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TWO-PHASE DETERIORATED SUPPLY CHAIN MODEL WITH VARIABLE
DEMAND AND IMPERFECT PRODUCTION PROCESS UNDER TWO-STAGE
CREDIT FINANCING

BROJESWAR PAL!, ANINDYA MANDAL? AND SHIB SANKAR SANA%*

Abstract. In this article, an imperfect production inventory model consisting of a manufacturer
and a retailer with quality improvement effort and the promotional effort sensitive demand pattern
is investigated under a two-tier credit policy. We study the model for deteriorating items where the
deterioration occurs at different rates in the manufacturer’s and the retailer’s level considering a fixed
lifetime of the product. Discussing the six possible cases of credit policy analytically, we analyze the
behavior of the model under an integrated system concerning production lot-size, quality effort and
promotional effort such that the integrated average profit is maximum. To obtain the optimal solutions
of the model, we design an operative solution algorithm. A numerical example is provided to test
feasibility of the model, and the effect of the variation of the key parameters is also studied. The
outcomes of this proposed model show that the manufacturer and the retailer have to be more careful
about their offered credit periods in aspect of the profit. It is observed that the integrated profit
is maximum when both credit periods provided by the manufacturer and the retailer belong to the
manufacturer’s cycle. Moreover, we identify that the extended product lifetime does not meet with
higher profit all times. This study directs that quality effort and promotional effort stimulate the
market demand while it is not always economically profitable for the supply chain.
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1. INTRODUCTION

In the present day, each business organization takes some useful strategies to survive in the competitive
market and smooth functioning of their business. The quality of a product is an essential factor to sell the
product. A right quality product fulfils customer satisfaction as well as increase the loyalty of the customer.
Nowadays, buyers can put their valuable opinions or comments (either positive or negative) about a product
on social media. Therefore, the production companies need to take a strategy to maintain the product quality
since the better quality product has a more positive impact on the market. The deterioration effect is also
a significant issue in a production inventory system of deteriorated products. We are all well aware about
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the fact that items like volatile liquids, blood banks, medicines, electronics components, fashion goods, fruits,
vegetables, foodstuff, etc. are deteriorated due to evaporation, obsolescence, spoilage, damage, dryness, etc.
during their standard storage period. Therefore, in any business related to those products, it is necessary to
control and maintain the deteriorated inventory; otherwise, the values of the products decrease with time. In
real-life production inventory systems, some proportion of imperfect quality items are produced due to labour
issues, weather issues, deterioration of machine equipment and other controllable and/or uncontrollable matters.
The advertisement for the product is one of the key influenced factors of market demand. Generally, advertising
or promotion can be done through various channels viz. newspaper, television, posters, banners, wall writing,
internet, etc. The main target of advertisement is to attract the customers for the newly launched as well as
already running products with various features so that the demand can be raised. That’s why the market for a
product may be dependent or sensitive to an advertisement for the product. At present, every sector of business,
trade credit policy is widely used by the companies. In this policy, the up-stream, i.e., supplier or manufacturer
or retailer provides or offers a fixed period, i.e., credit period to the down-stream, i.e., manufacturer or retailer
or end customer, after which necessarily the repayment is made partially or fully. When the credit period is over
and if the down-stream fails to pay the payable amount, interest is charged. During the permissible period or
credit period, the manufacturer or the retailer sells items to the down-stream and accumulate revenues, which
could be used to another business purpose or might be invested for investment purpose. By offering trade credit,
a company can reduce the holding cost of the products as the maximum number of buyers try to avail of the
benefits of the credit period.

In view of the above issues, a production-based two-phase supply chain model of perishable products is
considered under two-tier trade credit financing. We consider that value of the perishable product declines over
time and has a fixed lifetime. We include product quality and promotional effort sensitive demand throughout
the chain for the sake of customers’ preference. In this study, we try to seek answers to the following questions:
(1) What is the optimal lot-size, quality effort of the manufacturer for economic benefit? (2) What is the retailer’s
optimal strategy on promotional step towards his/her profit? (3) How the several cost viz. deterioration cost,
promotional cost, quality maintain cost influenced the supply chain? (4) How the promotional cost coefficient
and quality effort cost coefficient have impact on the demand and the profit?

The remaining part of this paper is designed as follows: Section 2 includes a brief review of related past
literature. Section 3 describes the problem definition, notation, and assumptions, which are used to formulate
the model. Model formulation, along with the solution procedure, is included in Section 4. Numerical examples
are given in Section 5 to illustrate the model. In Section 6, sensitivity analysis is provided with managerial
insight. At last, Section 7 concludes the paper with directions for further research.

2. LITERATURE REVIEW

Our present study mainly focuses on the research related to the literature of production of perishable item,
quality and promotion sensitive product demand, and trade credit policy. We survey the below past research
studies based on the mentioned aspects. Krishnan et al. [14] investigated the coordinating contracts for decen-
tralized supply chains for a single product with retailer promotional effort. Later, Chung et al. [8] studied the
problem of determining the economic order quantity under conditions of permissible delay in payments where
the delay in payments depends on the quantity ordered. After that, Huang [11] formulated an economic pro-
duction quantity model (EPQ) under two levels of trade credit policy and investigate the optimal retailer’s
replenishment decisions. Thereafter, Sana and Chaudhuri [35] developed an economic order quantity (EOQ)
model with delays in payments and price-discount offers by considering the retailer’s profit maximizing strat-
egy. Teng and Chang [44] extended the Huang [11]’s model by introducing the two level trade credit policy
in an EPQ model and found the optimal manufacturer’s replenishment policies. In the same year, Thangam
and Uthayakumar [45] constructed a supply chain model for perishable items under two-echelon trade credit
financing. Later, Sana [33] developed an economic production lot size model with the imperfect production,
where the production facility may shifts from the “in-control” state to the “out-of-control” state after certain
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time due to higher production rate and production runtime. Ho [10] proposed supplier—retailer inventory model
under two level trade credit policy considerering the price and credit-linked sensitive demand. During the same
time, Sana [34] investigated an EOQ model where the demand rate is dependent on selling price and salesmen’s
initiatives. He also assumed that the replenishment rate depends on the level of stock of the items. Avinadav
et al. [2] formulated a inventory model for a perishable item with price and time sensitive demand. They also
considered the demand rate which decreases linearly in the selling price and polynomially over the time after
replenishment. In the same year, Maa et al. [17] developed a supply chain model with quality and marketing
effort dependent demand. They investigated the equilibrium behaviors of the supply chain under three supply
chain structures: (a) manufacturer Stackelberg, (b) retailer Stackelberg and (c) vertical Nash. Tsao et al. [48]
studied an EPQ model with imperfect production under trade credit. They considered both preventive main-
tenance and corrective maintenance to increase the system reliability. Cardenas-Barrén and Sana [4] developed
a two echelon supply chain model consisting of a manufacturer and a retailer. They considered promotional
efforts/sales teams’ initiatives depended demand. Same year, Pal et al. [27] investigated a two echelon imperfect
production inventory model with two cycles where the retailer sells only good product with actual price in the
first cycle and retailer sells the products with a discount price in the second cycle. Later, Chen and Teng [7]
investigated a supply chain model consisting of supplier, retailer, and customer for deteriorating items under
up-stream and down-stream trade credit financing. He also adopted the discounted cash flow analysis. Pal et al.
[28] examined two-layer supply chain model consisting of one manufacturer and one retailer for a single item.
They assumed selling price, quality of the products, and promotional effort sensitive market demand. They also
investigated the behavior of the supply chain in light of centralized, manufacturer Stackelberg, conditional man-
ufacturer Stackelberg, retailer Stackelberg, conditional retailer Stackelberg, and vertical Nash model structure.
Palanivel and Uthayakumar [31] formulated an EOQ model for deteriorating items with price and advertisement
sensitive demand under the effect of inflation over a finite planning horizon. They assumed, shortages where
partial backlogging rate is dependent on waiting time for the next replenishment. Shah et al. [41] developed an
inventory model under two level trade credit policy. They assumed the retailer can choose strategies between
cash discount and order linked trade credit from the supplier. Later, Taleizadeh et al. [42] studied an EPQ
model with both up-stream and down-stream trade credits. They assumed imperfect production process where
all defective items become perfect after reworking process. Tiwari et al. [46] formulated a two warehouse inven-
tory model for deteriorating items with permissible delay in payments under considering partial backlogging.
Tsao and Linh [47] designed a supply chain network model for deteriorating items under the conditions of
trade credit and partial back-ordering. Wu et al. [52] studied a supplier—retailer—customer supply chain model
for deteriorating items with maximum lifetime, where the retailer gets an up-stream full trade credit from the
supplier whereas offers a down-stream partial trade credit to the customers. Jaggi et al. [13] investigated a
two warehouse inventory model for non-instantaneous deteriorating items under trade credit where where the
demand is sensitive to the selling price and shortages are completely backlogged. Maihami et al. [18] established
an inventory control model for non-instantaneous deteriorating products with partially backlogging shortage
under two echelon trade credit. They also assumed price-dependent probabilistic demand rate and probabilistic
deterioration functions. Singh and Sharma [40] formulated a reliable production inventory model for deteriorat-
ing items with stochastic demand under the effect of inflation. They considered the two different cases: without
shortage and allowable shortage in the model. Pal [25] developed an imperfect production inventory model with
quality of the products dependent market’s demand and permissible delay in payments allowing waiting time
dependent partial backlogging. Tsao et al. [49] established an economic order quantity model for deteriorating
items under trade credit policy where the demand is price sensitive. They introduced two-tier pricing and order-
ing policies where the prices for the non-deteriorating period and the deteriorating period are different. Zhang
et al. [54] investigated an EOQ model under two-level credit financing where the retailer receives a partial trade
credit from the supplier, and offers a full or partial trade credit to the good or bad credit customers. Mandal
and Pal [20] formulated an imperfect production based inventory model with product advertisement and credit
period sensitive demand under two-stage trade credit policy. They derived optimal strategies on selling price,
advertisement frequency and offered credit time to achieve maximum integrated profit. Among other researches,



460 B. PAL ET AL.

the noteworthy works of Teng and Chang [43], Pal et al. [26], Wu et al. [51], Bai et al. [3], Cdrdenas-Barrén and
Sana [5], Pal et al. [29], Yang et al. [53], Lashgari et al. [15], Pal et al. [30], Chen [6], Hlioui et al. [9], Sarkar
et al. [37], Rad et al. [32], Ahmed and Sarkar [1], Igbal and Sarkar [12], Mandal and Pal [19], Noh et al. [24], Lou
et al. [16], Mishra et al. [22], Nandra et al. [23], Sarkar et al. [39], Ullah and Sarkar [50] should be mentioned.

Table 1 provides a comparison of this work with previous researches.

From the survey of past researches and Table 1, we identify the following research gaps: (1) Most of the
previous researcher considers deterioration in the supply chain without production and fixed lifetime of the
product, whereas we study the production of a fixed lifetime based deteriorated products in the two-layer
supply chain. (2) Few authors include quality effort and promotional effort but not in the deteriorated supply
chain, while we consider the quality of product and promotion in a chain framework of perishable items. (3)
Moreover, we analyze the chain behaviour considering the mentioned aspects under different cases of trade
credit policy.

Novelty and main contribution of this article are: (1) Formulation of a two-echelon production based supply
chain model for the deteriorating products under the two-tier trade credit policy. (2) Inclusion of quality
improvement effort (QIE) and promotional effort sensitive demand at both the manufacturer and retailer level.
(3) Addition of time-dependent deterioration rate. (4) Incorporation of different deterioration rates at the
different echelon along with the fixed lifetime of the deteriorated items. (5) Analysis of the model under various
cases of credit financing.

The main objective of this paper is to construct the integrated profit function of the supply chain under several
cases of credit policy and to determine the optimal strategies on production lot-size, QIE, and promotional effort
towards a profit maximization situation.

3. PROBLEM DEFINITION, NOTATIONS, AND ASSUMPTIONS

3.1. Problem definition

It is familiar that the perishable product plays a crucial role in a deteriorated supply chain model. Deteri-
oration is a common phenomenon for some products such as food items, drugs, chemicals, etc. The products
deteriorate over time and lost their value after a fixed lifetime. Therefore, it is crucial to maintain a proper
inventory of perishable products for balancing cost with profit. Moreover, to avoid the sales margin of perishable
products, promoting products and offering trade credit could be fruitful tools for any business organizations.
Again, the quality of a product is a severe demandable factor for product sell as most customers prefer prod-
uct quality while purchasing. Keeping the addressed problem in mind, we construct a deteriorated supply chain
model with imperfect production under two-level credit policies. Here, the manufacturer produces both the good
and defective items and the produced items have a fixed lifetime. The deterioration occurs at different rates
in the manufacturer and the retailer level. Deterioration of the product is time-dependent and after the fixed
lifetime, the items are totally deteriorated. The demand of the retailer as well as of the customer are sensitive to
the QIE and the promotional effort of the product. In this model, both the manufacturer and the retailer offer
a fixed credit period to their down-stream to pay out. Now, the problem is to formulate an integrated average
profit function and to find out the optimal lot size, optimal QIE, and optimal promotional effort by maximizing
the integrated profit.

3.2. Notations
We use the following notations throughout the paper.

Decision variables

@ Total produced items.
q QIE level of the product. Here, 0 < g < 1.
p Promotional effort level of the product. Here, 0 < p < 1.
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Parameters

P Production rate per unit time.
«a Percentage of imperfect production.

D,(q,p) Rate of demand per unit time of the retailer.
D.(q,p) Rate of demand per unit time of the customer.

Sm Selling price ($) per unit item of the manufacturer (s, > Cp,).

sy Selling price ($) per unit item of the retailer (s, > s.,).

0’ Deterioration rate per unit time of the products in the manufacturer cycle.

0" Deterioration rate per unit time of the products in the retailer cycle.

L Maximum life time of the deteriorating product.

w Cost of deterioration ($) which is same in the manufacturer and the retailer level.

C), Material cost ($) per unit item of the manufacturer.

H); Holding cost ($) per unit perfect item per unit time for the manufacturer.

Hp, Holding cost ($) per unit item per unit time for the retailer.

F. Fixed cost ($) (labor cost, energy cost, maintenance cost, etc.) per cycle of the manufacturer.

C(Q) Production cost ($) per unit item of the manufacturer.

3.3.

M Offered credit period to the retailer by the manufacturer.
N Offered credit period to the customer by the retailer.

I. Rate of interest charged ($ per annum).

I. Interest earned rate ($ per annum).

t1 Production run-time.

T’ Cycle length of the manufacturer.

T Cycle length of the retailer.

Assumptions

Following assumptions are adopted to develop this model.

(i)

(i)

(iii)

(iv)

(vii)

Production rate P is constant and known. Here, we consider (P — aP) > D, to avoid shortages.

We assume that the retailer can influence the demand by providing promotional effort with cost of kQp?
[14], where p is the effort level and k is the promotion cost coefficient, and the manufacturer can increase
the market demand by exerting quality effort with its cost at effort level ¢ is £Qq?, where the quality cost
coefficient is &.

Demand of both the retailer and the customer are dependent on the quality effort (¢) and promotional
effort (p) with D,-(¢,p) = p+ng+ dp and D.(q,p) = X+ nq + dp respectively, where p > 0 and A > 0
are the corresponding base market size. To avoid shortages, we also assume D, > D, i.e. p > A. n > 0
measures the impact of quality efforts on demand by the manufacturer and 6 > 0 measures the influence
of promotional efforts on demand by the retailer [17].

The deterioration rates 6’ and 6 at the manufacturer’s and retailer’s level are time dependent and are
considered as 6’ = ﬁ and 0" = TPy L 7> where 61, 6 are constant. We assume deterioration rate at
retailer level is greater than of manufacturer level, i.e. 8” > 6’ > 0 which indicates 65 > 6; > 0. Here,
L >t and L is the maximum lifetime of the products. When t — L, 8/ — 1 and 6” — 1.

Manufacturer provides a fixed time period M to the retailer to pay out; if the payment is not done within
the permissible time period, the interest is charged at a rate I. for due payment of the remaining stock
items of the retailer. In the retailer’s turn, the retailer also provides a fixed credit time period N to the
end customer and earns interest at a rate I, on the revenue collected from the sold items within the offered
credit period by the manufacturer [20].

The unit production cost is assumed C(Q) = Cy, + %, Fo > 0, where C,, is the material cost per unit
item and F¢ is the fixed cost which includes ordering cost, labor cost, energy cost, and maintenance cost,
etc. [33].
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Ima(t)
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FIGURE 1. Inventory wversus time of the manufacturer and the retailer.

4. FORMULATION OF THE MODEL

In the supply chain, the manufacturer produces items from the raw materials, and the retailer sells those
products to the end customers. Here, the production starts at a rate P and continues up-to-the time ¢;. During
the time ¢, the manufacturer produces both perfect and imperfect products. The production rate of the defective
items is aP throughout the production runtime. The produced imperfect products are discarded since the
products are both imperfect and deteriorated with time. After time ¢;, the manufacturer’s inventory level starts
to decrease due to the combined effect of the retailer’s demand and the deterioration of the products and reaches
zero at time 7”. During the time period [0, T'], the deterioration of the product occurs at a rate 6.

On the other hand, the retailer receives the produced products from the manufacturer up-to-the time 7"
and fulfils the demand of the customers. During the time interval [0,7"], receiving of the produced products
and fulfilment of the customers’ demand, both the events occur simultaneously. After time 7", the retailer’s
inventory level starts to deplete due to the combined effect of the customer demand and the deterioration of
the products and reaches zero at time T'. The product’s deterioration rate throughout the retailer’s cycle is 6”.

The graphical representation of the model is shown in the Figure 1.

4.1. Manufacturer’s individual average profit

The governing differential equations of on-hand inventory of the manufacturer at time ¢ are:

I t
T dlt()-l-a/lMl(t)——P—aP—Dr with  In1(0) =0, 0<t<t
and
/ t T
L(;;)+9/1M2(t)_——DT with  Ipnpo(T') =0, t, <t<T.

After solving the differential equations by using the boundary conditions, the solutions are

0L+ L

), 0<t<ty
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and

0 +L—t

>7 L <t<T.

At t1, In(tr) = Inra(th).
Therefore,

61+ L

L—1t)(P—aP—D,)log [ —"—=__
(0, + t1)( e )Og<91+L—t1

01+ Lt
);(91+L—t1)p,.1og< 1+ 1).

0, +L -1

After simplifying, we get

P—aP P—aP

T = +L)— (0 +L—t) or (6, + L) D0 . (4.1)

Let, @ be the total produced items in time t;. Then, t; = %.
Number of deteriorated items during the time [0, 7] for the manufacturer is (Q — D, T").

Now, holding cost for the manufacturer is

= Hy (/0 1 IMl(t)dt +/ I]ug(f)di)

o e GtL
= Hy 4(P aP —D,) ((01+L) (01 + L —t1) <1+210g <91+L—t1)>>
1 e 2 (1o ht+l-t
+ 4D ((01+L )" = (0 + L —t) (1 2log (91+L—T’

Deterioration cost of the manufacturer is w (Q — aQ — D, T").

Cost of QIE for the manufacturer is £Qq?.
Production cost of the manufacturer is @ (C’m + %)

Revenue from sale of the manufacturer is s,,D,T".

Total profit of the manufacturer is

TPM = Revenue from sales — Production cost — Holding cost — Deterioration cost — Cost of QIE
=5, D, T

i(P—aP—DT) ((61 +L)? = (01 +L—t)? (1 +2log (M)))

01+ L—1

1 "2 2
+4DT<(91+L T')" = (0 + L —t1) (1 2log<91+L_T,

) ] “w(Q—aQ - D,T') — £Q4”
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Therefore, the average profit of the manufacturer is

1 F
APM = — [stTT’ -Q (Cm + C)

Q
1 0+ L
—Hy |~(P—aP—=D,)( (61 +L)*— (01 +L—t1)*(1+2log | —F——
| 3PP = D) (@4 02— 0+ - 0)? (14210 (21 )
1 ) 2 01 + L— tl
+4Dr ((91+L T) (01+L tl) (1 210g(91+L—T/
—w(Q—aQ—D,T) —£Q¢*|. (4.2)
4.2. Retailer’s individual average profit
The governing differential equations of on-hand inventory of the retailer at time t are:
I (t
Rdlit() +0"Ig1(t) = D, — D, with Ir;(0)=0, 0<t<ty
and
Iro(t
%t() 40" Tpo(t) = =D, with Ipo(T)=0, T'<t<T.
After solving the differential equations by using the boundary conditions, the solutions are
0 + L
1 = L—1t)(D,— D)1 — <t<T
mlt) = G+ L= 0D, - Do) tog (275 ), 0ses
and
O+ L—1
1 = L—1t)D.1 T <t<T
ra2(t) = (02 + ) 00g<92+L_T), t
Now,
0 + L 0, +L—T'
Ipi(T) = Ipa(T' 6o +L—T) (D, — D)1 —=— )| =0+ L -T")D,1 -
W(T') = Ira(T") = (6 + L= T)(D, — Do)tog (-5 ) = (02 + L~ T)Dutog (2=
Simplification form of the above expression is
T=(0y+L)— (0 + L —T)5: (0 + L)~ P (4.3)

Again, the number of deteriorated items during the time [0, 7] for the retailer is (D, T — D.T)).
The holding cost for the retailer is

T’ T
— Hy ( /O T ()dt + / / IRg(t)dt>
1

~ Hp L(DT - D) ((92 + L) = (O + L-T") (Hzlog (%%J;FLT)))

1 PeCH e (1o Pt LT
+4DC<(92+L T) (92+L 7" (1 210g(92+L—T .
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Deterioration cost for the retailer is w (D, T — D.T).
Cost of promotional effort for the retailer is kQp2.
Set-up cost for the retailer is A,..

Revenue from sale of the retailer is s, D.T.

Total profit of the retailer is

TPR = Revenue from sales — Set-up cost — Deterioration cost — Holding cost — Cost of promotional effort
=s.D.T — A, —w (D, T — D.T)

~ Hn [iwr R O A (Rt ),

O+ L—T'
1 2 "2 0o+ LT 2
+4DC((92+L T)" =0+ L—-T") <1 210g<92+L—T kQp~.

Therefore, the average profit of the retailer is

1
APR = — |, D.T = A, —w(D,T' = D.T)
| YD, - 2 _ _ )2 _ b2+ L
HRL(DT DC)((02+L) (0 + L —T) <1+210g(02+L_T,
1 e e (1 bot LT L0
+4DC<(92+L T)*— (0 +L—-1T") <1 210g(92+L—T kQp~|. (4.4)

4.3. Use of trade credit policy

We assume that the manufacturer offers a credit period of M to the retailer. Therefore, the manufacturer
receives the due payment from the retailer either at the time M if M > T or from the time M if M < T. As
a result, the manufacturer has to pay interest for his associated cost up-to-the time M. If the retailer is not
able to pay due-payment by the time M, the manufacturer simultaneously receives the partial payment and the
interest on rest due amount from the retailer after the time M.

Here, the interest paid per unit time by the manufacturer is

— {c;méchl()MMQ ), when M>T
57CmIc Dy M=, when M <T.
On the other hand, the retailer provides a fixed time period N to the customers to pay the outstanding amount.
Therefore, the retailer collects all the revenue either within the cycle time period of T if N < T or at time NV if
N>T.
We assume that the credit time period offered by the manufacturer is greater than or equal to the credit
period provided by the retailer i.e. N < M.
Depending on the values of M, T’, and T the following possible cases are considered:

Case 1. N<M<T' <T.
In this case, the retailer does not give any payment up-to-the time M. As a result, the retailer earns interest
at a rate of I, on the revenue collected from sold items from the time period N to M. As the retailer does
not sell all the items by the time M, he/she has to pay interest at a rate I. on the items rest in stock from
the time period M to T (see Fig. 2).
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FIGURE 2. Interest charged and earned amount of the retailer when N < M < T’ < T.

So, the interest earned per unit time by the retailer is

T M
IEH:S—/ D, tdt
T N

1

1 2 aAr2
ssrleDe (M? = N?),

and the interest charged per unit time from the retailer is

s I T T
P,y = 22 / Ira (£)dt + / Ira(t)dt
M ’

1 2 02+L

Smde

T

0o+ L
_ _ T2 2T
(B2 +L—-T") <1+210g<92+L—T’)>)

1 e e (o ot LT
+4Dc((92+L T) (62+ L T) (1 210g(92+LT .

In this case, the average profit for the manufacturer and the retailer are as follows:
APM; = APM — %OmICD,«MQ
and
APR; = APR+1E,; — IP,;.
Now, the integrated average profit for the supply chain is

IAP, = APM; + APR,
1
= ﬁcmchTMQ + APR +1E,; — IP,;.

Case 2. N<T'<M<T.

Time

467
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FIGURE 3. Interest charged and earned amount of the retailer when N <7’ < M < T.

In this case, the retailer earns interest at a rate I. on the revenue collected from sold items from the time
period N to M and the retailer pays interest at a rate I, on the items rest in stock from the time period M
to T (see Fig. 3).

Therefore, the interest earned per unit time by the retailer is

ST‘I‘ M
IE,; = T" . D, t dt
1 2 2
= ﬁereDc (M - N )

and the interest charged per unit time from the retailer is

S 1.

T
Py = "5 | Igo(t)dt
o= [t

)

In this case, the average profit for the manufacturer and the retailer are as follows:

Smle
T

APM; = APM — %CmICDTMQ
and
APRy; = APR + IE;5 — IP,.
Now, the integrated average profit for the supply chain is

IAP, = APM, + APR,
1
= APM — ﬁcmchTW + APR + IE,5 — IP, .

Case 3. N<T'<T <M.
In this case, the retailer need not pay any interest. Furthermore, he/she earns interest on the collected
revenue of sold items from the time period N to T and receives on full revenue from time T to M (see
Fig. 4).
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FIGURE 4. Interest earned amount of the retailer when N < T’ <T < M.

Therefore, the interest earned per unit time by the retailer is

Lo [T
IE,5 = > ‘”V D, tdt+ D.T(M —T)
T |Jn
sple |1
=°1-D.(T> - N*)+D,T(M —-T
3002 = 32) 4 Daror - )

_ i _ 2 2
= gpsrleDe (2MT = N* —17).

In this case, the average profit for the manufacturer and the retailer are as follows:

APM3; = APM - C,,I.D, (M — 1;)

and
APR3 = APR + IE, 3.
Now, the integrated average profit for the supply chain is

IAP; = APM; + APR;

=APM - C\,,1.D, (M - 1;) + APR + IE, 3.

Cased. "< N<M<T.
In this case, the retailer earns interest from the time period N to M on the revenue collected from sold
items. As the retailer does not sell all the items by the period M, therefore, the retailer has to pay interest
for the items in stock from the time period M to T (see Fig. 5).
So, the interest earned per unit time by the retailer is

A
IE,, = > / D, tdt
T N

— i 2 ar2
= gpsrlDe (M? — N?)
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FIGURE 5. Interest charged and earned amount of the retailer when 77 < N < M < T.

and the interest charged per unit time from the retailer is

T
p,, = Snle ( / Im(t)dt>
7 \Ju

iDC <(92+L—T)2—(92+L_M)2 (1_2log (W)))}

In this case, the average profit for the manufacturer and the retailer are as follows:

~ Smle
T

APM, = APM — %CbICDMQ
and
APR4y = APR + IE,;4 — IP,4.
Now, the integrated average profit for the supply chain is

IAP, = APM, + APR,
1
= APM — ﬁCbIcDMQ + APR +1IE,4 — IP,4.

Case 5. "< N<T<M.
In this case, the credit period time offered by the manufacturer is greater than the retailer cycle time.
Therefore, the retailer need not pay any interest. Moreover, the retailer earns interest on the collected
revenue of sold items from time N to T" and on the full revenue from the time 7" to M (see Fig. 6).
Therefore, the interest earned per unit time by the retailer is

I T
IE,; — 22 V Dt dt+ D,T(M —T)
T |Jn
sple |1 9 9
= =D.(T?* = N?*)+D.T(M —T
T [2 ( ) + DT (M ~T)

7i o 2 2
= gpsrleDe (2MT — N* —T%).
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FIGURE 6. Interest earned amount of the retailer when 7V < N < T < M.

In this case, the average profit for the manufacturer and the retailer are as follows:

APM; = APM — CyI.D (M - Z)

and
APRs; = APR + IE,5.
Now, the integrated average profit for the supply chain is
IAP5; = APM; + APR;

= APM — CyI.D (M - 1;) + APR + IE, 5.

Case 6. T"<T<N<M.

In this case, both the credit period time offered by the manufacturer and the retailer is greater than the
retailer cycle time. Therefore, the retailer earns interest on full revenue from the time N to M (see Fig. 7).
Therefore, the interest earned per unit time by the retailer is

sple

IE.¢ = [‘DCT(M - N)} .

In this case, the average profit for the manufacturer and the retailer are as follows:
T
APMg = APM — CyI.D (M — 2)

and
APRg = APR + IE,.
Now, the integrated average profit for the supply chain is
IAPs = APMg + APRg

T
= APM — C,I.D (M - 2) + APR + IE,.
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FIGURE 7. Interest earned amount of the retailer when 7V < T < N < M.

4.4. Integrated average profit
Integrated average profit for the supply chain is

IAP; = APM — ;L CyI.DM? + APR+1IE,, — 1Py, N<M<T'<T
IAPy = APM — ;L. CyI.DM? + APR+1IE,; — P50, N<T'<M<T

AP — IAP; = APM — CyI.D (M — L) + APR + IE,3, N<T' <T<M (4.5)
IAP, = APM — ;L CyI.DM? + APR+1IE,, — 1Py, T"<N<M<T :
IAP; = APM — CyI.D (M — L) + APR + IE,s, T'"<N<T<M
IAPg = APM — CyI.D (M — L) + APR + IE,s, T"<T<N<M.

Substituting the values of AAPR/[7 API%7 IErla IPrh IET27 IPTQ, IET3, IPT?,7 IET4, IPT4, IET5, IPT5, IET67 IPrﬁ’
P—aP _P—aP
tv =%, Dy(g,p) = p+ng+0p, De(a,p) = A+ na+0p, T' = (01 + L) = (01 + L—t1) P (61 + L)' P, and
Dy D,
T = (04 L) — (fs+ L —T')Pc (63 + L)'~ Dc respectively, in the above equation (4.5) and after simplifying,
the revised form of the average integrated profit for all cases are

m(Q,q,p), N<M<T' <T

m(Q,q,p), N<T'<M<T
_J7m(Q,q,p), NST' <T<M
W(Qa(LP) - 7T4(Q7q,p), T/ S N S M ST
m5(Q,q,p), T"<N<T<M
76(Q,q,p), T'<T<N<M.
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4.5. Solution procedure

The integrated average profit function for the Case 1 is

1

Wl(QanP) = l SmDrT/ - Q (Cm + Pb) - H]W 4(P —aP — -Dr) ((91 + L>2

T Q

0L+ L
pa— pa— 2 e ——
(61 +L h)<1+2ng%+L_h>)>

+ EDT ((91 +L—=T) = (61 + L —t:)? (1 —2log <W>)>]

0 +L—T
~w(Q~0Q ~ D.T) ~ Q7| + |5 D.T ~ Ar —w(D,T' ~ DT)
1 6+ L

— Hp|=(D, — D, L)? - L-TY?(14+2log|-—2"~

RL( )<(92+ Foet ) ( - Og<92+L—T’>)>

1 2 2 _ 0, +L —T' _ 9
+4Dc ((92-‘1-11 T) (92—|—L T (1 2log (92+L—T kQp

1 2 a2y Smle |l o a2 _ bt L
+2TSJ;DCM4 N?) =20 1%)(w2+1, M)? (65 + 2log e

0 + L 1
[, — T2 2 D I T2 [ T2

O+ LT

x [1-=21 e

< o8 ( O+ L—-T
Our target is to maximize the integrated average profit function m(Q,q,p) with respect to the constraints
@ >0,0<g<1and0< p<1on the optimal strategies of @, ¢, and p. We derive the first order and second

order derivatives of 71(Q, ¢, p) with respect to @, ¢, and p. Solving the equations aﬂlg%q’p) =0, am((%q,p) =0,
and 87"1(@@;‘1#)
P

(4.7)

= 0, we get the values of Q@ = Q*, ¢ = ¢*, and p = p*. These values will be optimal if the
corresponding Hessian matrix of the integrated average profit function is negative definite.
i.e. if all the eigenvalues of the Hessian matrix,

P’m(Q.q.p)  Pmi(Qiap)  Pmi(Q,a.p)

Q2 8Qdq 8Qdp
_ | ®m@Qap)  Pmi(Qap)  *mi(Q.a.0) ;
H = 990Q 042 Ba0p are negative.
Pm(Q.a.p)  Pm(Qap)  9°mi(Q.4.p)
0p0Q 0pdq op? (@Q*, q*, p*)

It is tough to verify the condition analytically for its complicated form. The integrated average profit function
for all the cases is highly non-linear and all the first and second-order derivatives of the profit function with
respect to @, ¢ and p are too much complicated. That’s why the analytical solution is not likely to derive for
the integrated average profit function.

Maximum integrated average profit m*(Q, ¢, p) for the Case 1 is obtained by substituting the values of @*, ¢*,
and p* in equation (4.7).

In a similar way as done for Case 1, the maximum integrated average profit for the remaining cases of (4.6)
can be derived.
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TABLE 2. Optimal outcomes of the numerical example.

Cases 1-6 M N Q" q* p* ty T T APM; APR] IAP}

N<MZT <T 073 071 549.527 0.8712 0.8188 0.6869 0.7563  0.8743 15179.0 26210.9 41 389.9
NL<T'<M<T 076 072 530.205 0.8621 0.8103 0.6628 0.7306 0.8454 14 537.7 26257.5 40795.2
NL<T' <T<M 1.50 1.20 907.663  0.8640 0.8121 1.1346 1.2368 1.4052 14632.9 26 620.7 41253.6
T"<N<M<ZT 150 1.40 1006.2 0.8553  0.8038  1.2578 1.3674  1.5459 14 634.6 26211.7 40846.4
T'<NLZ<T<M 200 1.80 1323.51  0.8544  0.8030  1.6544  1.7789 1.9758 14 838.1 26268.3 41106.4
T"<T<N<M 33 3.2 2165.07 0.8341  0.7840 2.7063  2.7926  2.9213 14 882.7 25628.3 40511.0

Notes. Bold faces of the values indicate highest values of APM, APR and IAP respectively among the six cases of credit
policy.

4.6. Solution algorithm
For Case 1: N< M <T'<T.

Step 1. Put the parameters’ value.

Step 2. Compute all the first order and second order partial derivatives of m1(Q, ¢, p) with respect to Q, ¢
and p.

Step 3. Solve the equations 871'1(6%1171)) = 0, am({%q,p) = 0 and %ﬂ’q’m = 0, to find the values of Q, ¢,
and p.

Step 4. Find the the values of 7" and T

Step 5. If the condition N < M < T’ < T is satisfied, go to step 6; else go to step 1.

Step 6. Derive the Hessian matrix H.

Step 7. If the Hessian matrix H is negative definite, go to next step; else go to step 1.

Step 8. The values Q = Q, ¢ = ¢*, and p = p* in step 3 are the optimal solutions.

Step 9. Compute the integrated average profit m*(Q, q, p) by substituting the values of Q*, ¢*, and p* in the
m1(Q, ¢, p)-

Step 10. Procedure terminates.

For the others cases, the same algorithm mentioned above to be followed to obtain the integrated average
profit functions.

5. NUMERICAL EXAMPLES

The parameters value in appropriate units are as follows:

Retailer’s set-up cost (A4,) = $60, production rate (P) = 800 units per unit time, percentage of imperfect item
production (a) = 0.1%, selling price of the manufacturer (s,,) = $35, retailer selling price (s,) = $50, holding
cost of the manufacturer (Hys) = $1.2 per unit item per unit time, holding cost of the retailer (Hg) = $1.3 per
unit item per unit time, maximum lifetime of the products (L) = 2 years, deterioration cost (w) = $10 per unit
item, material cost (C),) = $5 per unit item, fixed cost at the manufacturer level (F¢) = $50, interest charged
rate (I.) = $0.09 per year, interest earned rate (I.) = $0.07 per year, A = 500, § = 25, n = 28, u = 600, £ = 2,
k=190, =1.1, 0, =1.2.

By using Wolfram Mathematica 11 software, the obtained optimal results of all cases are given in
the Table 2.

Bold faces of the values in Table 2 shows that Case 1 is profitable for the integrated chain, individually
manufacturer and retailer gets more profit in Case 1 and Case 3 respectively with respect to the proposed
numerical data.
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The eigenvalues of the Hessian matrix of the integrated average profit function for all the cases are

Cases  Eigenvalues of the Hessian matrix

Case 1 (—2809.42, —2433.48, —0.000461)
Case 2 (—2805.83, —2428.34, —0.005044)
Case 3 (—2844.01, —2499.38, —0.002812)
(— )
(— )

Case 4 2849.63, —2517.99, —0.002270
Case 5 2886.84, —2589.14, —0.001669
Case 6 (—3036.86, —2847.04, —0.001020)

All the mentioned eigenvalues of the Hessian matrix are negative for all cases. Therefore, for the above
solutions, the expected average profit is maximum for all the six cases.

6. SENSITIVITY ANALYSIS

Here, we conduct the sensitivity of the key parameters for Case 1 with the help of numerical example. The
Table 3 reveals how the decision variables, cycle time, manufacturer’s average profit, retailer’s average profit,
and integrated average profit behave with respect to the changes in the key parameters.

The Table 3 shows that:

— The TAP, APR, and p increase when the manufacturer offered credit period increases whereas the APM, @,
q, production run time, and inventory cycle time decreases. Here, the APM decreases as the () decreases and
the credit period offered by manufacturer increases. Again, the T' decreases due to the decreasing effect of
@. APR increases as the retailer get more credit benefits from the manufacturer. We see that an increasing
percentage of APR is less than the decreasing percentage of the APM, but since the average profit of the
retailer is much more than the manufacturer, as a consequence IAP is increasing.

— When the retailer offered credit period increases, the APM, @, and T increases whereas the IAP, APR, ¢,
and p decrease. As the @) increases, the T increases. Since the retailer provides more credit benefits to the
customer, the average profit of the retailer decreases. The values of IAP are downwards with the upward
values of the retailer’s offered credit period, as the APR is much more than the APM.

— The TAP, Q, T, and APM increases as interest charged increases, meanwhile ¢, p, and APR increases. Due
to the reducing effect of @, the T' decreases. With the rising values of interest charged, manufacturer profit
decreases, and its negative impact reflects on integrated profit.

— A higher interest earned yields higher IAP, higher APR, higher ¢, higher p, lower @, lower T, and lower
APM. As the @) decreases, the APM decreases. Again, the average profit of the retailer is much more than
the manufacturer, as a result, the IAP increases.

— If the manufacturer increases the production rate then IAP, ¢, p, @, T, and the APM decrease and the APR
increases. As the @) decreases, T as well as APM decrease. Since decreasing percentage of APM is much
more than increasing percentage of APR, the TAP decreases.

— When the percentage of imperfect production increases, IAP, ¢, p, APR decreases whereas @@, APM, and T
increase. Again, the IAP decreases as the average profit of the retailer is much more than the average profit
of the manufacturer.

— When material cost increases, IAP, g, p, Q, T, and APM decrease, whereas the APR increases. As the )
decreases, T' decreases. Since, the average profit increasing percentage rate of the retailer is much less than
the decreasing percentage rate of the APM, the IAP decreases with higher values of the material cost.

— APM, @ decrease with the increasing effect of the product life-time. As lot-size decreases, the inventory
cycle decreases. Manufacturer average profit decreasing rate is higher than retailer average profit increasing
rate, the resultant effect make IAP downwards.

— A higher holding cost at the manufacturer’s level yields lower IAP, higher APR, lower APM, lower inventory
cycle, higher p, higher ¢, and lower Q). As lot-size decreases, T' decreases. The TAP decreases marginally as
the decreasing percentage rate of the APM is more than the increasing percentage rate of the APR.
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TABLE 3. Sensitivity of the key parameters.

Parameter Percentage change of the optimal values
value Q" q” p* T APM7 APR] TIAPY
0.728 2.17478 —0.027477 —0.027477  2.08693 0.054965 —0.043750 —0.007548
M 0.729 1.08842 —0.013764 —0.013764 1.04495 0.027617 —0.021988 —0.003796
0.731 —1.09073 0.013819 0.013819 —1.04817 —0.027901  0.022223 0.003841
0.732 —2.18403 0.027697 0.027697 —2.09982 —0.056103  0.044694 0.007728
0.708 —2.13438 0.027860 0.027860 —2.0521 —0.051659  0.041839 0.007550
N 0.709 —1.06742 0.013916 0.013916 —1.02579 —0.025739  0.020840 0.003758
0.711 1.0681 —0.013893 —0.013893 1.02549 0.025570 —0.02069 —0.003725
0.712 2.13713 —0.027765 —0.027765 2.05089 0.050982 —0.041238 —0.007418
0.088 1.55777 —0.011654 —0.011654  1.49469 0.049643 —0.019489  0.005864
1. 0.089 0.768634 —0.005704 —0.005704 0.737761 0.024673 —0.009674  0.002922
0.091 —0.749103  0.005470 0.005470 —0.71949 —0.024392  0.009542 —0.002903
0.092 —1.47958 0.010717 0.010717 —1.42154 —0.048518  0.018960 —0.005786
0.068 0.618591 —0.008050 —0.008050 0.594026 0.014831 —0.012002 —0.002162
I 0.069 0.309327 —0.004027 —0.004027 0.297084 0.007424 —0.006009 —0.001082
0.071 —0.309396  0.004030 0.004030 —0.29723 —0.007441  0.006024 0.001086
0.072 —0.618866 0.008064 0.008064 —0.594613 —0.014900 0.012063 0.002175
798 3.1001 0.010065 0.010065 3.00085 0.096110 —0.041255 0.009121
P 799 1.49536 0.005255 0.005241 1.44854 0.046730 —0.019930 0.004517
801 —1.40002 —0.005602 —0.005602 —1.35795 —0.044405 0.018713 —0.004434
802 —2.71614 —0.011492 —0.011492 —2.63607 —0.086748  0.036354 —0.008791
0.098 —2.40318 0.202016 0.202016 —2.13835 —0.020418  0.040893 0.018408
o 0.099 —1.23057 0.10111 0.10111 —1.0956 —0.010866  0.020800 0.009187
0.101 1.29477 —0.101355 —0.101342 1.15415 0.012320 —0.021585 —0.009151
0.102 2.66106 —0.20297 —0.20297  2.37352 0.0262541  —0.044044 —0.018263
4.9 0.600167 0.110938 0.110938 0.568037 0.435412 —0.005589 0.156141
Cm 495 0.294239 0.055559 0.055559 0.278453 0.217558 —0.002713  0.078067
5.05 —0.283293 —0.055726 —0.055726 —0.268025 —0.217278 0.002561 —0.078061
5.1 —0.556316 —0.111611 —0.111611 —0.526263 —0.434293 0.004979 —0.156117
1.98 0.506092 —0.013598 —0.013598  0.460538 0.022039 —0.011089  0.001060
L 1.99 0.250869 —0.006751 —0.006751 0.228317 0.010942 —0.005504  0.000527
2.01 —0.246642 0.006658 0.006658 —0.224527 —0.010791 0.005424 —0.000522
2.02 —0.48918 0.013225 0.013225 —0.445371 —0.021434 0.010771 —0.001040
1.18 0.276028 —0.008085 —0.008085 0.26542 0.009511 —0.003943  0.000991
Hy 119 0.137664 —0.004035 —0.004035 0.132382 0.004747 —0.001967  0.000495
1.21 —0.136972  0.004021 0.004021 —0.131732 —0.004730 0.001958 —0.000494
1.22 —0.273258  0.008028 0.008028 —0.262819 —0.009442 0.003907 —0.000988
1.28 0.437852 —0.004214 —0.004214 0.420394 0.010444 —0.003420 0.001664
Hr 1.29 0.218116 —0.002098 —0.002098  0.209439 0.005207 —0.001702  0.000831
1.31 —0.216517  0.002081 0.002081 —0.207944 —0.005176 0.001687 —0.000830
1.32 —0.431458  0.004146 0.004146 —0.414413 —0.010322 0.003359 —0.001658
9.88 2.05923 —0.032526 —0.032525 1.97661 0.055706 —0.022626 0.006101
w 9.94 1.00646 —0.015947 —0.015947 0.966532 0.027346 —0.011047  0.003033
10.06 —0.96415 0.015368 0.015368 —0.926699 —0.026417 0.01056 —0.003001

10.12 —1.88946 0.030203 0.030203 —1.8168 —0.051978  0.020674 —0.005970
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— A higher holding cost at the retailer’s level yields lower TAP, marginal higher APR, lower APM, lower
inventory cycle, higher p, higher ¢, and lower Q.

— When the cost of deterioration increases, IAP, APM, inventory cycle time, and @ decrease whereas ¢, p,
and APR increase. As the decreasing percentage of the APM is much more than the increasing percentage
of the APR, the resultant effect decreases the IAP.

6.1. Managerial insight

Using this model, the members of a supply chain can determine optimal production lot-size, optimal QIE,
and optimal promotional effort, etc. and could earn maximum profit. The proposed model is suitable for bakery
product industries, milk product industries and all other manufacturing industries where the produced items
deteriorate with time as well as the demand of the products sensitive to QIE and promotional effort.

The under mention conclusions can be noted from the sensitivity analysis of the model.

— With increasing values of the parameters N and «, the production lot-size increases and the production
lot-size decreases for the increasing values of M, I.., I., P, L, Hy;, Hg, Cy,, k, €, and w.

— With the higher values of the parameters N, «, &, and C,,, the QIE of the product decreases but the
increasing values of the parameters M, I., I., P, L, Hy;, k, Hg, and w increase the QIE of the product.

— The promotional effort increases when the parameters M, I., I., P, L, Hy;, Hg, &£, and w increase and
decreases when the parameters N, «, k, and C,, increase.

— With the rising values of the parameters N, I., P, a, L, Hy;, Hgr, Cp,, k, £, and w, the integrated average
profit is falling down but the integrated average profit is rising up when the parameters M and I. increase.

— Retailer and the manufacturer should suitably adjust the offered credit period to gain the optimal profit.

— When both credit periods provided by the manufacturer and the retailer lie within the manufacturer’s cycle,
the integrated profit of the chain is maximum.

— The concept of rising imperfect production percentage makes the manufacturer’s less profitable, which is
not always right. In this context, the production quantity increases enough to meet the expected profit.

— The extended lifetime of the product does not always imply more profit for the integrated system due to
lesser production.

— Although, quality effort and promotional effort stimulate the market demand, it is not always economically
profitable for the supply chain.

— Higher deterioration cost reflects its negative effect on the manufacturer’s profit as well as on integrated
profit of the chain.

7. CONCLUSION

Managing inventory for the deteriorating items is a vital factor for every company. Nowadays, every company
gives more attention to control the deterioration and to manage the required quality of the products to enhance
their market potential. The demand of a product can be boosted by the advertisement of the product as it is
used for motivating the consumer to buy the products. On the other hand, trade credit is one of the widespread
as well as an acceptable policy for inventory management. Applying this policy, the upper stream member can
enhance their market demand and the down-stream member can use the period for their benefit.

By memorizing the above, we have framed a two-layer supply chain model for deteriorating items consisting
of a manufacturer and a retailer under a two-stage trade credit policy with variable demand. The production
process is not perfect, and some percentage of the produced items are imperfect. We have considered different
rates of time-dependent deterioration of the product for the manufacturer and retailer level with the product’s
fixed lifetime. The retailer and the customer demand have assumed sensitive on the QIE and promotional effort.
After formulating an integrated total profit function, we have derived the optimum values of the production
lot-size, QIE, and promotional effort so that the integrated profit be maximized. From the numerical section, it
is clear that Case 1 is profitable for the integrated chain. By using this model, the manufacturer and the retailer
can take optimal decisions on the lot size, QIE, and promotional effort, etc.
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It is observed that the members of the chain have to give more attention to the offered credit period,
production rate, material cost and lifetime of the product because the profit of the member can diminish for the
wrong decisions on them. This paper reveals that, though QIE and promotional effort stimulates the market
demand, it is economically profitable for the supply chain when its plan of activity is carefully designed. The
supply chain members have to be more careful about M, N, P, L, w as these parameters are more sensitive
compared to others.

We developed this model without including the shortages, market competition, and rework of imperfect items.
Further studies can be done by considering selling price-sensitive demand, relaxing zero inventory levels at the
terminal point of the total inventory cycle, market competition, and preservative maintenance, etc.
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