one premium share function which indicates how premium is diverted between the insurer and the
reinsurer. The optimal risk sharing functions have different forms under different reinsurance premium principles.
Kaluszka [14] studied the optimal reinsurance under premium principles based on the mean and variance of the
reinsurer’s share of the total claim amount for both global reinsurance and local reinsurance. Hipp and Taksar
[13] solved the problem of ruin probability minimization and they found that the proportional reinsurance was
optimal under the variance premium principle. Bai et al. [2] showed that an excess-of-loss reinsurance policy was
the optimal form that minimized the ruin probability under the expected value premium principle. Zeng and
Luo [32] modeled reinsurance as a cooperation game, then Pareto-optimal policies were studied and classified
as either excess-of-loss or proportional reinsurance based on choices of premium share functions. Zhang et al.
[33] analyzed the optimal reinsurance strategy for insurers with a generalized mean-variance premium principle.
They derived the form of optimal reinsurance under the criteria of maximizing the expected utility function of
terminal wealth and minimizing the probability of ruin. Li et al. [16] studied an insurer’s reinsurance problem
under a mean-variance criterion. They showed that excess-of-loss was the equilibrium reinsurance strategy
under a spectrally negative Lévy insurance model when the reinsurance premium was computed according to
the expected value premium principle. These papers motivate us to consider the optimal reinsurance forms in
an optimal reinsurance-investment problem with a common shock under different premium principles.

In this paper, we investigate the equilibrium reinsurance-investment strategy with common shock dependence
under two popular reinsurance premium principles in practice: the variance premium principle and the expected
value premium principle. The expected value premium principle is commonly used in life insurance which has
stable and smooth claim frequency and claim sizes. The variance premium principle is extensively used in
property insurance. The variance principle permits the company to take the fluctuations (variance) of claims
into consideration when pricing insurance contracts. We assume that the insurer has two dependent classes of
insurance businesses, which are subject to a common shock. The common shock can be interpreted as a claim
that affects two lines of businesses at the same time, such as motor and life insurances, or as a natural disaster
that causes different kinds of claims. The insurer can invest in a financial market consisting of a risk-free asset
and a risky asset whose price process follows a geometric Brownian motion. Under the mean-variance criterion,
we formulate the optimal reinsurance-investment problem within a game theoretic framework. We firstly prove
that the optimal reinsurance contract is a proportional reinsurance under the variance premium principle, and
the optimal reinsurance contract is an excess-of-loss reinsurance under the expected value premium principle.
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Then by using the technique of stochastic control theory and solving the corresponding extended Hamilton—
Jacobi-Bellman (HJB) system of equations, we derive the closed-form expressions of the equilibrium reinsurance-
investment strategy and the equilibrium value function. We further use numerical examples to show the impacts
of model parameters on the equilibrium reinsurance-investment strategies under two kinds of premium principles.

The main contributions of this paper are as follows: First, we incorporate a common shock into the insurer’s
reserve model and then consider the time-inconsistent reinsurance-investment problem under two reinsurance
premium principles. Our model extends the results in Zeng and Luo [32] and Zhang et al. [33], where they did not
consider common shock dependence and time-consistent strategies. Second, for mathematical simplicity, many
papers use the proportional reinsurance directly, but we use the general reinsurance form and prove that the
optimal reinsurance strategies have different forms under different reinsurance premium principles. We find that
the optimal reinsurance contract is a proportional reinsurance under the variance premium principle, and the
optimal reinsurance contract is an excess-of-loss reinsurance under the expected value premium principle. Third,
we find that under the variance premium principle, the optimal proportions for the first class and the second
class of claims are the same. However, under the expected value premium principle, the optimal reinsurance
strategies for the first class and the second class of claims are different.

This paper is organized as follows. Section 2 presents the assumptions and problem formulation. Section 3
studies a mean-variance reinsurance-investment problem under variance premium principle, and derives the
explicit solution to this problem by solving the extended HJB system of equations. Section 4 solves the mean-
variance reinsurance-investment problem under the expected value premium principle. Section 5 uses numerical
examples to illustrate the derived equilibrium reinsurance-investment strategies under two kinds of premium
principles. Section 6 concludes this paper.

2. THE MODEL

Let (2, F,{Ft}t>0,P) be a filtered probability space satisfying the usual conditions, i.e., F = {F; }1ep0,17 is
right continuous and complete with respect to P. F; stands for the information of the market available until
time ¢, which is generated by the standard Brownian motions Bi(t), Bz(¢). That is, F; is the accumulated
information up to time ¢. 7' > 0 is a fixed time horizon. In addition, we assume that there is no transaction cost
and tax in the financial market or the insurance market, and trading takes place continuously.

The reserve process { X (t)},., of the insurer is modeled by

Ni(®)+N () N2(t)+N(t)
X(t) == XO + Cot - Z Zli + Z Zgi . (21)
i=1 i=1

Here Xy is the deterministic initial reserve of the insurer and the constant cg is the premium rate. {Ni(¢)}+>o,
{Na(t) }+>0 and {N(t) }+>0 are three independent Poisson processes with intensity parameters A; > 0, A2 > 0 and
A > 0, respectively. The counting processes Ny (¢)+N (t) and No(t)+ N (t) represent the numbers of claims during
the time interval [0, ] for the first class and second class, respectively. Zy; is the size of the ith claim for the first
class and {Zy;,7 > 1} is assumed to be an i.i.d. sequence with common distribution Fyz, (-), E(Z1;) = p1z, > 0
and E(Zfz) = poz, > 0. Zy; is the size of the ith claim for the second class and {Zs;,7 > 1} is assumed to be an
i.i.d. sequence with common distribution Fz, (+), E(Z2;) = 1z, > 0 and E(Z3,) = paz, > 0. Thus the compound
Poisson processes Sy (t) = Zf-vzll(tHN(t) Z1; and Sa(t) := Zﬁvjl(tHN(t) Zo; represent the cumulative amounts
of claims for the first class and the second class in time interval [0,¢], respectively. {N1(¢)}e>0, {Na(t)}e>o0,
{N(t)}i>0, {Z1i,1 > 1}, and {Zs;,i > 1} are mutually independent. It is obvious that the dependence of the
two classes of businesses is due to a common shock governed by the counting process {N(t)};>o. This model
has been studied extensively in the literature; see e.g., Yuen et al. [28], Yuen et al. [29], Yuen et al. [30] and
Liang and Yuen [17].

Moreover, we allow the insurance company applies reinsurance strategies g;(t, Z1) and go(t, Z2) for the first
and second classes of claims. ¢1(t, Z1) and g¢2(t, Z3) are increasing risk share functions for the two variables
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Z1 and Zs, with 0 < ¢1(¢,7Z1) < Zy and 0 < go(t, Z2) < Zs. g1(t,Z1) and g¢o(t, Z2) are the parts of each
random claim retained by the insurance company while the rest Z; — g1(¢, Z1) and Zy — go(t, Z2) are ceded
to the reinsurer. Let the reinsurance premium rate at time ¢ be §(g1,g2). In Sections 3 and 4, we consider

the variance premium principle and the expected value premium principle respectively. Let {)? 91,92 (t)} N
>0

denote the associated surplus process, i.e., X 91,92 (t) is the wealth of the insurer at time ¢t under the strategy
(g1(-,+), 92(+,+)). This process then evolves as

B Ny (t)+N(t) Na(t)+N(t)
dX91:92 (t) — [CO — 6(917 gg)]dt —d Z g1 (t, Zu) —d Z gg(t, Z2i)- (2.2)
=1 i=1

Due to the jumps in the reserve process {)? (t)} , it is not feasible to derive the optimal investment-
t>0
reinsurance strategy in this paper explicitly. As most studies on the optimization problem (see e.g., [1,2,10,17,28],

and so on), we can consider the problem under the diffusion approximation of the reserve process {X (t) .
>0

According to Grandell [11] (pages 15-17), we consider the diffusion approximations, i.e., approximating the
reserve process (2.2) by a Brownian motion with drift. Mathematically, such approximations are based on the
theory of weak convergence of probability measures. One way to express this diffusion approximation is, if the
classical risk model is regarded to be “large deviation”, the diffusion model is related to “the central limit
theorem”. By the similar calculations as those in Bai et al. [2], we have the diffusion approximation for our
two-dimensional reserve process (2.2) in the following form

dX9192(t) = [co — (g1, 92) — (A + A1)Egu(t, Z1) — (A + A2)Ega(t, Zo))dt
+ V(A + A)E[g1(t, Z1)2] + (A + A2)Elg2(t, Z2)%] + 2AEg1 (£, Z1)Ega(t, Z2)dB(t), (2.3)

where Bj(t) is a standard Brownian motion.

Suppose that the insurer is allowed to invest all of his/her wealth in a financial market consisting of one
risk-free asset (the money market instrument or the bond) and one risky asset (stock). We consider the financial
market where the two assets are traded continuously on a finite time horizon [0, T.

The price process of the risk-free asset is given by

dPy(t) = ro(t)Po(t)dt, t € [0,T],

where the deterministic function ro(¢)(> 0) is the interest rate of the risk-free asset.
The price of the risky asset is modeled by the following stochastic differential equation

dPy(t) = Py(t)[ry(t)dt + o(t)dBa(t)], t € [0,T],

where r1(t)(> 7(t)) is the appreciation rate and o(t) is the volatility coefficient of the risky asset. By(t) is a
standard {F;};>0-adapted Brownian motion which is independent with B (¢). We assume that ro(t), r1(¢) and
o(t) are deterministic, Borel-measurable and bounded on [0, T).

Let X (t) denote the insurer’s wealth at time ¢ and u(t) denote the total market value of the insurer’s wealth
in the risky asset. Then X (t) — u(t) is the value of the insurer’s wealth in the risk-free asset. A restriction we
will consider in this paper is the prohibition of short-selling of the stock, i.e., u(t) > 0. But the market value of
the insurer’s wealth in the risk-free asset is not constrained.

We call 7(t) := (g1(¢,+),92(t,-),u(t)) an admissible strategy if w(t) is Fi-predictable and satisfies 0 <

a(t,Z1) < Z1, 0 < go(t,Z2) < Za, u(t) > 0, E[fotgl(s,Zl)st} < 00, E[fggg(S,Zg)st} < oo, and
]E[f(;f u(s)?ds] < oo for all t > 0.
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We denote the set of all admissible strategies by II. Let X7 (¢) denote the wealth process when the strategy
7(+) is applied. Then the reserve process X7 (t) is given by

dX7(t) = {ro(t)X“(t) + [r1(t) — ro()]u(t) + co — 0(g1,92) — (A + A1)Eg1 (¢, Z1)

— (A + A2)Ega(t, Zg)}dt + o (t)u(t)dBs(t)

We will formulate the problem within a game theoretic framework, which is developed by Bjork and Murgoci

[6]. The optimization problem for the insurer with the objective function which we want to maximize is given
by

J(t,x,7) = By o [X™(T)|F] — %Vart,I[X”(Tﬂft]

= Euo[X™(D)|F) = 3 {Eea (X" (D)’ 7] — Eea (XD R
= E1o[F(X™(1)| ] + G(Ee.a(X™(T)| 7)), (2:5)

where

F(y)=y— §y27 Gly) = %yz,

E, .[-|F:] and Var; .[-|F;] are the conditional expectation and variance given filtration F; with X™(¢) = = for
(t,z) € [0,T] x R, respectively, and ~ is the risk aversion coefficient of the insurer.

Since the objective function J(t,z,7) in (2.5) involves with Var, ,[-], that is, J(¢, z, 7) is a nonlinear function
of the expected value E, ,[-], so the optimization problem is time-inconsistent. We solve this time-inconsistent
problem within a game theoretic framework and look for Nash subgame perfect equilibrium solutions. Now we
recall the following definition of an equilibrium control and equilibrium value function, which is taken from
Bjork and Murgoci [6].

Definition 2.1. Given a control law 7*, which can be informally viewed as a candidate equilibrium law, choose
a fixed 7 € II, a fixed real number | > 0 and a fixed arbitrarily chosen initial point (¢,y) € [0,7] x R, and
construct a control law m; by

(s,y) = m(s,y), t<s<t+l, yeR,
TSY) =\ 7%(s,y), t+1<s<T, yeR.

If
th(l)iIlfJ(t’x’ﬂ- ) ; J(taxaﬂl)

>0

for all w € Il and (¢, ) € [0,7T] x R, we say that 7* is an equilibrium control law. The equilibrium value function
is defined by

W(t,x) = J(t,x, 7).

Based on the definition above, the equilibrium strategy is time-consistent, the equilibrium strategy is thus
the optimal time-consistent strategy. Our objective is to find an equilibrium strategy 7* and the corresponding
equilibrium value function.

Let C12([0,T] x R) denote the space of the bivariate functions ¢(¢,x) such that ¢(t,x) and its derivatives
Gu(t, ), u(t, ), due(t, x) are continuous on [0,7] x R. For any function ¢ (¢, z) € C12([0,T] x R) and any fixed
7 € II, the usual infinitesimal generator A™ for process (2.4) is defined by
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A76t,3) = 61+ {rlt)e + [ 6) = ro(]ult) + 0 — o 2)
— (A +M)Egi(t, Z1) — (A + A2)Egal(t, Zz)}% + ;{()\ + M)E[g1(t, Z1)?]

+ (A + A2)E[ga(t, Z2)%] + 2XEg: (¢, Z1)Ega(t, Z2) + 02(t)U2(t)}¢m~ (2.6)

Next we give the extended HJB system of equations and the corresponding Verification Theorem in the
following theorem.

Theorem 2.2 (Verification Theorem). For the Nash equilibrium problem, if there exist functions V (t,x) and
g(t,x) satisfying the following conditions: V(t,z) € [0,T] X R and y € R,

sup{ A"V (t,z) — AT (Gog)(t,x) + H"g(t,x)} =0, 0 <t <T,

mwell
A g(t,2) =0, 0<t<T, 2.7)
V(T,z) =z,
9(T,z) =z,
and
7 = argsup{ ATV (t,2) — A%(G 0 g)(t,2) + Hg(t, )},
well
then W(t,x) = V(t,x), i.e., V(t,z) is the equilibrium value function, 7 is the equilibrium reinsurance-

investment strategy, and g(t,x) has the following probabilistic interpretation:
glt,w) =By [X7 (1), (2.8)

where G o g and H™g are defined as follows

Gog(t,z) = G(g(t, z)),
Hﬂ—g(tx) = Gy(g(tvx)) X Awg(t,ﬂj),

Gy(y) = %(y)-

Equation (2.7) is also called the extended HJB system of equations.

Proof. The derivation of the extended HJB system of equations (2.7) and the proof of the Verification Theorem
can be obtained by using the standard arguments similar to those used in Section 4 of Bjérk and Murgoci [6].
So we omit the details here. O

3. EQUILIBRIUM STRATEGY UNDER VARIANCE PREMIUM PRINCIPLE

In this section, we assume that the reinsurance premium is calculated according to the variance premium
principle. That is,

6(91,92) = A+ A1) (pz, —Eg1(t, Z1)) + (A + A2)(p1z, — Ega(t, Z2))
+ A A+ AE[Z1 — g1(t, Z0) + (A + A2)E[Z2 — ga(t, Z2))°
+ 2X(p1z, — Egi(t, 21))(p1z, — Ega(t, Z2)) }, (3.1)

here A is the reinsurer’s safety loading.
Then the reserve process X™(t) given by (2.4) becomes
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dX7(t) = {To(t)Xﬁ(t) + [r1(t) = ro(®)]u(t) + co — (A + A)p1z, — (A + A2)paz,
— A+ M)E(Z1 — g1(t, Z1))* + (A + X2)E(Z2 — ga(t, Z3))?
+2X(p1z, — Egi(t, 1)) (112, — Ega(t, Z2))] }dt + o(t)u(t)dBs(t)

+ V(A + M)E[g1(t, Z1)%] + (A + A2)E[g2(t, Z2)%] + 2M\Egs (¢, X)Ega(t, Z2)d By (t), (32)

and the usual infinitesimal generator A for process (3.2) becomes

A"p(t,x) = ¢ + {7’01’ +(ri—ro)ut+co— A+ A)piz, — (A + X2)piz,
— A[A+ M)E(Z1 — g1(t, Z1))* + (A + A2)E(Z2 — ga(t, Z5))?

+ 2M(p1z, — Bgi(t, Z1)) (12, — Ega(t, Z2))] }¢z + ;{(A + M)E[g1(t, Z1)?]

+ (A + X2)E[g2(t, Z2)°] + 2AEg1 (¢, Z1)Ega(t, Z2) + o*u? }qzﬁm.. (3.3)

After a number of elementary calculations, we obtain the following result about the extended HJB system of
equations.

Proposition 3.1. The extended HJB system of equations (2.7) can be simplified as follows:

V; + sup { [rom +(r1—ro)utco— A+ M)z, — (A + )\2)M1Z2:| V,

mell

— AV, [()\ +ME(Z1 — g1(t, Z1))? + (A + X2)E(Za — g2(t, Z2))* + 2X\ (1 2,

~ B (6 2))(z, ~ Ega(t 22)| + 5V = Gung)| 0+ M)E[n (0,21

+ (A + X2)E[g2(t, Z2)*] 4+ 2AEg1 (t, Z1)Ega(t, Z2) + a%ﬁ} } =0, (3.4)
g+ {Tox + (r1 —ro)u” + co — (A + M)z, — (A + X2z,

—A[A+ME(Z1 — gi(t, 21))* + (A + X)E(Z2 — g5(t, Z2))*

+ 2z, ~ Bgi(.2))nz, ~ B3 (6. 20)] o + 5{ O+ MElsi 1. 20

+ (A + A)E[g5(t, Z2)%] + 2\Eg; (t, Z1)Egs (t, Zo) + 02(u*)2}gm =0. (3.5)

Proof. Recall that the reserve process and the infinitesimal generator are given in (3.2) and (3.3), respectively,
then we have

AV (t,z) =V + {7“033 +(ri—ro)u+co— A+ X))z, — (A + Az,
— A[A+X)E(Z1 — 91(t, 21))* + (A + A)E(Z2 — ga(t, Z2))°

+2Xiz, — Egi(t, 21)) (112, — Ega(t, Z2))] }Vm + ;{()\ + M)E[g1(t, Z1)?]

+ (A4 A2)E[g2(t, Z2)%] + 20Egu(t, Z1)Ega(t, Zo) + aQuQ}Vm, (3.6)
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A™(G o g)(t,2) = A"Gla, g(t,))
=Gyt + {rox +(ri—ro)u+co— A+ Ai)piz, — (A + A2z,
— AN+ AE(Zy = 01(t, 21))* + (A + X2)E(Z2 — ga(t, Z2))?

+ 2z, ~ Bs(t.20)) 022 ~ Egalt, Z2)] | (G + o)
+ ;{(A +A)E[g1(t, Z1)%] + (A + A2)E[g2(t, Z2)?] + 2)\Equ (¢, Z1)Ega(t, Z2)

+ 02u2} [Gaa + Gyyga + Gygaz + 2Gayga (3.7)
H"g(t,x) = Gy(z,g(t,x)) x A"g(t, x)
=Gyg: + {rox +(ri—ro)u+co— A+ A1z, — (A + A2)paz,
—A[A+M)E(Z1 = 01(t, 21))% + (A + X2)E(Zs — g2(t, Z2))°

+ 21z, — Egi(t, Z1)) (12, — Ega(t, Z2))] }Gygz + ;{()\ + M)E[g1(t, Z1)?]
+ (A + X)E[g2(t, Z2)°] 4+ 2MEg:(t, Z1)Ega(t, Z2) + UQUQ}Gygm. (3.8)

Insert (3.6), (3.7) and (3.8) into the first equation of (2.7), and recall that G(y) = Zy?, we have (3.4) and
(3.5). O

In the following, we will focus on finding the equilibrium reinsurance-investment strategy and the correspond-
ing value function.

Theorem 3.2. If the value function satisfies V, > 0, Vo <0, then the optimal risk sharing functions are in the
forms of g1,(t, Z1) = p1(t)Z1, 0 < p1(t) < 1, gop(t, Z2) = p2(t)Z2, 0 < pa(t) < 1 under the variance premium
principle. In other words, the optimal risk sharing functions are proportional.
Proof. Let g1(-,-) be an arbitrary risk sharing function and g1, (-, ) be a proportional risk sharing function
g1p(t, Z1) = p1(t)Z1, 0 < pi(t) < 1.
Then with Cauchy—Schwartz inequality, we have
E[(Z1 — g1(t, Z1))?] = E[Z}] — 2E[Z19:1(t, Z1)] + E[g1(t, Z1)?]

> E[Z7] - 2\/E[ZF]VE[g1(t, Z1)%] + E[g1(t, Z1)?].

The inequality above becomes equality when the relationship between g;(¢, Z;) and Z; are proportional. That
is

E[Z7] - 2\/E[Z%]\/E[glp(ta Z1)?) + Elgip(t, 21)] = E[Z7] - 2p(DE[Z]] + 1 (8)*E[(Z1)?]
=E[(Z1 — g1p(t, 21))?].

Then we have
E[(Z1 — g1(t, Z1))%] = E[(Z1 — g1p(t, Z1))?].
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Similarly, we have

Elgi(t, Z1)%] = E{[Z1 — (Z1 — o1(t, Z1))]*}
=E[Z}] - 2E[Z1(Z1 — g1(t, 21))] + E[(Z1 — 91 (¢, Z1))?]

> E[Z7] — 2\/E[ZZVE[(Z1 — g1(t, Z1))?] + E[(Z1 — g1(t, Z1))?].

The inequality becomes equality when the relationship between ¢ (¢, Z1) and Z; are proportional. That is

E[2}] — 2/EIZ2\JE((Z — g1 (t. 21))%] + E[(Z1 — g1,(t, 21))?]
= E[23] 201 ~ pu())E[Z]] + (1 — p1 (1) °E[ 2]
=E [glp(tv 21)2] :

Then we have
E[g1(t, Z1)%] = E[g1,(t, Z1)?].
By similar calculations, we have
E[(Z2 — g2(t, Z2))?] = E[(Z2 — g2p(t, Z2))?],
]E[g2(ta Z2)2] > E[ng(ta Z2)2] ;
for an arbitrary risk sharing function go(-) and a proportional risk sharing function
gop(t, Zo) = pa(t)Za, 0 < pa(t) < 1.

Note that A > 0, V, >0, Vo, <0, Gy =7 >0, g2 > 0, then we get

£g1,ggv = [ToZ + (T1 — ’r‘o)’LL—F Co — ()\ + )\1),&121 - (/\ + )\2)N1Z2
—A[A+ME(Z1 — 91(t, Z1))* + (A + A)E(Z2 — g2(t, Z2))?

+ 2Nz, — Egi(t, Z1))(paz, — Ega(t, Zz))]] Ve + %Vm {(/\ +A)E[g1(t, Z1)?]
+ (A + X)E[g2(t, Z2)°] 4+ 2AEg: (t, Z1)Ega(t, Z2) + a%ﬂ}

- %nygi [(A +M)E[g1(t Z1)*] + (A + M)E[92(t, Z2)*] + 20E1 (¢, Z1)Ega(t, Z2)

+ ozuﬂ < LIy,

In other words, the optimal risk sharing functions are proportional. (I

Next we just consider the proportional reinsurance strategy, that is ¢1(¢,7Z1) = p1(t)Z1 and ga2(t, Z2) =
p2(t)Za, and give the equilibrium reinsurance-investment strategy and the corresponding equilibrium value
function under the variance premium principle in the following theorem.

Theorem 3.3. The equilibrium reinsurance-investment strateqy m™* = (g7, g5,u*) for problem (2.5) with (3.2)
under variance premium principle (3.1) is

. 27
91(t, Z1) = mzh (3.9)
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95 (t, Zs) = ﬁﬁo(TﬂZ (3.10)
u*(t) = 7“10—27“0 vero%T—f). (3.11)
The corresponding equilibrium value function of the extended HJB system of equations (2.7) is
V(t,x) = A(t)z + B(t)
g(t,z) = a(t)x + b(t),
with
A(t) = a(t) = e T, (3.12)
B(t) = /tT [eTO(T-T) (co— a1 —az) — W(U% + 05+ 2Nz z,) + (HQ;;:;)T dr (3.13)
2
blt) = /tT [e“’(TT) (co— a1 — az) — Aero(T—T) <W) . (o—f +o5+ 2)\,u121u1zz) + (7"102;0)2] dr.

(3.14)

Proof. Set ay := (A1 + ANpz,, az := (A2 + MNpiz,, 01 := /(A1 + A2z, and o2 := /(A2 + A)poz,. For the

proportional reinsurance strategy, i.e., g1(t, Z1) = p1(t)Z1 and g2(t, Z2) = p2(t) Za, (3.4) becomes

Vi + sup{[rom-i-(rl —79)u + co — ay — as
mell

A((1=p1)?07 + (1 = p2)’05 +2(1 = p1)(1 = p2) Mz, 1 2,) | Ve

1
35 Vm (0P} + 03p3 + 2p1paAinz, paz, + 07u?)

1
= 5Gu9z (01P1 + 03p5 + 2p1p2 Mzt 7, + 02u2)} =0. (3.15)
Set )
fu) = i(Vm — nygi)02u2 + Vi (r1 — ro)u. (3.16)
The maximizer of (3.16) is
Vi (r1 —10) ri—ro Vg
2% 5(Vaw — Gyyg3)o? o2 792 = Vig (3.17)

in which we use the fact G(y) = 3y*.
Next we look for the equilibrium reinsurance strategy and the corresponding equilibrium value function. Let

H(p1,p2) = —AV,[(1 = p1)°07 + (1 — p2)?03 + 2(1 — p1) (1 — p2) Mz, fi12, |
1
+ i(Vm - 795)(0%19% + 033 + 2p1pa Nz, i1 2,)

= (Ve 3 22 Yoot + (Vs + 31 - 22 )
+ 20V, (07 + Mpaz, piaz, ) p1 + 20V (03 + /\,UlZlﬂlZQ)pQ

+ (—2AVw 4+ Viw — vgi))\mzluwgmpz
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— AV, (0’% + O’% + 2)\/141Z1M122)~

Then we have
OH (p1,p2

o ) = G220V, 4 Vi — 9621 + 24V, (03 + Mz 2,)
+ (—2AVe + Ve — v92) M1 2, 11 2, P2,
({m(applz’m =02 (721\‘/_,£ + Vi — fygfc)pg + 2AV, (0% + )\u121u122)
+ (—2AVe + Ve — v92) M1, 1 2,1,
W = 02 (- 2AV; + Var — 762).
W — 03(~2AV; + Viw — 747,
W = (—2AV5E 4+ Vow — fygi))xu1zlu1z2-
The Hessian matrix is
o (S ) (L e, S )
Hps s ; ve — V92) Mz 1z, 05 (—2AV, + Viw — v92)
Because of
(| = [0303 ~ Oz mz,)?] % (<2AV + Viw = 262)°
=0705(1 — p*)(=2AV, + Vi — ’ygi)2 >0,
with

pie AU1Z, 12,
VL + Npaz, Az + N paz,

the maximizer (pj,p3) of H(p1,p2) is the solution of

€(0,1), (3.18)

o1 (=2AV, + Ve — 792)p1 + (—2AVe + Viw —792) Mirz, 12,02
= —2AV, (Jf + >\M1Z1,u’122))

(=2AVy + Viw — v92) M1z, 112,01 + 02 (=2AV, + Viw — 792) p2

= —2AV, (O’% + )\/lel,u,lz2).
Solving the above equation, we have

B —2AV, B 20V,
A 20V, + Vi —vg2  2AVy — Vi + 742

P =p3 = (3.19)

Since the reserve process has the linear structure, and in accordance with the forms of the boundary conditions,

we conjecture that

V(t,z) = A(t)z + B(t),
g(t, ) = a(t)z + b(t).
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Then, we have
V;g = Atl' + Bta Vx = A(t), V;mg = O7

and
gt = 0z + by, 9o = a(t), gze =0.

Inserting them into (3.17) and (3.19), we have

and
o 20AW

Pr=P2 = 5N A Fra2(t)
Inserting (3.20)—(3.23) into (3.16) and (3.18), we have

* 1 * * (Tl *7’0)2 AZ(t)
f(u ) = i(vxx - nygi)dz(u )2 + Vx(’l’l — T’Q)u = 2’702 X a2(t)
and
AyA(t)a?(t
1109 = 5t AT (52 o2 vz ).

T 2AA(t) 4 ya2(t)

Then (3.15) becomes

Az + B+ A(t)[rox + co — a1 — ao] + f(u*) + H(pi,p5) = 0.

That is,

(r—ro)® A%(t)  AyA()a*(t)

Ave + By AWlrow +co = an = aol + 55050 T IRAG) + a2 (D)

By separating variables, we obtain the following ordinary differential equations

At + T()A = O,
A(T) =1,

Bt A — an — a4 LT A

2y0?  a*(t)
Ay A(t)a(t) s 5 -
m(gl + 05 +2\uz,z,) =0,
B(T) =0.

Moreover, the second equation in (2.7) becomes

ge(t,x) + {Tox + (r1 —ro)u™ +cop — a1 — ag

= A[(1 = p)%0f + (1= p3)?05 +2(1 = p}) (1 = p2)Muz, h1z, }gz(t,x)

+

N

(03 (p})? + 05 (p3)? + 2055 A1 2z, 12, + 02 (u*)?] Gua (t, ) = 0.

3

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(0f + 03 + 2\iz, 1 z,) = 0.

(3.26)
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Inserting (3.21)—(3.23) into (3.26), we have

r—rg A
arx + by + a(t)(rox + co — a1 — a2) + a(t)(r1 — 7o) 102 0 a?
ya? ?
— Na(of + 035 + 2\ 7,11 7,) <2AA+,YG2) =0. (3.27)
By separating variables again, we obtain
as + roa =0,

a(T) =1,

(7“1 — 7"0)2 A

b t)co — a1 — —_

¢ +a(t)lco —ar —as] + 3 a

2 2
Yya
- Aa(cr% + Ug +2A\ 1z, p12,) (2AA+7(L2> =0,

b(T) = 0.
Then we have (3.12)—(3.14). This completes the proof. O

Remark 3.4. The optimal proportions we obtained in Theorem 3.3 satisfy pi(t) € [0,1] and p3(¢) € [0,1].
Then the risk sharing functions satisfy g (¢, Z1) € [0, Z1] and ¢;(¢, Z2) € [0, Z2]. Moreover, the corresponding
equilibrium value function satisfies the assumptions in Theorem 3.2, i.e., V, > 0, V., < 0.

Remark 3.5. Under the variance premium principle, the proportional reinsurance is optimal. And the optimal
proportions for the first class and the second class of claims are the same, which just depend on the reinsurer’s
safety loading A of the reinsurance business, the interest rate ry of the risk-free asset, and the risk aversion
coefficient v of the insurer. The equilibrium investment strategy depends on the interest rate ro of the risk-free
asset, the appreciation rate rq, the volatility coefficient o of the risky asset, and the risk aversion coefficient v
of the insurer. Moreover, owing to the fact that the risk aversion coefficient v of the insurer is a constant, the
equilibrium reinsurance-investment strategy is independent of the state variable x.

4. EQUILIBRIUM STRATEGY UNDER EXPECTED VALUE PREMIUM PRINCIPLE

In this section, we assume that the reinsurance premium is calculated according to the expected value
principle. That is,

0(q1,q2) = (L+ ) A+ M) (paz, —Egi(t, 21)) + (14 m2) (A + A2) (a2, — Ega(t, 22)), (4.1)

where 77 and 72 are the reinsurer’s safety loadings of the insurance businesses.
The usual infinitesimal generator A becomes

A"t x) = ¢ + [7”090 +(r1 —ro)u+co— (L+m)A+ M)piz,
@ ) Az + A+ AEi (1 Z2) + (A + A)Ega(, Zzﬂ bs
+ ;{(/\ + A)E[g1(t, Z1)%] + (A + A2)E[g2(t, Z2)?] + 2AEg1(t, Z1)Ega(t, Zo) + 02u2}¢m. (4.2)

By the similar calculations as those in Section 3, we obtain the following result about the extended HJB
system of equations under the expected value premium principle.
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Proposition 4.1. The first and second equations of the extended HJB system of equations (2.7) can be simplified
as follows:

Vi + sup { [Tox +(r—ro)u+co— (1 +m)A+ M)z,

mell
= (14 m)A+ X2)p1z, + A+ A)Egi(t, Z1) + n2(A + A2)Ega(t, Z2) |V
1
+3 (Ve — Gyyg2) (A + A)E(g1(t, Z1)%) + (A + A2)E(ga(t, Z2)?)
1 B 2y 2 2| _
+ 2XEq (¢, Z1)Ega(t, Z2)] + 2(Vm nygx)a u® =0, (4.3)
and
)+ [ro (11 = ro)u” o = (L) Mz
= (X4 m) A+ A2)piz, +mA+ A)Egi (¢, Z1) + n2(A + A2)Eg5 (¢, Z2) | 9o (L, @)
1
+ 2{()\ + M)E[gF (8, Z1)% + (A + M2)E g5 (¢, 22)2] + 2\Eg] (t, Z1)Eg5(t, Z2)
+ OZ(U*)Q}gm(L x) = 0. (4.4)
Proof. The proof of this proposition is similar to that of Proposition 3.1, so we omit it here. O

Next we will find the equilibrium reinsurance-investment strategy and the corresponding value function under
the expected value premium principle.

Theorem 4.2. Assume that the value function satisfies V, > 0, V. < 0. Under the expected value premium
principle, the optimal reinsurance-investment strategy ©* = (g7, g3, u™) for the mean-variance criterion is in the
form of

. Va (A4 A2)[(A + M) — Ang]
1, 21) = Z 0
91 (t, Z1) mm{ 1,max{ " Gorde —Vion X Ot A Ag) — A2 )
(4.5)
. : Va (A +A)[(A+ A2)m2 — A
t,Zs) = Z. 0 )
95(t, Z2) mln{ g,max{ GV X DAL A) 2
(4.6)
™ —To Ve
* = . 4.7
" o? vg% — Via ( )
In other words, the optimal risk sharing function is excess-of-loss reinsurance.
Proof. From (4.3), we have
ut = ™ —To Vw . (48)

02 ’793 - sz
Set
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N 1
H(g1,92) := i(vxm — Gyyg2) A+ Mg (t, Z1)?
1
+ 3 (Vaw — Gyyg2) (A + A2)g2(t, Z2)* + (Vaw — Gyya2) Ag1(t, Z1)g2(t, Zo)

+ Vam (A + A)g1(t, Z1) + Vamze (A + A2)g2(t, Z2).
Then (4.3) becomes
Vi + sug { [roz + (r1 — ro)u+ co — (L4 m)(A + M) pz,
S

A 1
—(14+n)\+ )\Q)Mlzz]vw +EH(g1,92) + Q(V.L.L — nygi)02u2} =0.

Differentiating the function H (91, 92) with respect to g1 and g2 respectively, we obtain

OH (g1,
OH (g1,
(8991292) = (Vaw — Gyyg2) A+ X2)g2 + (Vaw — Gyyg2) Ag1 + Vame (A + A2),
.
w — (Vm - nygi)()\ + A1),
a91
oA
H
Lg;m) = (VW - nygi)()\ + A2),
095
82‘[;[(91792) 2
991092 (Vew = Gyyoz)

The Hessian matrix is

2 £ P
o Lo Ll ((Vm — G2 A+ A1) (Viw — Gyyg?)A )
= .. K _ |
d ({Z]Egggz) ) Ha(gé,gz) (Vaw — Gyyg2) A (Viw — Gyyg2) A+ Xa)

Because of V,, <0 and
‘H‘ = (Vaw — Gyyd?) [N+ M)A+ A2) — A2] >0,

it is easy to see that the maximizer candidate of H (g1, 92) is the solution of the equations

The solution of equation (4.9) is
e Va o A X)[A+ M) — Ang]
' Gy — Via AFA)A+A2) = A2 7 (4.10)
o Ve QA+ A = An] |
5=

nygg — Viz (>\ + /\1)(>‘ + >‘2) — A2

Because of the constraints of 0 < g1 (¢, X) < X, 0< ¢5(t,Y) <Y, we get (4.5)—(4.7). O
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Theorem 4.3. The equilibrium reinsurance-investment strateqy m™ = (g3, g5,u*) for problem (2.5) with (2.4)
under expected value premium principle (4.1) is

. : (A + A2)[(A + A1)m — Ang] 1
Z4) = Z
91 (tv 1) mln{ 17max{0, ()\ + )\1)(>\+ )\2) — )2 X ,yero(Tft)
(4.11)
" . (A 4+ AD)[(A+ Az)m2 — A 1
g5(t, Za) = mm{Zz,max{O, DA A 02 X P
(4.12)
« _T1—T0 1
Ut =g e . (4.13)
The corresponding equilibrium value function of the extended HJB system of equations (2.7) is
V(t,x) = A(t)x + B(t),
g(t,z) = a(t)x + b(t),
with
=a(t) = e T, (4.14)
- / oD eg — (T4 ) A+ M)z, — (L+m2)(A+ Aoz,
1 (7“1 — 7’0)2
+m A+ X)Eg (¢, Z1) + na(X + A2)Egs (¢, Za)| + 2 4%
1
= 52T O ABIE( 207+ (4 Al 1 Z2)
T 2XEg (1, Z0)Egi (1, zzﬂ }dr, (4.15)
T
b(t) = / {em(T_T) [co— (L4+m)A+ A1z, — (L +m2)(A+ A)paz, |
t
n (“7_07’0) 4 eno(T—T {m(x FADEG (t, Z1) + 12 (A + A2)Egs (¢, 22)} }dr. (4.16)

Proof. Since the wealth process has the linear structure, and in accordance with the forms of the boundary
conditions, we conjecture that

Then, we have

and
gt = T+ by, go = a(t), 9z = 0. (4'18)

Inserting (4.17) and (4.5)—(4.7) into (4.3), we have

T —To A(t)

A B —
& + By + |rox+ (r1 —ro) T a2(D)

+co = (L+m)(A+ A)piz,
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— (T+n2)A+ X2)prz, +m(A+ A)Egy (8, Z1) + m2(A + X2)Egs (¢, Z2) | A(t)

-t P (S + Ol 4]

By separating variables, we obtain the following ordinary differential equations

Ay +1rgA =0,
{A(T) =1,
By 4+ A(t)[co — (1 +n1)(A+ A)piz, — (L+m2)(A + A2)paz,

1(ry —1r)? A2%(t)

AN+ M)Eqg;(t, Z A+ X)) Egs(t, Z -
+ A+ M)Egy (8, Z1) + n2(A + A2)Egs (¢, 2)]+2 o2 ~a2(t)

- e [(A FOAELG (2] + (At A)EIG5 (¢, Z2)’)

+ 2XEgi (¢, Z1)Eg; (¢, Zg)] =0,

B(T) =0.
Inserting (4.17), (4.18) and (4.5)—(4.7) into (4.4), we have

T —To A(t)
o2 ya?(t)

— (T +n2)A+X2)p1z, + A+ A)EgT (¢, Z1) + n2(A + A2)Egs (¢, Z2) | = 0.

a;x + by + a(t) [rox + (r1 —ro) +co— (T4 )X+ A)p1z,

By separating variables again, we obtain

as + roa =0,
a(T) =1,
be +a(t)[co — (L+m1) A+ A)piz, — (1 +m2) (A + A2)p1z,]
A (rq —ro)?
+ mw +ax [mA+AM)Egi(t Z1) +m2(A + A2)Eg3 (¢, Z2) | =0,
b(T) =0,

Solving these equations, we obtain (4.14)—(4.16). Inserting the result into (4.5)—(4.7), we obtain (4.11)—(4.13).
This completes the proof. O

In the following, we give explicit expression of the equilibrium reinsurance strategy. Note that ’3(;11—2()1’21 <l
b
ﬁaazlblz ’

we need to discuss the following three cases:

Case 1. n; < ﬁng, which leads to g1 < 0 and g > 0;

Case 2. ﬁng <m < M;\)‘? 72, which leads to ¢; > 0 and gy > 0;

Case 3. 1, > AJC\AQ 12, which leads to ¢; > 0 and ¢ < 0.
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Proposition 4.4. The equilibrium reinsurance strategies gi, g5 under the expected value premium principle are

0, Case 1,
g1t 71) = { ol S A7), Case 2,
o S Ht=n N Z1,  Case 3,
[(,\J(F/\,\Jlr)/\(l,\)ﬁf\\;f\)gﬁ_e;\ﬁlql,t) A Zy, Case 1,

% _ A+AD[(AtA2) 72— A
95(t, Z2) = [(Ai/\l)(1>\)[+(/\2)72>?;’}276n?<1714> A Zsy, Case 2,

0, Case 3.

Remark 4.5. Under the expected value premium principle, the excess-of-loss reinsurance is optimal. The equi-
librium excess-of-loss retention limits depend on the intensity parameters A1, As, A of the Poisson processes, the
reinsurer’s safety loadings 71, 72, the risk aversion coefficient v of the insurer, and the interest rate rg of the
risk-free asset.

Remark 4.6. The equilibrium investment strategies under the two different reinsurance premium principles
are the same, depending on the interest rate ro of the risk-free asset, the appreciation rate r1, the volatility
coefficient o of the risky asset, and the risk aversion coefficient v of the insurer.

The equilibrium investment strategy is independent of the parameters A1, Ao, A, pi1z,, t1z,, oz, oz, in the
reserve process, and the safety loadings 7; and 72 of the reinsurance business. This shows that the equilibrium
investment strategy is unaffected by the price of reinsurance and the price of the primary insurance.

5. NUMERICAL ILLUSTRATIONS

In this section, we present some numerical examples to illustrate our results obtained in Sections 3 and 4.
Without loss of generality, we assume that all the parameters of the financial market and the insurer are
constants.

In Sections 3 and 4, we have derived the explicit expressions of the equilibrium reinsurance-investment
strategies under both variance premium principle and expected value premium principle given in Theorems 3.3
and 4.3, respectively. In the following, we provide the numerical illustrations of the equilibrium reinsurance-
investment strategies under the two premium principles according to Theorems 3.3 and 4.3. We use MATLAB
to obtain the following numerical results.

5.1. The equilibrium strategy in Section 3

The conclusion in Theorem 3.3 shows that the optimal proportions are increasing with respect to the safety
loading A of the reinsurance company, and decreasing with respect to the interest rate o of the risk-free asset
and the risk aversion coefficient « of the insurer. Moreover, the equilibrium investment strategy is increasing
with respect to the appreciation rate r; of the risky asset, and decreasing with respect to the interest rate ry of
the risk-free asset, the volatility coefficient o of the risky asset and the risk aversion coefficient  of the insurer.

Set T'=4, rg = 0.02, r; = 0.05, 0 = 0.2, A =2, v = 0.5. The equilibrium reinsurance-investment strategy is
shown in Figure 1.

5.2. The equilibrium strategy in Section 4

Theorem 4.3 give the expression of the candidates of equilibrium reinsurance strategy (g7 (¢), gG;(t)).
(g5(t), 95(t)) is decreasing with respect to the interest rate 7y of the risk-free asset and the risk aversion
coefficient 7 of the insurer. Next we focus on how (g5 (t), §5(t)) changes with A, 11 and 3. Set T' = 4, ro = 0.02,
N =05, A\ =2, Ay = 3.
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FIGURE 1. pi(¢), p3(t) and u*(¢) in Section 3.
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0.4r 0.45¢|
0351 0.4r
0.3 0.35¢|

- 0257 ~ 03
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0 ' 0.05
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FIGURE 2. §5(¢), g4(t) with i1 = 12 = 0.3 under different A in Section 4.

First, we show (g7 (t), ga(t)) under expected value premium principle with n; = 1y = 0.3 for different
common Poisson intensity A (=1, 2, 3, 4) in Figure 2. It can be seen from Figure 2 that both ¢} (¢) and §3(t)
are decreasing as A increases. This is due to that a large value of A means a riskier insurance market, so the
insurer will reserve less risk share of the claims.

Second, we show (g7 (t), §5(t)) under expected value premium principle with A = 2 and 7y = 0.3 for different
m (= 0.1, 0.5, 0.8) in Figure 3. It can be seen from Figure 3 that §7(¢) is increasing as 7, increases. In other
words, the retained claim increases as the reinsurance safety loading increases. It is reasonable because as the
reinsurance policy becomes more expensive, the insurer retains more insurance risk. On the other hand, §;(t)
is decreasing as 17; increases.

Third, we show (§5(t), §5(t)) under expected value premium principle with A = 2 and n; = 0.3 for different
N2 (= 0.1, 0.4, 0.7) in Figure 4. It can be seen from Figure 4 that §7(¢) is decreasing as 7y increases and g5 (t)
is increasing as 7y increases.
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6. CONCLUDING REMARKS

This paper studies the equilibrium reinsurance-investment strategies for a mean-variance insurer with common
shock dependence under two kinds of premium principles: the variance premium principle and the expected
value premium principle. Using the technique of stochastic control theory and the corresponding extended HJB
system of equations, within a game theoretic framework, we derive the closed-form expressions of the equilibrium
reinsurance-investment strategies and the equilibrium value functions. We find that: under the variance premium
principle, the optimal reinsurance contract is a proportional reinsurance; on the other hand, under the expected
value premium principle, the optimal reinsurance contract is not a proportional reinsurance but an excess-of-loss
reinsurance.

It would be interesting to extend our analysis to some other situations. In recent years, socially responsible
investing has become a popular subject with both private and institutional investors. We can propose a modifi-
cation allowing to incorporate not only the risk-free and risky assets but also a social responsibility measure into
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the investment decision making process, and reconsider the mean-variance reinsurance-investment problem. Of
course, these problems are more complicated. To solve such problems, we need to adopt much more sophisticated
techniques. We will explore these problems in the future research.
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