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ROBUST EQUILIBRIUM INVESTMENT AND REINSURANCE STRATEGY
WITH BOUNDED MEMORY AND COMMON SHOCK DEPENDENCE

SHENG Lr1*

Abstract. In this paper, we consider the robust investment and reinsurance problem with bounded
memory and risk co-shocks under a jump-diffusion risk model. The insurer is assumed to be ambiguity-
averse and make the optimal decision under the mean-variance criterion. The insurance market is
described by two-dimensional dependent claims while the risky asset is depicted by the jump-diffusion
model. By introducing the performance in the past, we derive the wealth process depicted by a stochastic
delay differential equation (SDDE). Applying the stochastic control theory under the game-theoretic
framework, together with stochastic control theory with delay, the robust equilibrium investment-
reinsurance strategy and the corresponding robust equilibrium value function are derived. Furthermore,
some numerical examples are provided to illustrate the effect of market parameters on the optimal
investment and reinsurance strategy.
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1. INTRODUCTION

In the insurance market, insurers improve the economic efficiency of the system by spreading individual
risks. The policyholder transfers the risk to insurers by paying premiums and insurers are free to use the
premiums for investment. It is necessary to enter the reinsurance market when the risk it insures exceeds its
limits. In the reinsurance market, by paying reinsurance fees, the insured business is partially transferred to
other insurers, to achieve the purpose of risk diversification, loss control, and stable operation. As insurance for
insurance, reinsurance is a very important part of the overall insurance system. The core issue of insurers is risk
management and control, that is, the management and control of the surplus process of insurers, combining the
actuarial problems of insurance and investment portfolio problem, not only to focus on the risks and returns
of investment, but also to focus on the company’s underwriting risks, to ensure that it can pay the claims of
policyholders in a timely manner. As a result, the issue of investment and reinsurance by insurance companies
has attracted a great deal of attention in recent years. Browne [9] investigates firstly the optimal investment
strategy for an insurer under maximizing exponential utility function and minimizing the ruin probability.
Hgjgaard and Taksar [15] study the proportional reinsurance problem with the maximum return function under
the diffusion approximation (DA) model and obtain an approximate expression for the optimal strategy and the
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value function. Hipp and Plum [14] study the optimal investment strategy that minimizes the ruin probability of
insurer under the classical Crarher—Lundberg (C-L) model. Yang and Zhang [24] consider the optimal investment
problem under the jump-diffusion model under maximizing expected utility. Bai and Guo [2] study the optimal
investment strategy of an insurer investing in multiple risk assets under the DA model. Cao and Wan [10] obtain
optimal investment and reinsurance strategy under maximizing the expected utility of terminal wealth.

In addition, the mean-variance criterion is another goal of great interest for insurers since it takes into
account not only the risk but also the returns. Due to its rationality and practicality, the mean-variance has
become a popular decision criterion in financial theory. The study of the mean-variance can be traced back to
Markowitz [19]. Since then, mean-variance has been extensively studied. Li and Ng [16] introduce an embedding
technique to transform the mean-variance problem into a stochastic linear quadratic control problem in a
discrete-time model, which was extended to the corresponding continuous-time model by Zhou [29]. See also
Béuerle [4], Bai and Zhang [3], Bi and Guo [5] for the application of the mean-variance criterion to investment
and reinsurance problem. However, it is worth noting that the dynamic mean-variance criterion lacks iterated-
expectation property, which leads to time-inconsistent in the sense that the Bellman optimality principle does
not hold anymore. In fact, time-consistency of the optimal strategy is a fundamental requirement for rational
decision making in many situations. Accordingly, Bjork and Murgoci [6] and Bjork et al. [7] develop a general
theory for Markovian time-inconsistent stochastic control problems. They obtain a time-consistent equilibrium
strategy that is not only optimal at the current time but also optimal in the future. In recent years, there has
been an increased interest in finding a time-consistent equilibrium strategy for the mean-variance investment
and reinsurance problem. Applying this theory, Zeng and Li [26], Zeng et al. [27], Lin and Qian [17] derive the
optimal time-consistent investment and reinsurance strategy for the mean-variance insurer.

However, there are three aspects of the literature mentioned above that deserve further exploration. Firstly,
they are the lack of consideration of model uncertainty. Maenhout [18] investigates the effect of ambiguity on
the intertemporal portfolio choice in a setting with constant investment opportunities and in a setting with a
mean-reverting equity risk premium, respectively. Secondly, the correlation between insurance operations is not
considered. In the real market, different insurance businesses often have some common shocks. For instance,
the outbreak of the 2019-nCoV may lead to the simultaneous occurrence of medical claims and death claims.
Besides, auto insurance/third party insurance, casualty insurance/health insurance, life insurance/endowment
insurance often have also interdependent risk shocks. To demonstrate the interdependence between different
insurance businesses, a risk dependence model is proposed. Third, the influence of past information on insurers’
decisions is not incorporated into the model. Actually, insurers pay attention not only to the current stock price
but also to the stock price trend in the past period when investing in stocks. Also, the past information always
impacts the decision-making of insurers, who tend to examine performance trends over time, not just current
financial information, when deciding how much reinsurance to purchase. Considering the past information in
the model helps us make more rational decisions. In this paper, we formulate a robust optimization problem
with alternative models and establish the corresponding extended Hamilton—Jacobi-Bellman (HJB) system
of equations. Furthermore, we derive both the robust equilibrium reinsurance-investment strategy and the
corresponding equilibrium value function. Some special cases of our model are also provided, which show that our
model and results extend some ones in the existing literature. Finally, the economic implications of our findings
are illustrated, and utility losses from ignoring model uncertainty, jump risks and prohibiting reinsurance are
analyzed using numerical examples. The main contributions of this paper are as follows: (1) We incorporate past
performance into the robust investment-reinsurance problem where the insurer’s optimal decision in the worst-
case model is based on a weighting of past and present information. (2) Two insurance businesses with common
shocks are studied and two robust reinsurance strategies which are influenced by some common factor are
analyzed. (3) The analytical solution is obtained for the robust equilibrium investment and reinsurance strategy
when there is a jump process in the price of risky assets. (4) Utility losses from ignoring model uncertainty,
jump risks and prohibiting reinsurance for the AATI are analyzed, and some new findings are provided.

The remainder of this paper is organized as follows. Section 2 formulates the mean-variance investment
and reinsurance problem with bounded memory and common shock dependence under model uncertainty. In
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Section 3, by solving the extended HJB equation, we derive the robust equilibrium investment and reinsurance
strategy and the corresponding equilibrium value functions. In Section 4, we present a numerical example for
analyzing the impact of changes in the model parameter on a robust equilibrium strategy. Section 5 concludes
this paper.

2. GENERAL FORMULATION

In this paper, we consider a filtered complete probability space (2, F,{F;}icjo,7],P) satisfying the usual
conditions, i.e., {Ft}iepo,r) is right continuous and P-complete, where {F;}ico,7) is the information of the
market available up to time ¢, [0, 7] is a fixed and finite time horizon. All stochastic processes introduced below
are assumed to be well-defined and adapted processes in this probability space, and we assume that all stochastic
processes are separable. In addition, we suppose that there are no transaction costs or taxes in the financial or
the insurance market, and trading can be continuously done.

Suppose an insurer has an insurance portfolio business, which is composed of two different insurance busi-
nesses, such as medical insurance and death insurance. Suppose that the random variables {Y7;,4 > 1} represent
the claim amount of the first type of insurance business, they are independent of each other and have the same
distribution function Fi(y;). {Ya;,i > 1} represent the claim amount of the second type of insurance business,
they are mutually independent and have the common distribution function Fs(ys). We assume that if y; < 0,
then Fi(y1) = 0; otherwise 0 < Fj(y1) < 1. And we also assume that if yo < 0, then Fy(y2) = 0; otherwise
0 < F3(y2) < 1. In addition, their moment generating functions My, (¢) and My, (¢) exist. The cumulative claim
process of the two insurance businesses are as follows.

Ni(t) Na(t)

Ci(t) = Y Vi, Co(t)= ) Ya,
i=1 i=1

where {Nl (t)} and {]\Nfg(t)} represent the number of claims for the first and second categories of insurance
>0 >0

business up to time t, respectively.
For different insurance businesses, it is assumed that they are interdependent as follows.

Ni(t) = Ny (t) + N(t), Na(t) = No(t) + N(t),

where {N(t)}i>0, {N1(¢) }+>0 and {N2(t) }4>0 are three independent Poisson processes, the corresponding inten-
sities are A\, A1 and \o. Therefore, the total claim amount of these two types of the insurance business is

N1 (t)+N(t) No(t)+N(t)

C(t) =Ci(t) + Ca(t) = Z Yy + Z Yo
i=1 i=1

Suppose for arbitrary ¢ € (0,7), E[Yy;e”%] and E(Ya;e'*2) exist. And, for some ¢ € (0,00], there are
limé_,;E[YueLY“] — oo and limL_,;E[YgieLY%] — 00.
For simplicity, we define

ay = E[C1 (t)] = ()\ + )\1),&11, b% := Var [C%(f)] = ()\ + )\1)#12,

a9 = E[Cg(t)] = ()\ + )\2)/121, bg := Var [Cg(t)] = ()\ + )\2)/122, (21)
where p11 = E[Y1;], pia = E[Y3], po1 = E[Ya;] and pog = E[Y2]. According to Grandell [13] and Schmidli [21],
C4(t) and Cs(t) can be approximated by the Brownian motion C}(t) and Cy(¢) with drift, respectively.

~

01 (t) == alt - b1W1 (t), 62<t) = CLQt — bQWQ(t), (2.2)
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where {W1(t) }repo,r) and {Wa(t) }iepo,r) are standard Brownian motion with E(Wy(t)Ws(t)) = pt, where p =

%. The surplus process of the insurer up to time ¢ is modeled by

R(t) = Ry + cot — C1(t) — Ca(t),

where Ry is the initial surplus, and ¢y is the premium rate. We assume that insurance premium rate at time
t be calculated by the expected value principle, that is, cg = (1 + 61)a; + (1 + 63)az, where 6; and 6y are
the safety loadings of the insurer for the first class claims and second class claims, respectively. In addition,
the insurer can continuously purchase proportional reinsurance. And ¢;(t) and ¢o(t) represent the insurer’s
retention level after purchasing reinsurance, respectively. That is to say, the insurer pays g1 (¢)Y1; (or g2(¢)Y2;)
of a claim occurring at time ¢ and the reinsurer pays 1 — ¢; (¢)Y1; (or 1 —g2(¢)Y2;). Let the reinsurance premium
also be calculated by the expected value principle. For the new business, the premium has to be paid at rate
(1—=qi(t)(X 4+ n1)ar + (1g2(¢))(1 + n2)az, where 1y and 79 are the safety loadings of the reinsurer for the first
class claims and second class claims, respectively. To exclude the insurer’s arbitrage behavior, we assume that
n > 01, 12 > 03. Note that for the insurer, ¢1(¢) € [0,1] (g2(t) € [0, 1]) corresponds to a reinsurance cover and
q1(t) > 1 (g2(t) > 1) would mean that the company can take an extra insurance business from other companies
(i.e., act as a reinsurer for other cedents). After reinsurance, the premium of the insurer is given by

c=co—[(1—q(®)(1+m)ar + (1 —q2())(1 + n2)az]
=[1+n)q @)+ 01 —mlar + [(1 +n2)q2(t) + 02 — n2]as.

Then the reserve process {R(t)}>0 of the insurer is

AR(t) = cdt — g1 ()aC (1) — 4>(£)aCs (1)
= [a1mqi(t) 4+ (01 — n1)a1 + asnaqa(t) + (B2 — n2)az]dt
+b1q1 (£) AW (t) + baga()dWa(t)
= [a1mqu(t) + (01 — m)ar + aznzqa(t) + (02 — n2)az]dt

+ \/b%q%(t) + 0363 (t) + 2q1 (t) g2 () A1 pa1 dWo (t),

where Wy (¢) is a standard Brownian motion.
We consider a financial market consisting of a risk-free asset and a risky asset, in which financial assets can
be traded continuously. The dynamic evolution of a risk-free asset price is given by

dSO(t) = T‘So(t)dt, 50(0) = ].,

where r(>0) is the interest rate of the risk-free asset. The price dynamics of the risky asset is described by the
following process:

No(t)
dS(t) = S(t—) |adt + odW(t) +d Y Yoi|, S(0) = so,
=1

where « denotes the appreciation rate, o represents the volatility coefficients for Brownian motion. And
{W(t)}+epo,r) is a standard {F}¢>o-adapted Brownian motion. {No(t)}s~0 is a Poisson process with param-
eter \g and the jump {Yp;,¢ > 1} is a set of independent random variables with the same distribution as F(yp).
We suppose that 0 < Fy(yo) < 1 for yo > —1; otherwise Fy(yo) = 0. And let E[Yyi] = po1, E[YE] = poa-
Moreover, we assume that {W () };c(0,r] and {Wo(t) }1epo,r) are mutually independent. And in order to exclude
risk-free arbitrage in financial markets, we assume that o + Aoy > 7.
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Next, we consider a Poisson random measure Ny(-,-) on © X [0,7] x (—=1,00) to represent the compound

. No(t
Poisson process Z'Lzol( ) Yy; as

No(t)

Z Yo —/ / yONO dS dyO) te [O’T]

If we denote by v(dt,dyg) = AodtdFy(yo), then

N() t)

Z sz / / yOV dS dyO te [O7T]7

where v(-,-) is the compensators of the random measure. Hence the compensated measure 1\70(-, ) = No(-, ) —
v(-,-) is related to the compound Poisson process Zf\fl(t) Yo as follows:

N(](t No(t

/ / yoNo(ds, dyo) = Z Yoi — Z Yoi|, te[0,T).

Assume that X (t) denotes the wealth of the insurer at time ¢ € [0, T, p1 () denotes the amount invested in the
risky asset, then X (¢) — p1(t) is the investment amount of a risk-free asset. Define 7(t) = (p1(¢), q1(¢), g2(t)) as
the investment-reinsurance strategy at time ¢, and consider the impact of the historical performance f(t, X (t) —
L(t), X (t) — M(t)), then we have the following wealth dynamics depicted by a stochastic delay differential
equation (SDDE):

dSp(t)
So(t)

+pl<t>f(<)) FAR() — F( X (5) — L(8), X(1) — M(2))

- [<r = )X + ML) + M) + (@ — P (1)

dX™(t) = (X™(t) — p1(t))

+ (01 — 1 + qu(t)m)ar + (B2 — n2 + q2(t)n2)az | dt

+ \/blql b33 (t) + 2q1(t)qa (t) \pur1 pr21 dWo (t) 4 pa (t)od W (t)

+ / pr(0)No(dt,do) (2.3)

Following Shen and Zeng [22], in equation (2.3) above, we suppose that
F(t, X () = L(t), X (1) = M(t)) = m (X (1) = L(t) +12(X(t) — M(t))

L(t)
=M (X(t) - f_oheA“du> +72(X(t) — M(t))

= (m +72)X(#) = NL(t) — 7M@),

where 71 (>0) and v2(>0) are constants. And obviously, 73 = m. L(t) = fi)h eAUX™(t + u)du, L(t) =
i L(i)u ™ and M(t) = X (t — h) represent the integrated, average and point by point delay information during
time [t—h, t], respectively. And A(>0) and h(>0) are given average parameter and delay parameter, respectively.
Note that L(t) is defined as the weighted average value of wealth process X () in the time interval [t—h, ¢], and the
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exponential decay factor eA%(u € [—h, 0]) denotes the weight. Moreover, We assume that X (t) = X, Vt € [~h, 0],
which can be interpreted as that the insurer owns wealth X, at time —h and does not carry out any business
operation within [, 0]. The integrated delay wealth initial value can be calculated by L(0) = 22(1 — e=4").

To take historical operating performance into account, the insurer will focus on both terminal wealth X™(7T')
and historical average operating performance L™ (T), hence we formulate the optimal investment and reinsurance
problem with delay under the mean-variance criterion as follows:

_ w _
sup { £, [X7(T) 4 BL7 ()] = 5 Vary o1 [X7(D) + BL™(T)] }. (24)
TE
where w is the risk averse coefficient. The delay parameter 3(e [0,1]) is a constant. Ey, -] and Vary . [

represent conditional expectation and conditional variance based on X™(t) = z and L™ (t) = [, respectively. (€
[0, 1]) is the weight of L™(#), indicating the degree of terminal wealth affected by historical average performance.

W, then X™(t) + BL™(t) = X7 (t) + BL™(t), which is called the terminal wealth in the

sequel. Therefore, we rewrite (2.4) as

If we write 8 =

sup { Broa[X7(T) + AL (T)] = & Varioa[X"(T) + BL™(T)]}. (2.5)
mell

In addition, according to Chang et al. [11], the optimal control problem with delay is generally an infinite-
dimensional problem. To obtain an explicit solution, some additional conditions will be attached. We assume
that the value function V(-) is only related to x and [. However L7 (t) is related to M™(¢). In order to make
V() only depend on (¢,z,1l) and then the problem can obtain the explicit expression. Hence we suppose that
the following conditions hold:

V=0 M A —AB=(r—m—1+B)B (2.6)

Remark 2.1. Note that the two assumptions in (2.6) will be applied over and over below, which is one of the
sufficient conditions for optimality when using the maximum principle to solve the control problem with delay
(see [20,22,23]). In fact, it is also one of the sufficient conditions for finding explicit solutions to stochastic
control problems with delay by using the dynamic programming principle. Equation (2.6) can be explained as
follows: Firstly, the insurer calculates the integrated delayed wealth L(¢) and the pointwise delayed wealth M (t)
at the time ¢ € [0, T] by selecting the average parameter A and the delay parameter h. Then, the insurer selects
the parameter 3 to determine the weight between X (¢) and L(t) in the mean-variance performance measure.

0 Aud
%(r — 2 + B+ A) according to (2.6) to
“J—h

determine the weight proportion of past performance X (¢t) — L(¢) and X (¢t) — M(t) at the time ¢ € [0,T] and
adjusts the inflow/outflow of capital accordingly.

Finally, the insurer sets parameters v = Se~4" and v, =

The framework corresponding with the problem (2.5) is the traditional investment and reinsurance model, in
which the insurer is supposed to be ambiguity-neutral, that is, he/she is assumed to be able to accurately find
the probability measure P. However, in reality, the accurate probability measure PP is difficult to find, so most of
the insurers are ambiguity-averse, and hope to ensure that the worst-case return can achieve the expected goal.
Based on this consideration, we take the uncertainty of probability measure into mean-variance optimization
problem (2.5), and model (2.3) under probability measure P is regarded as the reference model. Since the
reference model is skeptical, the insurer will consider some alternative models. Similar to [1], the alternative
models are defined as a class of probability measures equivalent to the probability measure P as follows:

Q:={QQ ~P}.
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Definition 2.2 (Admissible strategy). For any fixed ¢t € [0,7], an investment-reinsurance strategy m(t) =
{(p1(t),q1(t),q2(t))} is said to admissible if it satisfies:

(i) 7(t) is {F}eejo,r-progressively measurable;

(i) q1(t) >0, g2(t) > 0 and E;@r l[ o ((p1()* + (q (1)) + (qg(t))z)dt} < +00, where Q* is the chosen proba-
bility measure to depict the worst case;
(iii) V(¢,z,1) € [0,T] x R x R, the SDDE (2.3) has a pathwise unique solution.

Let IT be the set of all admissible strategies.
According to Girsanov’s theorem, there exists a progressively measurable process ¢(t) = (¢1(t), p2(t), p3(t))
for t € [0, T] such that d@|;cT = A®(T), where

AP(t) = exp{ - / r(w W) — & / ' (u)du / a0 (w) — & / ' A(u)du

v N " npalu)No(au o) + [ N (1 i) . (2.7

By the definition of ¢(t), it is easy to show that A®(t) is a P—martingale under the Novikov’s condition, and
then F[A¥(t)] = 1. By Girsanov’s theorem, under the alternative probability measure @, we have also two
standard Brownian motion {W (t)}eefo,r) and {W(t) }1e(0,7), which are given by

AWE(t) = AWy (t) + @1 (t)dt,  dWL(t) = AW () + @a(t)dL.

And the Poisson process {No(t)},c(or) with intensity A turn into the Poisson process {Ngz(t)} 0.1 with
’ tefo

intensity Agws(t). We know also that {Wé@ (t)} are also mutually independent. In

Q
+€[0,T] and {W (t)}te[o,T]

addition, parallel to Branger and Larsen [8], for tractability and ease of interpretation, we suppose that the
distribution of jump Yj; is known and is restricted to be identical under P and Q. Based on the discussion above,
the dynamics of the wealth process (2.3) under alternative probability measure Q become

dX7(t) = [(7“ =71 = 72) X () + 1 LT(E) + 72 M7 (t) + (o = 7)pa(t)

+ (01 —m +q(t)n)ar + (02 — n2 + q2(t)n2)az — opi (t)pa(t)

- \/b1q1 b345 (1) + 2q1 (1) g2(t) A1 p2apa () | dt
+4/b? t) + 241 (t)ga (t) X\ AW (t)
1Q1 QQQ q1(1)q2 H11H21 0
+n@odWo() + [ pi(Ou Nt duo). (2.8)
-1

In what follows, we consider the robust mean-variance optimization problem. As Maenhout [18], Yi et al.
[25] and Zeng et al. [28] mentioned, we formulate the following robust optimization problem to modify the
mean-variance problem (2.5)

sup J(t, z,1;7) = sup inf J(t,z,l;m, Q). (2.9)

mell =1 QeQ

Here

(i, Q) = B, [X7(T) + BLT(T)] = S Var, [X7(T) + BL7(T)]
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T 2 2
Q pi(w) | ea(w) | Aoles(u)nps(u) —ps(u) + 1)
A + : Jos).

il | 20 w) T 20000) 93(0)

where ¢1(t), ¢2(t) and ¢3(t) are all nonnegative and are used to capture the AAI’'s ambiguity aversions. And
the larger ¢1(t), ¢2(t) and ¢5(¢), the more ambiguity-averse the AAI. Furthermore, the deviations from the
reference measure P are penalized by the first three terms in the above expression. Similar to Branger and
Larsen [8], the deviations depend on the relative entropy arising from the jump-diffusion risk, in which the
increase in relative entropy from t to ¢ + dt is given by

5 (B30 +23(0)) + dolpst) (1) — os(t) + 1)t (2.10)
The detailed derivation of the above formula is shown in Appendix A. Since there exists a non-linear func-
tion of the expectation of terminal wealth in the objective functional (2.9), the optimization problem is time-
inconsistent. Most literature solves the mean-variance problem by setting a precommitment, in which optimal
strategies obtained are time-inconsistent. In fact, time-consistency cannot be neglected for a rational decision-
maker who aims to seek an equilibrium strategy that is optimal at a time and still be optimal as time goes

forward into the future. Hence, we shall define the following time-consistent equilibrium strategy according to
Bjork and Murgoci [6] and Bjork et al. [7].

Definition 2.3. Consider an admissible strategy 7*, which can be informally viewed as a candidate equilibrium
strategy. And choose arbitrarily a fixed = € II, a real number e(>0) and a given initial point (¢,x,1) € [0,7T] x
R x R, define the strategy . as follows:

. 7 (u, z,1), (u,2,1) € [t,t+e) x R xR,
S 7 (w0, (u,2,1) € [t+¢,T] x RxR.
. J Lm*)—J l
lim inf (t,.’t, T )7 (t’fv aﬁs) >0,
€l0 €

we call that 7* is an equilibrium strategy and the equilibrium value function W (¢, z,1) is given by
W(t,z,l) = J(t,x,l;7"). (2.11)

According to Definition 2.3, the equilibrium strategy above is time-consistent. We aim to seek an equilibrium
strategy 7* and the corresponding equilibrium value function. To give the extended HJB equation and Verifi-
cation Theorem conveniently, we define a variational operator. Let C1'21([0,T] x R x R) denotes a space of any
function (¢, z,1) which (¢, z,1) itself and its derivatives (¢, z, 1), ¥, (,t,z,1), ¥z (t,2,1), and ¥ (¢, z,1) are
continuous on [0,7] x R x R x R x R. For any function ¢ (¢, z,1) € C1?1([0,T] x R x R) and a given 7 € I, the
variational operator corresponding to the alternative measure Q is defined as follows:

LTtz ) =+ | (r—y1 — )z +Fl+y2m+ (a—r)p1 + (01 — 1 + @ami )y

+ (02 — 12 + q212)az — \/b?qf(t) + 0305 (t) + 2012 A 11 p21p1 — OP1LP2 |Va
1
+ (o = Al — e m)yr + 5 (blad + 305 + 20102121 + PT0) Y
+ o3 EQap(t, = + pryo, 1) — ¥(t, z,1)]. (2.12)

Before finding the robust equilibrium strategy, the following theorem gives the verifications for the extended
HJB equation corresponding to the problem (2.9).
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Theorem 2.4 (Verification theorem). For the robust mean-variance problem (2.9), we assume that there exist
two real-valued functions V (t,x,1), g(t,z,1) € CH>1([0,T] x R x R) satisfying the following conditions:

StPren 625 {ng(t x, 1) — S LY g2 (L, x,1) + wy(t, o, 1) L™Pg(t,x,1) + jS((tt))

20, dolea®mes—gs0+n) | _ 2.13
o T e }—07 (2.13)

Lﬂ-*7<p*g(t’ x’ l) = 0’

(7*, %) ;= arg sup inf {L”’“OV(t, x,l) — %E”’“’g%t, 2, 1) +wg(t,z, )L %g(t, x,1)

reln QeQ
Oi(t) . w3(t) | Ao(ps(t) Ings(t) — ps(t) +1)
* 2¢1(t) * 2¢(t) * ¢3(t) }7

V(T,z,))=a+pl, ¢g(T,z,l)=z+pl
then E?x 1 [(X™(T) + BL™(T)] = g(t,x,1), W(t,z,1) = V(t,z,1) and 7 is the robust equilibrium investment-
reinsurance strategy.

The proof for the verification theorem is similar to the Theorem 5.2 in Bjork et al. [7], hence here is omitted.

3. THE SOLUTION TO THE OPTIMIZATION PROBLEM

In this section, we derive the explicit solution to the robust equilibrium strategy and the corresponding
robust equilibrium value function for investment-reinsurance problem (2.9). As Branger and Larsen [8] and
Chen and Yang [12] mentioned, to make the problem (2.9) tractable and ensure that the penalty in problem
(2.9) is reasonable, some restrictions must be imposed on the ambiguity-aversion parameter. We suppose that
d1(t) = &1, da2(t) = &2 and ¢3(t) = €3, where &1, & and &3 are all nonnegative. Then according to the variational
operator (2.12), (2.13) can be rewritten as

SUPrer | inf {Vt +[(r =7 —r2)z+l+y2m+ (a—7)pr + (01 —m +qm)a

(92 — M2+ qam2)az — V/U3E + b3g2 + 2q1g2 M 11 a1 — op12) Vi
+ (z — Al — e *m)Vi + 5 (b6} + b33 + 212 i1 o1 + p30?) (Ve — wg?)
+/\0</73 [EQ[V(t,.I + P1Yo, l) - V(tva)] - %EQ[92(t7I + P1Yo, Z) - 92(t,$, l)]
n 3.1
T+ wgBClg(t, @ + puyos D) — gt D] | + £+ 2 + W} 0, 3.1)

gt + [(7‘ - Y1 — 'yg)x + ’711 + Yom + (a — r)pik + (01 — M + qu)al

+ (02 — m2 + g3m2)az — /03(q7)? + b3(45)? + 2¢5 g3 A1 pan 0 — OP’{sOE]gm
+(z = Al— e~ m) g + 3 (b3(a1)* + 03(43)* + 2qi g3 M 2 + (97)%07) e
+ X5 EQg(t, = + piyo, 1) — g(t, 2, 1)) =0

where the terminal value conditions are given by V (T, z,l) = = + 8l and ¢(T,z,1) = x + Sl.
To guarantee the insurance retention g (-) and g2(-) are non-negative, we give the following lemma.

Lemma 3.1. The parameters X, A1, A2, [11, Ho1, H12 and oo given in Section 2 above satisfy the following
inequalities:

Ap1 21 az 1< b7 az

b2b2 > )\2 2 2 .
102 H11M215 bg o N1 o 61

(3.2)
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Proof. See Appendix B. O

Considering ¢1(-) and ga(-) are non-negative, according to Lemma 3.1, the following three cases need to be
discussed.

Case 1. For i < ”\“1712“21“2 72, we have n; < 0 and no > 0;
2
2

Case 2. For )"“b”“” Lpy <My <

Muum alng, we have n; > 0 and ng > 0;

2
Case 3. For n; > /\mbllm 212, we have n; > 0 and ne < 0.

alnlbz_GQYIQA,U'llHQl (127]25%—041771)\M11M21
b5 —A2u3, u3, o bibs—A2ui, p5,

theorem. The other two cases can be similarly deduced.
Next, we give the explicit expression to the robust equilibrium strategy and the corresponding robust equi-

librium value function by the following theorem.

Here n; = and ny =

. We only detail analyze Case 2 in the following

Theorem 3.2. For the mean-variance problem (2.9) under Case 2, the robust equilibrium investment and
reinsurance strategy are given by

67(T771772+ﬁ)(T7t) oa—1r )\0 (w,uogp’{ (t)e(r_%_’yri_ﬂ)(T_t) - NOI)

pi(t) = W+ & o2 o2
x €o($h02 (0 ()22 TENT =0 gy pi (p)elr— 12+ AT=0) | (3.3)
$(4) = ===+ (T—t)

1) = e Y1—"72 , 3.4
i) =T (34)
w2 (reyi e+ B)(T 1)

1) = e REe , 3.5
G0 = (35)

and the corresponding robust equilibrium value function is

ey _ 01 —m)ar + (02 — n2)as) Y _
Vit x,1) = er—1—1=+0(T=0) 1 4 g1y _ G 1 — or=m—2+B)(T—t)
( ) (o) r— 71 72+ 0 ( )

ain + asn bn bn - A ning | (T —t
w—|—§1< 1M1 21272 — 1y — PUD K11 21701 2>( )

T
+ [ @i
t

_ i(9))*0% (w + &) TS
2

+ ?(1 - efs(zm(pr(s))zez(”l”2*‘*><“>—ump’;<s>e<“172*"“”)))} ds. (3.6)
3

Besides, the worst-case measure is as follows:

pi(t) =& \/b2 (a5 (£)2 + 03(g5(1))? + 247 ()5 () Ay prag e~ 1722 FAT=0, (3.7)
05 (t) = &0p] (t )e“" N AT =) (3.8)
Qi) = o€ (B no2(py (1)22 =M= FDI =0 g, pi()elr =71 72T ) (3.9)
Proof. See Appendix C. |

Proposition 3.3. Equation (3.3) has a unique positive root, that is, there exists a unique pi(t) € [0,400) that
satisfies equation (3.3).
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Proof. See Appendix D. O

In what follows, we present some special cases of our model. If the insurer is ambiguity-neutral, then the
ambiguity-aversion coefficients £ = & = & = 0, and then ¢1(t) = @2(t) = 0 and @3(t) = 1. Further, the
wealth process and the optimization problem for the ambiguity-neutral insurer are given by (2.3) and (2.5),
respectively. And the extended HJB equation corresponding to problem (2.5) is derived by

SUD 1t {Vt +[(r—=m =) +Nl+y2m+ (a—7r)p1+ (01 — m +qm)a
+ (02 — m2 + @2m2)az] Ve + (. — Al — e A"m) V, + §(b3¢7 + b33 + 2q1qa i1 pina
+p202) (Vo — wg?) + No {E[V(t7 T+ p1yo, 1) — V(t,x,1)]

- %E[92<t7 x +p1y07l) - 92<t7 Z, l)} + ng[g(t,.’If +p1y071) - g(ta $,l)]:| } = Oa
gt +[(r =y =)z + 3l +y2m+ (a—7r)pi + (01 —m +gini)ar + (62 — 02

+ @3m2)aslge + (x — Al — e *m) g + $(03(q1)? + b3(q5)? + 245 g5 Apar pan

+ (p1)202) g2z + MNE[g(t,  + piyo, 1) — g(t,x,1)] = 0.

Similar to the derivation of theorem 3.2, we present the following corollary.

Corollary 3.4. Under Case 2, for the ANI in our model, the equilibrium investment and reinsurance strateqy
are given by:

~ Oé*?"‘f’)\o‘u,()l —(r—my1— _
()= 5 e U eIy, 3.10
i) w(o? + Aopoz) (3.10)
Gi(t) = Tre AT, (3.11)
w
G3(t) = 2 rm—m kAT -0, (3.12)
w
and the corresponding equilibrium value function is
f/(tw, l) = (P12 +8) (T—1) (z+Bl) — [(61 —m)ar + (02 — n2)as]
r—m—"72+0
X (1 — e(T—71—72+5)(T—t)) (@ =7+ Aopor)* (T —1%)
2w(0? + Aopo2)
1 b?n?  b2n2
+ ; (alnlm + a2Mot)2 — 712 L 722 2 )\un,uglnlnz) (T — t). (313)

Next, the utility loss is investigated under the case of ignoring model ambiguity. The optimal strategy for ANI
is the suboptimal strategy of AAI, hence the strategy given in Corollary 3.4 is called the suboptimal strategy.
Let 7* = (p%, 45, d3), and assume that the AAT takes the suboptimal strategy #* given in Corollary 3.4, then
the corresponding value function is

Vaub(t, ,1) :dlelfg J(t,z, ;7). (3.14)
The following proposition presents directly the value function under the strategy #*, which the calculation
process is similar to Theorem 3.2.

Proposition 3.5. For problem (3.1/) under Case 2, the value function is given by

01 —m)ar + (02 — n2)az)
r—y —y2+0

Vun(t, 1) = e(r_'Yl_’Y2+B)(T_t)(x + Bl) — [(
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% (1 _ e(T‘—’Yl_’Y2+B)(T—t)) + (armmni + aiﬁ2n2)(T —t)
w +
03202 + 8303 + Dy sarana) (T 1)

n (@ —r)(a—r+Xopo)(T —t)  o*(a—r+Nopo)* (& +w)(T —t)
w(o? 4+ Aopoz) 2w?(02 + Nofio2)?

\ & so2(a—r+Agre1)? _ po1(a—r+iguor)
4201 =P\ 2@ oneT T e om0y ) ) (T — ), (3.15)

€3
Furthermore, we define the following utility loss function:

L ‘/;ub(taxa l)
UL :=1 Vo] (3.16)

Remark 3.6. From Corollary 3.4, if we do not consider the price jump of risky assets, then the investment
strategy becomes pj(t) = 2=, the reinsurance strategy is not affected, and the corresponding value function

becomes

Vo(t,z,1) = e =72 +0 T (1 | g7 — [(61 —m)ar + (62 — n2)as)]

r=m-—72+0
N2
~ (1 — e(T*’Yl*’YerB)(T*t)) + (O;waz) (T —t)
1 b?n?  bin2
+ = (amlm + asnamy — —12 L —22 2 _ Aunuglnmg) (T —t).

According to (2.6) and the discussion in Remark 2.1, A = h = 8 = 0 when the delay is without consideration.
Hence by Theorem 3.2, we give the following corollary.

Corollary 3.7. Under Case 2 and no-delay case, the robust equilibrium investment and reinsurance strategy
are given by

—r(T— —x r(T—t
ﬁ*(t) _ e~ T(T=t) | o — p B Ao (wuogple ( ) _ ﬂm) 5 663(%#02(17;)2627‘(T—t,)7“015>{e7‘(7'—t)) (3'17)
' w+ & a? o2 g
_x _ n1 —r(T—t)

t) = e , 3.18
QI( ) W+ 51 ( )
_x _ N2 —r(T—t)

t) = ———e¢ , 3.19
Q2( ) W& ( )

and the corresponding equilibrium value function is

Vit,z, 1) =e TV (z+pl) —

[(01 —m1)ar + (02 — m2)az] (1 B er(T—t))

1 1
+ — Zbn? — ZbZn2 =)\ I —t
g <a1n1771 asNano 5 in3 5 N5 p11p2ining | ( )

' 5% r(T—s (ﬁf(s))20'2(w + 52)627”(71—5)
+/t {(O‘—T)Pl(S)e =) - 2

+ ?(1 - 653(;#02(p;(5))2ems>_w;<s>e~“>))} ds. (3.20)
3
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Remark 3.8. Based on Corollary 3.7, we further ignore the dependence of insurance business, that is, A = 0,
then the robust equilibrium investment and reinsurance strategy are given by

77‘(T7t) _ A ((.U _*er(Tft) — ) w2 2r(T—t _x _r(T—t

. e a—r  Ao\WHo2Py Ho1 &a(Fpo2(p7)?e” T —poipienTY)
Po(t) = o6 | o 2 x e : (3.21)
¥ _ H11M1 —r(T—t)

$) = P , 3.22
(101( ) /-1112(‘*) +£1) ( )
—x _ Herm2 —r(T—t)

4 = 2z , 3.23
QOQ( ) /1422((") +£1) ( )

and the corresponding equilibrium value function is

V(t, ) =T (z + Bl) — [(61 —m)ay ;r (02 — n2)as] (1 B eT(Tit)>

1 </\1/ﬁm% +Azu§m§>(Tt)
2(w+&1) H12 22

! % r(T—s (ﬁ?(s))Qoﬂ(w + 52)627‘(T—5)
+/t [(a — )i (s)e" T — .

+

4 %(1 _ esa(guw(m(s))ze%'”5>—u01pt(s>e“”"')))]ds. (3.24)
3

From the above discussion, we can find that pg; (t), g5, (t) and g5, (t) are consistent with 73 (¢) and p3(t) in Zeng
et al. [28] when the insurance business are independent of each other. The difference is that the value function

V(t, ) is larger than that V5(t, z) given in Zeng et al. [28] due to the increase of insurance business lines in this
paper.

4. SENSITIVITY ANALYSIS

This section presents a numerical example to illustrate the effects of some model parameters on the robust
equilibrium investment and reinsurance strategy and utility losses by ignoring model uncertainty, in which we
give some economic explanations. According to the model settings in Section 2, unless otherwise stated, we
select the following parameters throughout this section: 1 = 0 = 0.2, 93 = 12 = 0.4, py1 = po1 = 0.2,
H12 = H22 = 037 A= 1, /\1 = 2, /\2 = 3, o = 0087 r= 003, g = 0.25, /\0 = 1, Ho1 = 1, Ho2 = 2, 51 = fg = 0.5,
& =07, w=032=1,t=0,T=3,A=0.1, 3=0.1 and h = 1.

Figure 1 depicts the effect of parameters A, h and 8 on the robust equilibrium investment and reinsurance
strategy. As shown in Figure la, the robust equilibrium investment strategy pj(t) invested in the risky asset
decreases with A. According to the definition of the average delayed wealth L(t), we can find that the larger is
A, the smaller is the proportion of earlier wealth taken up in the construction of average delayed wealth L(t).
That is to say, the more the insurer pays attention to the wealth close to the current time, which is a kind of
short-sighted behavior. In practice, investors’ shortsightedness often increases the risk, and they may take risks
for short-term interests. Thus, when A is larger, the insurer will reduce the amount invested in risky assets to
control the overall risk. In the same mechanism as the effect of A on pj(t), from Figures 1b and lc, we can also
see that retention ratio ¢j(t) and ¢5(t) also decrease with A. Figure 1d shows the impact of h on the robust
equilibrium investment strategy. Obviously, we can see that the amount invested in risky assets increases with
the increase of h. Intuitively, with an increase of h, the horizontal range of the average becomes longer, and
the average delayed wealth is more stable. That is, with an increase of h, the insurer’s ability to control risk
will increase, so the amount invested in risky assets will increase. Similarly, as depicted in Figures le and 1f,
retention ¢ (t) and g3 (t) increase with h. Figure 1g shows that with [ increases, the average delayed wealth
L(t) takes up a larger weight in the terminal wealth. So the averaging effect should definitely reduce the overall
risk of the insurer’s terminal wealth X (¢) + BL(t). That is, to achieve the same level of the expected terminal
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FIGURE 1. The effect of A, h and 3 on robust equilibrium strategy.

wealth, the insurer increases the amount invested in risky assets when p7(¢) is large. In Figures 1h and 1i, just
as (0 affects the robust equilibrium investment strategy, we can find that the larger ( is, the larger retention
g7 (t) and ¢;(t) are. From Figure 1, we can also find that the robust equilibrium investment and reinsurance
strategy under the case of without delay is minimal. Note that in Corollary 3.7 it is mentioned that the model
degenerates to the no-delay case only when A = h = 3 = 0, not just when A = 0. Thus, there is no contradiction
between the robust equilibrium investment and reinsurance strategy minimized on the no-delay case and the
robust equilibrium investment and reinsurance strategy decreasing with A.

Figure 2 demonstrates that the larger w is, the smaller robust equilibrium investment and reinsurance strategy
are. This is consistent with the financial implications of the risk aversion coefficient w.
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FIGURE 2.
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F1GURE 3. The effect of a, o and Ay on robust equilibrium investment strategy.

Figure 3 shows the effects of o, 0 and Ay on robust equilibrium investment strategy pi(¢). From Figure 3a,
we can find that pj(¢) is increasing with the parameter «. Since the value of « is increasing, the expected
return rate of the risky asset is increasing, and thus the insurer would invest more money in the risky asset
to gain more revenue. Figure 3b demonstrates that pj(t) decreases with o. In fact, the bigger the value of o
is, the larger the instantaneous volatility o of the risky asset is, which means the more risk of investment, and
thus the insurer should invest less money in the risky asset. From Figure 3c, it is easy to see that the robust
equilibrium investment strategy p3(t) is a decreasing function of Ay, i.e., the insurer will invest less in the risky
asset. Actually, the increase of the jump intensity A2 makes the risky asset more risk and less attractive.

Figure 4 depicts the effects of A, A\; and Ay on robust equilibrium reinsurance strategy ¢i(t) and ¢3(t),
respectively. As A increases, the average claim for the two businesses increases. To keep the claims risk at the
expected level, the insurer increases its reinsurance purchases, i.e., retention ¢i(¢) (¢5(t)) decreases, as shown
in Figure 4a. From Figure 4b, we find that ¢j(¢) increases with increase while ¢5(t) decreases. The average
claim for the first line of business increases with A;, so the insurer increases its reinsurance purchases for the
first line of business. In contrast, the second line of business has a comparative advantage since the average
claim remains unchanged, and the insurer thus reduces the reinsurance purchases of the second line of business.
Figure 4c shows that g7 (t) decreases with Ay while ¢3(¢) increases, which the economic explanation is similar to
the above analysis.

Figure 5 demonstrates the effect &1, £&; and &3 on the robust equilibrium investment and reinsurance strategy.
From Figures 5a and 5b, we can find that the amount invested in the risky asset decreases with & or £3. Since
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F1GURE 5. The effect of &1, & and €3 on robust equilibrium strategy

&5 and &3 denote the ambiguity aversion coefficient with respect to the diffusion risk and jump risk, respectively,
the insurer has less confidence in the reference model with the larger & or €3, and thus the insurer will reduce
the investment of the risky asset. Figures 5¢ and 5d show that the larger the &, the smaller the retention of
qi(t) and ¢4 (t), with a similar mechanism of action to the effect of {5 and {3 on investment strategy. It is clear
from Figure 5 that the investment and reinsurance strategy for ANI is significantly better than that for AAT.
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FIGURE 6. The effect of &1, & and &3 on utility loss.

Figure 6 demonstrates the utility loss from ignoring model uncertainty for the AAIL From Figure 6, we can
find that the ambiguity aversion coefficients &1, £; and &3 have a positive impact on UL. That is, the utility loss
is higher for the AAI with less information about reference measure P (larger &1, & and £3) than for the AAI
with more information about reference measure P (smaller &7, &> and &3).

5. CONCLUSION

In this paper, we consider a robust equilibrium investment and reinsurance problem with bounded mem-
ory and common shock dependence in a jump-diffusion financial market. The surplus process of the insurer is
depicted by two-dimensional dependent claims, and the insurer is allowed to purchase proportional reinsurance.
And we also assume that the insurer can invest his/her wealth in a risk-free asset and a risky asset satisfying
jump-diffusion process. Next, we introduce the past performance and use it to derive the wealth process depicted
by an SDDE. Applying the stochastic control theory under the framework of the game theory, together with
stochastic control theory with delay, we derive an extended Hamilton—Jacobi-Bellman equation with delay. By
solving the equation, we obtain a robust equilibrium strategy and the corresponding robust equilibrium value
function. We also provide a numerical example to analyze the effects of delay parameters and risk dependent
parameter on robust equilibrium strategy and explain why such effects occur. The main findings are as follows.
(i) From the result of Theorem 3.2, we can find that the delay parameter has a significant effect on the robust
equilibrium investment and reinsurance strategy, and its impact corresponds to the economic intuition. More
specifically, according to the results of the numerical example, it is easy to see that the insurer can compre-
hensively consider the performance of a period of time since the introduction of the delay effect, and thus the
insurer can enhance its risk control ability. And the insurer can adjust the parameters according to Remark 3.6
to improve risk control. (ii) The AAT’s attitude towards ambiguity may impact his/her robust equilibrium
investment and reinsurance strategy, such that the optimal investment and reinsurance strategy for the AAI
facing model uncertainty is smaller than an ANT. (iii) The utility loss from ignoring model uncertainty increase
with the ambiguity-aversion coefficients. (iv) The risk common shock factor has a significant impact on all
reinsurance business.

In further research, some important factors affecting the insurer’s decision may be introduced in the model,
such as interest-rate risk, inflation risk, volatility risk, no-bankrupt constraint, and dynamic VaR constraint.
However, the introduction of these factors will make the model more complicated. As a result, other methods,
such as backward stochastic differential equations or other methods, may be introduced to solve the more
complicated problem.
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APPENDIX A. DERIVATION OF RELATIVE ENTROPY

The relative entropy is defined as the expectation under the alternative measure of the log Radon—-Nikodym
derivative defined in (2.7). From Itd’s lemma, we derive

1 1
A A% () = — a(O)AWo(1) — S0t — ea()AW (1) — Z3 (1)t
+ )\()(1 — gOg(t))dt + / In 903(t)N(](dt, dyo)
-1
Then the relative entropy over the interval from ¢ to ¢t 4§ is as follows:

E© [ln A(Ii(—;(s)] EQ [_ /H_é 1(u )(dW(;Q(u) - gpl(u)du) - % /tH_(S @2 (u)du

t46 446
/t w) (AW (u) — o (u)du) —%/t 2 (u)du

ts t+6
—l—/ Ao(1 — ps3(u du+/ / In p3( )No(du dyo)
t

t+6 o)
+ / Aoz (u) In ps(u)du

t 1

I

= E©

N |

(¢7(u) + ¢3(u) + Aolps(u) Inps(u) — p3(u) + 1)du>] .

Let § — 0, then (2.10) is derived.

APPENDIX B. PrROOF oF LEMMA 3.1

Using Cauchy—Schwarz inequality, we have

O+ NE[YZ] 0w+ NEVE > (VN A EWlEYa]) > (B E[Ya)”
By E[Y2] > (E[Y1])?, E[YZ] > (E[Ya;])? and (2.1), we derive
bibs > N iy p3, - (B.1)
Moreover, we also have

Miipor az Apaapior (A Xo)por A3y

1 02 _ (A+29) (B.2)
b2 oar (Ao A+ A A+ A)pee
b az _ A+ A)pz A+ A)uzr (A +Ao)pe (B.3)
A1 ft21 @1 Meripzr (A ADp Audy ’

2
Noting that poo > p2; and pia > p?,, then we have (/\_?/’\Lﬁ < 1 and %# > 1. Thus, equation (3.2)
11
holds.
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APPENDIX C. PROOF OF THEOREM 3.2

By the terminal condition of V' and g, we conjecture that V' and g are of the following form:

<
=
Il
=
=
&
+
E
+
!
=

where H(T) = P(T) = 1 and F(T) = Q(T) = 0.

Differentiating V' and g with respect to ¢, z and [, we obtain

Vi=H'(t)(x+8l)+ F'(t), V.=H(t), V,=pH(t)=pBVe, Viz=0,
gt = P/(t)(x + ﬂl) + Q/(t)’ 9z = P(t)a g1 = ﬂp(t) = nga Gz = 0.

After simple calculations, we can also get

EV(t,x +piyo,l) — V(t,2,1)] = porp1 H(t),

Elg%(t,x + p1yo,1) — g*(t, z,1)] = po2p? P2(t)
+2p01p1 P()[P(8)(z + BI) + Q(1)],

Elg(t,x + p1yo, 1) — g(t, z,1)] = por1p1 P(t).

Noting that (2.6) and substituting the above results into (3.1), we derive

?éﬁé?é{m)(“ﬁ” TR {“ =+ B)(@ + B1) + (@ — )pr

+ (01 —m + qm)ar + (02 — 92 + ganz)az — \/b%(ﬁ + b343 + 2q1q2 A 11 211

w
— op1p2 + )\0903#01]?1} H(t) - g(b%(ﬁ + 0305 + 212 A1 po1 + pio’

A DP(t) + =+ T2
+ 0%03#02])1) ( )+ 251 + 252 + 53

P'(t)(z+ Bl) + Q'(t) + [(r = =2+ B)(x+ 6l + (a—=7r)pl + (01 —m + gim)a

o7 w3 dolpslnps — s +1) } —0, (C.3)

(62 — 12+ g3m)az — /B3 (a7)? + V(432 + 24703 Mns pen

—opIpy + Ao@éumpi‘] P(t) = 0. (C.4)

Applying the first-order optimality conditions, ¢3, ¢35 and % which reach the infimum part in equation (C.3)
are derived as follows:

or=& \/b%qf + 0343 + 2q1q2 A\ pa1 o H (t), (C.5)
5 = Saopr H(t), (C.6)
P53 = 653(%MOzP%P2(t)—M01P1H(t)), (C.7)



96 S. LI

Substituting the above results back into (C.3), we derive

sup {H’(t)(fc+ﬂl) +F () +[(r =1 — 72 + B)(@+ BL) + (@ —7);y

well
w
+ (01 —m + qum)ar + (02 — 12 + gonz)a) H(t) — §(b?qf + b33 + 2q1q2 M pi11 i1
C.8)
¢ ¢ (

+pio”)P2() = 5 (bla} + b363 + 20102 Ao ) H (1) — 5 o PR HP (1)

+ & (1 _ 653(“5#0217?132@)#01P1H(t)))} = 0.

3

Applying again the first-order optimality conditions, the optimal strategy pi, ¢ and ¢ which reach the supre-
mum part above equation are as follows:

o —T

o 1
PO = Sy g |

A .
H ()~ 2 (wpoar (1) P()
_ MOlH(t))efs(%Moz(lﬁ(t))2P2(t)—uo1pf(t)H(t)) ’ (C.9)

ci H(t)
q (t) =M 1 6D (C.10)

G510) =M e (©1)

where

a1TI1b% - &2772>\,u11,u21 a27725? - 01771)\,&11#21

ny = ) ng =
b%bg - AQ#%W% b%b% - )‘QM%L“%I

Substituting (C.5)—(C.7) and (C.9)—(C.11) back into (C.8) and (C.4), we derive
H'(t)(z + B1) + F'(t) + [(r =71 =2 + B)(x + ) + (o — r)p] + (61 — m1)as
1 1
+ (02 — m2)az] H(t) + (alnﬂh + agnanz — §b%b% - §b§n§ - )\ﬂllﬂ21n1n2>

H(t) (p1)*0?
x <wP2(t) +£1H2(t)> T
+ %(1 _ 663(%uoaprz(t)—ummH(t))) -0, (C.12)
Pt)z+B)+Q )+ [(r—v —y2+B)(x+ Bl + (o —r)p} + (61 — m)aa
H()P(t)
wP2(t) + £ H(t)
H3(t)P(t)
(wP2(t) + §&1H2(t))?

— &2 (P2 H(E)P(L) + /\Oumpikp(t)efs(%#02(PI)2P2(t)—#01PIH(t)) -0 (C.13)

(wP?(t) + &H(t))

+ (02 — ng)az]P(t) + (a1n1n1 + a2n2772)

— &1(b3nT + b3n3 + 2nino A fi21)

Matching the coefficient on the both sides, we can obtain the following differential equations:

H@t)+(r—m—7+p)H({t) =0, H(T) =1,
P'(t)4+ (r—m —m+B8)Pt)=0, P(T)=1,
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* 20,2
/) + o~ o + (01~ m)ar + (02— o] H) — PLT 0P2(0) 1 o2t
A w - X 1 1
- 72(1 — 8(Bro () PO i H (1)) 4 <aln1771 +aznazne — §b%n% - §b§”§
A L _o, rm)=o0
- nin — = =Y, =Y,
1121701102 RS

Q'(t) + [(a — r)p; + (01 — m)a1 + (62 — m2)as] P(t) — &20° (p})* H () P(t)

+ AollOlpTP(t)egS(%”02(””2132(”7“0”’;H(t)) + (a1nim + agnony) ——
w+&1
1

(w+&)2

Considering the terminal value condition H(T) = P(T) = 1 and F(T) = Q(T) = 0, the above equations can be
solved as

— &1(b3nd + b3n3 + 2\ 11 pi21nang) =0, Q(T)=0.

H(t) = P(t) = er=n =80T 1), (C.14)
F(t) _ [(01 - 771)0‘1 + (02 - 772)&2} (1 _ e(T*’Yl*’YQJrﬁ)(T*t))
r—71—7 +03

5 (alnml + asnane — b1n1 b%n% — Aullu21n1n2> (T — t)
[ a _ 7" (7 Y1—v2+B)(T—s)

_ pT(S))Q 2<w+§2) 2(70 Y1— 72+ﬁ)(T 5)
2

+ &(1 o efg(‘5’,uog(p’l‘(s))zez(r—’v1—’v2+ﬁ)(T—S)Hm(p”l‘(s))2e(T—’Yl—72+[3)(T—S))):| dS, (015)

Q(t) _ [(01 — 771)0‘1 + (02 — 772)&2} (1 _ e(T*’Yl*’YQJrﬁ)(T*t))
r—m-—7+p
1

o
& o
(w+&)?

T
+ [ [(a —Di(s) — 20 (p} (5)) 2 AT )
t

+ Xoptorp} (S)e(r—w—w-s-ﬁ)(T—S)

(alnlm —+ agngﬁg)(T — t)

(b Tll + b2n2 + 2)\#11#21”1%2)(T — t)

)262(7'*‘71*’Y2+5)(T*5) (T*71*72+ﬂ)(T*5))

« efs(%uoz(pI(S) —po1p] (s)e

ds. (C.16)

Substituting the above results back into (C.9)—(C.11), (C.1) and (C.5)—(C.7), we obtain (3.3)-(3.9). Noting that
Case 2 (i.e., ny > 0 and nz > 0), it is easy to see that ¢f(¢) > 0 and ¢3(¢) > 0. Then, the proof of Theorem 3.2
is completed.

APPENDIX D. PROOF OF PROPOSITION 3.3

From equation (3.3), we can derive
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Let

S. LI

o?pi(w + &) ITEAITTY — o —p — N (wpgapte T )

)252(7'*71772+B)(T*t) (7'*71*72+ﬂ)(T*f))

~ eﬁs(%ﬂm(?f —Ho1pie

(r=y1—72+8)(T—t) _ to1)

('r'f“r1f'vz+5)(T*t))

h(p1) = a —r — Xo(wpo2pre

(e 2.2(r=v1—v2+B)N(T—t) _ v — _
% efs(guozme poipie _0.2p1(w+§2)e(7“ y1—y2+8)(T t)_

Further, the derivative of h(-) is as follows:

h/(pl) = —)\OquQe(T_Vl_72+B)(T—t)efg(%pozp%eQ(T771’72+ﬁ>(T*t)_MOIPIE

(T*’Yl*’YQJrﬁ)(T*t))
_ )\ogse(r—'n—vﬁﬁ)(T—t) (wumple(r—w—vﬁﬁ)(T—t) _ M01)2

2 ,2(r =1 —72+6)(T—t)

% 653(%#021716 —po1prel" T2 EAT=N)

_ 02(w + 52)6(7"—"/1 —v2+6)(T—t) <0,

that is, h(p;) is a decreasing function with respect to p;. In addition, it is easy to see that h(0) = a—r+MAguo1 > 0,

and also h(p1) < 0 for p; > max{

> (. The proof is completed.

H0o1 a—r
wigae(T=11=72+B)(T=1) 1 52 (4 &y)elr—711—72+6)(T—1t)
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