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ON OPTIMALITY AND DUALITY IN INTERVAL-VALUED VARIATIONAL
PROBLEM WITH B-(p,r)-INVEXITY

INDIRA P. DEBNATH* AND NISHA POKHARNA

Abstract. In this paper, we consider a class of interval-valued variational optimization problem. We
extend the definition of B-(p, r)-invexity which was originally defined for scalar optimization problem
to the interval-valued variational problem. The necessary and sufficient optimality conditions for the
problem have been established under B-(p,r)-invexity assumptions. An application, showing utility
of the sufficiency theorem in real-world problem, has also been provided. In addition to this, for the
interval-optimization problem Mond—Weir and Wolfe type duals are presented and related duality theo-
rems have been proved. Non-trivial examples verifying the results have also been presented throughout
the paper.
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1. INTRODUCTION

Interval-valued optimization has a huge number of real-world applications such as in fuzzy logic, artificial
intelligence, robotics, genetic algorithm, optimal control, neural computing, image restoration problem, optimal
shape design problems, robust optimization, power unit problems, molecular distance geometry problems, engi-
neering designs etc. Also, the variational optimization problems are of much importance in various fields such
as structural optimization, epidemic, production and inventory, shape optimization in fluid mechanics, optimal
control of processes and material inversion in geophysics. Motivated and inspired by the above observations,
in this paper we extend the notion of B-(p,r)-invexity to the class of interval-valued variational optimization
problem.

In variational calculus, the classical solutions to minimization problem are prescribed by boundary value
problems involving Euler—Lagrange equations. Euler was the first to develop the general formula for finding the
curve along which a given integral expression has its greatest value. Later, Lagrange proposed a method of mul-
tipliers that allows for solutions to the problem without having to solve the conditions or constraints explicitly.
These two techniques changed the way of solving the optimization problem and have the last influence on how
partial differential equations are viewed. The technique of handling such optimization problem is fundamental
in many wide areas of mathematics, physics and engineering. [for more details, refer [7,14]]

Keywords. Interval-valued variational problem, optimality, duality, LU optimal, B-(p, r)-invexity.

Sardar Vallabhbhai National Institute of Technology, Surat, India.
*Corresponding author: idmath26@gmail.com

© The authors. Published by EDP Sciences, ROADEF, SMAT 2021

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0),
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.


https://doi.org/10.1051/ro/2021088
https://www.rairo-ro.org
mailto:idmath26@gmail.com
https://creativecommons.org/licenses/by/4.0

1910 I.P. DEBNATH AND N. POKHARNA

In field of operation research, three kinds of optimization techniques, namely deterministic optimization,
stochastic optimization and interval-valued optimization are mostly used to solve any optimization problem.
Among these techniques, interval-valued optimization is an emerging branch of mathematics which deals with
uncertainty in optimization problem. In an interval optimization problem, uncertainty may appear in the form
of closed intervals either in the objective function or in at least one of the constraints or in both. Various solu-
tion concepts have been introduced for interval-valued optimization problems. Ishibuchi and Tanaka [17] used
UC-nondominated solution concept for an interval valued optimization problem. In this paper, LU-optimality
solution concept is used which was originally defined by Wu [23] and it follows from the concept of a nondomi-
nated solution employed in vector optimization problems.

Recently, many researchers have specifically driven attention towards the study of optimality conditions and
duality results for interval-valued optimization problems under various generalized convexity assumptions. Wu
[23] studied Wolfe-type dual and derived duality theorems for an interval valued optimization problem using
nondominated solution concept [24-26]. Bhurjee and Panda [11] studied whether the solution of an interval
optimization problem exists. Using the concept of generalized preinvexity, Zhang et al. [28] established the
optimality conditions and duality theorems for an interval-valued optimization problem. For an interval-valued
optimization problem, Ahmad et al. [2] obtained optimality conditions and duality results by using generalized
(p,7)-p-(n,0) invexity. Debnath and Gupta [13] derived the Fritz John and KKT optimality conditions for a
nondifferentiable fractional interval-valued programming problem utilizing the concept of LU optimal solution.
For an interval optimization problem with generalized convex function (pseudo-invex function), the sufficient
optimality conditions and duality theorems were investigated by Jayswal et al. [18].

In recent times, many authors have worked in establishing the relation between mathematical problems and
calculus of variation which was first proposed by Hanson [15]. After Hanson’s work, this problem became of
much interest for many researchers and several contributions have been made in this direction. Till the times
when Hanson [16] introduces the concept of invexity, optimality conditions and duality results were proved for
the optimization problems where the functions involved were convex. Hanson was the first to prove optimality
conditions and duality results for a wider class of invex functions. Mond et al. [21] extended this invexity
concept to continuous case and proved duality results for a class of variational problem. Bector and Husain
[8] extended the concept of duality used in vector optimization problem to variational problem. Thereafter,
many researchers derived duality relations for multiobjective problem under generalized invexity assumptions
[1,3-5,8-10,12,19,28].

Optimality and duality have various applications in optimization. They are of interest as they play an impor-
tant role in analysing the behaviour of original problem and also helps in obtaining an optimal solution. Antczak
and Jiménez [4,5] established optimality conditions and duality results for a multiobjective variational prob-
lem utilizing B-(p, r)-invexity and (¢, p)-invexity. Bhatia and Mehra [10] derived optimality and duality results
under generalized B-invexity assumptions. Kim [19] obtained duality results for a multiobjective variational
problem using concept of generalized type I invexity. Mishra and Mukherjee [20] used V-invexity assumptions
to prove various results for a multiobjective variational problem. Ahmad and Sharma [1] discussed the sufficiency
and duality for a multiobjective variational control problem involving (F, «, p, 8)-V-convexity. Aran-Jiménez [6]
provided new pseudoinvexity conditions for a multiobjective variational problem using generalized convexity.
Zhang et al. [27] derived various duality results for a multiobjective variational control problem with G-invexity.
Very recently, Ahmad et al. [3] studied sufficiency and duality for an interval-valued variational problem under
invexity assumption.

In this paper, we consider a class of variational problem where the objective function is interval-valued. Our
main focus is to investigate the optimality conditions and duality results for the considered problem under
B-(p, r)-invexity assumptions. The paper is divided section-wise as follows. In Section 2, some basic definitions
and concepts regarding the interval-valued optimization problem are given. In Section 3, sufficient optimality
conditions for a class of interval-valued variational problem are studied. In Section 4, some duality results for
defined Mond—Weir dual are obtained. Duality results for defined Wolfe dual are established in Section 5 and
finally, in Section 6, we conclude our paper.
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2. DEFINITIONS AND PRELIMINARIES

Let J be the class of all closed and bounded interval [a,b] with @ < b in R. For a closed interval B in R,
using standard notation B = [b%,bY] with b” and bY being the lower and upper endpoints of B, respectively. If
bt = bY = b, then B = [bX,bY] = b is a real number. Let B = [bX,bY] € J and C = [c¢l, U] € J. Then, we have
the following operations of interval analysis by Moore [22]:

(1) B=C = bl =cF and bV = V.

(2) -B={-b:be B} = [be, be].

(3) B+C={b+c:be B,ceC}=[bF+ck ¥ +cY].
(4) A+ B={A+b:be B} =[A+b-X+0bY].

[/\bL7 /\bU] , ifA>0

( [/\bU,)\bL] , ifA<0’

where A is a real number.

For B = [bL , bU] and C' = [CL , CU]7 following ordering relation is used to rank interval numbers:
B =Ly C if and only if| bl < cL,bU <.

It can be easily seen that <py is a partial ordering on J. Further, B <py C if and only if B < C and B # C
or equivalently, B <puy C if and only if:

bl <l pY <Y, or

bl <k bY < Y, or

bl < el bV < Y.

Let R? be the ¢g-dimensional Euclidean space and A = [a,b] be a real interval. We assume that C(A,R?) be

the space of piecewise smooth functions u : A — R? with norm |Ju|| = ||ullco + || Du||co, Where || - || is the
uniform norm and the differentiation operator D is given by z = Du <= u(t) = u(a) + ff z(s) ds, with u(a)
being a prescribed boundary value. Thus, % = D excluding discontinuities.

A function @ : A x R? x R? — J is said to be interval-valued if range of the function is an interval in R such

that ®F (¢t,u(t),u(t)) < ®Y (¢,u(t),u(t)). Thus, an interval-valued function can be written as:
® (t,u(t), (1)) = [F (tult), u(t)), @ (¢, u(t), u(t))]

where u : A — R? is piecewise smooth function of ¢ and «(t) is derivative of u with respect to ¢ and
®L (t,u(t),u(t)) and @Y (¢,u(t),7(t)) are real valued functions.
We denote the first partial derivative of ® with respect to u and @ by ®, and ®,, respectively, such that

s s

6u1 3’[11

o o

duy £
b, = . and &, =

o o

Oug g

Now, we extend the definition of B-(p,r)-invexity for the interval-valued variational optimization case which
was originally defined for a scalar optimization problem by Antczak and Jiménez [5].

Definition 2.1. Assume that ® : A x R? x R? — J be an interval-valued function defined as & (¢,u, ) =
[®L (t,u, 1), ®Y (t,u,1)]. Also, let ¢F ¢V : A x R? x R? — R are continuously differentiable functions. If their
exists real numbers p, r, a function 7 : A x R? x R? — R? with n(t, u(t), a(t)) =0 for all u € C(A,R9) and t € A
with u(t) = @(t) and a function b: C'(A,R?) x C(A,R?) — R;\{0} such that for u € C(A,R?):
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Case (i): if p# 0,7 # 0.

a u dt
and (2~1)
lb(u, —)( (fb<I>U(tuu)dt qu)U( ﬂ)dt)_1>
> L7 (epntun) 0" (®Y (t,a,0) — L (Y (t,a,1))) dt

Case (ii): if p=0,r #0.
%b(u,ﬁ) (6 (f L (t,u,u) dt— fb‘i’L( ﬂ)dt>_1>
> [V (0 (tu, )" (BL (t,a,0) — & (DL (¢,a,1d))) dt,

and (22)
lb(u,ﬂ) ( (f oY (t,u,a) dt— fb@U( ﬂ)dt) _1)
b

Case (iii): if p #0,r =0.

u, 1) (f@ (t,u,0) dt — f oL (t,u, u) dt)
> LY (et 1) (L (¢,a,0) — & (DX (t,a, 1)) dt,
and (2.3)
u, ) (f@ (t,u, ) dtff oY (t,u a)dt)
2%[ (epnit:w®) — ) (Y (t,u,u) — & (Y (t,@,w))) dt
Case (iv): if p=0,r =0.
b(u,ﬂ)(f(I) (tu, 1) dt — [ L (¢ aa)dt)
> [0 (n(tua) " (RL (ta,4) — & (P (t,a,7))) dt,
and (2.4)
bw3)

) (fyoV (tu, i) dt - [ @Y (t,a,1) dt)
b — =

> [ (n (t,u,u)) (<I>U (t,a,u) — % (<I>[,] (t,u,u))) dt.

Then, ® is said to be B-(p,r)-invex funciton with respect to n at @ in C'(A,RY).

Definition 2.2. The function ® is said to be strict B-(p, r)-invex function with respect to n at @ in C'(A,RY),
if all the inequalities (2.1)—(2.4) in the Definition 2.1 are strict inequalities.

Example 2.3. Let A = [0,1] and C(A, [0, 1]) be the space of all piecewise smooth functions u : A — |0, 1]. Con-
sider the interval-valued function ® : Ax[0,1]x[0,1] — J, ¢ (¢, u(t), u(t)) = [ (¢, u(t), w(t)), oY (¢, u(t),u(t)) ],
where ¢¥ and ¢V are continuously differentiable functions, as follows:

D (t,u,u) = [u2+1,u2+2u—|—5].

Let n: A x [0,1] x [0,1] — R and b: C(A, [0,1]) x C(A,[0,1]) — R \{0} be given by n (t,u,u) = +(a* — u?)
and b(u, @) = u@ + 9, respectively. Then, the function ¢ defined above is B-(4,3) invex at @ = 0.
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Consider the following interval-valued variational problem, in which the state vector u(t) travels from a

defined initial state u(a) = v to some defined final state u(b) = ¢ in such a manner so that a given functional
can be minimized:

b
(IVP) min/q>(t u(t), i(t)) dt =

/@L(m() <>>dt/<I>U(tu<> <>>dt]

subject to

u(a) =, u(b) =4,
h(t,u(t),u(t)) <0,t €A,

where @ : A x R? x RY — J is an interval-valued function and ®%, ®Y : A x R? x R? — R are continuously
differentiable function and A : A x R? x R? — R* is continuously differentiable s-dimensional function.
Let w denotes the set of all feasible points of the interval-valued variational problem. Then

w={ueCARY) ula)=~uld)=95 and h(t,u,u) <0,t € A}.

Definition 2.4. Let @ € w be a feasible point of the problem (IVP). Then, @ is said to be an LU optimal point
of (IVP), if there exists no feasible point u € w such that

b b
/ P (t, u, ’LL) dt <ru / P (t, u, ’EL) dt.

3. OPTIMALITY CONDITIONS

In this section, we give the necessary and sufficient optimality conditions for the considered interval-valued
variational problem (IVP). Throughout the paper, all the proofs are presented for the p # 0 and r # 0 case of
B-(p, r)-invexity. The proofs for the other cases of B-(p,r)-invexity can be completed in same lines.

Theorem 3.1 (Necessary conditions). Let @ be an LU optimal point for the (IVP) and assume that Kuhn—
Tucker constraint qualification is satisfied at . Then, there exists piecewise smooth functions o : A — R? o(t) =
(oL (t),aY(t)) > 0,0 #0 and & : A — R, £(t) > 0, such that

ol ®L (t,u,u) + oV OY (t,u, 1) + £ hy (t,ﬁ )

u

Theorem 3.2 (Sufficiency). Let @ be a feasible point for (IVP). Assume that there exists piecewise smooth
functions o : A — R% o(t) = (c&(t),0Y(t)) > 0,0 # 0 and £ : A — R% £(t) > 0, such that the following
conditions

oldL (t,a, 1) + VY (t,u,u) + T hy (t,0,0) = {aL@L cu,1) + oV @Y (t,u,u) + EThy (tu,u) ), (3.1)
ETh (t,u,u) = O,t €A, (3.2)

hold. Further, assume that ® is strictly B-(p, r)-invex function with respect to n at 4 on w and £Th is B-(p,7)-
invex function with respect to same n at @ on w. Then, @ is an LU optimal point for (IVP).

Proof. Assume that « is not an LU optimal point. Then, there exists another feasible point w such that

b b
/@(t,u,u) dt <LU/ ® (t,u,u) dt.
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This means
[P DL (tyu, i) dt < [P DL (¢, @, 1) dt

[P DY (t,u,a) dt < [0 OV (t,a, 1) dt

or
f(IDLtuudt<f<I>L , U, U) dt 53)
3.3
[P DY (t,u,q) dt < [0 OV (t,a, 1) dt
or
[P ok (tyu,a) dt < [0 OF (t,a,a) dt
fa OY (t,u, 1) dt < fa Y (t,u,u) dt.
From feasibility of u for (IVP) with hypothesis (3.2) of Theorem 3.2, it implies that
b b
t,u, ) dt < t,u,u) dt. .
Th 1) d Th d 3.4
a a

By assumption @ is strictly B-(p,r)-invex function with respect to 1 at @ on w. Then, by Definition 2.2, we
have

R e e R N P (e 1) (ki) - 5 (08 () )

P dt
(3.5)
and
. Y b — T
lb(u, ’17,) (er(f:q)U(t,u,u) dt—f: @U(t,u,u) dt) _ 1) > 1/ (epn(t,u,u) _ 1) <q)g (t7 ﬂ, ’U/) _ % ((I)g (t, ﬂ, U))) dt.
r P Ja
(3.6)
Also, ¢Th is B-(p,r)-invex function with respect to 1 at @ on w. Thus, following inequality holds
lb(u,ﬂ) (er(f: €T h(tu,i) dt— [P €T h(ta,d) dt) _ 1)
,
1 b _ T . d .
S 2 pn(tu,a) _ | Tha (t, 4,1 Thy (t,a,%)) ) dt. 3.7
_p/a (e ) (5 (1, ) = 7 (€7 hi (¢, 9,9)) (3.7)

Taking into account that b(u, @) > 0 and combining (3.3) and (3.5), (3.3) and (3.6), (3.4) and (3.7), respectively,
we obtain

b
%/ (e”’?“’“ﬂ) - 1)T <<1>5 (t,a,) — % (DL (¢, 7 a))) dt <0 (3.8)
1 b . .. d .
5/(1 (epﬁ(t,u,u)_l) (@U( i, 1) — a(<I>f{ (t,mu))) dt <0 (3.9)
1/t . . d .
= (et YT (T hy (ta,h) — — (E7hg (t, 4,1 : :
D[t ) (¢ i) - 5 (€M ha ) ) ar <o (310)

Multiplying (3.8) by o, (3.9) by ¢V and then adding both sides of resultant inequalities and (3.10), we have

d ((c" @k + oV oY + ¢ hy) (t,u,1)) | dt <0,

,/a (emtewsm 1) [(0 OL + 0Vl +€The) (1w, i) — 4

p
which is contradiction to (3.1). Hence, @ is an LU optimal point of (IVP) and this completes the proof. (]
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Example 3.3. Let A = [0,1] and C(A, [0, 1]) be the space of all piecewise smooth functions v : A — [0,1].
Consider the following interval-valued variational problem:

1 1 1
(P1) min/ O (t,u, 1) dt = [/ (u® + e2“)dt,/ (u® + e +5) dt
0 0 0

subject to
u(0) =0,u(l) =1,
u—2In(u+1) <0,t €A

From the formulation of (P1) it is clear that, ¢ (t,u,u) = (u® + €2*), ¢V (t,u,4) = (u® + ** + 5) and
h(t,u, @) =u—2In(u+1).

Let w={u € C(A,[0,1]) : u(0) = 0,u(1) = 1,u — 2In(u + 1) < 0,t € A} be the feasible set for (P1). Then,

u = 0 is a feasible point for (P1) and the function ¢ is an interval-valued function.
We check hypothesis (3.1) of Theorem 3.2 holds at @ = 0:

. . d : . .
ol oL (t,u,u) + oV Y (t, 4, 0) + T hy (¢, @, 0) — " {o"®k (t,a,4) + oV @Y (t,a, ) + £ hy (t,4,G)} = 0.
= 20t + 20V =¢.

From this, let 0% = 1/4,0Y =1/4,¢ = 1.
Next, we check hypothesis (3.2) of Theorem 3.2 holds at @ = 0:

Let n: A x[0,1] x [0,1] = R and b: C(A,[0,1]) x C(A,[0,1]) — R \{0} be defined as n (¢, u, @) = 2sin(u — @)
and b(u, u) = uu + 2, respectively.

Now, we check whether the function ® is strictly B-(p,r)-invex and ¢h is B-(p,r)-invex at 4 = 0!

Here, computations are presented for function ¢*:
Case (i):p=1/2,r =2.

Loy (o (JRet () di— [ ©F (a,i) dt)
Tb(u,u) (e 0 - 1)

1 1 B T . d .
_ 1 (tou,m) _ Lt a i) — — (L (t. 4.4
p/o (em u,a 1) <‘I)a (t,a, 1) I ((I)a (t,u,u))) dt,

= L e ) (AU a1 ) )
1/t it g d
_ T/Q/ (6(1/2)(2 sin(u—u)) _ 1) (3u2 4268 — dt(o)) dt,
0
1
_ (eQ(fol(u3+e2u_1)dt) _ 1) _ 4/ (esin(u) _ 1) dt > 0.
0
Case (ii): p=0,r = 2.

lb (u, @) (er(foléL(t,u,u) dt— [} o (t,a,a) dt) _ 1)
,
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1
= (ez(fol(ug‘*‘em—l)dt) - 1) - 4/ sin(w) dt > 0.
0
Case (iii): p=1/2,7 =0.
1 1
(/ (t, u, 1) dt—/ @L(t,u,u)dt>
0 0
1 ! u, T = = d T
5/ epn(t ) _ 1) (q)é (t,u, 1) — T (@5 (Lu,u))) dt,
1 .
2/ w4 e 1) dt—4/ (em(u) —1) dt > 0.
0 0

Case (iv): p=0,r =0.

1 1
= / (u® +e* —1) dt — 4/ sin(u) dt > 0.
0 0

It is clear from cases (i) to (iv) that function ¢* satisfy condition of strict B-(1/2,2)-invexity with respect to n
at % = 0. Now, to show that function ¢ is strict B-(1/2,2)-invex function, we have to show that ¢V also satisfies
the conditions of Definition 2.2. For this, we have listed the calculations of all four cases for function ¢U in
Table 1. Then, from calculations of ¢* and ¢Y, it is clear that function ¢ is strict B-(1/2,2)-invex function with

respect to n at u = 0.

Again, all four cases for £h have been listed in Table 1 and it can be seen that &h is B-(1/2,2)-invex with

respect to n at u = 0.

Next, we prove that @ = 0 is an LU optimal point for (P1). If possible, suppose @ = 0 is not an LU optimal

point for (P1), then there exists another feasible point v € w such that

1 1
/ D (t,v,0) dt <Ly / D (t,u,u) dt.
0 0
Then, at & = 0 this means
[y ®L (t,0,9) dt < 1
[y @Y (t,0,0) dt < 6

or
) ®L (t,0,0) dt < 1
[y @Y (t,0,0) dt <6

or

Jy @ (t,v,0) dt < 1
[ ®Y (t,v,) dt <6.
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TABLE 1. Resultant inequalities for functions ¢V and &h.

- u 1 "
p=1/2,r=2 (62101(“2+62 —1)dt _ 1) - 4/ (™™ —1)dt >0
0
w 1
p=0,r=2 (le‘)l(“2+e2 —)d 1) - 4/ sin(u)dt > 0
o X

1 1
p=1/2,r=0 2/ (u® + e —1) dt74/ (e —1)dt > 0
0 0

1 1
p=0,r=0 2/ (u2—|—62“—1)dt—4/ sin(u) dt > 0
0 0

T
p=1/2,r =2 (e"’fol(“*““““”dt - 1) + 2/ (™™ _1)dt >0
0

1
p=0,r=2 (62f&<u—21n<“+1>>df _ 1) + 2/ sin(u) dt > 0
0
¢h
1 1
p=1/2,r=0 2/ (u—2In(u + 1)) dt+2/ (e —1)dt >0
0 0

1 1
p=0,r=0 2/ (quIn(u+1))dt+2/ sin(u)dt > 0
0 a

But there does not exists any other feasible point v such that
1 1
/ D (t,v,0) dt <Ly / O (t,u,u) dt.
0 0
Hence, 4 = 0 is an LU optimal point for (P1) and thus sufficiency theorem is verified.

4. MOND-—WEIR TYPE DUALITY

We present the Mond—Weir type dual for the considered (IVP) as follows:

b b b
(IMD) max/q)(t,v,i;) dt = /<1>L (t,v,0) dt,/ ®Y (t,v,0) dt

subject to
v(a) =v,v(b) =6,
ot @y (t,v,0) + 0@ (t,0,0) + € hy (t,0,0)

d
= 5 o (t0,0) + 0@ (8,0,0) + € hy (1,0, 0)

b
[ oo zoten,

o= (ot d")>0,0#0,6>0.

1917

|

b (4.1)

Let wyp denotes the set of all feasible points of (IMD). Then, wyp = {(v,0,€) : v € C(A,R?),0 € R? £ € R?,

satisfying the constraints of (IMD), Vt € A}.
We denote the set W = {v e C(A,R?): (v,0,§) €Ewmp} and Q =w U W.
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Definition 4.1. A feasible point (7,5,¢) is said to be an LU optimal point of a maximum type for (IMD), if
there exists no feasible point (v, 0, ¢) such that

b b
/(I)( 1_)1_)) dt<LU/ D (t,v,0) dt.

Theorem 4.2 (Weak duality) Let u and (v,0,&) be any feasible points for (IVP) and (IMD), respectively.
Assume that o = (o,0Y) > 0, ® and ¢T'h are B-(p,r)-invex functions with respect to same n at v on §). Then,
the following can not hold

b b
/ P (t, u, u) dt <ru / P (t, v, ’U) dt.
a a

Proof. Suppose that the following hold

b b
/ B (t,u, ) dt <LU/ ® (1,0, 0) dt.
Then, this implies
[P DL (tyu, i) dt — [P L (t,0,0) dt < 0

f@Utuu dt — f@Utvv)dt<O

or

[P RL (t,u, i) dt — [P (t,0,5) dt <0
[P DY (t,u,a) At — [P @V (t,0,0) dt <0
or
[P oL (t,u, i) dt — [P DL (t,0,5) dEt < 0
[PV (tu,a) dt — [PV (t,0,5) dt < 0.

The above inequalities are further equivalent to

fb<I>L(tuu)dt beL tvv)dt) _1) <0

{( Y(tu,n)dt—f2 oY (tw,0) dt) _ 1)<0
o (e (fP@r (t,u,u) dt— fbchtvv)dt)_l)<0

{(e (SPoU (tu,n) dt— [P Y (tw,0) dt) _ 1)<0
or

(e (SPor (t,u,u) dt— [P F (tw,) dt) _ 1) <
(e r(fPeY (tu,i) dt— [ @Y (t,0,0) dt) _ 1) <0.
Since, (o, oY) > 0, the above inequalities implies
( r( [P (tou,a) di— [0 ®F (tw,0)dt) _ 1) +oU (er(ff Y (tyu,i) di— [ @7 (t,0) dt) 1) < 0. (4.3)

From the feasibility of u for (IVP) and from the feasibility of (v, o, &) for (IMD), it follows that

b b
/fTh(t,u,u) dtg/ ETh (t,v,0) dt
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Then, the above inequality implies that
(er(f:ETh(t,u,u) dt— [P €T h(tw,0) dt) _ 1) <0. (4.4)
On adding both sides of (4.3) and (4.4), we get
oL (er(fféL(t,u,u) dt—[° &% (t,v,0) dt) _ 1) + oV (er(fj L (t,u,0) dt— [0 L (t,v,0) dt) _ 1)

N (er(ﬂ) €T h(t,u,i) dt— [ €T h(t,v,0) dt) _ 1) < 0. (4,5)

From assumption that ® is B-(p, r)-invex function with respect to n at v on €. Then, we have the following

1 . ) 1 [t T
;b(u,v) <er(f:<pL(t,u,u) dt—[? ®% (tw,0)dt) _ 1) > ];/ (epn(t,u,v) _ 1) (@5 (t,v,0) — % (@5 (t,v,i;))) dt
(4.6)
and
1 . . 1 [t T
;b(u, 1}) (eT(f{f@U(tﬂL,u) dt—f: <I>U(t,1)7v) dt) _ 1) > 1;/ (epn(t,u,v) _ 1) <(I)1[)] (t’ v, 1]) _ % (q)g (t,?], U))) dt.
(4.7)

Also, £T'h is B-(p, r)-invex function with respect to same 7 at v on €, which implies

1 . . 1 b T d
fb(u,v) (er(ff fTh(t,u,u) dt*f: ETh(t,v,’U) dt) _ 1) > ;/ (epn(t,u,v) _ 1) (é-Th'u (t/l)/[)) _ & (é—Thi) (t,’l),’[)))) dt.

r
(4.8)
Multiplying (4.6) and (4.7) by o* and ¢V and adding resultant inequalities, we have
lb(u v) [UL (er(f;<1>L(t,u,u) dt— [ oE (tw,0)dt) _ 1) Lol <er(f:<1>L(t,u,u) dt— [ o5 (twp)dt) _ 1)}
r b
1 ’ pn(t,u,v) T LgL UsU . d L& L UsU 3
> > (e ) — 1) (c"®) + V@) (t,v,0) — T ((c"®y + o @) (t,0,0)) | dt. (4.9)
Adding both sides of (4.8) and (4.9) and from the feasibility of (IMD), we have
lb(u, 1)) {O'L (er(fnééL(t,u,u) dt—f;7 @L(t,v,ij)dt) _ 1) + O'U (er(f:CDL(t,u,u) dt—f:‘i’[‘(t,v,@)dt) _ 1)
T
n (er(f: €T h(t,u,u) dt— [P €T h(tw,0) dt) _ 1)] >0, (4.10)
which is contradiction to (4.5).
Hence, f:@ (t,u,u) dt <Ly f:fb (t,v,v) dt can not hold. O

Example 4.3. Let A = [0,1] and C(A, [0, 1]) be the space of all piecewise smooth functions v : A — [0, 1].
Consider the following interval-valued variational problem:

(P2) min/olcb (t,u,w) dt = UOI (2u® + In(u+ 1)) dt, /O1 (2u® +€e*) dt}

subject to
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u? —u <0,t €A,

Let w = {u € C(A,[0,1]) : u(0) = 0,u(1) = 1 and u?>—u < 0,t € A} be feasible set for (P2). From the formulation
of (P2) and definition of interval-valued function, it is clear that, ¢* (¢,u, 1) = 2u® + In(u + 1), ¢V (t,u, 1) =
2u? + e and h (t,u,0) = u® — u.

The corresponding Mond—Weir-dual is

1 1 1
(MD) max/ ® (t,v,0) dt = [/ (20® +In(v + 1)) dt,/ (20* +¢") dt}
0 0 0
subject to
v(0) =0,v(1) =1,
vP—v<0,t €A,

1
L U v
4dv 4+ + dv+e’)+£2v—-1)=0.
a<v ” 1) c’(dv+e’)+€R2v—-1)=0
At v =0,

ol 4+ oY —¢=0,
— ol =1/4,0Y =3/4,6 =1,

/15(15)(@2 —0)dt >0,t € A.
0

From the formation of Mond-Weir-dual it is clear that, ¢* (¢,v,%) = 202 4+ In(v + 1), ¢V (t,v,9) = 20% + €’
and h (t,v,9) = v? — v. Let wyp be the feasible set of (MD). wyp = {(v,0,¢&) : v € C(A,[0,1]),0 € R2, ¢ € R,

satisfying the constraints of (MD), ¢ € A}. Then, we denote the set W = {v € C(A,[0,1]) : (v,0,§) € wup}
and Q =wUW.

We observe that (v(t),o(t),&(t)) = (0,(1/4,3/4),1) is a feasible point for (MD) and objective value at this
feasible point is [0,1]. Also, u(t) = t is a feasible point for (P2) and the corresponding objective value is
[1.05,2.38].

Let n: Ax[0,1]x[0,1] = Rand b: C(A,0,1]) x C(A,[0,1]) — R \{0} be defined as n(t, u,v) = In(1+u—v)
and b(u,v) = uv + 1, respectively.

Neat, we show that ¢ and Eh are B-(p,r)-invex function at v = 0 with respect to above defined 7).
We check for function ¢” as follows:

Case (i): p=1,r=1/3.

1 r(fl'ibL(t,u,iL) dt— L el (t,v,0) dt) 1 ! pn(t,u,v) T L . d L .
;b(u,v) (e 0 0 - 1) ) (e - 1) O (t,v,0) — T (@F (t,v,0)) ) dt,

E

! T 1 d
- n+u=v) 1) (4o 4+ —— — —(0) ) dt
/0 (e ) (”+v+1 ' )> ’

1
_3 (6(1/3)(f01(2u2+1n(u+1))dt) B 1) _ /
0

1 (UU + 1) (6(1/3)(f01(2u2+1n(u+1)) diﬁ—fo1 (2U2+ln(v+l))dt) _ 1)

Case (ii): p=0,7 = 1/3.

]. 15 L . 1 5L . 1
“b(u,v) (o7 Ue* st aiff @ i) ae) _q) /O (n(t,u, )" (@5 (t,0,9) - % (2% (t,v,i)))) dt,
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TABLE 2. Resultant inequalities for functions ¢V and &h

1
p=1,r=1/3 3(6%/3(2“ +e—1)at —1)—/ wdt >0
0

1
p=0,r=1/3 3 (e%fol(%ueufl) _ 1) - / In(u+1)dt >0
0

U
¢ 1
p=1r=0 / 2u + e 71) dtf/udtzo
0 0
1 1
p=0,r=0 (2u +e'—1) - /ln(u—i—l)dtZO
0 0
T
p=1,r=1/3 3 e%fol(“*”) 71)+/udt20
0
Lot 1
p:O,T’:l/3 3<e§ (u2_’u,) dt—l)—F/ 1n(u—|—1)dt20
0 0
¢h

1 1
p=0,7=0 / (u27u)dt+/ (In(u+1))dt >0
0 0

1
=3 (/DU CutrinCurar) _ ) / In(u + 1) dt > 0.
0

Case (iii): p=1,7 = 0.

1 1 1 /1 T d
bu, v) (/ @L(t,u,v)dt—/ F (t,v,0) dt) 77/ (em“’“’” —1) (@5 (t,v,0) — — (®F (t,v,i)))) dt,
0 0 pJo de
1 1
:/ (20 + In(u + 1)) dtf/ udt > 0.
0 0

Case(iv): p=0,r = 0.

b(u, v) </01<1>L (t,u, ) dt — /Olch (t,0,0) dt) - /01 (n(t,u,0))7 (cpg (t,0,0) — % (®F (t,v,@))) dt,

1
:/ 2u?dt > 0.
0

It is clear from cases (i) to (iv) that function ¢ satisfies the conditions of Definition 2.1. Next, to show that
¢ is B-(1,1/3)-invex funciton, ¢ and ¢V must be B-(1,1/3)-invex function.We have listed the calulations of
all four cases for function ¢V and &h in Table 2. It implies from Table 2 that ¢ is B-(1,1/3)-invex function with
respect to 1 at v = 0. Again from Table 2, it can be seen that h is B-(1,1/3)-invex with respect to n at v = 0.

Moreover, u(t) = t and (v(t),o(t),&(t)) = (0,(1/4,3/4),1) are the feasible points for (P2) and (MD), then

we observe that )

1
/ B (tua)dt £ | ®(tv,0) dt.

0 0
Hence, the weak duality theorem is verified.
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Theorem 4.4 (Strong duality). Let @ be an LU optimal point for (IVP) and further, assume that Kuhn—Tucker
constraint qualification is satisfied at w. Then, there exists piecewise smooth functions ¢ : A — Ri,& # 0 and
& A — R € >0 such that (a,d,£) is a feasible point for (IMD) and the objective function of (IVP) and (IMD)
have the same value at @ and (U,,€), respectively. If the hypotheses of weak duality theorem are satisfied for

all feasible points (v,5,E), then (4,7,£) is an LU optimal point for (IMD).

Proof. Since u be an LU optimal point for (IVP), then by Theorem 3.1, there exists piecewise smooth functions
g:A—R3,6#0and £: A — R, € >0 such that:

. d . . .
t, @, 1) = o {eEok (t,u,q) + V@Y (t,u,1) + T hy (t,a,0)},
ETh (t,u,u) = 0,t € A.

Hence, it follows that (@,d,£) is a feasible point for (IMD) and corresponding objective function of (IVP) and
(IMD) are equal at @.

Next, if possible, assume that (%,7,¢) is not an LU optimal point for (IMD). Then, there exists another
feasible point (7,7,€) €  such that

b b
/ ¢ (t,u,u) dt <LU/ ¢ (t,0,0) dt. (4.11)

Since @ and (v,7,&) are the feasible points of (IVP) and (IMD), respectively, and all the hypotheses of weak
duality hold for all feasible points (7,7, &), then from the weak duality theorem 4.2, we have

a a

which contradicts (4.11). Thus, the proof. O

Theorem 4.5 (Strict converse duality). Let @ and (v,5,&) are the feasible points of (IVP) and (IMD), respec-
tively, such that

b b
/ O (t,u, 1) dt:/ ® (t,v,7) dt. (4.12)
Further, assume that ® and £*h are strictly B-(p,r)-invex at v on 0 with respect to . Then, & = v and v is

the LU optimal point for (IVP).
Proof. Suppose contrary to the result that @ # . From (4.12), we have
[P oL (t,u, i) dt — [P DL (t,0,5) dt =0
[PV (t,a,a) dt — [PV (t,9,5) dt = 0.
From the above inequalities following holds

er(f:@L (t,3,%) dt— [P @ (t,5,5) dt) _ 1

?

and
er(f(féU(t,a,a) dt— [PV (t,9,5) dt) _ 1.

Since (7%,5Y) > 0, the above equalities implies that

5L (er(ffch(t,a,ﬁ) dt—[Por (t,5,0)dt) _ 1) —0 (4.13)

3
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and b . b .
o (e (U2 () oo (o) a0) _ 1) (4.14)

From the feasibility of @ for (IVP) and (7,7,&) for (IMD), we get

b b
/é%@mmds/é%wam&

That is B B
(e nirma)am oo d)ar) 1) <, (4.15)

Adding both sides of (4.13)—(4.15), the following inequality hold
5L (er(ffch(t,ﬁ,ﬁ) dt—fPor (t,0,6)dt) _ 1) 1 gV (er(ffch(t,a,ﬁ) dt—fPoY (t,0,5)dt) _ 1)

+ (er(f;{Th(t,a,ﬁ) dt—[P€Th(t,5,0)dt) _ 1) <. (4.16)

From assumption that @ is strictly B-(p,r)-invex function with respect to n at v on Q. Then, we have the
following

L _ r( ool (ta,a)dt—[° oL (t,0,5 I L, D T - d .
~b(a,7) (e (Joo (tui)di— [ & (t,0,0) dt) _ 1) > ];/a (ep"(f’ ) _ 1) (@5 (t,9,0) = & (of (t,v,v))) dt
(4.17)
and
Lo a(fPY (na) di— P oY (155) dt) 1/b oty 1\ (o0 (550 L (@l (g n s
rb(um) (e 1) > o) (e 1) o (t,0,0) & (@Y (t,0,0)) ) dt.
(4.18)

Also, T h is strictly B-(p,r)-invex function with respect to 7 at v on €, which implies
Lo, ) (erUaemm(emd)amfz€n(enn)an) _ ) 1 /b G 1)T Ehy (t,0,5) — & (€7hs (t.5,9)) ) dt.
r b p . ? ) v ) 9
(4.19)

Multiplying (4.17) by &% and (4.18) by &V, respectively and adding both sides of resultant inequalities, we
obtain

%b(a, %) |f_)_L (er(fjch(t,ﬁ,ﬁ) at— [P oL (t,5,5)dt) _ 1) LU (er(fféu(t,ﬂ,ﬁ) dt— [P Y (t,0,5)dt) _ 1) 1

b T
> %/ (emt,a,@) - 1) ((aLtbﬁ +0" @) (t,0,7) - % ((c"@k + oV Y) (t,@,é))) dt. (4.20)

Adding both sides of (4.19) and (4.20) and using (4.1), we get the following

%b(’,@) [UL (er(fabd)L(t,ﬂ,ﬁ) dt— [P % (t,,6) dt) _ 1) +5Y (er(f;@U(t,a,ﬁ) dt— [PV (t,5,5)dt) _ 1)

)

4 (erUreTn(em) de= 2 (tod) ) 1>] 70
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which is contradiction to (4.16). Thus, @ = v.
Next, assume that ¥ is not an LU optimal point for (IVP). Then, there exists another feasible point u € w
such that

b b
/ & (t,u,a) dt <LU/ ¢ (t,v,0) dt. (4.21)

Since u and (v,7,€) are the feasible points of (IVP) and (IMD), respectively, then from the weak duality
Theorem 4.2, we have

b b
/ & (t,u, ) dt 7éLU/ ¢ (t,0,0) dt,

which contradicts (4.21). Thus, ¢ is an LU optimal point for (IVP) and this completes the proof. O

5. WOLFE-TYPE DUALITY

We present the Wolfe-type dual for the considered (IVP) as follows:

b
(TWD) max / (@ +€7h) (t,0,9) dt
subject to
v(a) =v,v(b) = 4.
ot @y (t,v,0) + 0V (t,0,0) + T hy (t,0,0)
d
= {0707 (t0,0) + oY@ (8,0, 0) + £ i (t,0,9) |, (5.1)

o= (ot od")>0,6" +cV =1,£>0.

where ,

/b(cb +&Th) (t,v,9) dt = {/b(@L +£&Th) (t,v,0) dt,/ (®Y +€Th) (t,v,0) dt

is an interval-valued function.
Let Qwp = {(v,0,€) : v € C(A,RY),0 € R?, ¢ € R®, satisfying the constraints of (IWD), V¢t € A} be the set
of all feasible points of (IWD).

Definition 5.1. Let (7,5,£) be a feasible point of the dual problem (IWD). Then, (7,4,&) is an LU optimal
point of the dual problem (IWD) if there exists no (v, 0,£) such that

b b
/(@ (t,5,5) + E7h (t,5,5)) dt <LU/ (@ (t,0,) + TR (¢, v, 0)) dt.

Theorem 5.2 (Weak duality). Let u and (v,0,£) be the feasible points for (IVP) and (IWD), respectively.
Assume that o = (o, 0Y) >0, o + 0¥ =1, €7 > 0 and ® + £Th is B-(p,r)-invex function with respect to n
at v on Qwp. Then, the following can not hold

b b
/ ® (1,0, ) dt <LU/ (@ (0, 0) + ETh (1 v, 0)) dt.

Proof. Suppose contrary to the result that

b

b
/ B (t,u, i) dt <LU/ (@ (t,0,8) + €T (£, v, 0)) dt.

a
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From (IVP), h (t,u, 1) dt <0 and h is continously differential function. Moreover, £ > 0 then we have

b
/ ETh (t,u,n) dt <0.
Then, it follows that
J2(@ (tyuy i) + ETh (8w, @) dE < [2(DF (8,0, 5) + ETR (t,0,0)) dt
J2@Y (8, u, i) + TR (tu, i) dt < [P(DY (t,0,0) + ETh (t,0,6)) dt

or
J2@ (t,uy i) + €T (tu, ) At < [(RE (tv,9) + ETh (10, 6)) dt

J2@Y (8, u, i) + TR (t,u, i) db < [P(@Y (t,0,0) + ETh (t,0,5)) dt

or

J2@F (8, u, i) + ETh (tyu, ) dt < [D(BL (t,0,9) + ETh (t,v,)) dt
[2@U (tyu, @) + TR (tu, i) At < [2(@Y (t,0,9) + ETh (t,v,)) dt.
We can equivalently write the above inequalities as

(6r(f:(¢L+§Th)(t,u,tl) dt— [P (@L+€Th) (tw,0) dt) _ 1) <0

(er(f;(q>U+§Th)(t7u,1l) dt— [P (@Y +£Th) (tw,0) dt) _ 1) <0
or

(erU @t semmemi i f (e +em)0edar) _ 1) < g

(er(f;(<1>U+fTh>(t,u,u) dt— [P (@ +€Th) (tw,0) dt) _ 1) <0
or

(er(fj(¢L+gTh)(t,u,a) at— [P (@F+£Th) (tv,0) dt) _ 1) <0
(er(f:(<1>U+§Th)(t,u,u) dt— [P (@Y +€Th) (t,v,0) dt) _ 1)
Since (of, oY) > 0, the above inequalities implies that

oL (er(fj(chJrgTh)(t,u,u) dt— [P (@F+ETh)(t,v,0) dt) _ 1) 1oV (6r(f:(<I>U+§Th)(t,u,vl) dt— [P (@Y +£Th)(tv,0) dt) _ 1) < 0.

(5.2)
From assumption ® + ¢7'h is B-(p, r)-invex function with respect to n at v on €2, we have the following
lb(u v) (er(fj(@LJrgTh)(t,u,u) dt— [P (DE+ETR) (tw,0) dt) _ 1)
r )
I T d
zf/(wwmfﬂ Q%+€mwwm&«%+€mm%mﬁw, (5.3)
PJa

and
lb(u v) (er(f:(‘i’U—&-{Th)(t,u,u) dt— [ (U +€TR) (tv,0) dt) _ 1)
r

> ]17/: (epn(t%”) - 1)T ((@UU +&Thy) (t,v,0) — % (@Y +¢"hy) (t,v,i;))) dt. (5.4)
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Multiplying (5.3) by o and (5.4) by oV, respectively and then adding the resultant inequalities with the fact
that oL 4+ oV =1 and using (5.1), we obtain

ib(u,v) (er(f:(¢L+£Th)(t,u,u) dt— [P (@L+€Th) (tw,0) dt) _ 1)

,

+ Zpfuyo) (e UL e (TR ) 1) >,
s >

Since b(u,v) > 0, the above inequality yield
oL (er(f:(q>L+§Th)(t,u,a) dt— [P (@ +£TR) (tv,0) dt) _ 1)

LoV (er<f:(<1>U+fTh)(t,u,u) dt— [P (@U+£ETh)(t,0) dt) _ 1) >0

)

which is contradiction to (5.2). Hence, the proof is complete. O

Example 5.3. Let A = [0,1] and C(A, [0,1]) denotes the space of all piecewise smooth functions u : A — [0, 1].
Consider the following interval-valued variational problem

(P3) min/ol@(t,u,u) dt = Uol(zﬂ —2u+3)dt,/01(u2 —3u+5)dt}

subject to

Let w = {u € C(A,[0,1]) : w(0) = 0,u(l) =1 and 2(u — 1) < 0,t € A} be the feasible set for (P3). From
the formulation of (P3) and definition of interval-valued function, it is clear that, ¢¥ (t,u,%) = u® — 2u +
3,0V (t,u,7) =u? —3u+5 and h (t,u,d) = 2(u — 1).

The corresponding Wolfe type-dual is

(WD) max/o (D +&h) (t,v,0) dt = {/0 (v* —2v+43) +2¢(v—1)) dt,/o ((v* = 3v+5) +2¢(v — 1)) dt|,
subject to
v(0) =0,v(1) =1,
2v—1) < 0,t € A,
ol(2v—2) + oY (20— 3) +2¢ = 0.

At v =0,
—20% —30Y +2¢6 =0.
= ol =1/2,0V =1/2,6 =5/4.
/012§(t)(v— 1)dt > 0, € A.
Then,

/01(<I>+§h)(t,v,iz) dt = [/01 <v2+;+;) dt,/ol <v2—"2’+2> dt]
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+3).

(8 + €h) (t,v,0) = <v2+),

From the definition of interval-valued function it implies that

l\)\@
l\')\)—l

(¢* + Eh (t,v,0) = <v +

and

N <
N Ot

Let wwp be the feasible set of (WD). wwp = {(v,0,€) : v € C(A,[0,1]),0 € R? ¢ € R, satisfying the
constraints of (WD), ¢ € A}. Then, we denote the set W = {v € C(A,[0,1]) : (v,0,{) € wwp} and @ =w U W.

We observe that (v(t),o(t),&(t)) = (0,(1/2,1/2),5/4) is a feasible point for the considered Wolfe type dual
and objective value at this feasible point is [0.5,2.5]. Also, u(t) = t3 is a feasible point for the primal problem
and the corresponding objective value is [2.64, 4.39].

Let n: Ax[0,1]x[0,1] — [0, 1] defined as n(t,u,v) = In(1+u—wv), and b : C(A,[0,1]) x C(A,[0,1]) — R \{0}
be defined as b(u,v) = uv + 1.

Next, we show that ¢ + £h is B-(p,r)-invex function at v = 0 with respect to above defined 7.
First we calculate four cases for function the ¢ + £h as follows:
Case (i):p=1,r=3.

%b(u,v) (er(f01(¢L+§h)(t,u,u) dt— [} ($7+€h) (tv,0) dt) _ 1)

1
_ 1/0 (el)n(t,u,v) _ 1)T ((¢5 + &hy) (t,v,0) — % ((¢F + €hy) (t, v, @))> dt,

p

1
R e R B o C B i (A

0
1 3f1(u2+l)dt 1 !
= — i > 0.
3(6 0 2 1) 2/, udt >0

Case (ii): p=0,r = 3.

(fo (d"+eh) (tyua) dt— [} (¢%+€R) (tv,0) dt) _ 1)
t

we) (¢
/ wo)" (05 +.6h0) (1.0.0) — 5 (6 +6hs) 0, )

1

10,2, u 1
(e3fo (u+3)dt _ 1) — 7/ In(u +1)dt > 0.
2Jo

w| =

Case (iii): p=1,r =0.

b(u,v) (/ (¢" +&h) (t,u,0) dt — /01 (¢" + €h) (t,v,7) dt)
_ 1/01 (epna,u,v) _ 1)T <(¢>5 +Ehy) (t0,8) — % (6% + ¢hy) (t,zm')))) dt,

p

1
:/ w?dt > 0.
0
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TABLE 3. Resultant inequalities for functions ¢V + &h

p=1r=3

oV + £h

Case (iv): p=0,r =0.

1
0

b(u,v) (/01 (¢" + €h) (t,u,u) dt — / (¢" + €h) (t,v,7) dt)

_ /0 (n(t,u,v))" ((qsg + Ehy) (t,v,0) — % ((¢F + €hy) (t,v,i)))) dt,

1 1
5, U 1
= - - = > .
/O (u +2) dt 2/0 In(u+1)dt >0

From above four cases it is clear that ¢ + ¢h is B-(1, 3)-invex function. Now, to show that ¢+ &h is B-(1, 3)-
invex, we have to show that ¢V 4 ¢h is B-(1, 3)-invex. All the four cases of Definition 2.1 have been calculated
for function ¢V + ¢k and listed in Table 3.

From Table 3 it can be seen that function ¢V + ¢h is B-(1, 3)-invex with respect to n at v = 0. Thus, ¢ + £h
is B-(1, 3)-invex function with respect to n at v = 0.

Moreover, u(t) = t2 and (v(t), o(t),£(t)) = (0,(1/2,1/2),5/4) are the feasible points for (P3) and (WD), then
we observe that

1 1
/ ® (t,u, ) dt <0 / (@ (t,0,8) + 7D (¢, 0, 0)) dt.
0 0
Hence, the weak duality theorem is verified.

Theorem 5.4 (Strong duality). Let @ be an LU optimal point for (IVP) and further, assume that Kuhn—Tucker
constraint qualification is satisfied at @. Then there exists piecewise smooth functions & : A — R2,5 # 0 and
€:A — R &> 0 such that (4,5,€) is a feasible point for (IWD) and the objective function of (IVP) and
(IWD) have the same value at u and (1,7, &), respectively. If also the weak duality hold for all feasible points
(v,5,€) of (IWD), then (u,a,£) is an LU optimal point for (IWD).

Proof. Since  is an LU optimal point for (IVP), then there exists piecewise smooth functions 7 : A — Ri, g#0
and £ : A — R? £ > 0 such that

d . . .
= 5 {ohes (o, i) + oV @ (t,0,0) + & hg (L, @)}, (5.5)

ETh (t,u,1) = 0,t € A. (5.6)

Lol (t,a,u) +av®Y (t,,u) + £ hy (t, 0, 1)

Hence, it follows that (@, ,€) is a feasible point for (IWD) and corresponding objective function of (IVP) and
(IWD) are equal at 4.
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Next, we show that (%, 7,§) is an LU optimal point for (IWD). If possible, assume that (u,7,§) is not an LU
optimal point for (IWD). Then, there exists another feasible point (7,7,) € Qwp such that

/b (@ (t,m,u) + ETh (¢, u,0)) dt <py /b (@ (t,0,0) + & h(t,0,0)) dt. (5.7)

a

Since u and (v,7,§) are the feasible points of (IVP) and (IWD), respectively, and all the hypotheses of weak
duality hold for all feasible points (v,7,¢), then from the weak duality Theorem 5.2, we have

which contradicts (5.7). Thus, the proof. O

Theorem 5.5 (Strict converse duality). Let u and (v,5,€) are the feasible points of (IVP) and (IWD), respec-
tively. Assume that ® + ETh is strictly B-(p,r)-invex function at v on 0 with respect to n and further, assume
that following holds

b b
/ (@ +&Th) (t,u,0) dt = / (@ +&7h) (t,0,9) dt. (5.8)
Then, & =10 and U is an optimal point for (IVP).

Proof. Suppose contrary to the result that @ # ©. Then, by (5.8), it follows that

b b
(/ (@ + £Th) (t,u, 1) dt> - (/ (@ + &ETh) (t,0,0) dt) =0.
b b
(/ (@Y + &) (t,u, 0) dt) - </ (@Y +&7h) (t,0,0) dt) =0.
The above equalities further implies that
(er(f,,’?(@L+€Th)(tm) dt)— ([ (2 +€7n) (to,8) dt) _ 1) =0, (5.9)
and - B
(er(f;(®U+sTh)(t,u,a) dt) = (f2(@Y+£Th) (.0,0) dt) _ 1) —0. (5.10)

Multiplying both sides of (5.9) and (5.10) by 6% and Y, respectively and then adding, we get
L (er( JP(@FETR) () ) — ([0 (®F+ET R (1,5,5) dt) _ 1)

LU (er(fab(<I>U+§Th)(t,a,ﬁ) at)—(f2 (@Y +£Tn)(t,0,5) dt) _ 1) —0. (5.11)
Also, ® + £Th is strict B-(p, r)-invex function at ¥ on Q with respect to 7, then we have
1 (@, 9) (er(f:(éL-&-ETh)(t,ﬂj) dt— [2(@L+ETR)(1,0,5) ) _ 1)
r )
1 t,%,0 T L, ;T : d L, ;T :
> 5/ (ep"( (D) 1) ((cpv + & ha) (8,0,0) — - ((@F +€7hy) (t,@,@))) dt, (5.12)

and

Ly (@ 0) (e U2+ () - (3 en8) ) _ 1)
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> 1/b (epﬂ(t,ﬂ,ﬁ) _ 1)T ((‘PﬁU + fTh,—)) (t,0,0) — pr ((@g + gTh,f)) (t,ui}))) dt. (5.13)

PJa

Multiplying 6%,5Y in (5.12) and (5.13), respectively and adding the resultant inequalities with % + ¥ =1
and using (5.1), the following is the result

1b(u,@) [5 ( r( [P (@ +ETh) (tu,h) dt)— ([P (@5 +ET ) (t,0,5) dt) _ 1)
+ Y (er(ff(¢”+€Th)(t,ﬂni) at)— (2 (@Y +ETh) (t0,0) dt) _ 1)} S0,

which is contraction to (5.11).
Next, assume that ¥ is not an LU optimal point for (IVP). Then, there exists another feasible point u € w
such that

b b
/cb(t,u,u) dt «w/ b (t,0,0) dt. (5.14)

Since u and (7,5,€) are the feasible points of (IVP) and (IWD), respectively, then from the weak duality
Theorem 5.2, we have

b b
/ B (t,u, i) dt 7<LU/ (@ (t,5,) + E7h (¢, 5, 0)) dt.

From the feasibility of u for (IVP), it implies that
b

b
/(@(t,u,u)+?h(t,u,u))dt 7éLU/ (® (t,0,0) + €L R (t,0,7))dt,

a

which contradicts (5.8). Thus, ¢ is an LU optimal point for (IVP) and this completes the proof. O

Application: A production house of a company produces some goods and the company wishes to minimize
the production cost. Production house has a range of total production cost as an interval-valued function as
follows:
[6F (t,u(t),a(t)), ¢" (t,u(t), a(t)] = [u?(t) — tu(t) + 1,u(t) — 2tu(t) + 5],
where u(t) is the level of output and u(t) is its rate of change. The production cost should be minimized subject
to the constraint:
h(t,u(t),u(t)) =t —u(t) <O0.

The endpoints conditions are u(0) = 0 and u(1) = 1.

We have to find suitable output function of time which minimizes production cost. This problem can be
formulated as an interval-valued variational problem as follows:

1 1 1
mln/o ® (t,u(t),u(t)) dt = UO (u?(t) — tu(t) + 1) dt,/o (u?(t) — 2tu(t) +5) dt|,

subject to
u(0) =0,u(l) =1,
t—u(t) <0,te€(0,1].

Let A = [0,1] and the set w = {u € C(A,[0,1]) : w(0) = 0,u(1) = 1,¢t — u(t)
for this problem. Clearly, u(t) = ¢ is a feasible point. We see that hypothesis (3.1) an
satisfied at feasible point @ = 0 with (6%, ¢¥) = (1,2) and ¢ = ¢.

Let 7 : Ax[0,1] x [0,1] — [0,1] defined as n (t,u, @) = (u(t)—t), and b: C(A, [0,1]) x C(A, [0,1]) — R \{0}
be defined as b(u,u) = .

It can be shown that function ¢ is strictly B-(1/2,1)-invex and &h is B-(1/2,1)-invex with respect to 7 at
@(t) = t. From Theorem 3.2 the feasible point %(¢) = ¢ is an LU optimal point for this problem. That is, to
minimize production cost the suitable output function is u(t) = t¢.

< 0,t € A} is the feasible set
d (3.2) of Theorem 3.2 is
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6. CONCLUSION

In this paper, the concept of B-(p, r)-invexity is extended to the class of interval-valued variational problem.
Using this concept of generalized convexity on the functions involved, the necessary and sufficient optimality
conditions are derived for the considered interval-valued variational problem. A real-world problem, explaining
application of the sufficiency theorem, has been presented. Moreover, both Wolfe and Mond-—Weir type dual
problems have been defined for the problem and appropriate duality theorems have been established. Some
non-trivial examples have also been presented at suitable places in order to give a better insight to the results
established in the paper. To the best of our knowledge, the results derived in this paper are new in the area of
interval-valued variational optimization problems.

In future, some interesting topics for further research to be carried out remains. It would be interesting
to investigate whether these results are true for different class of interval-valued variational problems, like,
nonconvex multiobjective fractional interval-valued variational problems and non-differentiable interval-valued
variational problems with the assumptions of generalized invexity. We shall investigate these queries in future
subsequent papers.
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