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A DETERIORATING FOOD PRESERVATION SUPPLY CHAIN MODEL WITH
DOWNSTREAM DELAYED PAYMENT AND UPSTREAM PARTIAL

PREPAYMENT

Prasanta Kumar Ghosh1,4, Amalesh Kumar Manna2,
Jayanta Kumar Dey3 and Samarjit Kar1,*

Abstract. This paper investigates a food supply chain model consisting of the supplier, food producer
and multi-retailer of a deteriorating item under fully delay-in-payment and partial advance payment
scheme. The deterioration rate of raw material is dependent on temperature and other environmental
factors with respect to time. Here, the food producer prepares food after collecting the raw material
from the supplier and then storing it in cold storage. The refrigeration cost is dependent on the occupied
volume in the cold storage (where the products are preserved for freshness) and power consumption.
The supplier offers delay-in-payment to stimulate the food producer to buy more raw material (which
minimizes the holding cost and earns more revenues), whereas the food producer takes the partial
advance payment on purchase cost from the retailers to ensure the order quantity. A mathematical
model is developed to obtain optimal production time and the optimal number of deliveries so that the
average profit of the food producer is maximum. Finally, a numerical example and sensitivity analysis
of the key parameters are provided to illustrate and test the feasibility of the proposed model.
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1. Introduction

In this world, food deterioration is a common phenomenon in developing countries and may cause economic
loss. In many countries, food supply chain management affronts a huge challenge of food quality, food safety,
public health, demand, price variability and weather-related variability etc. On the other hand, perishable prod-
ucts are important in inventory management because customers strive for quality. According to Ferguson and
Katzenberg [11], 15% (approximately) of foods deteriorates in the food retailing sector. Also, more than 25%
of fruit and vegetables are deteriorated in China during transportation, at wholesale markets and in shops
(cf. [22]). Food products are the most delicate goods on the market due to insufficient storage, the wrong
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temperature levels, lower air quality, the risk of humidity, light and other factors affecting quality and safety.
Examples of this are to ensure: without any optimum temperature, bacteria increases uncontrollably and light
directly affects the quality of a new product [29]. Similarly, without proper storage, the product became destruc-
tive. Therefore, every storage room should be equipped with a control unit to report temperature levels at any
time. Food security aims to protect health and securing the free flow of food to the market [25]. Food companies
dealing with food have two parallel systems for food quality preservation and safety [23].

Several researchers proposed various types of preservation investment in the business world. To reduce the
deterioration in an inventory system, preservation technology investment is the best policy (cf. [10]). Also,
Dye and Hsieh [10] analyse the strategies of preservation technology investment on the optimal order quantity,
which maximizes the average profit over the infinite time horizon. Preservation technology investment plays
an important role to maintain the the freshness of the perishable products. Chen and Dye [4] investigate an
inventory problem under preservation technology investment over a finite time horizon and show that investment
is different for each replenishment cycle. Considering a deterioration inventory problem, He and Huang [17]
determine the optimal preservation technology investment and pricing of the product. The deterioration rate of
the products in an inventory model can be expressed by the Weibull function (cf. [28]), whereas the demand rate
is increases with time [1, 27]. Recently, Das et al. [7] analyse the effect of trade credit financing by considering
preservation investment in a non-instantaneous deteriorating inventory model. Several researchers like Corradini
and Peleg [6], Qin and Wei [24], Corradini and Peleg [37], and others developed different models based on
temperature dependent deterioration rates for the perishable product.

A good number of inventory models are proposed based on the assumptions that payment is made at the time
of order quantity received. But, real situations are different about the payment of purchasing cost: (i) payment
on delivery received ([21] and others), (ii) permissible partial delay-in-payment ([2, 14] and others) (iii) partial
advance payment ([30] and others), and (iv) partial advance payment and permissible partial delay-in-payment
[12]. Goyal [14] is the first and pioneer researcher who considered delay-in-payment in an inventory model.
Thangam and Uthayakumar [34] presents a bi-level trade credit scheme based supply chain model with credit
period and selling price dependent market demand. Considering the two-level trade credit scheme, an integrated
inventory model was developed by Chen and Kang [5]. An inventory model with non-decreasing linear demand
function and trade credit policy is formulated by Teng et al. [32]. Mahata [20] explains a partial trade credit
facility based supply chain model for deteriorating items. A production inventory model under trade credit
financing and maintenance of the manufacturing system was developed by Tsao [36]. Incorporating the bi-level
trade credit facility in an inventory problem with partial backlogged shortages, Tiwari et al. [35] determine
the optimal selling price and replenishment cycle time for maximizing the average profit. Taking time-varying
deterioration rate and permissible delay-in-payment policy, a two-warehouse inventory model was developed by
Gupta et al. [15].

For controlling the cash flow of the supply chain model, the advance payment scheme is one of the most untrou-
bled and without default risk. The advance payment scheme suggested by the manufacturer is the monopolistic
concept in a business environment. For riskless and secure business, sometimes the upstream traders (suppliers,
manufacturers, retailers) offer quantity discounts, price discounts, free shipping, etc., to the downstream buyers
for full or partial advance payment. Several researchers established and analyzed the advance payment policy in
the inventory model since the advance payment assures the production/inventory management for sure exhaus-
tiveness of quantity. According to Zhang [38], advance payment policy is used when the purchasing cost of the
product is more than the billed amount. Later, considering multiple advanced payment policy, an inventory
model with partial backlogged shortages for deteriorating items was developed by Taleizadeh [31]. Teng et al.
[33] considered an inventory problem with an advance payment policy for deteriorating items with expiration
dates. An advance payment scheme in a two-warehouse inventory model for deteriorating items with partial
backlogging is studied by Khan et al. [18]. Ghosh et al. [12] developed a single manufacturer and multi-retailer
supply chain model under advanced payment and delay-in-payment scheme. In Table 1, a compact illustration
of the literature review related to the proposed model is described.
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Table 1. Comparison table, based on various assumptions related to the propose problem.

Author(s) Deteriorating Deterioration Cold storage/ Delay-in-payment Prepayment
products model dependent on preservation scheme scheme

facility

Bhunia and
Shaikh [2]

√
Constant ×

√
×

Chen and Dye
[4]

√
Constant

√
× ×

Diabat et al.
[8]

√
Constant ×

√ √

Dye and
Hsieh [10]

√
Constant

√
× ×

Dye [9]
√

Time
√

× ×

He and Huang
[17]

√ Technology
ivestment

√
× ×

Khan et al.
[18]

√
Constant × ×

√

Li et al. [19]
√

Constant × ×
√

Skouri et al.
[28]

√ Weibull
deterioration

× × ×

Shah et al.
[26]

× × ×
√ √

Taleizadeh
et al. [30]

× × × ×
√

Taleizadeh
[31]

√
Constant × ×

√

Teng et al.
[33]

√
Time × ×

√

Zhang [38] × × × ×
√

Present paper
√ √ √ √ √

Sometimes, a part of the purchase cost paid before the delivery and the rest portion of the requisition cost is
paid as on the delivery. This type of payment policy is known as the advance-cash-credit (ACC) policy. Diabat
et al. [8] developed a lot-sizing model with partial backorder for deteriorating items under partial downstream
delay-in-payment and partial upstream advance payment. In the same year, Li et al. [19] analyzed the pricing
and lot-sizing policies for time-dependent deteriorating products under the advance-cash-credit(ACC) policy.
After that, Shah et al. [26] determined the optimal replenishment time under partial upstream prepayment and
partial downstream overdue payment for quadratic demand. Recently, Ghosh et al. [12] introduced the concept
of advance and delayed payments policies for financially strong and week retailers in a green supply chain model.
Ghosh et al. [13] also proposed the joint effect of advance and delayed payments policies in an inventory problem
for perishable goods.

In this study, a food preservation supply chain model is formulated under upstream partial advance payment
and downstream delay-in-payment policy. Food deterioration rate before preservation is dependent on environ-
mental factors and temperature with respect to time. The cold storage cost of processing food depends on the
volume (space) of cold storage and power consumption. Here, two types of holding costs, such as the holding
cost of raw material, stocks in normal temperature and cold storage cost of prepared food, which depends on
volume (space) of cold storage and power consumption, are considered. Also, the food producer gets joint benefit
by delay-in-payment as well as advanced payment schemes from supplier and retailers, respectively. Finally, the
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Figure 1. Schematic diagram of the supply chain model.

main objective is to maximize the average profit of the food producer through the coordination of the members
of the supply chain system.

The remainder of the paper is organized as follows: Section 2 presents the problem description of the proposed
model. Section 3 develops the mathematical formulation of the proposed model. Theoretical results for the opti-
mum solutions related to the proposed model provides in Section 4. The solution procedure of the optimization
problem is given in Section 5. A numerical example and sensitivity analysis are presented in Sections 6 and 7,
respectively. The managerial insights are discussed in Section 8. Finally, Section 9 provides a fruitful conclusion
with future research directions of this study.

2. Problem description

In the beginning, the food producer receives the raw material from the supplier. Due to the deterioration
effect, the food producer inspects the raw material and produces food from fresh items. The produced food
is preserved in the preservation centre and delivered to the retailers. The schematic diagram of the proposed
model is shown in Figure 1.

The following assumptions and notation are used while developing this proposed supply chain model mathe-
matically.

2.1. Assumptions

(i) A food supply chain model with advanced and delayed payments is formulated. The supply chain network
consists of the supplier, food producer and multiple retailers. At first, the supplier collects the raw materials
(fruits, vegetables, etc.) from the farmer and supplies them to the food producer. Retailers receive the
products in bulk from food producer to meet up the market demand.

(ii) The deterioration rate of raw material depends on the environmental parameters and temperature with
respect to time. The mathematical form of the deterioration rate is 𝜃(𝑡) = 𝛼𝛽𝑡𝛽−1 where 𝛼 > 0 and 𝛽 > 0
are respectively, the environmental factors and temperature coefficients depend on time 𝑡.

(iii) The unit food preparation cost is considered as constant.
(iv) Here, two types of holding cost are considered: (a) the holding cost (ℎ𝑐) of raw material in 𝑖th cycle

which stock in normal temperature, (b) cold storage cost (𝑐𝑠) of packet food in 𝑖th cycle which store in a
temperature controlled area. Cold storage cost depends on the volume (space) of cold storage (where the
products are preserved for freshness) and power consumption. The nature of the holding cost is cumulative
on time based on how many units of the finished product is stored and how much time it is preserved. The
potential function is 𝜑(𝑥, 𝑡) = 𝑐𝑠𝑥𝑒𝜈𝑡, where 𝑐𝑠 and 𝜈 (power consumption coefficient) are both positive
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constant. For preservation, 𝜑(1, 1) = 𝑐𝑠𝑒
𝜈 > 0 represents the holding cost of one unit of the finished

product for one unit of time. Obviously, 𝜑(𝐼, 𝑢) > 𝜑(1, 0) for 𝐼 > 1 and 𝑢 > 0.
(v) The supplier offers the producer a fully delay-in-payment of period 𝑇 from the quantity received. Due to

delay-in-payment of the period 𝑇 , the producer earned interest with the rate 𝑖𝑒 on the purchasing cost of
the raw material quantity 𝑄𝑠𝑖.

(vi) The food producer receives the advance payment from the retailers as partial payment in (𝑘𝑗 − 1) equal
shipment from the 𝑗th retailers for the delivery of quantity 𝑄𝑚𝑗 and the remaining part is received in the
time of delivery at 𝑘𝑗th installment. So, the food producer get interest from a partial advance payment
scheme.

2.2. Notation
Decision : Description
variables
𝑇 : Time length of the total production in a cycle
𝑛 : Number of the delivered cycle of raw material by the supplier to the food producer
Related to : Description
the decision
variables
𝑄𝑠𝑖 : The order quantity of food producer to the supplier for 𝑖th cycle
𝑄𝑠 : Total order quantity
Parameter : Description
𝐼𝑚(𝑡) : Inventory level at any time 𝑡 of the raw material of food producer
𝜃 : Deterioration rate of raw material
𝑚 : Number of delivered cycles after the end of the food preparation
𝑐𝑖 : Raw material inspection cost per unit
𝑐ℎ : Holding cost per unit of raw material per unit of time
𝑐𝑠 : Cold storage cost per unit of product (food) per unit of time
𝑠 : The selling price of the product per unit
𝜆(> 1) : Amount of raw material to produce one unit of product
𝑝 : Food preservation rate in a cold storage
𝑐𝑝 : Manufacture’s unit purchase cost of the product
𝑐𝑓𝑝 : Unit preparation cost of the food
𝑟 : Number of retailers
𝑖𝑒 : Interest earned in unit per year due to delay-in-payment policy
𝑖𝑑𝑒 : Interest earned in unit per year due to advance payment policy
𝑄𝑚 : Delivered quantity of producer in each cycle to the retailers, where 𝑄𝑚 =

∑︀𝑟
𝑗=1 𝑄𝑚𝑗

𝑄𝑚𝑗 : Demand quantity of 𝑗th retailer s.t. 𝑄𝑚𝑗 = 𝛿𝑗𝑄𝑚 where 0 ≤ 𝛿𝑗 ≤ 1 and
∑︀𝑟

𝑗=1 𝛿𝑗 = 1
𝐾 : Fixed ordering cost for each order
𝑐𝑡0, 𝑐𝑡1 : Transportation cost (𝑐𝑡0 > 0) fixed for each delivers and 𝑐𝑡1 > 0 cost coefficient

depends on per quantity delivered
𝛼, 𝛽 : Temperature-dependent coefficients which are both positive
𝜇 : Power consumption coefficient which is positive
𝑇 *, 𝑛* : The optimum values of decision variables

3. Mathematical description of the model

The inventory levels of the supplier, food producer with the preservation and delivered to the retailers are
shown in Figure 2. Considering 𝑇 is the total time for food preparation with preservation and divided by 𝑛
equal spacing time zone. The 𝑖th cycle of food prepared and preservation is

[︀
(𝑖− 1)𝑇

𝑛 , 𝑖𝑇
𝑛

]︀
for 𝑖 = 1, 2, . . ., 𝑛. At

the beginning of 𝑖th cycle, the food producer receives an order 𝑄𝑠𝑖 quantity of raw material from the supplier.
After receiving the raw material, an inspection (screening) is done with the rate 𝜆𝑝 before it is sent to the
food preparation. Due to the deterioration of raw material, some portions of raw materials are rejected. After
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Figure 2. Graphical representation of supplier, producer and retailers inventory system.

that, the fresh raw materials are used to prepare the food with a rate 𝑝 in the food producer and preserved
for delivery to the retailers. The quality control team check the level of quality of the prepared food. If the
items are passed through the inspection process, then the stored product in temperature controlled storage are
wait until the container trucks arrive to transport them to the retailers. If the quality level of prepared product
(food) does not reach its optimum quality level, then reprocess it.

Due to the deterioration (which depends on environmental factors and temperature coefficient with respect
to time) of raw materials, the order quantity of raw materials increases with time. So, 𝑄𝑠𝑖 increases with time
for 𝑖 = 1, 2, 3, . . ., 𝑛. The deterioration rate 𝜃(𝑡) = 𝛼𝛽𝑡𝛽−1, where 𝛼 > 0 and 𝛽 > 0 are the environmental
parameters and temperature coefficients depend on time 𝑡. To produce 𝑝 unit of the finished product (food) per
unit time, the system needs 𝜆𝑝 unit of raw material per unit time. The inventory level of raw material at time
𝑡 decreases due to the inspection (screening) with a rate 𝜆𝑝 and immediately prepare the product (food) with
a rate 𝑝 at the production centre of the food producer. Accordingly, under this description, the rate of changes
in the inventory of raw material can be described using the following differential equation.

d𝐼𝑚(𝑡)
d𝑡

= −𝜆𝑝− 𝛼𝛽𝑡𝛽−1𝐼𝑚(𝑡), in
(𝑖− 1)𝑇

𝑛
≤ 𝑡 ≤ 𝑖𝑇

𝑛
(3.1)

with the condition 𝐼𝑚

(︀
𝑖𝑇
𝑛

)︀
= 0 for 𝑖 = 1, 2, 3, . . ., 𝑛.

Solving the equation (3.1) with approximation, the following relation is obtained

𝐼𝑚(𝑡) = 𝜆𝑝

[︃
𝑖𝑇

𝑛
− 𝑡 +

𝛼

𝛽 + 1

[︃(︂
𝑖𝑇

𝑛

)︂𝛽+1

− 𝑡𝛽+1

]︃]︃
, in

(𝑖− 1)𝑇
𝑛

≤ 𝑡 ≤ 𝑖𝑇

𝑛
, 𝑖 = 1, 2, . . ., 𝑛. (3.2)

Under the initial condition 𝐼𝑚

(︁
(𝑖−1)𝑇

𝑛

)︁
= 𝑄𝑠𝑖, 𝑖 = 1, 2, . . ., 𝑛, the following relation is obtained

𝑄𝑠𝑖 = 𝜆𝑝

(︃
𝑇

𝑛
+

𝛼

𝛽 + 1

(︂
𝑇

𝑛

)︂𝛽+1[︀
𝑖𝛽+1 − (𝑖− 1)𝛽+1

]︀)︃
. (3.3)

The food producer order 𝑄𝑠𝑖 units of 𝑖th cycle is different and increase with the cause of increasing deterioration
with respect to increasing of time. Now different costs associated with this proposed model are as follows:
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Food producer’s raw material purchasing cost (RMPC) is given by

RMPC = 𝑐𝑝

𝑛∑︁
𝑖=1

𝑄𝑠𝑖 = 𝜆𝑝𝑐𝑝

(︂
𝑇 +

𝛼

𝛽 + 1
𝑇 𝛽+1

)︂
. (3.4)

Food producer’s raw material inspection cost (RMIC) is given by

RMIC = 𝑐𝑖

𝑛∑︁
𝑖=1

𝑄𝑠𝑖 = 𝜆𝑝𝑐𝑖

(︂
𝑇 +

𝛼

𝛽 + 1
𝑇 𝛽+1

)︂
. (3.5)

Food producer’s finished product (food) preparation cost (MFPC) is given by

MFPC = 𝑐𝑓𝑝𝑝𝑇. (3.6)

Food producer’s holding cost of raw material for 𝑖th cycle in
[︁

(𝑖−1)𝑇
𝑛 , 𝑖𝑇

𝑛

]︁
is given by

IH𝑖 =
∫︁ 𝑖𝑇

𝑛

(𝑖−1)𝑇
𝑛

𝐼𝑚(𝑡) d𝑡 = 𝜆𝑝

(︂
𝑇 2

2𝑛2
+

𝛼𝛽

(𝛽 + 1)(𝛽 + 2)
𝑇 𝛽+2

𝑛𝛽+2

[︀
𝑖𝛽+2 − (𝑖− 1)𝛽+2

]︀)︂
. (3.7)

The total holding cost (THC) of the food producer during [0, 𝑇 ] is given by

THC = 𝑐ℎ

𝑛∑︁
𝑖=1

IH𝑖 = 𝑐ℎ𝜆𝑝

(︂
𝑇 2

2𝑛
+

𝛼𝛽

(𝛽 + 1)(𝛽 + 2)
𝑇 𝛽+2

)︂
. (3.8)

Cold storage cost depends on the volume (space) of cold storage (where the products are preserved for freshness)
and power consumption. The nature of the holding cost is cumulative on time based on how many units of the
finished product is stored and how much time it is preserved. The potential function is 𝜑(𝑥, 𝑡) = 𝑐𝑠𝑥𝑒𝜈𝑡, where 𝑐𝑠

and 𝜈 (power consumption coefficient) are both positive constant. For preservation, 𝜑(1, 1) = 𝑐𝑠𝑒
𝜈 > 0 represents

the holding cost of one unit of the finished product for one unit of time. Obviously, 𝜑(𝐼, 𝑢) > 𝜑(1, 0) for 𝐼 > 1
and 𝑢 > 0.

The total cold storage cost (TCSC) is given by

TCSC = 𝑐𝑠

∫︁ 𝑇

0

𝑝𝑡𝑒𝜈𝑡 d𝑡

= 𝑐𝑠

𝑛∑︁
𝑖=1

(𝑖− 1)𝑄𝑚

∫︁ 𝑖𝑇
𝑛

(𝑖−1)𝑇
𝑛

𝑒𝜈𝑡 d𝑡 + 𝑐𝑠

𝑚−1∑︁
𝑗=0

(𝑚− 𝑗)𝑄𝑚

∫︁ (𝑛+𝑗+1)𝑇
𝑛

(𝑛+𝑗)𝑇
𝑛

𝑒𝜈𝑡 d𝑡

=
𝑐𝑠𝑝

𝜈2

[︀
1− 𝑒𝜈𝑇 + 𝜈𝑇𝑒𝜈𝑇

]︀
+

𝑐𝑠𝑄𝑚

𝜈

⎡⎣
(︁
𝑒

(𝑛+𝑚+1)𝜈𝑇
𝑛 − 𝑒

𝜈𝑇
𝑛

)︁
+ (𝑛 + 𝑚)

(︁
𝑒𝜈𝑇 − 𝑒

(𝑛+1)𝜈𝑇
𝑛

)︁
(︁
𝑒

𝜈𝑇
𝑛 − 1

)︁
⎤⎦· (3.9)

The ordering and transportation cost (𝑂𝐶𝑇𝐶) is given by

OCTC = 𝑛𝐾 +
𝑛∑︁

𝑖=1

(𝑐𝑡0 + 𝑐𝑡1𝑄𝑠𝑖) = 𝑛(𝐾 + 𝑐𝑡0) + 𝑐𝑡1𝜆𝑝

(︂
𝑇 +

𝛼

𝛽 + 1
𝑇 𝛽+1

)︂
. (3.10)

Therefore the total cost involving in the supply chain is

ΨTC(𝑇, 𝑛) = 𝑛(𝐾 + 𝑐𝑡0) + 𝑐𝑓𝑝𝑝𝑇 + (𝑐𝑝 + 𝑐𝑖 + 𝑐𝑡1)𝜆𝑝

(︂
𝑇 +

𝛼

𝛽 + 1
𝑇 𝛽+1

)︂
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+ 𝑐ℎ𝜆𝑝

(︂
𝑇 2

2𝑛
+

𝛼𝛽

(𝛽 + 1)(𝛽 + 2)
𝑇 𝛽+2

)︂
+

𝑐𝑠𝑝

𝜈2

[︀
1− 𝑒𝜈𝑇 + 𝜈𝑇𝑒𝜈𝑇

]︀
+

𝑐𝑠𝑄𝑚

𝜈

⎡⎣
(︁
𝑒

(𝑛+𝑚+1)𝜈𝑇
𝑛 − 𝑒

𝜈𝑇
𝑛

)︁
+ (𝑛 + 𝑚)

(︁
𝑒𝜈𝑇 − 𝑒

(𝑛+1)𝜈𝑇
𝑛

)︁
(𝑒

𝜈𝑇
𝑛 − 1)

⎤⎦· (3.11)

Lemma 3.1. In the food production system, dispatch quantity must satisfy the following relation in terms of
the production rate with production time, which is (𝑛 + 𝑚)𝑄𝑚 = 𝑝𝑇 .

Proof. The rate of producing the item of the food producer is 𝑝 during the period [0, 𝑇 ]. On the other hand,
the food producer sells lot size 𝑄𝑚 in each cycle. The total number of the shipment to the retailer is (𝑛 + 𝑚).
Therefore, 𝑝𝑇 = (𝑛 + 𝑚)𝑄𝑚. Hence the proof is complete. �

Total sales revenue (TSR) for the food producer during the period
[︁
0, (𝑛+𝑚)𝑇

𝑛

]︁
is given by

TSR =
𝑛+𝑚∑︁
𝑖=1

𝑠𝑄𝑚 = 𝑠𝑝𝑇. (3.12)

Opportunity cost by the supplier is the revenue earn an interest of the food producer for the delay-in-payment
policy (MIEDP) is given by

MIEDP =
𝑛∑︁

𝑖=1

𝑐𝑝𝑖𝑒𝑄𝑠𝑖
𝑇

𝑛
=

𝑐𝑝𝑖𝑒𝜆𝑝

𝑛

(︂
𝑇 2 +

𝛼

𝛽 + 1
𝑇 𝛽+2

)︂
. (3.13)

The food producer receives the advance payment from the retailers as partial payment in (𝑘𝑗−1) equal shipment
from the 𝑗th retailers for the delivery of quantity 𝑄𝑚𝑗 and the remaining part is received in the time of delivery
at 𝑘𝑗th installment. So, interest will be gain by the food producer for partial advance payment.

Food producer’s interest earn as gain in the 𝑖th cycle from the 𝑗th retailers (MIEJ) is given by

MIEJ = 𝑖𝑑𝑒𝑠𝛽𝑗
𝑄𝑚𝑗

𝑘𝑗
(1 + 2 + 3 + . . . + (𝑘𝑗 − 1))

𝑇

𝑛𝑘𝑗
= 𝑠𝑖𝑑𝑒𝛽𝑗

(𝑘𝑗 − 1)
2𝑘𝑗

𝑄𝑚𝑗
𝑇

𝑛
· (3.14)

Let, 𝑄𝑚𝑗 = 𝛿𝑗𝑄𝑚 for 𝑗 = 1, 2, . . ., 𝑟 and 0 ≤ 𝛿𝑗 ≤ 1, so that
∑︀𝑟

𝑗=1 𝛿𝑗 = 1, then
∑︀𝑟

𝑗=1 𝑄𝑚𝑗 = 𝑄𝑚. In this aspect,
food producer’s interest earn as gain in the 𝑖th cycle from all the retailers (MIEI) is given by

MIEI = 𝑖𝑑𝑒𝑠
𝑇

𝑛

𝑟∑︁
𝑗=1

𝛽𝑗𝑄𝑚𝑗
𝑘𝑗 − 1

2𝑘𝑗
= 𝑖𝑑𝑒𝑠𝑄𝑚∆𝑖

𝑇

𝑛
, (3.15)

where, ∆𝑖 =
𝑟∑︁

𝑗=1

𝛽𝑗𝛿𝑗
𝑘𝑗 − 1

2𝑘𝑗
, for 𝑖 = 1, 2, . . ., (𝑛 + 𝑚). (3.16)

Hence, food producer’s total interest earn due to advance payment from the retailers (MTIEA) is given by

MTIEA =
𝑛+𝑚∑︁
𝑖=1

𝑖𝑑𝑒𝑠𝑄𝑚
𝑇

𝑛
∆𝑖 = 𝑖𝑑𝑒𝑠𝑄𝑚

𝑇

𝑛
𝜂, where 𝜂 =

𝑛+𝑚∑︁
𝑖=1

∆𝑖. (3.17)

Now, the total revenue for selling of product and interest earned for advance payment by retailers and interest
earned for the delay-in-payment in the supply chain (ΨSR(𝑇, 𝑛)) is given by

ΨSR(𝑇, 𝑛) = 𝑠𝑝𝑇 + 𝑖𝑑𝑒𝑠𝑄𝑚
𝑇

𝑛
𝜂 +

𝑐𝑝𝑖𝑒𝜆𝑝

𝑛

(︂
𝑇 2 +

𝛼

𝛽 + 1
𝑇 𝛽+2

)︂
. (3.18)
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The total profit in the supply chain is ΨPROFIT(𝑇, 𝑛) = ΨSR(𝑇, 𝑛)−ΨTC(𝑇, 𝑛). So, the profit per unit time is

Π𝑚(𝑇, 𝑛) =
𝑛

(𝑛 + 𝑚)𝑇

⎛⎝[︂𝑠𝑝𝑇 + 𝑖𝑑𝑒𝑠𝑄𝑚
𝑇

𝑛
𝜂 +

𝑐𝑝𝑖𝑒𝜆𝑝

𝑛

(︂
𝑇 2 +

𝛼

𝛽 + 1
𝑇 𝛽+2

)︂]︂

−

⎡⎣𝑛(𝐾 + 𝑐𝑡0) + 𝑐𝑓𝑝𝑝𝑇 + (𝑐𝑝 + 𝑐𝑖 + 𝑐𝑡1)𝜆𝑝

(︂
𝑇 +

𝛼

𝛽 + 1
𝑇 𝛽+1

)︂

+ 𝑐ℎ𝜆𝑝

(︂
𝑇 2

2𝑛
+

𝛼𝛽

(𝛽 + 1)(𝛽 + 2)
𝑇 𝛽+2

)︂
+

𝑐𝑠𝑝

𝜈2

[︀
1− 𝑒𝜈𝑇 + 𝜈𝑇𝑒𝜈𝑇

]︀
+

𝑐𝑠𝑄𝑚

𝜈

⎡⎣
(︁
𝑒

(𝑛+𝑚+1)𝜈𝑇
𝑛 − 𝑒

𝜈𝑇
𝑛

)︁
+ (𝑛 + 𝑚)

(︁
𝑒𝜈𝑇 − 𝑒

(𝑛+1)𝜈𝑇
𝑛

)︁
(︁
𝑒

𝜈𝑇
𝑛 − 1

)︁
⎤⎦⎤⎦⎞⎠. (3.19)

From the result of Lemma 3.1, 𝑄𝑚 = 𝑝𝑇
(𝑛+𝑚) and using in (3.19), the objective function becomes

Π𝑚(𝑇, 𝑛) =
𝑛

(𝑛 + 𝑚)𝑇

⎛⎝⎡⎣𝑠𝑝𝑇 + 𝑖𝑑𝑒𝑠𝑝
𝑇 2

𝑛(𝑛 + 𝑚)
𝜂 +

𝑐𝑝𝑖𝑒𝜆𝑝

𝑛

(︂
𝑇 2 +

𝛼

𝛽 + 1
𝑇 𝛽+2

)︂⎤⎦
−

⎡⎣𝑛(𝐾 + 𝑐𝑡0) + 𝑐𝑓𝑝𝑝𝑇 + (𝑐𝑝 + 𝑐𝑖 + 𝑐𝑡1)𝜆𝑝

(︂
𝑇 +

𝛼

𝛽 + 1
𝑇 𝛽+1

)︂

+ 𝑐ℎ𝜆𝑝

(︂
𝑇 2

2𝑛
+

𝛼𝛽

(𝛽 + 1)(𝛽 + 2)
𝑇 𝛽+2

)︂
+

𝑐𝑠𝑝

𝜈2

[︀
1− 𝑒𝜈𝑇 + 𝜈𝑇𝑒𝜈𝑇

]︀
+

𝑐𝑠𝑝𝑇

𝜈(𝑛 + 𝑚)

⎡⎣
(︁
𝑒

(𝑛+𝑚+1)𝜈𝑇
𝑛 − 𝑒

𝜈𝑇
𝑛

)︁
+ (𝑛 + 𝑚)

(︁
𝑒𝜈𝑇 − 𝑒

(𝑛+1)𝜈𝑇
𝑛

)︁
(︁
𝑒

𝜈𝑇
𝑛 − 1

)︁
⎤⎦⎤⎦⎞⎠ (3.20)

subject to 𝑇 ≥ 0 and 𝑛 ∈ 𝑍+ (positive integer set). (3.21)

4. Theoretical results of optimum policy

Our objective is to maximize the profit per unit time of the proposed inventory model with the optimum
values of 𝑇 and 𝑛. By considering the first order derivatives of Π𝑚(𝑇, 𝑛) with respect to 𝑇 and 𝑛 and setting
to zero, gives 𝜕Π𝑚(𝑇,𝑛)

𝜕𝑇 = 0 and 𝜕Π𝑚(𝑇,𝑛)
𝜕𝑛 = 0.

To avoid complexity, it can be solved for a particular value of 𝛽 and obtained the optimum solution as 𝑇 = 𝑇 *

and 𝑛 = 𝑛*, which maximizes globally and unique to the objective shown in Appendix A. By the approximation
of Taylor’s series expansion, we obtain(︁

𝑒
(𝑛+𝑚+1)𝜈𝑇

𝑛 − 𝑒
𝜈𝑇
𝑛

)︁
+ (𝑛 + 𝑚)

(︁
𝑒𝜈𝑇 − 𝑒

(𝑛+1)𝜈𝑇
𝑛

)︁
(︁
𝑒

𝜈𝑇
𝑛 − 1

)︁ =
1
2

(𝑛 + 𝑚)(𝑚 + 1− 𝑛)
(︂

𝜈𝑇

𝑛
− 𝜈2𝑇 2

2𝑛2

)︂
· (4.1)

Then

Π𝑚(𝑇, 𝑛) =
1
𝑇

[︂
𝛼𝑝𝜆

(𝑛 + 𝑚)(𝛽 + 1)

(︂
𝑐𝑝𝑖𝑒 −

𝑛𝛽𝑐ℎ

𝛽 + 2

)︂
𝑇 𝛽+2 − 𝑛𝛼𝑝𝜆

(𝑛 + 𝑚)(𝛽 + 1)
(𝑐𝑝 + 𝑐𝑖 + 𝑐𝑡1)𝑇 𝛽+1

− 𝑐𝑠𝜈(𝑛−𝑚− 1)𝑝
4𝑛(𝑛 + 𝑚)

𝑇 3 +
(︂

𝑐𝑝𝜆𝑖𝑒𝑝 +
𝑠𝑖𝑑𝑒𝑝𝜂

𝑛 + 𝑚
+

𝑐𝑠𝑝(𝑛−𝑚− 1)
2

− 𝑐ℎ𝜆𝑝

2

)︂
𝑇 2

(𝑛 + 𝑚)
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+
𝑛𝑝

(𝑛 + 𝑚)
(𝑠− 𝑐𝑓𝑝 − 𝜆𝑐𝑝 − 𝜆𝑐𝑖 − 𝜆𝑐𝑡1)𝑇 − 𝑛2

(𝑛 + 𝑚)
(𝐾 + 𝑐𝑡0)

]︂
. (4.2)

For the given values of 𝑛, one has Π𝑚(𝑇, 𝑛) = Π𝑚1(𝑇 )
Π𝑚2(𝑇 ) , where Π𝑚2(𝑇 ) = 𝑇 > 0 for all 𝑇 ∈ (0,∞). Again

dΠ𝑚2(𝑇 )
d𝑇 = 1 > 0 for all 𝑇 and

Π𝑚1(𝑇 ) =
𝛼𝑝𝜆

(𝑛 + 𝑚)(𝛽 + 1)

(︂
𝑐𝑝𝑖𝑒 −

𝑛𝛽𝑐ℎ

𝛽 + 2

)︂
𝑇 𝛽+2 − 𝑛𝛼𝑝𝜆

(𝑛 + 𝑚)(𝛽 + 1)
(𝑐𝑝 + 𝑐𝑖 + 𝑐𝑡1)𝑇 𝛽+1

− 𝑐𝑠𝜈(𝑛−𝑚− 1)𝑝
4𝑛(𝑛 + 𝑚)

𝑇 3 +
(︂

𝑐𝑝𝜆𝑖𝑒𝑝 +
𝑠𝑖𝑑𝑒𝑝𝜂

𝑛 + 𝑚
+

𝑐𝑠𝑝(𝑛−𝑚− 1)
2

− 𝑐ℎ𝜆𝑝

2

)︂
𝑇 2

(𝑛 + 𝑚)

+
𝑛𝑝

(𝑛 + 𝑚)
(𝑠− 𝑐𝑓𝑝 − 𝜆𝑐𝑝 − 𝜆𝑐𝑖 − 𝜆𝑐𝑡1)𝑇 − 𝑛2

(𝑛 + 𝑚)
(𝐾 + 𝑐𝑡0). (4.3)

Theorem 4.1. Π𝑚1(𝜏) in equation (4.2) is a strictly pseudo concave function of 𝜏 , satisfies
the inequality − 𝛼𝜆𝑝

(𝑛+𝑚) (𝑛𝑐ℎ𝛽 − 𝑐𝑝𝑖𝑒(𝛽 + 2))𝜏𝛽 − 𝑛𝜆𝛼𝑝
(𝑛+𝑚)(𝛽+1) (𝑐𝑝 + 𝑐𝑖 + 𝑐𝑡1)𝜏𝛽−1 − 3𝑐𝑠(𝑛−𝑚−1)𝑝𝜈

2𝑛(𝑛+𝑚) 𝜏 +
𝑝

(𝑛+𝑚)

(︁
𝑐𝑝𝜆𝑖𝑒 + 2𝑠𝑖𝑑

𝑒𝜂
(𝑛+𝑚) + 𝑐𝑠(𝑛−𝑚− 1)− 𝑐ℎ𝜆

)︁
< 0, for which the function is maximum.

Proof. See the Appendix B. �

For the same reason, with the given values of 𝑇 and 𝑛, Π𝑚(𝑇, 𝑛) becomes a function 𝑛 alone and let it be
Π𝑚3(𝑛), is concave with respect to 𝑛. The number of delivered of the raw material is a positive integer, a discrete
variable; one can find the optimum values of 𝑛 as 𝑛*, for which dΠ𝑚3(𝑛)

d𝑛 = 0 and 𝑛* = nearest integer of n with
𝜌 = Int[𝑛] such that

Π𝑚(𝑛*) = Max : Π𝑚(𝜉), for all 𝜉 ∈ [𝜌, 𝜌 + 1]. (4.4)

5. Solution procedure

To solve the objective of the proposed model the iterative heuristic procedure is applied and used the MATH-
EMATICA 9.0 software.

Algorithm

Step 1. Input all the parameters associated with the model.
Step 2. Since the number of delivery of raw material as well as the delivery of the finished product to the

retailers is discrete variable and integer, we have chosen 𝑛 as integer and 𝑛 ≥ 1.
Step 3. For the choosing value of n, solve the equation for 𝜏 such that − 𝛼𝑝𝜆

(𝑛+𝑚)(𝛽+1) (𝑛𝑐ℎ𝛽 − (𝛽 + 2)𝑐𝑝𝑖𝑒)𝜏𝛽+1−
𝑛𝛼𝑝𝜆

(𝑛+𝑚) (𝑐𝑝 + 𝑐𝑖 + 𝑐𝑡1)𝜏𝛽− 3𝑐𝑠𝜈(𝑛−𝑚−1)𝑝
4𝑛(𝑛+𝑚) 𝜏2 +

(︁
2𝑐𝑝𝜆𝑖𝑒𝑝 + 2𝑠𝑖𝑑

𝑒𝑝𝜂
𝑛+𝑚 + 𝑐𝑠𝑝(𝑛−𝑚−1)

2 − 𝑐ℎ𝜆𝑝
)︁

𝜏
(𝑛+𝑚) + 𝑛𝑝

(𝑛+𝑚) (𝑠−
𝑐𝑓𝑝 − 𝜆𝑐𝑝 − 𝜆𝑐𝑖 − 𝜆𝑐𝑡1) = 0. Let it be 𝜏* and set 𝜏* = 𝑇 *.

Step 4. If 𝑇 * satisfies the inequality Ψ(𝑇 *) = − 𝛼𝑝𝜆
(𝑛+𝑚) (𝑛𝑐ℎ𝛽 − (𝛽 + 2)𝑐𝑝𝑖𝑒)𝜏𝛽 − 𝑛𝛼𝑝𝜆𝛽

(𝑛+𝑚) (𝑐𝑝 + 𝑐𝑖 + 𝑐𝑡1)𝜏𝛽−1 −
3𝑐𝑠𝜈(𝑛−𝑚−1)𝑝

2𝑛(𝑛+𝑚) 𝜏 +
(︁

2𝑐𝑝𝜆𝑖𝑒 + 2𝑠𝑖𝑑
𝑒𝜂

𝑛+𝑚 + 𝑐𝑠(𝑛−𝑚−1)
2 − 𝑐ℎ𝜆

)︁
𝑝

(𝑛+𝑚) < 0. Then the optimal solution is (𝑇 *, 𝑛*)
which maximizes the objective.

Step 5. Repeating Steps 2–4, the optimal solution (𝑇 *, 𝑛*) must satisfy the condition
Π𝑚(𝑇 *(𝑛* − 1), 𝑛* − 1) ≤ Π𝑚(𝑇 *(𝑛*), 𝑛*) ≥ Π𝑚(𝑇 *(𝑛* + 1), 𝑛* + 1).

Step 6. End the procedure.
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Table 2. Optimum values of 𝑛, 𝑇 and profit per unit time using the said algorithm.

Numbers of Production Ψ(𝑇 *) Profit per
deliveries (𝑛*) time (𝑇 *) unit time

6 1.59387 −40 527.6 8758.8
7 1.67921 −44 914.7 8985.9
8 1.75574 −49 039.4 9126.2
9 1.82539 −52 941.9 9202.8
10 1.88946 –56 678.8 9231.8
11 1.94892 −60 252.3 9224.6
12 2.00449 −63 690.4 9189.1
13 2.05673 −67 000.9 9131.6
14 2.10608 −70 221.2 9056.2

Notes. Bold faces values indicates the optimum results of decision variables and objective function

6. Numerical example

A local brand Tomato souse producer Mitra and Company, at Kharagpur, West Bengal, India, produces
the tomato souse and deliver the product to the retailers (in number four), who are selling the product to
the customers of Egra Municipality, Purba Medinipur, West Bengal, India. At Midnapore, West Bengal, India,
a stockiest Krishna Agro food traders, supply the raw material (Tomato) to the Mitra and Company. From
the observation of manager (Mob.No.: +918348017157 and e-mail: satyabratasahoo035@gmail.com) of Mitra
and Company, it was found that 10 kg raw tomato (on average) is required for producing a 5 kg tomato souse
bottle. The data (values of the parameters) of Mitra and Company, related to the proposed model are as
follows: 𝐾 = Rs. 500/order, 𝑝 = 100 units/year, 𝑠 = Rs. 200/product, 𝑖𝑑𝑒 = Rs. 0.05/year, 𝑚 = 3 ∈ 𝑍+,
𝑖𝑒 = Rs. 0.05/year, 𝑐𝑝 = Rs. 5/product, 𝑐𝑖 = Rs. 1.0/product, 𝑐ℎ = Rs. 2.0/product/year, 𝑐𝑓𝑝 = Rs. 5.0/product,
𝑐𝑠 = Rs. 1.0/product/year, 𝑐𝑡0 = Rs. 10/deliver, 𝑐𝑡1 = Rs. 1.0/product/deliver, 𝛼 = 0.5 ∈ 𝑅+, 𝛽 = 2 ∈ 𝑅+,
𝜈 = 0.1 ∈ 𝑅+. For simplicity, consider only 4 retailers having input parameters are as follows: 𝑘𝑗 = 3 ∈ 𝑅+,
𝛽𝑗 = 0.5 ∈ 𝑅+, 𝛿𝑗 = 0.25 ∈ 𝑅+ for 𝑗 = 1, 2, 3, 4. Considering the said search procedure with the algorithm in
section 5, we can find the optimum value (𝑇 *, 𝑛*), which maximize the profit per unit time shown in Table 2.

Here, it is observed that, for a given value of 𝑚 = 3, Π𝑚(𝑇, 𝑛) is the concave function with respect to both
the variables 𝑇 and 𝑛. The optimum values of 𝑛 and 𝑇 are respectively 𝑛* = 10 and 𝑇 * = 1.88946. Also,
the corresponding optimum profit per unit time is Π*

𝑚(𝑇 *, 𝑛*) = Rs. 9231.8. The optimum values of the other
related decision variables are 𝑄*

𝑠𝑖 for 𝑖 = 1, 2, . . ., 10 are respectively as 38, 39, 42, 46, 52, 58, 66, 76, 87, 99 and
the total optimal ordering quantity is 𝑄* = 603 unit. The total cold storage cost is Rs. 82.28. The concavity
representations of Π𝑚(𝑇, 𝑛) (profit per unit time) with respect to 𝑛 and 𝑇 are shown in Figures 3 and 4,
respectively.

Comparison between 𝑛 and 𝑚. For different values of 𝑚, the optimum values of 𝑇 *, 𝑛* and profit per unit
time are shown in Table 3.

From Table 3, it is observed that the increasing value of 𝑚 causes higher values of 𝑛 and larger production
time. As a result, profit per unit time decreases. So, for maximum profit, the manager of the production cell
should avoid large-scale number of delivery after production.

7. Sensitivity analysis and discussion

In this section, the sensitivity analysis is carried out by changing the different model parameters (changes of
one parameter at a time and the remaining parameters unchanged). The changes of optimum profit per unit
time (Π𝑚(𝑇, 𝑛)), optimum production time (𝑇 ) and the optimum number of deliveries of raw material (𝑛) are
shown in Table 4 and graphically depicted in Figures 5–7.

mailto:satyabratasahoo035@gmail.com
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Table 3. Maximum profit per unit time for different 𝑚.

𝑚 Numbers of Production Profit per
deliveries (𝑛*) time (𝑇 *) unit time

1 6 1.6037 11 288.0
2 8 1.7594 10 049.2
3 10 1.8895 9231.8
4 12 2.0020 8607.3
5 13 2.0522 8103.7

Table 4. Results of sensitivity analysis with respect to 𝑝, 𝑠, 𝑐𝑝, 𝑐𝑓𝑝, 𝜆, 𝛼, 𝛽, 𝜈.

Parameters % of change
parameters

% change in optimal values
Optimum profit
per unit time

Optimum prod-
uction time

Optimum number
of deliveries

(Π𝑚(𝑇, 𝑛)) (𝑇 ) (𝑛)
−40 −48 +09 −20

𝑝 −20 −24 +04 −10
+20 +25 −03 +10
+40 +50 −05 +20
−40 −63 −16 −40

𝑠 −20 −33 −07 −20
+20 +34 +06 +20
+40 +70 +12 +40
−40 +05 +09 +10

𝑐𝑝 −20 +02 +06 +10
+20 −02 −02 No changed
+40 −05 −04 No changed
−40 +02 No changed No changed

𝑐𝑓𝑝 −20 +01 No changed No changed
+20 −01 No changed No changed
+40 −02 No changed No changed
−40 +09 +21 +20

𝜆 −20 +04 +09 +10
+20 −04 −05 No changed
+40 −08 −12 −10
−40 +04 +18 +10

𝛼 −20 +02 +09 +10
+20 −02 −05 No changed
+40 −03 −09 No changed
−40 +04 +39 +20

𝛽 −20 +02 +15 +10
+20 −01 −08 No changed
+40 −02 −16 −10
−40 −11 No changed No changed

𝜈 −20 −04 No changed No changed
+20 +03 No changed No changed
+40 +05 No changed +10
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Figure 3. Concavity of Π𝑚(𝑇, 𝑛) with respect to 𝑛 and 𝑇 .

Figure 4. Concavity of Π𝑚(𝑇, 𝑛) (a) with respect to 𝑇 and (b) with respect to 𝑛.

From Table 4, it is observed that:

(i) the optimum profit per unit time of the food producer increases or decreases mainly due to the increase or
decrease of the selling price (𝑠) and preservation rate (𝑝) of the product. Also, it is increases or decreases
slightly with the decrease or increase of unit raw material purchase cost (𝑐𝑝), unit food preparation cost
(𝑐𝑓𝑝), 𝜆, 𝛼 and 𝛽. Moreover, the food producer’s optimum profit per unit time increases or decreases slightly
due to the decrease or increase of 𝜈.

(ii) The optimum production time of the food producer increases or decreases moderately due to the increase
or decrease of the selling price (𝑠) of the product. Again, it is increases or decreases moderately with the
decrease or increase of 𝜆, 𝛼 and 𝛽. Also, the optimum production time of the food producer increases or
decreases slightly due to the decrease or increase of 𝑝, 𝑐𝑝, whereas it is not changing due to the increase or
decrease of 𝑐𝑓𝑝, 𝜈.

(iii) The optimum number of deliveries increases or decreases moderately and equally due to the increase or
decrease of 𝑝 and 𝑠, respectively. Also, it is either partially or not changes due to the increase or decrease
of 𝑐𝑝, 𝑐𝑓𝑝, 𝜈, 𝜆, 𝛼 and 𝛽.

From Figures 5–7, it is observed that

(i) Π𝑚(𝑇, 𝑛) (food producer’s profit per unit time) is highly sensitive directly with the changes of 𝑠 and 𝑝,
whereas it is less sensitive reversely with respect to 𝑐𝑝, 𝑐𝑓𝑝, 𝜆, 𝛼 and 𝛽. On the other hand, Π𝑚(𝑇, 𝑛)
slightly reverse sensitive with respect to 𝜈.
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Figure 5. Effects of Π𝑚(𝑇, 𝑛) with different percentage changes of 𝑝, 𝑠, 𝑐𝑝, 𝑐𝑓𝑝, 𝜆, 𝛼, 𝛽, 𝜈.

Figure 6. Effects of 𝑇 with different percentage changes of 𝑝, 𝑠, 𝑐𝑝, 𝑐𝑓𝑝, 𝜆, 𝛼, 𝛽, 𝜈.

(ii) 𝑇 (food producer’s production time) is moderately sensitive directly with respect to 𝑠, whereas it is
moderately reverse sensitive with respect to 𝜆, 𝛼 and 𝛽. Also, 𝑇 is less sensitive reversely with changes of
𝑝, 𝑐𝑝 and insensitive with respect to 𝑐𝑓𝑝, 𝜈.

(iii) 𝑛 (number of deliveries of retailer’s order) is moderately and equally sensitive with respect to 𝑝 and 𝑠,
respectively. Also, it is less sensitive reversely with respect to 𝑐𝑝, 𝑐𝑓𝑝, 𝜈, 𝜆, 𝛼 and 𝛽.

Therefore, from Table 4 and Figures 5–7, the following observations are found:

(i) If food producer’s preservation rate (𝑝) increases, then food producer’s production time (𝑇 ) decreases; as a
result, a lot of the finished product is more significant and increases the food producer’s profit per unit time.
Simultaneously, to avoid a considerable amount of deterioration of raw materials, the number of delivery
of raw materials should be increased.
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Figure 7. Effects of 𝑛 with different percentage changes of 𝑝, 𝑠, 𝑐𝑝, 𝑐𝑓𝑝, 𝜆, 𝛼, 𝛽, 𝜈.

(ii) If the number of delivery of raw material (𝑛) increases, then 𝑇 increase; as a result, food producer get more
profit.

8. Managerial insights

The food processing and its preservation industry in any developing country are increasingly seen as a
potential source for driving the rural economy as it brings about the synergy between the consumer, industry
and the farmer. The demand for processed, packed and convenient food with prolonged shelf life requires well-
trained human resource in the food industry. There is an encouraging, challenging and rewarding future for
professions and careers in the food technology and the food processing industry. As this field requires the
application of science and technology to the processing, utilisation, preservation, packaging and distribution of
food and food products, it encompasses a diverse range of specialisations. The proposed model is applicable
for the short lifecycle deteriorating products. Using the model, managers of such products can decide optimum
investment in preservation technology, plan the schedule of production and inventory more precisely, which
helps clean the production system by avoiding/reducing deterioration of the products. This work gives a brief
idea about the importance of investment in preservation, advance and delayed payments policies in the food
supply chain model. Also, we have addressed cold storage cost, which is dependent on cold storage space and
power consumption. Moreover, we have proposed the deterioration rate before preservation is dependent on
environmental factors and temperature. So, this model can be implicated significantly in a particular types
of deteriorating food production industry such as fruit juice, lassi factories etc. Based on this study, we have
drawn the following managerial insights: (i) the preservation investment for deteriorating goods significantly
impacts both environment and food producer’s average profit. (ii) For the maximum profit of the food producer
should avoid a long number of delivery of the finished product to the retailers. (iii) Also, due to the cause of
deterioration of the raw material depends on environmental factors and temperature with time, the production
rate of the raw material should be higher.

9. Conclusions and future research

This paper presented a food preservation supply chain model of a deteriorating item under upstream delay-
in-payment and down-stream pre-payment. In the proposed model, the food producer demands to the retailers
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to pay a part of the purchase cost of an order by several equal-amount payments at a fixed time interval before
the delivery of goods. Also, the supplier offers to the food producer a delay-in-payment of the entire purchase
cost of an order. As a result, food producer gets joint benefit from delayed payment as well as advance payment.
It is observed that the proposed advance and trade credit scheme has increased the merit of this supply chain
model, whereas deterioration of the item is a crucial factor in the food supply chain system and especially for
the food producer. Here, it is assumed that the deterioration rate is dependent on environmental factors and
temperature. From this study, it is concluded that cold storage facility reduces the deterioration and it controls
the quality of the produced food. Concavity of the average profit function is derived analytically and graphically
as well as the optimal solution is obtained. Finally, sensitivity analysis, along with graphical illustrations on the
key parameters of the model, is provided to test the feasibility of the model. From the sensitivity analysis, it is
concluded that the deterioration rate of the raw material increases when the production time of food producer
decreases and as a result, the profit per unit time of the food producer decreases.

In the future, this work can be extended by considering greenhouse gas (GHG) emissions during food preser-
vation in cold storage, transportation, temperature controlled area etc. Again, this model may be extended by
considering the imprecise model parameters regarding deterioration, demand and different costs related to the
model.

Appendix A.

Let H be the Hessian matrix of the objective function Π𝑚(𝑇, 𝑛). For concavity of the function, the sufficient
condition that 𝜕2Π𝑚(𝑇,𝑛)

𝜕𝑇 2 < 0, 𝜕2Π𝑚(𝑇,𝑛)
𝜕𝑛2 < 0 and the determinant value of Hessian matrix must be positive.

That is, |𝐻| = 𝜕2Π𝑚(𝑇,𝑛)
𝜕𝑇 2 × 𝜕2Π𝑚(𝑇,𝑛)

𝜕𝑛2 −
(︁

𝜕2Π𝑚(𝑇,𝑛)
𝜕𝑇𝜕𝑛

)︁2

> 0.
Theoretically, the evaluation of these second order derivatives and the determinant value of the Hessian

matrix are too complicated. So, the property of concavity can be proved numerically. Using MATHEMATICA
software, with the same input data of numerical example, the value of 𝑇 and 𝑛 are 𝑇 * = 1.88946 and 𝑛* = 10,
which satisfies the equations 𝜕Π𝑚(𝑇,𝑛)

𝜕𝑇 = 0 and 𝜕Π𝑚(𝑇,𝑛)
𝜕𝑛 = 0 simultaneously.

Now
[︁

𝜕2Π𝑚(𝑇,𝑛)
𝜕𝑇 2

]︁
(𝑇=1.88946,𝑛=10)

= −1821.51 < 0,
[︁

𝜕2Π𝑚(𝑇,𝑛)
𝜕𝑛2

]︁
(𝑇=1.88946,𝑛=10)

= −42.97 < 0 and[︁
𝜕2Π𝑚(𝑇,𝑛)

𝜕𝑇𝜕𝑛

]︁
(𝑇=1.88946,𝑛=10)

= 112.26 > 0.

It follows that |𝐻| = 𝜕2Π𝑚(𝑇,𝑛)
𝜕𝑇 2 × 𝜕2Π𝑚(𝑇,𝑛)

𝜕𝑛2 −
(︁

𝜕2Π𝑚(𝑇,𝑛)
𝜕𝑇𝜕𝑛

)︁2

= 65 678.5 > 0. Hence, the solution is a unique
optimal solution, which maximizes the objective function Π𝑚(𝑇, 𝑛).

Appendix B.

Proof of the Theorem 4.1. From the equation (4.2), we get

Π𝑚1(𝜏) =
𝛼𝑝𝜆

(𝑛 + 𝑚)(𝛽 + 1)

(︂
𝑐𝑝𝑖𝑒 −

𝑛𝛽𝑐ℎ

𝛽 + 2

)︂
𝜏𝛽+2 − 𝑛𝛼𝑝𝜆

(𝑛 + 𝑚)(𝛽 + 1)
(𝑐𝑝 + 𝑐𝑖 + 𝑐𝑡1)𝜏𝛽+1

− 𝑐𝑠𝜈(𝑛−𝑚− 1)𝑝
4𝑛(𝑛 + 𝑚)

𝜏3 +
(︂

𝑐𝑝𝜆𝑖𝑒𝑝 +
𝑠𝑖𝑑𝑒𝑝𝜂

𝑛 + 𝑚
+

𝑐𝑠𝑝(𝑛−𝑚− 1)
2

− 𝑐ℎ𝜆𝑝

2

)︂
𝜏2

(𝑛 + 𝑚)

+
𝑛𝑝

(𝑛 + 𝑚)
(𝑠− 𝑐𝑓𝑝 − 𝜆𝑐𝑝 − 𝜆𝑐𝑖 − 𝜆𝑐𝑡1)𝜏 − 𝑛2

(𝑛 + 𝑚)
(𝐾 + 𝑐𝑡0). (B.1)

The 1st and 2nd order derivatives of it becomes

dΠ𝑚1(𝜏)
d𝜏

= − 𝛼𝑝𝜆

(𝑛 + 𝑚)(𝛽 + 1)
(𝑛𝑐ℎ𝛽 − (𝛽 + 2)𝑐𝑝𝑖𝑒)𝜏𝛽+1 − 𝑛𝛼𝑝𝜆

(𝑛 + 𝑚)
(𝑐𝑝 + 𝑐𝑖 + 𝑐𝑡1)𝜏𝛽
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− 3𝑐𝑠𝜈(𝑛−𝑚− 1)𝑝
4𝑛(𝑛 + 𝑚)

𝜏2 +
(︂

2𝑐𝑝𝜆𝑖𝑒𝑝 +
2𝑠𝑖𝑑𝑒𝑝𝜂

𝑛 + 𝑚
+

𝑐𝑠𝑝(𝑛−𝑚− 1)
2

− 𝑐ℎ𝜆𝑝

)︂
𝜏

(𝑛 + 𝑚)

+
𝑛𝑝

(𝑛 + 𝑚)
(𝑠− 𝑐𝑓𝑝 − 𝜆𝑐𝑝 − 𝜆𝑐𝑖 − 𝜆𝑐𝑡1) (B.2)

and
d2Π𝑚1(𝜏)

d𝜏2
= − 𝛼𝑝𝜆

(𝑛 + 𝑚)
(𝑛𝑐ℎ𝛽 − (𝛽 + 2)𝑐𝑝𝑖𝑒)𝜏𝛽 − 𝑝(3𝑐𝑠(𝑛−𝑚− 1)𝜈𝜏 + 2𝑛𝑐ℎ𝜆− 4𝑛𝑐𝑝𝜆𝑖𝑒)

2𝑛(𝑛 + 𝑚)

− 𝑛𝛼𝑝𝜆𝛽

(𝑛 + 𝑚)
(𝑐𝑝 + 𝑐𝑖 + 𝑐𝑡1)𝜏𝛽−1 +

(︂
2𝑠𝑖𝑑𝑒𝜂

𝑛 + 𝑚
+

𝑐𝑠(𝑛−𝑚− 1)
2

)︂
𝑝

(𝑛 + 𝑚)
· (B.3)

Let 𝜏* be the solution of dΠ𝑚1(𝜏)
d𝜏 = 0 and it satisfies the inequality − 𝛼𝑝𝜆

(𝑛+𝑚) (𝑛𝑐ℎ𝛽 − (𝛽 + 2)𝑐𝑝𝑖𝑒)(𝜏*)𝛽 −
𝑛𝛼𝑝𝜆𝛽
(𝑛+𝑚) (𝑐𝑝 + 𝑐𝑖 + 𝑐𝑡1)(𝜏*)𝛽−1 − 3𝑐𝑠𝜈(𝑛−𝑚−1)𝑝

2𝑛(𝑛+𝑚) 𝜏* +
(︁

2𝑐𝑝𝜆𝑖𝑒 + 2𝑠𝑖𝑑
𝑒𝜂

𝑛+𝑚 + 𝑐𝑠(𝑛−𝑚−1)
2 − 𝑐ℎ𝜆

)︁
𝑝

(𝑛+𝑚) < 0 for all 𝜏* ∈

(0,∞). Then considering the results of Cambibi and Martein [3], the function Π𝑚(𝜏, 𝑛) = Π𝑚1(𝜏)
Π𝑚2(𝜏) , where

Π𝑚2(𝜏) = 𝜏 > 0 for all 𝜏 ∈ (0,∞), and for all 𝜏, dΠ𝑚2(𝜏)
d𝜏 = 1 > 0. Therefore, it is strictly pseudo concave

with respect to 𝜏 . It follows that there exists a unique global value of 𝜏 which maximizes Π𝑚(𝜏, 𝑛). Hence the
theorem is proved. �
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