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A SINGLE-CONSIGNOR MULTI-CONSIGNEE MULTI-ITEM MODEL WITH
PERMISSIBLE PAYMENT DELAY, DELAYED SHIPMENT AND VARIABLE
LEAD TIME UNDER CONSIGNMENT STOCK POLICY

B. KARTHICK*® AND R. UTHAYAKUMAR

Abstract. This article proposes a two-level fuzzy supply chain inventory model, in which a single
consignor delivers multiple items to the multiple consignees with the consignment stock agreement.
The lead time is incorporated into the model and is considered a variable for obtaining optimal replen-
ishment decisions. In addition, crashing cost is employed to reduce the lead time duration. This article
investigates four different cases under controllable lead time to analyze the best strategy, focusing on
two delays such as delay-in-payments and delay-in-shipment. In all four cases, all associated inventory
costs are treated as a trapezoidal fuzzy number, and a signed distance method is employed to defuzzify
the fuzzy inventory cost. An efficient optimization technique is adopted to find the optimal solution
for the supply chain. Four numerical experiments are conducted to illustrate the four cases. Any one of
these experimental results will provide the best solution for the ideal performance of the business under
controllable lead time in the consignment stock policy. Finally, the managerial insights, conclusion and
future direction of this model are provided.
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1. INTRODUCTION

In the supply chain, the consignment stock plays a vital role to attain a higher profit. Consignment stock
(CS) is a business agreement where the consignor agrees to deliver the goods/products to the consignee without
getting paid for the products in advance — the consignor still owns the products. The consignee pays for those
products only when it sold. Inventory management is a crucial part of the consignment partnership process.
This partnership has attracted many researchers’ attention, and, as a result, numerous inventory models have
been studied under the CS contract. Moreover, under CS policy, the retailer /buyer is referred to as the consignee
and the supplier/manufacturer as the consignor. In the industrial market, the number of new products increases
day by day depending on the customers’ needs. On its basis, to attract new customers, many researchers have
incorporated permissible payment delay to their models, saying that such incorporation will also enable greater
profitability under the integrated supply chain.
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Many inventory issues consider infinite storage in the buyer’s warehouse, but almost all businesses face ware-
house space limitations. Many researchers have developed a multi-inventory model that considers the number
of shipments equal or unequal. If the buyer’s warehouse has low capacity, the shipment is considered unequal.
Therefore, such a space limitation plays an important role. Lead time in inventory management is the time
period between placing an order to replenish inventory and receiving the order. The manufacturing methods
and the management of stocks can also influence the lead time. Concerning production, it may take longer to
build all the elements of a finished product on-site than to complete some off-site items. Therefore, it is crucial
to consider the lead time as a variable.

The fuzzy logic techniques effectively solve complex, ill-defined problems characterized by environmental
uncertainty and ambiguity of information. It allows for handling uncertain and imprecise knowledge and provides
a robust framework for reasoning. Therefore, it has been confirmed that fuzzy logic is compelling in overcoming
such uncertainty, and it describes a phenomenon in which a mathematical model or input data is unknown.
Due to the uncertainty of the information and the complexity of the decision-making process, it is difficult for
decision-makers to express their preferences using the exact numbers. In such a case, it is easy for them to
use linguistic labels, i.e., fuzzy or vague terms, to express their preferences. Thus, the solution to these sorts of
challenges can be found by considering an uncertain parameter with fuzzy numbers (see, for instance, [19,20,22]).
Generally, fuzzy numbers are used to treat uncertain parameters. It is essential to understand uncertainty, to
manage inventory strategies in supply chain management. In inventory models, there are uncertainties not
only in demand for goods but also in the calculation of inventory-related costs, and some random (stochastic)
techniques have been used to deal with these issues under such supply chain management’s inventory policies. In
such problems, uncertainties are shaped by probability distributions based on the past analysis; however, past
data are not always accurate or reliable. Furthermore, it is difficult to determine and implement uncertainty
in integrated inventory models. Therefore, fuzzy set-based techniques may be the best way to treat these
uncertainties for the practical application of inventory concepts in the supply chain (see, for instance, [29]).
Fuzziness describes event ambiguity, and it measures the degree to which an event occurs, not whether it occurs.
Randomness describes the uncertainty of event occurrence, that is, an event occurs or not. Therefore, whether
an event occurs is “random” and to what degree it occurs is “fuzzy”. Moreover, randomness is an objective form
of indeterminacy whose distribution function of random variables is deduced by applying statistical methods.
Fuzziness is a subjective form of indeterminacy that is distinguished by the degree of belongingness to a set.

By combining all of the features as mentioned above, in this study, we have considered four different cases
under controllable lead-time (CLT) in an uncertain environment, namely (i) CS policy with no delay in payment
(NDIP) — no delay in the shipment (NDIS) under CLT, (ii) CS policy with delay in payment (DIP) — no delay
in the shipment (NDIS) under CLT, (iii) CS policy with no delay in payment (NDIP) — delay in the shipment
(DIS) under CLT, (iv) CS policy with delay in payment (DIP) — delay in the shipment (DIS) under CLT.

2. LITERATURE REVIEW

The literature review section covers the following topics: consignment stock policy, delay in payment, delay in
shipment, controllable lead time, and CS policy in a fuzzy sense. We are particularly interested in research work
dealing with two concepts: the allowable payment delay with interest and the delayed delivery in an ambiguous
environment, which will bridge the existing literature and the current work.

2.1. Consignment Stock policy

Braglia and Zavanella [5] were the first researchers who proposed the inventory model under the consignment
stock policy between the single vendor and a single buyer. Huang and Chen [16] showed the industrial strategy
model in the supply chain following the CS policy. Zavanella and Zanoni [40] addressed the production inventory
model under CS policy between the single-vendor multi-buyer. Srinivas and Rao [35] investigated and optimized
the CS contract-based supply chain model for single-vendor multi-buyer with the genetic algorithm. Giri et al.
[14] developed a three-tier supply chain model based on CS policy. Sarkar et al. [28] analyzed CS policy with a
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royalty reduction under a distribution-free approach. Gharaei et al. [12] designed the Vendor Managed Inventory
(VMI) with the CS policy model and sharing multiple items between the single-vendor multi-buyer under green-
house gas emissions and penalty. Giri and Masanta [13] examined the CS policy model under the consideration
of learning and forgetting strategy with an uncertain return. Bylka [6] formulated the CS contract model with
the limited warehouse capacity on the buyer’s side. Sardar and Sarkar [25] investigated the supply chain model
with advanced technology to solve unreliability. Sardar et al. [31] considered a CS agreement based model with
radio frequency identification and machine learning. Chakraborty et al. [7] proposed a closed-loop supply chain
model with CS policy. Comez-Dolgan et al. [8] developed an inventory model in two different scenarios with
untimely delivery costs.

2.2. Delay in payment

Aggarwal and Jaggi [1] illustrated the inventory model for deteriorating items by implementing permissible
delay in payments. Sarkar [24] examined an imperfect production model with delayed payments and stock-based
demand. Zahran et al. [39] studied the CS case with delay-in-payments for single-vendor and single-buyer.
Shabani et al. [32] developed an inventory model with a two-warehouse inventory, fuzzy demand rate under
permissible delay in payment. Ebrahimi et al. [9] proposed a two-echelon supply chain model with a delay in
payment contract under stochastic promotional effort dependent demand.

2.3. Delay in shipment

Hill [15] suggested an integrated production-inventory model with the optimal production and shipment
policy for the single-vendor single-buyer problem. Valentini and Zavanella [36] developed a consignment stock
model with kth delayed shipment under the industrial case. Yi and Sarker [37] analyzed the replenishment policy
model with delayed deliveries under controllable lead time. Yu and Hsu [38] considered an integrated inventory
model for defective items with unequal-sized shipments. Ganesh Kumar and Uthayakumar [10] developed an
inventory model by considering the delayed shipments under VMI policy.

2.4. Controllable lead time

Jha and Shanker [18] developed the production inventory model by considering the crashing cost for multi-
buyer. Jamshidi et al. [17] considered a flexible inventory model with controllable lead time. Sarkar et al.
[26] examined the effects of quality improvement and price discounts in the context of controllable lead time.
Shin et al. [34] developed an inventory model following a continuous review methodology with variable lead
time. Sarkar et al. [27] developed a model between single-vendor multi-buyer with varying production rate and
controllable lead time. Ganguly et al. [11] designed the supply chain model with the influence of controllable lead
time. Ahmad and Benkherouf [2] investigated an inventory model with replenishment decisions under partial
backorder. Sharma et al. [33] analyzed the supply chain model with deteriorating products under varying lead
time. Sarkar et al. [30] illustrated the deteriorating products-inventory model with varying demand and lead
time.

2.5. CS policy under fuzzy environment

Ouyang and Yao [22] examined the distribution free inventory model with fuzzy demand. Bjork [4] proposed
an Economic Order Quantity (EOQ) model by considering the lead time, inventory level, and demand as
a triangular fuzzy number, and defuzzification is done by using the signed distance method. Kazemi et al.
[21] developed an inventory model by considering the inventory cost as the trapezoidal fuzzy number. Ali
and Nakade [3] have developed a framework for examining the disruption of the supply chain in uncertain
situations. Rani et al. [23] illustrated a model with carbon emission depended demand under a fuzzy environment.
Sarkar et al. [29] suggested the supply chain model by assuming the inventory associated cost as a triangular
fuzzy number under the signed distance method. Karthick and Uthayakumar [19] investigated the imperfect
production inventory model with triangular fuzzy demand under the signed distance method. Karthick and
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TABLE 1. A comparison of the present model with related existing models.

Reference CS Multi  Multi Delay in  Delay in ~ Controllable  Fuzzy
policy  item consignee payment shipment lead time environment

Braglia and vV

Zavanella [5]

Bylka [6] Vv

Gharaei et al.  +/

112]

Huang and vV
\/

Chen [16]
Karthick and
Uthayakumar
120]

Sarkar et al. Vv

30]

Sarkar et al. vV
[29]

Valentini and
Zavanella [36]
Yi and Sarker
[37]

Zavanella and
Zanoni [40]
Zahran et al.
[39]

Present model

D R U U SO
<

Uthayakumar [20] developed a VMI-consignment stock policy model with multiple items and trapezoidal fuzzy
number under the graded mean integration method.

2.6. The literature gap in previous research

From the above discussion, we observed that the CS policy model plays an essential role in business man-
agement. Braglia and Zavanella [5], Valentini and Zavanella [36], and Huang and Chen [16] developed a CS
policy model for industrial purpose. Zavanella and Zanoni [40] extend the work of [5,16,36] by considering the
single buyer to multiple buyers. Yi and Sarker [37] examined the inventory model with CS agreement with the
incorporation of variable lead time. Also, Zahran et al. [39] have analyzed the CS policy model with permis-
sible payment delay. However, Zahran et al. [39], Yi and Sarker [37], Braglia and Zavanella [5], Valentini and
Zavanella [36] and Huang and Chen [16] do not consider their models with multiple buyers with multiple prod-
ucts. Nevertheless, Zahran et al. [39] does not discuss how their model operates with controllable lead time. In
trading, lead time plays a significant role in avoiding shortages, so lead time reduction is considered necessary.
Furthermore, there is no inventory model in the literature for dealing with CS policy between a single consignor
and multiple consignees with multiple products in a fuzzy environment. Based on that, in addition, this study
presents four special cases associated with two delays: delay in shipping and delay in payment.

Contributions of various study articles from the existing literature are given in Table 1. The rest of the
paper has been comprised as follows: In Section 3, notations and assumptions are given to develop the model.
In Section 4, four different cases are developed under controllable lead time in the fuzzy environment. The
defuzzification process for the fuzzified total profit function is developed in Section 5. In Section 6, the solution
procedure has been derived to find optimal solutions. Moreover, in this paper, all basic inventory cost is treated
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as a trapezoidal fuzzy number, and the defuzzification process is done using the signed distance method. Four
numerical examples are considered for each case to validate this model in Section 7. Numerical discussions and
managerial insights are given in Sections 8 and 9, respectively. Finally, the conclusion is given in Section 10.

3. PROBLEM DEFINITION, NOTATIONS AND ASSUMPTIONS

3.1. Problem definition

The consignor produces a certain quantity of goods and transfers them equally to each consignee. Once the
goods are withdrawn from the consigned inventory, the consignee pays the consignor an equal payment in an
equal interval scheme (see, for instance, [39]). Also, if the consignee’s warehouse reaches the maximum stock
level, the shipments will be delayed. This aside, lead time plays a crucial role in the supply chain, so lead
time crashing cost is incorporated to reduce lead-time length. This study analyzes the consequences of delayed
deliveries and delayed payments in four different cases with uncertain supply chain costs. In the first and second
cases, the shipment is considered without delay, whereas it is considered delayed in the third and fourth cases.
Similarly, in the second and fourth cases, the payment (with interest charges) to the consignor is considered
with delay and in the first and third cases without delay.

In this paper, we develop a mathematical model using the notations and assumptions listed below.

3.2. Notations

The following notations will be used to develop the model.

Indices
The index of items and 1 < i < z, where z is the total number of items

Jj The index of consignee’s and 1 < j <y, where y is the total number of consignee

c The index of cases and ¢ = 1,2, 3,4

Parameters

Swi Setup cost for ith item ($/setup)

Di Production rate of ith item (units/year)

Cpri Production cost of ith item ($/unit)

Cpi Purchasing cost of raw materials for ith item ($/unit)

s Number of units needed to produce ith item

tij Time of invoice of ith item for jth consignee

d;; Demand rate of ith item from jth consignee (units/year)

Oyij Ordering cost of ith item for jth consignee ($/order)

hf;ij Consignor’s financial holding cost of ith item for jth consignee ($/unit/year)

ﬁ”-j Consignor’s physical holding cost of ith item for jth consignee ($/unit/year)
homij Consignor’s holding cost ($/unit/year), i.e., hmi; = hfmj +
hy; Physical holding cost of ith item for jth consignee ($/unit/year)
Sij Physical holding cost of ith item for jth consignee in transit ($/unit/year)

o Fraction of invoice’s time given to the jth consignee to settle down its payment
for ith item (interest-free)

Bij Fraction of invoice’s time given to the jth consignee to settle down its payment
for ith item (interest-charges)

I Consignor’s investment interest rate of ¢th item for jth consignee (% /year)

Tyij Investment interest rate of jth consignee for ith item (%/year)

Chij Consignor’s selling price of ith finished item for jth consignee

Ceij Selling price of jth consignee for ith finished item ($/unit)

Ctij Transaction cost of ith item for jth consignee ($/transaction)
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T;; Cycle length of ith item for jth consignee (year)
B(l;) Lead time crashing cost for jth consignee ($/shipment)

Decision variables

Nij Number of shipments of ith item for jth consignee

My Number of payments of ith item for jth consignee

qij Shipment size of ¢th item for jth consignee

ki; Number of delayed deliveries of ith item due to the stock capacity of jth consignee
l; Lead time length of jth consignee (year)

Diagram notations

B, Accumulative sales of jth consignee
B Profit of jth consignee

I Interest-free period

I Interest-charge period

3.3. Assumptions
The following assumptions are considered while developing the model.

(1) The demand rate of ith item for jth (j = 1,2,3,...,y) consignee is assumed to be constant.

(2) The production rate of ith item per year is finite, and it should be greater than the demand rate of the ith
item for jth consignee (i.e., p; > d;;) to avoid shortages.

The system inventory is continuously reviewed, and the shortage is not allowed.

The cycle time is common for both the consignor and consignee.

The holding cost of the consignor is divided into two parts, namely financial and physical. Therefore,
consignor’s holding cost of the ith item for the jth consignee, hy,; = hf;ij + AP .. unit holding cost of the

mijo

NN TN
U W
NN

+n! . and consignee’s unit holding cost of the ith

ith item for the jth consignee in transit, hqi; = h} mij)

dij
item for the jth consignee, h,i; = hy;; + hfij (vefer, [37]).

(6) The consignee incurs only the physical holding cost for ith item.

(7) For the jth consignee, the lead time I; consists of n; components which are mutually independent. The kth
component has a minimum duration m; ;, normal duration n;, and a crashing cost per unit time e; 5 and
assume that e;; <ejo < ... < €jni;- The lead time components are to be crashed one at a time beginning
from the least component of e; and so on.

(8) Let ljg = ZZ:]l n;r and lj ; is the length of the lead time components 1,2,3,...,f crashed to their
minimum duration, then expression of ; s is given by ; ; = l; o — Zle (njr—mjg), where f =1,2,...,n;
and crashing cost for the lead time per cycle is given by (see, for instance, [27])

f—1

B(l) =ejf (g1 —1b)+ Y e (njx —mjn), b € [hg, liga].
k=1

4. MATHEMATICAL MODEL

In this section, a trapezoidal fuzzy number and signed distance method are provided for a preliminary
purpose, then a mathematical formulation is developed, including four cases. Basic costs related to inventory
and production are unpredictable due to various factors, i.e., inflation, the global energy crisis, fuel prices, and
oil prices. Failing to consider these unforeseen circumstances results in an unstable supply chain model. For
this reason, all the specific costs associated with the consignor and the consignee are considered to be fuzzy
costs (Trapezoidal fuzzy number) in the proposed model. The signed distance method is used to solve fuzzy
parameters.
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4.1. Trapezoidal fuzzy number

The fuzzy number ¢ is said to be a non-negative trapezoidal fuzzy number (t1,to,t3,t4) of t; such that
t1 < to <tz < t4. The membership function of trapezoidal fuzzy number is given by

0, x <t
B(z) ==, t <z <t
pa(z) = ¢ 1, ty <z <t (4.1)
Kx) ==~ ta<az<ty
0, x Z t4

where, t; = lower limit, t, = lower mode, t3 = upper mode and ¢, = upper limit of the fuzzy number £. We
represent the trapezoidal fuzzy number as £ = (t —pq,t — o, t + @3, + ©4), where @;, i = 1,2,3,4 are arbitrary
positive numbers with the restriction t > @1 > @9, 3 < 4. For the trapezoidal fuzzy number t = (t1,t, t3,t4),
the left and right A cuts of £ are respectively given by f7,(\) = t; + (t2 — t1)X and ty(\) =ty — (tg — t3)\.

4.2. Signed distance method

For any t € R, d(t,0) = ¢ is named as the signed distance from ¢ to 0. If ¢ > 0, then the distance from ¢ to
0is t =d(t,0); if t < 0, the distance from ¢ to 0 is —t = —d(¢,0). Therefore, d(¢,0) = ¢ is known as the signed
distance from ¢ to 0.

For the fuzzy set t € RT,0 < A < 1, the following expression can be obtained as F = Uogxgﬁk =
Uo<a<1[La, Ra]. The signed distance of the interval [Ly, R)] measured from the origin 0 is given by

d([Lx, R)],0) = WM For the fuzzy number F € R~, the proposed defuzzification methods d(F,O)
(the distance from F' to 0) is written as

do (F,G) :/Old(ﬁ,\,f)) d)\:/old([LMRA],(N)) dA:;/Ol {FL(A)+FU()\)}d)\

1 [t 1
:5/ [t1+(t27t1)A+t4f(t4ft3)>\]d/\:Z[t1+t2+t3+t4]. (4.2)
0

4.3. Mathematical formulation

All four cases in this study consider the model between a single consignor and multiple consignees with
multi-item based on the CS policy.

The cost associated with CS policy model are considered as the trapezoidal fuzzy number 4.1, which are
given in the following:

Set-up cost: Sy; = (Sm - @Sv“asvi - QOSMWSU'L' + ‘PSU,3375111' + @Svm);

Selling price: Ceij = (Cm—j — Peeijrs Ceij = Peeijar Ceij T Peeijss Ceij + SDCcijAL) )
Transaction (Nzost: Ctij = (ctij = Qerigrs Ctig — Perijar Ctig T Perigsy Ctig + cpctm),

Order cost: Opij = (Obij — 904,15 Obij — POuiz2+ Obi + P0uise Obij + ©Obisa )
Production cost: ¢py; = (cpm- — Qeprirs Cpri — Peprins Cpri T Peprizs Cori T ngm4),
Consignor’s selling price: ¢;; = (cbij = Pepijis Cbig = Peyijas Cbis T Peyijzs Coij T <pc,n.j4),

Transit physical holding cost: hfj,; = (hgij - @hﬁmvhszj — e g+ gahgm,hgij + cphsm),

dij2’
Consignor’s raw material purchasing cost: ¢,; = (cpi — Qepinr Cpi — Pepin> Cpi T Pepiss Cpi T gpcpi4),

p P P
h’“ij - sOhfijZ ’ h""ij + @hfijz’ hrij + ene

rija )’

Consignee’s physical holding cost: h? (hfij — Qpp

T rij1’

o ; ; A N f f !
Consigor’s financial holding cost: h;,.. = (hmij ERZIR hiis — <'0hfmj2’hmij + Pt hii + gohyfnm), and

mij

Consigor’s physical holding cost: ﬁﬁuj = (hﬁu-j - @hfmﬂ,hfmj —Onr

hg@ij + L h]:nij T ¢n

p )
mijd
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where ¢g,;., POuijer SDhyfm,va Pht e Pl PhY o Perijes Peprier Pevies Pecie and ¢c,,., = 1,2,3; j = 1,2,3;

c=1,2,3,4, are arbitrary positive numbers under the following conditions:

. . f
Syi > PSuir = PSyizs PSuiz < PSpias Obij > PO04ij1 = POrijor PObijz < POpijas hmij > (phfm.jl > Ppr

mij2
. LP . LP .
Lph.,fni]‘?, < (phfmﬂ’ hmij > gphfnijl > (phfnij27¢hfnij3 < ‘Phﬁnﬂ’ hdij > (phsijl > ‘phﬂi_,»z’ gOhZijfi < (lphgijél’
P . .. . .
hrij > PneZ PRE PR < PRE G > Peign P Peigay Perigs < Periga Cori P Peyrin > Peyrins

Pepris < Peprias Cbij > Pevij > Pevijas Pevijs < Pepijas Ceij > Peeiji > Pecijor Peeijs < Peeija and
Cpi > Pepin > Pepins Pepis < Pepia-

The cost formulation of the consignor and consignees are described as follows.

4.3.1. Consignor’s cost formulation
The costs associated with the consignor for y consignees and z items are derived as following:

Setup cost. Setup cost is the cost of purchasing and maintaining the equipment needed for the production stage
before manufacturing the products,

< Svidi’
SC=>>" o (4.3)
i=1j=1 7%

Raw material cost. Spare parts are required to make a finished product, so the cost of purchasing those spare
parts (raw materials) is known to be a raw material cost,

z Y

i=1 j=1

Production cost. Production costs refer to the cost of producing or manufacturing an item. Also, this includes
direct labour costs, direct material and overhead costs for production,

z Y
PC=> "> Gdi. (4.5)

i=1 j=1

Lead time crashing cost. Lead time is the interval between when an order is placed to fill the goods and when
the order is received. However, to reduce the length of lead time, the crashing cost is used as

LTCC =) ">" %- (4.6)
i=1j=1 14

4.3.2. Consignee’s cost formulation
The costs associated with y consignees for z items are derived as follows:

Purchasing cost. Purchase cost refers to the cost of purchasing products from the consignor,

z )
PRC = Y é&,,di;. (4.7)

i=1 j=1
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Ordering cost. The cost required by y consignees to process the order from the consignor is said to be an ordering
cost,

0C = ZZOW . (4.8)

=1 j=1 ij

Transaction cost. The commission paid by y consignees for transaction per cycle is calculated as

TRO =30 Misttiads (49)

i=1 j=1 5545

The total cost of the supply chain (without inventory holding cost of the consignor and y consignees) is derived
by adding equations (4.3)—(4.9).

Ciotal = SC + RMC + PC + LTCC 4 PRC + OC + TRC

NijGij

oy
Crotal = Z Z (Vi€pi + Cpri + Cbij) dij + (Svi + 14 Opij + mijCrij + nijB(lj))

i=1j=1

(4.10)

Case 1. CS policy with NDIP — NDIS under CLT (hm” > hP. ) The consignor produces g;; of items

r1j
in each n;; batches within cycle with fixed setup cost S,; at finite production rate p;. In order to avoid the
shock out, the production rate is assumed to be greater than the demand rate. The consignor utilizes
the consignee’s warehouse space to store the manufactured items; this seems to be more advantageous for
the consignor to keep fewer items in the warehouse. Moreover, there is an advantage for the consignee
by holding the maximum stock level to avoid stockouts. The inventory pattern of the consignor, transit,
consignees and financial behaviour of y consignees can be seen in Figure 1, and the average inventory of the
system is calculated as

z Y
To= o3 (B - 10 ) g (a.11

i=1 j=1

2 2

The average inventory of y consignees are derived by dividing the area Y ;_; ;’ s (n;j ;LZ‘,’ + 27;7"7 ) by
s i3

the cycle time Y27, >4 "”—f” = > i1 > j=1 Tij, that is,

2. 2.

Nij n; iy
qw <2p]i_2pi+2dij') G di; 5 [ i nfj n?;
C0n51 nee L= — X q;; - + 4 : 4.12
e BB S (e )y

n
i=1 j=1 i=1 j=1 ij4ij

The average inventory in transit is calculated as.

z Yy
Liransit = Z Znuqul X = Z Z n”qw X nijqijlj = Z Zdijlj. (4.13)

=1 j=1 1=15=1 =1 j=1

The average inventory of the consignor Iconsignor is derived by subtracting Iconsignee and Iiransit from the
system average inventory Igg.

z Y

]consignor = Ies — Iconsignee — Liransit = Z % (414)
i=1 j=1 v



2448 B. KARTHICK AND R. UTHAYAKUMAR

qij
L \
i ( Y
| b
\
| \
| |
y \
qz]
|
|
\
\
\
qij
& N
N nijdij ’

FIGURE 1. Inventory pattern of consignment stock policy with no delay in payment and no
delay in shipment under controllable lead time (Case 1). (a) Consignor inventory. (b) Transit
inventory. (c) Inventory of jth consignee. (d) Financial behaviour of jth consignee.
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therefore, the physical holding cost of the consignor for y consignees are obtained as

qijdi
ZZ mij ijj (4.15)

i=1 j=1

The financial holding cost of the consignor is formulated as (see, for instance, [39])

z Y
5 (mizg + D)nijgij ijdij
) I e (4.16)

i=1 j=1 2p;

where, B{n” = Cpi;jLyij. The physical holding cost of y consignees are derived as

ZZ hi (n”qw = (nij — 1)%%) (4.17)

=1 j=1 2pl

and the transit holding cost is given as

z

Yy
Z ( dij + hfm]) dij lj' (418)
1j=1

=

The total cost of the supply chain with y consignees for z items are calculated by adding the equations
(4.10), (4.15)—(4.18).

z Yy
- d.:
Cl (m1]7nl]7 sza j Z Z ’Ychz + Cpm + Cbz]) dz_] + (sz + nl]Oij + ml]CtZ] + nz]B(l )) ﬁ
1=15=1 v
if (mig + 1) nijgiz 3 4ijdij p f Gijdi;
+ hmij <27n” - (nlj - 1) sz (hmzj + hmz]) sz
+ R (n gq L — (ni;— 1) quj) (hZU + hm”) dijl;. (4.19)

The revenue of the consignor is obtained as

conqlgnor Z Z cbl] i (420)

=1 5=1

and the revenue of y consignees for z items are obtained by adding the selling price and investment interest
rate of y consignees for z items.

Nijd;
con§1gnee Z Z Ccij (d’L] + Isz jq J > (421)

=1 j=1

Then the total revenue of the supply chain is calculated by adding the equations (4.20) and (4.21), that is,

~ nl ql
Rigpar(mijs nij, 4i) Z chn]dw + Ceij (dw + Ibij : j> (4.22)

i=1 j=1 i

Hence, the annual profit function ﬁl(mij, N4, Gij, ;) for case 1 can be written as

Max Pp (mij,mij, Gij» lj) = Rioear (Mg, nig. ai) — C1 (Mg, mij, aij ) (4.23)
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nl 1 ~ ~ ~
Max Pl (mljvnlﬁ qZ]a j Z Z Cbl]d’bj + Cczg (dl] + Isz 2jq J > - ( (’Yicpi + Cpri + Cbij) dij

i=1 j=1 ij

N . ) di;
+ (Svi + 145 Opij + MyjCrij + nijB(lj)) e

ijqij

i f (mij 4+ 1) n45q;; - Qi di; p f

+ hng <2’ITL” - (nZ] - 1) 27]77, (hmz] + hng)
o G | e (M -~ Gijdij b if a1
TR ( 2~ (g —1) T (R + W) digly ) (424)
subject to
di;
nijqi; — (Nij — 1)qsj— ; < Inax,

qi; > 0,

m4;, ny; and [; are positive integers.

Case 2. CS policy with DIP — NDIS under CLT (hp > hP

mij m) In this case, the consignor offers the
allowable payment delay to the consignee under the CS policy, i.e., the consignee pays the invoice amount to
the consignor by the end of the permissible period 7;; = ¢;; + a;t;j, where a;;t;; is delay period offered by
the consignor without interest. Sometimes, in reality, the consignee may not pay the invoice amount within
the delay period ojt;;. Therefore, the consignee may pay the invoice amount with interest charges by the
end of the period §;; = t;; + aujti; + Bij7ij, where 3;; > 0. The inventory pattern for this case is given by
Figure 2, and the system inventory is the same as in the case 1. The opportunity loss of the consignor is
written as (see, for instance, [39])

(mij + 14 2045 + 28;5 (1 + a4j))nijgij qijdij
Zzhmm ( ’ ’ 2m-jj : = — (nsj; — 1)# : (4.25)
i=1j=1 ? 4

The consignee pays the invoice amount by the end of d; period therefore the interest charges for the
extra delay by 3;;7;;, which incurs the cost of > ;_; Zy (855 = Tij)evijloijdijTyj, where Y 7| Z?:l T
Y-t Zﬁ’ W The total cost for case 2 is obtained by adding (4.10), (4.15), (4.17), (4.18) and
(4.25).

Cy (mij, nij, ij, ;)

zZ Y
=>.> <(’Yi5m' + Cpri + Coij) dij + (Sm' + 145 Opij +mijCrij + 14 B(lj))
i=1j=1

Nijqij

(hﬁm + flfm_j) Gijdij n him ((mij + 1+ 205 +28;5 (1 + i) niqiy (nes — 1) Qijdij)

ijdij ijdij . ij (1 4+ auj) nijgij
+ 1P (”Jqu — (ng; — 1) q;}f) + Cpilyij (ﬁg ( +T:i;)nqu> (hﬁu + h{mj) dijzj) . (4.26)

The consignor’s revenue is adding obtained by selling cost of the z items to the y consignees and the interest
charged for unsettled balances, which is written as

z

Y
i (L + auij) nijqij
Rgonslgnor = Z Zcbij <dz] + Ivijﬁj ( ta J) Digd J) . (427)

s
i=1 j=1 v
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F1GURE 2. Inventory pattern of CS policy with delay in payment and no delay in shipment under
controllable lead time (Case 2). (a) Consignor inventory. (b) Transit inventory. (c¢) Inventory
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of jth consignee. (d) Financial behaviour of jth consignee.
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Similarly, the revenue of y consignees is obtained by adding sales and investment (i.e.,)

206 + 14205 (1 4+ a45)) nijgs;
R pnsignee ZZCCU (d”+lb”( g 1+ 20 ( +O‘j))njqj)- (4.28)

2my;
=1 j=1 )

Therefore, the total revenue is calculated by adding (4.27) and (4.28).

z

Riotar (mijs nij, i) = ZZC”’J (dly + Luij i 1) iy

M
i=1 j=1 v

(4.29)

+ Ceij (dij+1bij< Qij + 1+ ﬂj( +aJ))nJQ]).

Qmij
Hence, the annual profit function P, (mij,nij, gij, ;) for case 2 is calculated by subtracting the total cost
(4.26) from the total revenue (4.29) of the supply chain.

Max Py (mij, nij, ig i) = Riogar (Mg, gy i3) = Ca (mag,nij, 4ij ) (4.30)

Bij (L + i) i gij
My

z Y
Max P2 (mij,nij7qij, lj) = Z ébij (d” + Im'j ) + 5cij (d” + Ibij(QOlij + 1
=1 j=1
Nijdij
Qmij
J J J =ty J ] n” q” mij mij 2}%
mij + 1+ 2045 +26i5 (1 + a4j))nijqi ij i
+h£m (( J J . /63( i) ]q]—(nij—l)q] -J>
mij 2pz

p [ Mijdij ijdij . Bij (1 + aj) nijgij
~ (s — 1) 210 T
+hP ( 5 (nij — 1) o > + CpiLvij ( -

+28i; (14 ayj)) x ) - (('Yiépi + Cpri + Coij) dij

(R + Py ) iy ) (4.31)

subject to

di;
(nijq'ij - (nij - 1)%] i ) < Imaxa
ij > 0,
m4;, ni; and [; are positive integers.

Case 3. CS policy with NDIP — DIS under CLT (hp < hP.

mij rig
problem of limited storage in the consignee’s warehouse. The consignor will not offer any payment delay to
the consignee. The inventory system with maximum delayed shipment is given in Figure 3, and the average
inventory of the system is calculated as the same as in case 1. The average inventory of consignee is derived by
dividing the area q” (7;—: + (i — dij) (k3 —ng; + k'ij)) by the cycle time *3%2 = Tj;, where, kij = ni; —1.
The calculation is on the following:

L =Z§y: diy (s (L LY e ey (4.32)
consignee 9 dij ij 711] ij . .

=1 =1 Nijqij pi pi

. In this case, the consignor faces the
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F1GURE 3. Inventory pattern of CS policy with no delay in payment and delay in shipment
(Case 3). (a) Consignor inventory. (b) Transit inventory. (¢) Inventory of jth consignee. (d)
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The average inventory of the consignor Iconsignor i equal to the system average inventory I.s (4.11) minus

the consignee’s inventory Iconsignee (4.32) minus transit inventory Ijransit (4.18).

z

Yy 2
qijdij | 4ij dij \ ki + Fij
Iconsignor = Ics - Iconsignee - Itransit = Z + = <1 - > ' (433)
vl 2 2 P Nij

The total cost of the supply chain is derived as

z Yy
- B B B - - B d;::
Cs (Mg, gy Gigs kigy i) = D Y ((%‘Cm + Cpri + Coij) dij + (Sm + 15 Opij + mijCuij + nijB(lj)> #
i=1 j=1 LI
T f mij + 1)ni;qi; - qijdij P if O\ i
+ hm” ( 2ml] - (nzj - ]-) 2p1 hm” + hm” 2pz
Nij Qi Gijdiz

(qm (pi — )) (i — 1) + (hZU + hm”> d;; lj> (4.34)

and the revenue of the consignor and consignee seems to be same as the case 1. Hence, the annual profit
P3(mij,nij, gij, kij, ;) can be written as

z Yy
5 - _ Nii Qi - . ~ -
Max Py (mij, g, ig, kijy i) = > Y bijdis + Ceij (dij + Iyij 2;%”) - ((%‘Cpi + Cpri + Coij) dij + <5vi

i=1 =1 ij
- . di
+ 1 Opij + mijCrij + nijB(lj))
Ni5qij
i + 1) nijqi; qiidij
Lt (i 195 _ (. — 1) L5
+ mij ( Qmij (n J ) 2pi
qijdij Nijqij qijdij
(hfm] + hfm]) 2]le hfzy ( J2 L — (nij - 1) ZJpZJ) (hfm] hfzy)
Qi'(pi - di')
x (W) (nis = 1) + (Rl + ;) dijzj> (4.35)

subject to

d;
((nij — kij) qij — (nij — kij — 1) qij p]) < Inax,

¢; >0,
kij <mij —1,
m;;, ny; and [; are positive integers.

Case 4. CS policy with DIP — DIS under CLT (hﬁnJ < hfzj) In this case, the consignor offers a pay-
ment delay to the consignee and simultaneously, there was a limited storage space in the consignee’s ware-
house. The inventory of consignor, consignee, transit is depicted in Figure 4. The revenue of the consignor
(i.e., Eq. (4.27)) and consignee (i.e., Eq. (4.28)) in case 2 are taken in this case. Then, the consignor’s
opportunity loss is given in (i.e., Eq. (4.25)). The total cost of the supply chain is calculated as

C4 (mzj; Nij, qu7 j Z Z ( %cpz + Cpm + Csz)dz] + (S'uz + anOb’Lj + ngctz] + nljB(lj>)

=1 j=1

Nijdij
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FI1GURE 4. Inventory pattern of CS policy with delay in payment and delay in shipment under
controllable lead time (Case 4). (a) Consignor inventory. (b) Transit inventory. (c¢) Inventory
of jth consignee. (d) Financial behaviour of jth consignee.
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n (;Lﬁ”] n ﬁfmj) qijdij n Bi”] ((mij + 14204 + Qﬁij (1 + Oéij)) NijQi;

qijdij - Nij Qi Qijdij \ | - Bij (1+ aij) nijqij
— (i — 1) 2]'%:) + Iy ( 5~ (nij —1) 2]%) + Coij Lvi ( o
e z ij (Pi — dij 5 7
+ (hzr)nij - hfij) X (qj(%p])) (nz‘j - 1) + (hZij + th’j) diﬂj) (4'36)
(A

and the total revenue is same as the case 3. Hence, the annual profit }54(mij7 Nij, Gij, kij, Ij) can be written
as

z Yy
. . Bij
Max Py (mgj, nij, Gij, kij, lj) = E E Chij (dij + Ly —2

(1 + o) quij)
i=1 j—1 ‘

mlj

NijQij
+ Ceij (dij + Iyij (205 + 14+ 2045 (1 + auy)) jqj)

2m¢j
o _ . - } di;
- ('Yicpi + Cpri + Cbij) di; + (Sm + nijobij + MmyjCeij + TL”B(ZJ)) po—— 0
15 dij
+ (ﬁp it ) 2ijdij o (mij + 14 2055 + 2655 (1 + aij))ni;gij
mij mij 2p; mij Qmij
Qijdij 7 Nijdij qijdij
. Bij (1 + vij) nijqi < -
+ Cpijluij ( . mi; Ak (hfiu-j - hfij)
ij (P — dij - -
X (qj(p;p])) (nij = 1) + (hgij + himy) dz‘ﬂj) (4.37)
subject to
(nij — kiz) @iy — (i — kij — 1) @iy, ) < T
K3
qij > 0,
kij <ni; —1,

m;;, n;; and [; are positive integers.

5. DEFUZZIFICATION METHODOLOGY

Defuzzification is the method of generating a quantifiable result in crisp logic, from fuzzy sets and correspond-
ing membership functions (i.e., the process of reducing the fuzzy set to a crisp set or converting the fuzzy quantity
to a crisp quantity). There may be situations in which the output of a fuzzy process must be a single scalar
quantity as opposed to a fuzzy set. The left and right A cuts of Sy;, Opij, hfm-j, hfm-j, hgij, hfij, Ctijs Cpris Cbis Ceiy
and Cpi are given below, SLm‘o\) = Svi — PS,iu + (‘pSm‘l - (psvi‘z) A; SUUi()‘) = Svi — PSyia T ((psviél - @Suw) A,

OLbij(/\) = Obij — POwij1 + (goobijl - gpobij2) /\; OUbij(/\) = Obij — POvija =+ (gpobijzk - <p0bij3) /\’ il{mij()‘) =

h{nij T Pnl, T (@hﬁwl - Sﬁhfmj) As ﬁémijo‘) = hﬁm T Pnl, T (Qohme - ‘Phj;ijg) A, }Nlimij()‘) = Ty —
Pne T (Sﬂhfmﬂ - whfm) A ﬁ{fmij()‘) = hpij — ene T (@hfmﬂ - (th’mj?’) A, iL}[),diJ()\) = hg; — Phnt,

(‘Ph‘;'h-j1 - ‘F’hgijz) A; B%dij(/\) = hegij— P, T (‘Phﬁiﬂ - @hgijs) A ﬁ’imj(k) = iy —¢nr, T (wh:m - @hfiﬂ) Ai
B%ri_j(A) = hys;—Pnr,, + (90111;”4 - @hgﬁ) A Cntij(N) = Crij— Peip T (Pern = Perga) X CUtig(A) = Crij = Peyiya +
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(‘pctiﬂ - Qpcn‘jzs) )‘7 ELPN'()‘) = Cpri — Peprin + ((Pcprﬂ - (pcpri2) )‘; éUpTi()‘) = Cpri = Pepria + (chp'riél - (pcp’r"is) )‘7
éLbi(/\) = Chi = Pepn T (‘PCbil - ‘PCbiz))‘; EUbi()‘) = Cbi — Peps T (@Cbm - (pcbis) A, ELci(/\) = Cci = Peoyy T
(rom‘l - Cpccm))‘; éUCi(A) = Coi = Pega T (‘pCcm - @Ccis))" and ELpi(A) = Cpi = Pepin + (@le - ropm) /\;
Cupi(A) = ¢pi = Pepis + (Pepis — Pepis) A- Therefore, by using the signed distance method 4.2,

_ N 1 /1t
do (Pc(mijynij»(hjvkijv lj)»o) = 5/0 {Pc (Mg, ij, Gijs Kigs ) p (A) + Pe (i, nig, Gig, kig, ) (A)} dA

ifC:LQ then kij =0 and ifc:3,4then kij :nij—l,

~ o~ 1
do (Svi’ 0) = Spi + — (‘psvm T PSuiz — PSuiz — (IDSvil) >0 (51)

4

do (Obija 6) = Opij + i (PObia T PObiss — POBiza — POYs) > 0 (5.2)
do (5. 0) = 0l + 7 (0r + - ) >0 (5.3)
0 \"mij» mij T g\ L TPl T Prls T Pl
do (ilfmja 6) = hipij + i (@thl R S ‘thmﬁ) >0 (5.4)
do (ﬁsij, ﬁ) = hf; + i (gohgm T Pnn .~ PRE L, ‘phﬁijl) >0 (5.5)
do (ﬁfijv 6) = hys; + i (@hﬁw +Pnr .~ Pnr,, T ‘thijl) >0 (5.6)
do (i, 0) = cpij + i (Periza  Pesiza — Pesize — Perizr) > 0 (5.7)
do (Epri; 0) = Cpri + i (Pepris + Pepris = Pepria = Pegrin) > 0 (5.8)
do (Gi5,0) = cpij + % (Pepiza T Pevizs — Pevijz — Penigr) > 0 (5.9)
do (602'376) = Ceij + % (Socciﬂ t Pecijs — Peciza — SDcm-jl) >0 (5‘10)
do (€pi,0) = cpi + i (epia + Pepis — Pepis — Pepin) > 0. (5.11)

By inserting (5.1)—(5.11) into the equations (5.12)—(5.15) yields the defuzzified profit function,
For Case 1.

do (ﬁl(mij7nija 4ij» ), 6)
z Yy

= Z Zdo (Gbij, 0) dij + do (Ccij, 0) (dij + Iyij T;l:nq”) — ((vido (&pi,0) + do (€pri,0)
ij

i=1j=1

+ dy (gbij7 0)) dij + (do (Sm,O) + nijdo (Obz], ) +my;do (Ct”, 0) + nijB(lj)) i

+do (i,.0) <m+1>nq(nl)qd> (do(hm”,o)w()(hgwo))w

Qmm 2pz 2pi

o (i2,,9) (mJ‘JU — (nij — 1) q;;“) (do (Rh;.0) +do (R0,,;.0)) dijzj> (5.12)

) dij
subject to (quij —(nij — 1) qij Y

For Case 2.
do (152 (mij, nij, Gij, 1) 76)

) < Tmaxs @5 > 0, myj, ny; and [; are positive integers.
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=2_ 2 do (6i,0) <dij + 1y, D0 F ) q”) + do (¢ei, 0) (dij o+ Ty 5o

i=1 j=1 i gl
X (205 + 142835 (1 + aij))) - ( (vido (Epi, 0) + do (€pri, 0) + do (Gvij, 0)) dij + (do (Svi76>

+ nyjdo (Ob”, ) + my;do (CtU,O) + nijB([j)) — 1 d, (hfmj, ~) ((mij + 1+ 2ay;

NijQij

+26i5 (1+ i) 2L — (g — 1) qjdj) (do (R255:0) + do (#1,1,0)) i dis

2my; 2p; 2p;
=\ [ Mg qijdsj .= Bij (1 + ij) nijgi;
+ do (hf”,o) (127 — (ngj — 1) 2ﬂpﬂ> +do (i,0) Lij ( J mi; i4ij

+ (do (Rhy:0) + do (R1,1.0)) dijzj) (5.13)

subject to (nijqij —(ni; — 1) qij y ) < Imax, ¢ij > 0, my;, ny; and [; are positive integers.

For Case 3.

do (153 (mij, iz, qij, kij, ) ,6)

z Y

= Z Z do (Ebij7 6) dij + dy (56”, 6) <d” + Ibij T;”ﬂj”) _ ((’deO (6;02'7 ()) + dy (5pm‘, 6)
i=1 j=1 ij

dij
Nijqij

+do (1,,,.0) ((ma“)”ﬂ] ~ (nij — 1) WM) + (do (Rhyi;0) + do (f,;.0) )

« % + (do (Rhi3:0) = do (R2;;,0)) (‘h(gp—dﬂ) (niy — 1) +do (72,,.0)
X (7%32%3 — (ng; — 1) q”d”> (do (deO) + dp (hf’,w,())) dijl]) (5.14)

2p;

+ do (i;,0)) dij + (do (S o) + ngydo (obw, ) + mijdo (Gij,0) + nijB(zj))

subject to ((n” - klj) qij — (TLZ']‘ - kij - 1) qij i}j) S Imaxa qij > O, kij S Nij — 1, Myj, Mg and lj are pOSitiVG
integers.
For Case 4.

do (}54 (mij, nij, Gijs kijs 1) 5 6)

:ZZdO (5(,1']',0) (dzj +Im‘jﬂj( +a])njqj) +dO (6cij70) <dij+[bij2jqj

i=1 j=1 (¥ 17

X (2055 + 14285 (1 + aij))) - ( (vido (€pi> 0) + do (pris 0) + do (Geij, 0)) di

(do (S 0) + ngjdo (Ob”, ) +majdo (G, 0) + nijB(lj)) ﬁ +do (hjjm, )

« (mij + 1+ 2a4; + 2,6ij (1 + Oéij)) NijQij (’I”Lij B 1) qijdij n (do (hfm ,6)
2mij 2pz J

7 qi dz ~ Nijqij dez ~ ~
+ do (hfmj,o)) 2Jp1] +do (hff”,0> <J2J — (nij — 1) 2Jp3> + do (Cbij, 0) Luiz
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(1 5 (py — s
X (6” +Oéz] nl]qw) (dO(hmzj7 ) (hz;w, )) (ql] (lep_ lj)) (nij - 1)
(3

+ (do (5. ~) o (i,,0)) ) (5.15)

subject to ((nlj — kij) qij — (nij — kij — 1) qi; ‘;l)”) < Imax, Gij > 0, kij < ngj — 1, my;, nyj and I; are positive

integers.

6. SOLUTION PROCEDURE

In this section, we derive the optimal value of ¢;; and demonstrate the concavity of the integrated profit
function with respect to the decision variable g;;. In this model, the number of shipment n;;, the number of
payment m;; and the number of delayed deliveries k;; are assumed to be positive integer variables. The given
integrated profit function (5.12)—(5.15) seems to be non-linear. To solve this non-linear programming problem,
we have focused on some property to obtain the optimal solutions.

Property 6.1. For given values of m;;, n;; and I € [l r,{; y—1], dO(PC, 0) is concave in Qij-

Proof. On taking the first and second order partial derivatives of (5.12)—(5.15) with respect to ¢;;, we obtain
For Case 1.

ad, (P1 (4ijlmiz,ni;, 1) 6)

a%‘j
_ Bh)di;  di; r P 5) (n..
0 0 ) v ) - (R )
<\ (g dig(ni —1) dij AN Nigleg o o
—do (hm],()) (2] - 2}; ) + ;Zjdo (Obija 0) + 72;%] do (eij, 0)
& q)_ mi(mi+0 . (ip & mmdz .
+ n”qm dy (s o) o (hm”, ) i 2y (¢1:5,0) (6.1)
and
02do (P (almiyni; £).0)  oa () 2dy - 2, 9m,;d;
_ 2 B) 2k 5 - 2% 0) - 2%
aqij = qi3j Q?j do (Oszao) qul] dO (Sma 0) anzj do (Ctzjv O) <0.
(6.2)
For Case 2.
ddp | P2 (q”\mz ) 1Y 7ﬁ) 76 B(l)d;;  d; -
(7 i ) )i 2 (4, (3,.0) + o (R.0) — do (1.0) (s~ )
4 ij i
5 (M _ di (i =D\ | dig (a0 5\ L Mgl oo g
— do (hMJ,O) ( 9 - 2pi ) + qizj dO (Obz]7 0) + mi; dO (Ccz]a O)
X (20éij + 2ﬁij (Oéij + 1) + 1) + nij;izj do (Sm,()) — %do (hﬁuj, N)
X (20 + gy + 28y (agy +1) + 1) + 8% 4 6, ) (6.3)

g q”
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and

9*do (Pz (gi5lm;,n55, 1) 6) 2 B(L)  2dy; . [~ o~ 2di N 2myd;
a2 o =-— 3 (J) - #do (Obij70) - ) dO (Sma 0) -y ZJ do (Ctzjv 0) <0.
q;; a;; ij ni;q;; J ni;q;; j

(6.4)
For Case 3.

dy (P3 (qmlfr;;;j ki) 0) _ B(g‘i%dij _ ;% (do (hfm],o) +do (hmu,o) do (hmu,()) (nij — 1))

2]9 i ey

+ -2, (Sm,o) mig (mig £1) (A ())+Mdo (7:7.0)

)
Qmij mij Nij q”

N (dij — p;)p(lmg —1) (do (hil”’ *) do (hm’())) (6.5)

nzjq”

and

%do (P3 (q”‘m”’n”’krj’ G) ~) _ 2dyB(l) 20;“ do (Obij76) - 2y 7-do (51;17 ~>

iJ quy

do (€4i5,0) < 0. (6.6)

043 - 0

_ ZmUdU

Nij qz]

For Case 4.

ado(a(qmnz;j k) ):B@dm_gg(do(h;mj,o)%(hmwo) do (7,20 (i~ )

_ A\ (i dig (g — 1)\ dij s 2 Tiglei
do (th]’ O) < 2 2pZ + qlgj dO (Oblja()) + Qmij

X (QOzij + Qﬁij (Oéij + 1) + 1) do (Ecij,é) + ]2 do (Sv“())

i 45
f ~ m”d
hm” ’ 0) + nl]q’bj do (0“77 0)

n (di; —p;)p(imj —1) ( (hiw *) do (hrw())) (6.7)

- iy (20 mi £ 20 (i £ D A1) ) (
Qmij

and

9%dy <P4 (Q1j|mlj7 Mg k:}’l ) ) _ M lejd (O )
8%]‘ q?j @ T

ij
2d;; ~ <
2 d (Sm‘,o) -
anU

2my; d”

Nij qu

do (€4i5,0) < 0. (6.8)

Therefore, for fixed m;;, n;; and §j € [l ¢, i p—1], do(P,,0) is concave in gi;- Hence, this completes the proof of
Property 6.1. (I



A SINGLE-CONSIGNOR MULTI-CONSIGNEE MULTI-ITEM MODEL 2461

Result. From the Property 6.1,
For Case 1. We obtain the optimal value of ¢;; (6.9) by equating (6.1) to zero, which maximize the dy (Py, 0).

9 di; (do (s 6) + 1y, B(L) + nijdo (Obil,-, 6) + mijdo (G, 6))

Nij (do (izfij7(~)) (mijdi; — migngjdi; + mignip;) + K1+ Fl)

qij = (6.9)

where x1 = dy (hTfmJ, )(27nmd”—&-n”pz mijnijdi; +mingp;) and T't = my;dido (hm”,()) —

4 Ipijpido (€ciz, 0).
For Case 2. We obtain the optimal value of ¢;; in (6.10) by equating (6.3) to zero, which maximize the do (P, 0).

2mijdijpi (do (5‘1}“6) + ni; B (L) 4 nijdo (Obm ) + mijdo (cm,O)>

Nij (do ( TWO) (mijdi; — mygngjdi; + mignip;) + k2 + Fz)

qij = (6.10)
where K2 = do (hng’ ) (Zdijmij — dijmijnij + 2pio¢ijn,'j + 2piﬂijn,-j —|—pimijnij + 2piaijﬂ,-jnij) and
FQ m”dwdo (th?O) — Ibijpinijd()(écijy O) (1 4+ 2aij =+ Qﬁz] =+ 20‘1’jﬁij) .

For Case 3. We obtain the optimal value of ¢;; in (6.11) by equating (6.5) to zero, which maximize the dy (153, f)) .

2mi;dijp; (do (53)176) + i B(l) + nijdo (Obm ) + mizdo (cf1],0)>

nij (do (hm, 0) (mi;pi) + do (hf;w ) (2mijdij + nijpi — majnijdi; + migni;pi) + F3)

qij = (6.11)

where I's = (2d;;mi; — pimij — dijmigni; + pimijngg) do (hm”,()) — Ipijpinijdo (€cij,0) .

For Case 4. We obtain the optimal value of ¢;; in (6.12) by equating (6.7) to zero, which maximize the dy (154, f)) .

2m;jd;;pi (do <§vi76> + 14 B (1) + nijdo (Obwv ) + myjdo (Ctuvo))

ngj (do (hm,O) (mijpi) + do (hm”, ) (2di; + pingj — dijmigng + ka) + F4)

qij = (6.12)

where k4 = 2pjagini; + 2pifBiynig + pimigng + 2piaiiBinig and Ty = (2diymi; — pimgj — dijmijng;+
Pimizniz) do (hmu’ 0) — Iyijpinij (1 + 2ai5mi; + 283i5 + 205 8:5) do (Ceij, 0).

Property 6.2. For fixed values of m;;, n;; and g;;, the integrated profit function dy (I:’C (L) ,6), where ¢ =

1,2, 3,4 is linear on ;.

Proof. On taking the first order derivatives of profit functions (5.12)—(5.15) will lead to

ody (P (1),0) & (1 1 ;
alj - d” q” hdt] 4 (Sohgijzl + eny haijs — SthzJQ o Soh’zzjl) + hmij

1
+Z (@hf ) + QOhmug whﬁujz - whfnij1>>:| (613)
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TABLE 2. Input parameter for trapezoidal fuzzy number.

Fuzzy Item ¢ Fuzzy Item ¢ Fuzzy Item ¢
parameters of parameters of parameters of

Sui 1 2 3 Cpri 1 2 3 Cpi 1 2 3
PSyi1 300 300 300 @c,.;, 0.7 0.7 07 e 26 23 2
05,00 200 200 200 e, 04 04 04 @, 16 13 1
05,5 150 150 150 e, 04 04 04 e, 2 1.8 15
PSyia 250 250 250 @, 0.9 09 09 e, 25 23 22

where ¢ = 1,2,3,4. Equation (6.13) result as a constant. If qe—’] > {do (iLZiﬁ()) + do (iLf

maj?

())}, then the
6)}, then the dy (ﬁc(lj),f)) is linear
decrease on ;. If ;—]J = [do (ﬁgij,()) + dy (izfmj,())}, then the dg (ﬁc(lj),o) is flat on [;. Therefore, under each

do (ﬁc (1) ,6) is linear increase on I;. If qe—]] < [do (ﬁp 6) + dy (izf

dij> mij

case, the profit function dg (Pc(lj), 0) is linear on ;. Hence, this completes the proof of Property 6.2. O

For the fixed values of m;j,n;;, and ¢;;, the maximum dy (Pc(lj), 6) always occurs only at the end points of

[.gs b, p—1] -

7. NUMERICAL ANALYSIS

Let us consider a two-tier supply chain model for three items and three consignees, that is z=3, y=3. For
simplicity the parameters for three items and three consignee are arranged in the row matrix, i.e., production
rate piZ[pl,pg,p;),] is the production rate of ith item, demand dij = [dll,dm,dlg; d21, dgg,dgg; d31, d32,d33] is
the demand of the ith item for jth consignee.

The numerical data was taken from Zavanella and Zanoni [40], Sarker [37], Sarkar et al. [27] and Zahran et al.
[39].

Example 7.1. For Case 1. (h} ;> h},.). Parameters related to Consignor: S,; = [400,370,345] ($/setup),
Cori = [3,2.5,1)($/unit), W%, = [15,14.5,16;14.8,16.7, 15.9; 15, 15.7, 16]($ /unit /year), hf,.. = [0.54, 0.54,

0.54; 0.51, 0.51, 0.51; 0.48, 0.48, 0.48] ($/unit/year), cyi; = [5.4, 5.4, 5.4; 5.4, 54, 5.4;5.4, 5.4,5.4] ($/unit),
cpi = [3, 2.8, 2.4] ($/unit). Parameters related to Consignee: Oy;; = [29, 26, 25; 27, 26.5, 25.5; 26, 29,
26] ($/order), ¥, = [7,6.8,7:8,7,8:8.5,7,7.8)(8 /unit [year), Iy; = [0.1, 0.1, 0.1; 0.1, 0.1, 0.1; 0.1, 0.1,
0.1] ($/year), ceij = [13.9,14,12.29;13.9,14,12.29;13.9, 14,12.29)($ /unit), cri; = [0.7, 0.6, 0.75; 0.7, 0.5,
0.6; 0.65, 0.75, 0.66] ($/transaction). General parameters: d;; = [900, 600, 650; 600, 650, 700; 350, 400,
430] (units/year), p; = [3200, 2000, 2500] (units/year), hsij = [7, 7.8, 6.2; 8.8, 7.5, 6.8; 6.4, 6.8, 7]
($/unit/year), ~v; = [1, 1, 1]. The fuzzy parameteric values are listed out in the Tables 2 and 3. In
addition, the lead time has three components with data shown in Table 4 as well as the summarized
lead time components information is given in Table 5. The optimal solution, I; = [0.0767,0.0767,0.0959],
B(l;) = [18.2000,16.1000,40.6000], m;; = [1,1,1], n;; = [3,3,3], the order quantity of three items
for first consignee, [g11,¢21,931] = [128.84105,96.193021,68.123938], for second consignee, [q12,qa2,q32] =
[104.70503, 102.54538, 80.836474], for third consignee, [qi3,qo3,q33] = [111.80159,106.69594, 82.509551],
profit of first consignee on three items, [P, P2, PP = [3637.5498,2382.1809,1706.8041], for sec-
ond consignee, [P}?, P22, P3?] = [2172.4448,2847.7495,2207.3677], for third consignee, [Py3, P23, P33 =
[1044.9304,1678.4404,1419.3938], the profit of three consignee is [7726.5348,7227.5621,4142.7646], the overall
profit of the supply chain is 19096.861.
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TABLE 3. Input parameter for trapezoidal fuzzy number.
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Fuzzy 7 i i %
parameter g 7 1 2 3 1 2 3 g 1 2 3 g 1 2 3
125 24 22 12 18 16 20 17 11 24 21 18
POhisg 1 2 26 22 20 24 18 14 3 17 16 10 4 25 19 15
' 3 21 17 23 17 15 18 15 18 14 19 24 22
1 6 6 6 4 4 4 3 3 3 5 5 5
Pecijg 1 2 6 6 6 4 4 4 3 3 3 3 4 5 5 5
3 6 6 6 4 4 4 3 3 3 5 5 5
1 5 5 5 3 3 3 1.5 1.5 1.5 3 3 3
Pepizg 1 2 48 48 48 4 4 4 3 1.2 1.2 1.2 4 2 2 2
3 3.8 3.8 3.8 2 2 2 0.4 0.4 0.4 1 1 1
1 6 6 6 3 3 3 2 2 2 5 5 5
"% 1 2 6 6 6 3 3 3 3 2 2 2 4 5 5 5
Tijg
3 6 6 6 3 3 3 2 2 2 5 5 5
1 14 14 14 10 10 10 9 9 9 13 13 13
oup 1 2 14 14 14 10 10 10 3 9 9 9 4 13 13 13
' 3 14 14 14 10 10 10 9 9 9 13 13 13
1 6.9 6.6 6 6 5.8 4.8 5 4 6 6 5.6 6.7
onp 1 2 7 65 6 48 37 57 3 6 6.7 4 4 8 7 5.6
239
3 6 6.6 6.4 4.4 4.7 5.4 5.2 6 5.5 6 6.3 6.8
1 0.45 0.40 0.35 0.38 0.35 0.28 0.34 0.34 0.30 0.48 0.44 0.40
b 1 2 0.48 0.35 0.25 0.38  0.28 0.18 3 0.27 0.35 0.25 4 0.30 0.40 0.35
e 3 0.45 0.38 0.30 0.38 0.28 0.26 0.38 0.34 0.32 0.40 0.46 0.47
1 0.6 0.4 0.57 0.45 0.34 0.35 0.35 0.25 0.34 0.48 0.58 0.68
Perijg 1 2 0.65 0.43 0.58 0.28 0.36 0.42 3 0.34 0.25 0.45 4 0.68 0.43 0.57
3 0.61 0.72 0.62 0.31 0.45 0.45 0.25 0.19 0.28 0.48 0.46 0.58
TABLE 4. Lead time components.
Consignee Lead time components Normal duration Minimum duration  Unit crashing cost
J k njk (year) m;k (year) ejk ($/year)
1 20/365 = 0.05479 6/365 = 0.01644 0.1 x 365 = 36.5
1 2 20/365 = 0.05479 6/365 = 0.01644 1.2 x 365 = 438
3 16/365 = 0.04383 9/365 = 0.02465 5.0 x 365 = 1825
1 20/365 = 0.05479 6/365 = 0.01644 0.5 x 365 = 182.5
2 2 16/365 = 0.04383 9/365 = 0.02465 1.3 x 365 = 474.5
3 13/365 = 0.035616  6/365 = 0.01644 5.1 x 365 = 1861.5
1 25/365 = 0.06849 11/365 = 0.03013 0.4 x 365 = 146
3 2 20/365 = 0.05479 6/365 = 0.01644 2.5 x 365 = 912.5
3 18/365 = 0.04931 11/365 = 0.03013 5.0 x 365 = 1825
Example 7.2. For Case 2. (hy,; > hy,;). Parameters related to Consignor: I,; = [0.1, 0.1, 0.1; 0.1, 0.1,

0.1; 0.1, 0.1, 0.1] (3/year), General parameters: «o;; = [0.2, 0.2, 0.2; 0.2, 0.2, 0.2; 0.2, 0.2, 0.2], §;; = [0.1,
0.1, 0.1; 0.1, 0.1, 0.1; 0.1, 0.1, 0.1]. The rest of the parameteric values are same as in the Example 7.1. The
optimum solution, I; = [0.0767, 0.0767, 0.0959], B(l;) = [18.2000, 16.1000, 40.6000], m;; = [1, 1, 1], n;; =
[3, 3, 3], the optimal order quantity is given in the Table 6 the profit on three items for three consignee
are [Pyl Pt P31l = [3738.91, 2467.3379, 1764.9678], [P)?, P32, P3?] = [2254.8835, 2929.1406, 2273.6092],
[Ps3, PF3, P33 = [1112.6775, 1743.5042, 1470.9505], the profit of three consignee is [7971.2157, 7457.6333,
4327.1322] the overall profit of the supply chain is 19 755.981.
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TABLE 5. Summarized lead time data.

Consignee j

Lead time (year)

B(l;) ($/shipment)

56/365 = 0.15342 0
42/365 = 0.11506 1.4
28/365 = 0.076712  18.2
21/365 = 0.05753 53.20
49/365 = 0.13424 0
35/365 = 0.095890 7
28/365 = 0.076712  16.1
21/365 = 0.057534 51.8
63/365 = 0.1726 0
49/365 = 0.13424 5.6
35/365 = 0.09589 40.6

28/365 = 0.076712  75.6

TABLE 6. Optimal values.

Example/  Consignee Ttem 1=11,2,3]

Case i l; kij mgj N qij Profit
1 0.0767 [1,1,1] [3,3,3] [128.84105, 96.193021, 68.123938]

1 2 0.0767 - 1,1,1] 3,3, 3] [104.70503, 102.54538, 80.836474] 19096.861
3 0.0959 [1,1,1] [3,3,3] [111.80159, 106.69594, 82.509551]
1 0.0767 1,1,1] 3,3, 3] [134.41367, 100.4769, 70.809769]

2 2 0.0767 — (1,1,1 [3,3, 3] [109.4138, 106.88374, 84.518569] 19 755.981
3 0.0959 1,1,1] [3,3, 3] [115.34919, 109.70609, 84.961654]
1 0.1151  [4,4,4] [1,1,1] |[5,5, 5] [76.399709, 57.672644, 39.242718]

3 2 0.0959 [4,4,4] [1,1,1] [5,5, 5] [61.565756, 62.568235, 47.485165]  17179.512
3 0.1342 [4,4,4] [1,1,1] [5,5, 5] [60.549037, 61.549789, 44.872583]
1 0.1151 [5,5,5] [1,1,1] [6,6, 6] [70.557926, 53.168928, 35.554063]

4 2 0.0959 [5,5,5] [1,1,1] [6,6, 6] [56.473436, 58.181526, 43.846176]  17832.472
3 0.1342 [5,5,5] [1,1,1] [6,6, 6] [54.848228, 56.1366, 40.588412]

)

Notes. The results of the four examples/cases are given in Table 6. Of those four results, we have bolded the value (i.e.,
“19755.981”) to show that Example 7.2/Case 2 results are more profitable compared to the other three examples/cases
results.

Example 7.3. For Case 3. (hfmj < hfij). This example takes the data from the Example 7.1 excluding the
physical holding cost of consignor hj ;. and consignee hl,;. Instead we take k) .. = [7, 6.8, 7; 8, 7, 8; 8.5,
7, 7.8] ($8/unit/year), h7;; = [15, 14.5, 16; 14.8, 16.7, 15.9; 15, 15.7, 16] ($/unit/year), Pnr,., = [13, 13,
13; 13, 13, 13; 13, 13, 13), g = [9, 9, 9: 9,9, 9; 9, 9, 9], e = [10, 10, 10; 10, 10, 10; 10, 10, 10},
e, = [14, 14, 14; 14, 14, 14; 14, 14, 1], e =[5, 5, 5 5,5, 5 5,5, 5, gy = [2,2, 2 2, 2, %
2, 2, 2], Phr. = 3, 3, 3; 3, 3, 3; 3, 3, 3, Phr. = [6, 6, 6; 6, 6, 6; 6, 6, 6]. The optimum values, ; =
[0.1151, 0.0959, 0.1342], B(L;) = [1.4000, 7.0000, 5.6000], k;; = [4,4,4], ms; = [1,1,1], ni; = [5,5,5], the profit
on three items for three consignee are [Pil, P3l, P?l] = [3299.3444,2145.4999,1539.6257], [Pi2, P32, P$?| =
[1902.2614, 2615.3974, 1949.3164], [P}3, P23, P23] = [834.41271, 1615.2576, 1278.3967], the total profit earned by

the each conisgnee is [6984.4699, 6466.9752, 3728.067], the overall profit of supply chain is 17179.512.

Example 7.4. For Case 4. (hfm-j < kP ) The parametric values of I.j,a;;,0;; are same as in the
Example 7.2 and the values of AP

T4j
mij,hp are taken in account from Example 7.3. The remaining
data are same as from the Example 7.1. The optimum values, [; = [0.1151,0.0959,0.1342], B(l;) =

1]
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[1.4000, 7.0000, 5.6000], k;; = [5,5,5], m;; = [1,1,1], n;; = [6,6,6], the profit on three items for three consignee
are [PI', P2, P2 = [3410.6661,2239.1973, 1581.7952], [P}2, P22, P22 = [1980.9267,2716.1003,1999.9991],
[Pi2, P, P23 = [901.17809, 1689.6391, 1312.9704], the total profit of three consignee is [7231.6586, 6697.0261,
3903.7877], the overall profit of supply chain is 17 832.472.

The optimal solution for all four examples (four cases) are given in Table 6 and the profit obtained from the
above four examples are compared in graphical representation 5.

8. DISCUSSION OF THE RESULTS

This section describes the discussion of the numerical results of the proposed model.

(1) The results of the four Examples 7.1-7.4 demonstrate that the supply chain achieves more profitability if
the consignor has a higher physical holding cost h? ; than the consignee’s physical holding cost hfij.

(2) If hﬁm is less than hfij, the proposed model yields a lower profit, as is clear from the results of Cases 3 and 4.

(3) The delay in shipment affects the profitability of the supply chain, which can be clearly seen in Figure 5.

(4) From the results of Example 7.2, it is evident that delaying the payment strategy can lead to higher profits.

9. MANAGERIAL INSIGHTS

This article analyzes the best strategy to maximize profits through late shipments and late payments. More-
over, it gives a comparison in four cases with respect to delay in payment and delay in shipment under a
controllable lead time, and the managerial insights from those comparisons are as follows:

(1) The CS agreement policy favours both the consignor and the consignee, who can save funds by sharing the
cost of holding the goods physically and financially.

(2) The manager will get more profit if case 2 (CS policy with DIP — NDIS under CLT) is established than the
other three cases.

(3) In order to relate this model to reality, all basic inventory costs for y items and z consignees are considered
to be imprecise, which can be very helpful for managers in dealing with ambiguous situations.

(4) Under the CS policy, the consignee is not required to pay until the products are sold. Whereas, if the
consignee is unable to sell all those products, they can return the products to the consignor, therefore, the
consignor has to face the risks and rewards of ownership.

10. CONCLUSION AND FUTURE DIRECTIONS

This article has considered a single-consignor multi-consignee for multi-item under controllable lead time in
a fuzzy environment. This paper adopts the CS policy, in particular, which is more beneficial for the consignor.
This paper compares four different cases to show which cases are the most profitable for the supply chain.
Moreover, this paper studies the impacts of controllable lead time for multiple consignees, which is a more
critical and practical factor, and this never been studied under CS policies. The numerical results showed that
the supply chain players (consignor and consignee) attain the highest profit in case 4 compared to case 3, and
case 1 attains higher profit than case 4. However, case 2 was shown to be the most profitable when compared
to all other cases. This model can be extended in many ways; basically, this model has some limitations, so it
is possible to develop this model by resolving these limitations. Primarily in this model, we assume that the
production process is perfect, so it can be extended by turning this model into an imperfect production process.
Another extension is possible by relaxing the equal-sized shipment and fixed demand rate in the proposed model
(vefer, [11,38] and Ganesh Kumar and Uthayakumar [10] for unequal-sized shipments, Sarkar et al. [29] for price
and advertisement-dependent demand, Karthick and Uthayakumar [19,20] for fuzzy demand). Exploring the
changes that occur in this model by combining concepts such as learning and forgetting can be considered an
extension (refer, [13]). The production rate is assumed to be constant in this model, so considering the production
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Total profit

Number of shipments (n)

FIGURE 5. Total profit do(P.,0) with respect to number of shipments (n;;).

rate as a variable for a flexible production process is another extension (refer, [17,27]). The incorporation of the
consignee’s royalty reduction (refer, [28]) and radio frequency identification (refer, [31]) in the CS policy would
be a reasonable extension of this model.
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