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DISTANCE SPECTRAL RADIUS OF SERIES-REDUCED TREES WITH
PARAMETERS

Yuyuan Deng1, Dangui Li1, Hongying Lin2 and Bo Zhou1,∗

Abstract. For a connected graph G, the distance matrix is a real-symmetric matrix where the (u, v)-
entry is the distance between vertex u and vertex v in G. The distance spectral radius of G is the
largest eigenvalue of the distance matrix of G. A series-reduced tree is a tree with at least one internal
vertex and all internal vertices having degree at least three. Those series-reduced trees that maximize
the distance spectral radius are determined over all series-reduced trees with fixed order and maximum
degree and over all series-reduced trees with fixed order and number of leaves, respectively.
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1. Introduction

All graphs in this paper are finite, simple and undirected. Let G be a graph of order n with vertex set V (G)
and edge set E(G). For u, v ∈ V (G), the distance between u and v in G, denoted by dG(u, v), is the length of
a shortest path joining u and v in G. The distance matrix of G is the n× n matrix D(G) = (dG(u, v))u,v∈V (G).
It is a symmetric matrix, and therefore, all its eigenvalues are real. The largest eigenvalue of D(G) is called the
distance spectral radius of G, denoted by ρ(G).

1.1. Problems and existing results

A natural question is what can be said about the distance spectral radius. Let G be a class of connected
graphs. It is natural and of interest to find

min{ρ(G) : G ∈ G}

and
max{ρ(G) : G ∈ G}

and determine the graphs in G attaining the minimum and maximum. One of the first results on the spectrum
of the distance matrix of a graph was obtained by Graham and Pollak [8], who showed that if G is a tree on n
vertices, then det(D(G)) = (−1)n−1(n− 1)2n−2, and when n ≥ 2, D(G) has one positive eigenvalue and n− 1
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negative eigenvalues. This unexpected result also aroused the study of the spectrum of the distance matrix to
explore the roles of separate eigenvalues, especially the role of the distance spectral radius. In applications, the
distance spectral radius has been successfully used as a molecular descriptor [2, 9]. Zhou and Trinajstić [29]
provided lower and upper bounds for the distance spectral radius in terms of the order, the sum of squares of
the distances between all unordered pairs of vertices, and the status (sums of the distances between a vertex and
all other vertices). Ruzieh and Powers [23] initiated in 1990 the study to determine the graphs that maximize
or minimize the distance spectral radius in a class of graphs, and they showed that the maximum possible
value for all connected graphs on n vertices is achieved by the path, for which the distance spectral radius is
n2

2a2 − 2+a2

6a2 + O(n−2), where a is the root of a tanh(a) = 1. Stevanović and Ilić [24] showed that the broom
consisting of ∆ − 1 edges and a path of length n − ∆ at a common vertex maximizes uniquely the distance
spectral radius over all trees of order n with maximum degree ∆ ≥ 2. In recent ten years, there are lots of papers
on the distance spectral radius, and among them, lots of work was devoted to the distance spectral radius of
trees. There is a survey of Aouchiche and Hansen [1] in 2014 on the relevant background and results on the
spectrum of the distance matrix of a graph, and especially on the distance spectral radius. The extremal results
on the distance spectral radius of trees may be found in [12, 20] with fixed matching number, in [20, 21] with
given number of leaves, in [15,17,18,24] with given maximum degree, in [6,28] with fixed diameter, in [14] with
fixed number of odd vertices, in [25] with fixed domination number, in [16] with given number of vertices of
degree two, in [5] with fixed degree sequence, and in [15,16,26,27] for some particular classes of trees.

1.2. Work of this paper

A vertex of degree one in a graph is called a leaf. A vertex of a tree is an internal vertex if it is not a leaf.
A series-reduced tree is a tree with at least one internal vertex and all internal vertices having degree at least
three. It is also known as a homeomorphically irreducible tree [11]. Series-reduced trees form an important family
of trees [3,7,10,11]. So it is natural to ask what can be said about the connection between the extremal distance
spectral radius and structural parameters of series-reduced trees, which is the goal of this article. As examples,
two parameters including maximum degree and number of leaves are considered. Those trees that maximize the
distance spectral radius are determined over all series-reduced trees of order n with maximum degree ∆, where
3 ≤ ∆ ≤ n− 5, and over all series-reduced trees of order n with p leaves, where dn+2

2 e ≤ p ≤ n− 2, respectively.

2. Preliminaries

For a graph G with u ∈ V (G), let NG(u) = {v ∈ V (G) : uv ∈ E(G)}. The degree of vertex u in G is
δG(u) = |NG(u)|.

A diameter of a connected graph G is the greatest distance between vertices of G.
An edge which is incident with a leaf is called a leaf edge. For a tree T with a leaf v, v is said to be a leaf

at u if v is adjacent to u in T . Given a nontrivial tree T with u ∈ V (T ), if a new vertex v and a new edge uv
are added to T to form a new tree T ′, then T ′ is said to be obtained from T by adding a leaf edge uv or a leaf
v at u.

The status of a vertex u of a connected graph G is sG(u) =
∑
v∈V (G) dG(u, v), and the minimum status of

G is s(G) = min{sG(u) : u ∈ V (G)}. Evidently, s(G) equals the minimum row sum of D(G). It is easy to see
that the minimum status of a tree of order at least three is achieved by some internal vertex, see, e.g., [22].

Let G be a connected graph with V (G) = {v1, . . . , vn} and x = (xv1 , . . . , xvn
)> a real column vector. Then

x>D(G)x =
∑

{u,v}⊆V (G)

2dG(u, v)xuxv.

As D(G) is a nonnegative irreducible matrix, by the well known Perron–Frobenius theorem, ρ(G) is simple,
and associating with ρ(G), there is a unique positive unit eigenvector, which is called the D(G)-Perron vector.
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Figure 1. The tree T in Lemma 2.4.

If x is the D(G)-Perron vector, then, for each u ∈ V (G),

ρ(G)xu =
∑

v∈V (G)

dG(u, v)xv.

This equation is called the D(G)-eigenequation at u. By Rayleigh’s principle, for a unit nonnegative column
vector y = (yv1 , . . . , yvn

)>,
ρ(G) ≥ y>D(G)y

with equality if and only if y is the D(G)-Perron vector.
If E1 is a set of unordered pairs of distinct vertices that are not adjacent in G, then G + E1 = (V (G),

E(G) ∪ E1), and if E1 ⊆ E(G), then G − E1 = (V (G), E(G) \ E1). If E1 = {uv}, then G + uv or G − uv is
used for G+E1 or G−E1. If u ∈ V (G), then G− u is the subgraph of G obtained by deleting u and all edges
incident with u.

For a subset V0 of vertices of a connected graph G, σG(V0) denotes the sum of the entries of the D(G)-Perron
vector corresponding to the vertices from V0. If H is an induced subgraph of G, σG(H) is used for σG(V (H)).

Lemma 2.1 ([25]). Let G be a connected graph with u, v ∈ V (G) and x the D(G)-Perron vector. Suppose that
u′ and v′ are leaves adjacent to u and v, respectively. Then x′u − x′v = ρ(G)

ρ(G)+2 (xu − xv).

Note that in previous lemma, u and v are not necessarily distinct.

Lemma 2.2 ([25]). Let G be a connected graph and uv a cut edge but not a leaf edge of G. Let G′ = G−{vw :
w ∈ NG−uv(v)}+ {uw : w ∈ NG−uv(v)}. Then ρ(G′) < ρ(G).

Lemma 2.3 ([14]). Let T be a tree with u ∈ V (T ), and let NT (u) = {u1, . . . , uk}, where k ≥ 3. Let Ti be the
component of T − u containing ui for 1 ≤ i ≤ k. Let T ′ = T − {uui : 3 ≤ i ≤ t} + {wui : 3 ≤ i ≤ t}, where
3 ≤ t ≤ k and w ∈ V (T2). If σT (T1) ≥ σT (T2), then ρ(T ′) > ρ(T ).

Lemma 2.4. Let T be a series-reduced tree on n vertices whose structure is displayed in Figure 1, where u1, u2,
and u3 are neighbors of u, each neighbor of u different from u1, u2, u3 (if any exists) is a leaf in T , vi is a leaf at
ui for i = 1, 2, and δT (u3) ≥ 3. Let T ′ = T −{uu3, u1v1}+{u1u3, uv1} and T ∗ = T −{uu3, u2v2}+{u2u3, uv2}.
Then ρ(T ′) > ρ(T ) or ρ(T ∗) > ρ(T ).

Proof. Because T is a series-reduced tree, T ′ is also a series-reduced tree. Let x be the D(T )-Perron vector. Let
Nu = NT (u)\{u1, u2, u3}. Let T1, T2 and T3 be the three nontrivial components in T −u containing u1, u2 and
u3, respectively.

Suppose that σT (T1) ≤ σT (T2). As T is transformed into T ′, the distance between a vertex of V (T3) and a
vertex of V (T2)∪{u}∪Nu is increased by 1, the distance between a vertex of V (T3) and a vertex of V (T1)\{v1}
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Figure 2. The tree E(n, `; k, k + t).

is decreased by 1, the distance between v1 and a vertex of V (T1) \ {v1} is increased by 1, the distance between
v1 and a vertex of V (T2) ∪ {u} ∪ Nu is decreased by 1, and the distances between all other pairs of vertices
remain unchanged. Thus

1
2

(ρ(T ′)− ρ(T )) ≥ 1
2
x>(D(T ′)−D(T ))x

= σT (T3)(σT (T2) + xu + σT (Nu)− (σT (T1)− xv1))
+ xv1(σT (T1)− xv1 − (σT (T2) + xu + σT (Nu)))

= (σT (T2)− σT (T1) + xu + σT (Nu) + xv1)(σT (T3)− xv1). (2.1)

Let a, b be two neighbors of u3 in T3. For any v ∈ V (T )\{u3, a, b, v1}, dT (u3, v)+dT (a, v)+dT (b, v)−dT (v1, v) ≥ 0.
From the D(T )-eigenequations at u3, a, b and v1, one has

ρ(T )(xu3 + xa + xb − xv1) =
∑

v∈V (T )

(dT (u3, v) + dT (a, v) + dT (b, v)− dT (v1, v))xv

=
∑

v∈V (T )\{u3,a,b,v1}

(dT (u3, v) + dT (a, v) + dT (b, v)− dT (v1, v))xv

+ (0 + 1 + 1− 3)xu3 + (1 + 0 + 2− 4)xa
+ (1 + 2 + 0− 4)xb + (3 + 4 + 4− 0)xv1

≥ − xu3 − xa − xb + 11xv1 ,

and thus (ρ(T ) + 1)(xu3 + xa + xb − xv1) ≥ 10xv1 > 0, which implies xu3 + xa + xb − xv1 > 0. Therefore,
σT (T3)−xv1 ≥ xu3 +xa+xb−xv1 > 0. Evidently, σT (T2)−σT (T1)+xu+σT (Nu)+xv1 ≥ xu+σT (Nu)+xv1 > 0.
From (2.1), one has ρ(T ′) > ρ(T ).

If σT (T2) < σT (T1), then by similar arguments as above, one has ρ(T ∗) > ρ(T ). �

Recall that a caterpillar is a tree in which removal of all leaves outside a longest path (if any exists) gives a
path.

For simplicity, [n] is used for {1, . . . , n} if n is a positive integer.
For integers n, `, k, t with n = 2`+2k+t−2, ` ≥ 2, k ≥ 0 and t ≥ 0, let E(n, `; k, k+t) be a caterpillar obtained

from P`−1 whose vertices are consecutively labelled as u1, . . . , u`−1 by adding a leaf vi at ui for i ∈ [`− 1] and
then adding k leaves at u1 and k + t leaves at u`−1, see Figure 2. Note that this tree has diameter `.

Lemma 2.5. Let G = E(n, `; k, k + t), where k ≥ 0, t ≥ 1, ` = n+2−2k−t
2 = 2d, and d ≥ 2. Let x be the

D(G)-Perron vector and si = xui + xvi for i ∈ [2d− 1]. Then sd−i > sd+i for i ∈ [d− 1].

Proof. Let the vertices of G be labelled as in Figure 2 (with ` = 2d). Let Λ =
∑2d−1
j=d+1 sj + (k + t)xv2d−1 −(∑d−1

j=1 sj + kxv1

)
.
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Let K = ρ(G) + ρ(G)
ρ(G)+1 . Suppose that i ∈ [d− 1]. By Lemma 2.1, one has

ρ(G) (sd−i − sd+i) = ρ(G)
(
xud−i

− xud+i

)
+ ρ(G)

(
xvd−i

− xvd+i

)
= ρ(G)

(
xud−i

− xud+i

)
+

ρ2(G)
ρ(G) + 2

(
xud−i

− xud+i

)
=

2ρ(G)(ρ(G) + 1)
ρ(G) + 2

(
xud−i

− xud+i

)
,

i.e.,
K (sd−i − sd+i) = 2ρ(G)

(
xud−i

− xud+i

)
.

So, by the D(G)-eigenequations at ud−i and ud+i, one has

K (sd−i − sd+i) = 2

−2i
d−i∑
j=1

sj − 2ikxv1 −
i−1∑
j=1

2jsd−j

+
i−1∑
j=1

2jsd+j + 2i
2d−1∑
j=d+i

sj + 2i(k + t)xv2d−1


= − 4i

d−i∑
j=1

sj − 4ikxv1 −
i−1∑
j=1

4jsd−j +
i−1∑
j=1

4jsd+j + 4i
2d−1∑
j=d+i

sj

+ 4i(k + t)xv2d−1 .

Thus

K
(
(sd−i − sd+i)−

(
sd−(i−1) − sd+(i−1)

))
= 4

 2d−1∑
j=d+i

sj + (k + t)xv2d−1 − kxv1 −
d−i∑
j=1

sj


= 4Λ + 4

i−1∑
j=1

(sd−j − sd+j) . (2.2)

It is easy to prove that sd−i − sd+i and Λ have the same sign by induction on i ∈ [d − 1]. If i = 1, then this
follows from (2.2). Suppose that 2 ≤ i ≤ d− 1. By the induction hypothesis, sd−j − sd+j and Λ have the same
sign for j ∈ [i − 1]. Thus 4

∑i−1
j=1 (sd−j − sd+j) and Λ have the same sign. Now from (2.2), sd−i − sd+i and Λ

have the same sign. This shows that sd−i − sd+i and Λ have the same sign for all i ∈ [d− 1], as desired.
Suppose that xu1 ≤ xu2d−1 . By Lemma 2.1,

(2ρ(G) + 2)
(
xu1 − xu2d−1

)
= (ρ(G) + 2) (s1 − s2d−1) .

Thus s1 ≤ s2d−1. As sd−i − sd+i and Λ have the same sign for i ∈ [d− 1], Λ +
∑d−1
j=1 (sd−j − sd+j) ≤ 0. On the

other hand, from the expression of Λ, one has

Λ +
d−1∑
j=1

(sd−j − sd+j) = (k + t)xv2d−1 − kxv1

= k · ρ(G)
ρ(G) + 2

(xu2d−1 − xu1) + txv2d−1

> 0,

which is a contradiction. It follows that xu1 > xu2d−1 . Then s1 > s2d−1, so Λ > 0. Therefore sd−i > sd+i for
i ∈ [d− 1]. �
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By the previous lemma and its proof, sd−i > sd+i for i ∈ [d− 1], and Λ > 0. So from (2.2), we have

Corollary 2.6. Let G = E(n, `; k, k + t), where k ≥ 0, t ≥ 1, ` = n+2−2k−t
2 = 2d and d ≥ 2. Let x be the

D(G)-Perron vector and si = xui + xvi for i ∈ [2d− 1]. Then

sd−i − sd+i > sd−i+1 − sd+i−1

for i ∈ [d− 1].

Lemma 2.7. Let G = E(n, `; k, k + t), where k ≥ 0, t ≥ 1, ` = n+2−2k−t
2 = 2d + 1, and d ≥ 2. Let x be the

D(G)-Perron vector and si = xui
+ xvi

for i ∈ [2d]. Then sd−i ≥ sd+i+1 for 0 ≤ i ≤ d− 1.

Proof. Let the vertices of G be labelled as in Figure 2 (with ` = 2d + 1). Let Λ =
∑2d
j=d+1 sj + (k + t)xv2d

−(∑d
j=1 sj + kxv1

)
.

Let K = ρ(G) + ρ(G)
ρ(G)+1 . For i = 0, . . . , d− 1, by Lemma 2.1, one has

K (sd−i − sd+i+1) = 2ρ(G)
(
xud−i

− xud+i+1

)
,

so, by the D(G)-eigenequations at ud−i and ud+i+1, one has

K (sd−i − sd+i+1) = − 2(2i+ 1)
d−i∑
j=1

sj − 2(2i+ 1)kxv1 −
i−1∑
j=0

2(2j + 1)sd−j +
i−1∑
j=0

2(2j + 1)sd+j+1

+ 2(2i+ 1)
2d∑

j=d+i+1

sj + 2(2i+ 1)(k + t)xv2d
.

Thus, for 0 ≤ i ≤ d− 1, one has

K ((sd−i − sd+i+1)− (sd−i+1 − sd+i))

= 4

 2d∑
j=d+i+1

sj + (k + t)xv2d
− kxv1 −

d−i∑
j=1

sj


= 4Λ + 4

i−1∑
j=0

(sd−j − sd+j+1) . (2.3)

It is easy to prove that sd−i−sd+i+1 and Λ have the same sign by induction on i for 0 ≤ i ≤ d−1. If i = 0, then it
follows from (2.3). Suppose that 1 ≤ i ≤ d−1. By the induction hypothesis, sd−j− sd+j+1 and Λ have the same
sign for 0 ≤ j ≤ i− 1. Thus 4

∑i−1
j=0 (sd−j − sd+j+1) and Λ have the same sign. Now from (2.3), sd−i − sd+i+1

and Λ have the same sign. This shows that sd−i− sd+i+1 and Λ have the same sign for 0 ≤ i ≤ d−1, as desired.
Suppose that xu1 ≤ xu2d

. By Lemma 2.1, s1 ≤ s2d. As sd−i−sd+i+1 and Λ have the same sign for 0 ≤ i ≤ d−1,
one has Λ ≤ 0. But, on the other hand, Λ +

∑d−1
j=0 (sd−j − sd+j+1) = (k+ t)xv2d

−kxv1 = k ρ(G)
ρ(G)+2 (xu2d

−xu1) +
txv2d

> 0, a contradiction. It follows that xu1 > xu2d
. Then s1 > s2d, so Λ > 0. Therefore sd−i > sd+i+1 for

0 ≤ i ≤ d− 1. �

Corollary 2.8. Let G = E(n, `; k, k + t), where k ≥ 0, t ≥ 1, ` = n+2−2k−t
2 = 2d + 1 and d ≥ 2. Let x be the

D(G)-Perron vector and si = xui + xvi for i ∈ [d− 1]. Then

sd−i − sd+i+1 > sd−i+1 − sd+i

for 0 ≤ i ≤ d− 1.
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Lemma 2.9. Suppose that 3 ≤ ` ≤ bn2 c, k ≥ 0, t ≥ 2 and 2`+2k+ t−2 = n. Then ρ(E(n, `; k+1, k+ t−1)) >
ρ(E(n, `; k, k + t)).

Proof. If ` = 3, this is Corollary 3.2 of [4]. Suppose that ` ≥ 4. Let G = E(n, `; k, k+ t). Let the vertices of G be
labelled as in Figure 2. Let x be the D(G)-Perron vector. Let G′ be the tree obtained from G by deleting a leaf
adjacent to u`−1 that is different from v`−1 and adding a leaf edge at u1. Obviously, G′ ∼= E(n, `; k+1, k+ t−1).

Case 1. ` = 2d.

Let si = xui
+ xvi

for i ∈ [2d− 1]. Then

1
2

(ρ(G′)− ρ(G)) ≥ 1
2
x>(D(G′)−D(G))x = xv2d−1F,

where

F = k(2d− 2)
(
xv2d−1 − xv1

)
+ (t− 1)(2d− 2)xv2d−1 +

d−1∑
i=1

(2d− 2i) (s2d−i − si) .

Suppose that F ≤ 0.
For i ∈ [d− 1], by Corollary 2.6, si − s2d−i ≤ s1 − s2d−1, and thus by Lemma 2.1,

si − s2d−i ≤ s1 − s2d−1 =
2ρ(G) + 2
ρ(G) + 2

(
xu1 − xu2d−1

)
< 2

(
xu1 − xu2d−1

)
.

By Lemma 2.1,

xv1 − xv2d−1 =
ρ(G)

ρ(G) + 2
(
xu1 − xu2d−1

)
< xu1 − xu2d−1 .

Thus

ρ(G)
(
xu1 − xu2d−1

)
=

∑
v∈V (G)

(dG(v, u1)− dG(v, u2d−1))xv

= k(2− 2d)xv1 +
d−1∑
i=1

(2i− 2d)si +
d−1∑
i=1

(2d− 2i)s2d−i + (k + t)(2d− 2)xv2d−1

= k(2d− 2)
(
xv2d−1 − xv1

)
+ t(2d− 2)xv2d−1 +

d−1∑
i=1

(2d− 2i) (s2d−i − si)

= 2F − (t− 2)(2d− 2)xv2d−1 +
d−1∑
i=1

(2d− 2i) (si − s2d−i)

+ k(2d− 2)
(
xv1 − xv2d−1

)
≤

d−1∑
i=1

(2d− 2i) (si − s2d−i) + k(2d− 2)
(
xv1 − xv2d−1

)
< 2

d−1∑
i=1

(2d− 2i)(xu1 − xu2d−1) + k(2d− 2)
(
xu1 − xu2d−1

)
= (2d2 − 2d+ 2kd− 2k)

(
xu1 − xu2d−1

)
,

implying (
ρ(G)−

(
2d2 − 2d+ 2kd− 2k

)) (
xu1 − xu2d−1

)
< 0. (2.4)
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For i ∈ [2d− 1],

sG(ui) =
∑

v∈V (G)

dG(v, ui)

= 2i2 − (4d+ t)i+ 4d2 + 2kd+ 2dt− 1

= 2
(
i−
(
d+

t

4

))2

+ 2d2 + dt+ 2kd− t2

8
− 1.

Suppose first that 2 ≤ t ≤ 4d− 4. Then 2 ≤ d+ t
4 ≤ 2d− 1. As a function of i, sG(ui) achieves its minimum if

i = d+ t
4 , so

s(G) ≥ 2d2 + dt+ 2kd− t2

8
− 1.

Let f(t) = 2d2 +dt+2kd− t2

8 −1. As f(t) is strictly increasing for 2 ≤ t ≤ 4d, f(t) ≥ f(2) = 2d2 +2d+2kd− 3
2 .

Thus s(G) ≥ 2d2 + 2d + 2kd − 3
2 . Suppose next that t ≥ 4d − 3. Then d + t

4 > 2d − 1. As sG(ui) is strictly
decreasing for i ∈ [2d− 1], sG(ui) achieves its minimum if i = 2d− 1, so

s(G) ≥ 4d2 + 2kd− 4d+ t+ 1
≥ 4d2 + 2kd− 2

> 2d2 + 2d+ 2kd− 3
2
·

Thus s(G) ≥ 2d2 + 2d+ 2kd− 3
2 in either case. Note that ρ(G) ≥ s(G) [19]. Thus

ρ(G) ≥ 2d2 + 2d+ 2kd− 3
2
,

which together with (2.4), implies xu1 < xu2d−1 . But by Lemma 2.5, xu1 > xu2d−1 , a contradiction. Thus F > 0,
and then ρ(G′) > ρ(G).

Case 2. ` = 2d+ 1.

Let si = xui + xvi for i ∈ [2d]. Then

1
2

(ρ(G′)− ρ(G)) ≥ 1
2
x>(D(G′)−D(G))x = xv2d

L,

where

L = k(2d− 1) (xv2d
− xv1) + (t− 1)(2d− 1)xv2d

+
d∑
i=1

(2d− 2i+ 1) (s2d−i+1 − si) .

Suppose that L ≤ 0.
For i ∈ [d], by Corollary 2.8 and Lemma 2.1, one has

si − s2d−i+1 < 2 (xu1 − xu2d
)

and
xv1 − xv2d

< xu1 − xu2d
.



DISTANCE SPECTRAL RADIUS S2569

Thus

ρ(G) (xu1 − xu2d
) =

∑
v∈V (G)

(dG(v, u1)− dG(v, u2d))xv

= k(1− 2d)xv1 +
d∑
i=1

(2i− (2d+ 1))si +
d∑
i=1

(2d+ 1− 2i)s2d−i+1

+ (k + t)(2d− 1)xv2d

= k(2d− 1) (xv2d
− xv1) + t(2d− 1)xv2d

+
d∑
i=1

(2d− 2i+ 1) (s2d−i+1 − si)

= 2L− (t− 2)(2d− 1)xv2d
+

d∑
i=1

(2d− 2i+ 1)(si − s2d−i+1)

+ k(2d− 1) (xv1 − xv2d
)

≤
d∑
i=1

(2d− 2i+ 1)(si − s2d−i+1) + k(2d− 1) (xv1 − xv2d
)

< 2
d∑
i=1

(2d− 2i+ 1) (xu1 − xu2d
) + k(2d− 1) (xu1 − xu2d

)

= (2d2 + 2kd− k) (xu1 − xu2d
) ,

implying (
ρ(G)− (2d2 + 2kd− k)

)
(xu1 − xu2d

) < 0. (2.5)

For i ∈ [2d],

sG(ui) =
∑

v∈V (G)

dG(v, ui)

= 2i2 − (4d+ t+ 2)i+ 4d2 + 4d+ 2kd+ k + 2dt+ t

= 2
(
i−
(
d+

t+ 2
4

))2

+ 2d2 + 2d+ 2kd+ k + dt+
t

2
− t2

8
− 1

2
·

Arguing as in Case 1, s(G) ≥ 2d2 + 4d + 2kd + k, so ρ(G) ≥ 2d2 + 4d + 2kd + k. It follows from (2.5) that
xu1 < xu2d

. But by Lemma 2.7, one has xu1 > xu2d
, a contradiction. Thus L > 0, so ρ(G′) > ρ(G). �

3. Main results

In this section, we determine the trees with maximum distance spectral radius among all series-reduced trees
with fixed order and maximum degree and among all series-reduced trees with fixed order and number of leaves,
respectively.

For 3 ≤ ∆ ≤ n− 1, let SR(n,∆) be the set of series-reduced trees of order n with the maximum degree ∆.
Obviously, SR(n, n − 1) contains only the star Sn of order n, SR(n, n − 2) = ∅, SR(n, n − 3) contains only
the double star with degrees n − 3 and 3 for its centers, and SR(n, n − 4) contains only the double star with
degrees n− 4 and 4 for its centers.

Theorem 3.1. Let T ∈ SR(n,∆), where 3 ≤ ∆ ≤ n− 5. Then

ρ(T ) ≤ ρ
(
E

(
n,

⌈
n−∆

2

⌉
+ 1;

⌊
n−∆

2

⌋
−
⌈
n−∆

2

⌉
+ 2,∆− 2

))
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with equality if and only if T ∼= E
(
n,
⌈
n−∆

2

⌉
+ 1;

⌊
n−∆

2

⌋
−
⌈
n−∆

2

⌉
+ 2,∆− 2

)
.

Proof. Let T be a tree in SR(n,∆) that maximizes the distance spectral radius. By [5], the maximum distance
spectral radius of a tree with given degree sequence is uniquely attained by a caterpillar. So T is a caterpillar.

If ∆ = 3, then n is even, n−∆ is odd and T ∼= E
(
n, n2 ; 1, 1

)
.

Suppose in the following that 4 ≤ ∆ ≤ n− 5.
Let d be the diameter of T and let u0 . . . ud be a path of length d in T . Let I(T ) be the set of internal vertices

of T , i.e., I(T ) = {ui : 1 ≤ i ≤ d− 1}. Let u be a vertex of degree ∆. Evidently, u ∈ I(T ). For i ∈ [d− 1], let vi
be a leaf at ui in T .

Case 1. ∆ = 4.

Suppose that δT (u1) 6= 4 and δT (ud−1) 6= 4. As T is a series-reduced tree, δT (u1) = δT (ud−1) = 3. Then
u = ui0 for some 1 < i0 < d − 1. Let T1 be the component of T − u containing u0 and T2 the component of
T − u containing ud. Let T ′ = T − uvi0 + u1vi0 and T ′′ = T − uvi0 + ud−1vi0 . Note that T ′, T ′′ ∈ SR(n,∆). By
Lemma 2.3, ρ(T ′) > ρ(T ) or ρ(T ′′) > ρ(T ), a contradiction. So u may be chosen to be ud−1.

Suppose that there are three vertices of degree 4. Recall that δT (ud−1) = 4. Choose a vertex ui of degree 4
with the smallest i. There is also a vertex uj of degree 4 with 1 ≤ i < j < d−1. Let F1 and F2 be the components
of T −uj containing u0 and ud, respectively. Assume that σT (F1) ≤ σT (F2) (otherwise change the role of ui and
ud−1). Let T ′ = T −ujvj +uivj . By Lemma 2.3, ρ(T ′) > ρ(T ). Note that the maximum degree of T ′ is 5. Let F ′1
and F ′2 be the components of T ′−ui containing u0 and ud, respectively. Let T ∗ = T ′−{uivi, uivj}+{u0vi, u0vj}
and T ∗∗ = T ′ − {uivi, uivj} + {udvi, udvj}. Note that T ∗, T ∗∗ ∈ SR(n, 4). By Lemma 2.3, ρ(T ∗) > ρ(T ′) or
ρ(T ∗∗) > ρ(T ′), so ρ(T ∗) > ρ(T ) or ρ(T ∗∗) > ρ(T ), a contradiction. Hence, there are at most two vertices of
degree 4 in T , and one is ud−1.

If ud−1 is the only vertex of degree 4 in T , then δT (ui) = 3 for i ∈ [d − 2] and n − ∆ = 2d − 3, so
T ∼= E

(
n, n−1

2 ; 1, 2
)
.

Suppose that there are exactly two vertices of degree 4 in T . By Theorem 6 of [5], the other vertex of degree
4 must be u1 or ud−2. Then n− 4 = 2d− 2.

Suppose that δT (u1) 6= 4. Then δT (ud−2) = 4. Let T1 be the component of T − ud−2 containing u0 and T2

the component of T − ud−2 containing ud. Suppose that σT (T1) ≤ σT (T2). Let T ′ = T − ud−2vd−2 + u1vd−2.
Obviously, T ′ ∼= E

(
n, n−2

2 ; 2, 2
)
. By Lemma 2.3, ρ(T ′) > ρ(T ), a contradiction. It follows that σT (T1) >

σT (T2). Let T ′ = T − ud−2vd−2 + ud−1vd−2. Obviously, δT ′(ud−1) = 5, δT ′(ud−2) = 3 and δT ′(w) = δT (w)
for w ∈ V (T ′) \ {ud−1, ud−2}. Let T ′′ = T ′ − ud−1vd−2 + u1vd−2. Note that T ′ ∼= E

(
n, n−2

2 ; 1, 3
)

and T ′′ ∼=
E
(
n, n−2

2 ; 2, 2
)
. By Lemmas 2.9 and 2.3, ρ(T ′′) > ρ(T ′) > ρ(T ), also a contradiction. Hence δT (u1) = 4. That

is, T ∼= E
(
n, n−2

2 ; 2, 2
)
.

Case 2. ∆ ≥ 5.

Suppose that there is a vertex, say w, in T different from u with degree larger than 4. Then w = uj0 for some
j0 ∈ [d − 1]. Let r = δT (w). Then 5 ≤ r ≤ ∆. Let T1 be the component of T − w containing u0 and T2 the
component of T −w containing ud. Assume that σT (T1) ≥ σT (T2). Let T ′ = T − {wvj0 , wvj′0}+ {udvj0 , udvj′0},
where v′j0 is a leaf at uj0 in T different from vj0 . Evidently, δT ′(w) = r − 2, δT ′(ud) = 3, and δT ′(z) = δT (z)
for z ∈ V (T ) \ {w, ud}. So T ′ ∈ SR(n,∆). By Lemma 2.3, ρ(T ′) > ρ(T ), a contradiction. So the degree of any
internal vertex different from u is 3 or 4 in T .

Suppose that δT (u1) 6= ∆ and δT (ud−1) 6= ∆. Then δT (ud−1) = 3, 4. Let T1 be the component of T − u
containing u0 and T2 the component of T −u containing ud. Let N be the set of some ∆− δT (ud−1) leaves at u
in T . Assume that σT (T1) ≥ σT (T2). Let T ′ = T − {uz : z ∈ N}+ {ud−1z : z ∈ N}. Obviously, T ′ ∈ SR(n,∆).
By Lemma 2.3, ρ(T ′) > ρ(T ), a contradiction. So u may be chosen to be ud−1.

Suppose that there are three vertices, say ui, uj , u`, of degree 4 in T , where 1 ≤ i < j < ` ≤ d − 2. Let
T ′ = T − ujvj + u1vj and T ′′ = T − ujvj + ud−2vj . Then T ′, T ′′ ∈ SR(n,∆). By Lemma 2.3, ρ(T ′) > ρ(T ) or
ρ(T ′′) > ρ(T ), a contradiction. So there are at most two vertices of degree 4 in T .
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Suppose that there are exactly two vertices of degree 4 in T . Then n−∆ = 2d−1 and δT (ui) = δT (uj) = 4 for
some i and j with 1 ≤ i < j ≤ d−2. Suppose that j < d−2. Let T ′ = T−ujvj+u1vj and T ′′ = T−ujvj+ud−2vj .
By Lemma 2.3, ρ(T ′) > ρ(T ) or ρ(T ′′) > ρ(T ), a contradiction. So j = d − 2. By similar argument i ≥ 2 is
impossible, so i = 1.

Let T1 and T2 be the components of T − ud−2 containing u1 and ud, respectively. Suppose first that
σT (T1) ≤ σT (T2). Let T ′ = T − ud−2vd−2 + u1vd−2. Then δT ′(ud−2) = 3, δT ′(u1) = 5 and δT ′(z) = δT (z) for
z ∈ V (T ′) \ {u1, ud−2}. So T ′ ∈ SR(n,∆). By Lemma 2.3, ρ(T ′) > ρ(T ), a contradiction. It follows that
σT (T1) > σT (T2). Let T ′ = T−ud−2vd−2+ud−1vd−2. Then δT ′(ud−2) = 3, δT ′(ud−1) = ∆+1 and δT ′(z) = δT (z)
for z ∈ V (T ′)\{ud−1, ud−2}. That is, T ′ ∈ SR(n,∆+1). By Lemma 2.3, ρ(T ′) > ρ(T ). Let T ′′ = T ′−u1v1+u0v1.
Then δT ′′(u0) = 2, δT ′′(ui) = 3 for i ∈ [d − 2] and δT ′′(ud−1) = ∆ + 1. By Lemma 2.2, ρ(T ′′) > ρ(T ′). Let
T̂ = T ′′−ud−1vd−2 +u0vd−2. Then δT̂ (ui) = 3 for 0 ≤ i ≤ d−2 and δT̂ (ud−1) = ∆, so T̂ ∈ SR(n,∆). Note that
T ′′ ∼= E

(
n, n−∆+3

2 ; 0,∆− 1
)
, and T̂ ∼= E

(
n, n−∆+3

2 ; 1,∆− 2
)
. By Lemma 2.9, ρ(T̂ ) > ρ(T ′′). So ρ(T̂ ) > ρ(T ),

a contradiction. Hence, there are at most one vertex of degree 4 in T .
If there is no vertex of degree 4, then n−∆ = 2d− 3 and T ∼= E

(
n, n−∆+3

2 ; 1,∆− 2
)
.

Suppose that there is exactly one vertex with degree 4 in T , and by (K. Dadedzi, V. Razanajatovo Misanan-
tenaina and S. Wagner [5] Thm. 6), this vertex is u1 or ud−2. Note that n −∆ = 2d − 2. If δT (u1) 6= 4, then
δT (ud−2) = 4, so by similar argument as in Case 1 by using Lemmas 2.3 and 2.9, a contradiction occurs. So
δT (u1) = 4 and T ∼= E

(
n, n−∆+2

2 ; 2,∆− 2
)
. �

Let T be a series-reduced trees of order n with p leaves. Denote by ni the number of vertices of degree i
in T , where i = 1, . . . ,∆ with ∆ being the maximum degree of T . Evidently, n2 = 0. Then

∑∆
i=1 ni = n and∑∆

i=1 ini = 2(n− 1). So 2n1 = n+ 2 +
∑∆
i=4(i− 3)ni, and n1 ≥ n+2

2 .
Let SR(n, p) be the set of series-reduced trees of order n with p leaves, where dn+2

2 e ≤ p ≤ n−1. It is evident
that SR(n, n− 1) = {Sn} for n ≥ 4.

Theorem 3.2. Let T ∈ SR(n, p), where dn+2
2 e ≤ p ≤ n− 2. Then

ρ(T ) ≤ ρ
(
E

(
n, n− p+ 1;

⌊
2p− n

2

⌋
,

⌈
2p− n

2

⌉))
with equality if and only if T ∼= E

(
n, n− p+ 1;

⌊
2p−n

2

⌋
,
⌈

2p−n
2

⌉)
.

Proof. Let T be a tree in SR(n, p) that maximizes the distance spectral radius.
First, we show that T is a caterpillar. Suppose that this is not true. Let F be the tree obtained from T by

deleting all leaves. Denote by r the maximum degree of F . Then r ≥ 3. Suppose that r ≥ 4, say δF (w) = r ≥ 4
for some w ∈ V (F ). Let w1, . . . , wr be the neighbors of w in F . Obviously, {w1, . . . , wr} ⊆ NT (w). For i = 1, 2, 3,
let Ti be the component of T − w containing wi. Assume that σT (T1) ≥ σT (T2). Let T ′ = T − ww3 + w2w3.
Then T ′ ∈ SR(n, p). By Lemma 2.3, ρ(T ′) > ρ(T ), a contradiction. It thus follows that r = 3. So there is a
vertex w with degree 3 in F such that there are two paths, say P and Q, at w in F such that any internal
vertex of F on these two paths except w (if any exists) has degree two. Let w1, w2 and w3 be the neighbors
of w in F , where w1 ∈ V (P ) and w2 ∈ V (Q). Then δT (wi) ≥ 3 for i = 1, 2, 3. By similar argument as above,
δT (w) = 3, implying that w is not adjacent to any leaf in T . By the choice of w, there is a leaf zi adjacent to
wi in T for each i = 1, 2. Let T ′ = T − {ww3, w1z1}+ {w1w3, wz1} and T ∗ = T − {ww3, w2z2}+ {w2w3, wz2}.
Note that T ′, T ∗ ∈ SR(n, p). By Lemma 2.4, max{ρ(T ′), ρ(T ∗)} > ρ(T ), also a contradiction. This shows that
T is a caterpillar.

If there is no vertex of degree larger than or equal to 4 in T , then it is trivial that T ∼= E
(
n, n2 ; 1, 1

)
, i.e.,

T ∼= E(n, n− p+ 1; 1, 1) as in this case p = n
2 + 1.

Suppose that δT (u) ≥ 4 for some u ∈ V (T ). Let ` be the diameter of T and P = u0 . . . u` be a path of
length ` in T . As T is a caterpillar, u lies on the path P . Suppose that u /∈ {u1, u`−1}. Then ` ≥ 4. Let
T1 be the component of T − u containing u1 and T2 the component of T − u containing u`−1. Assume that
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σT (T1) ≥ σT (T2). Let z be a leaf adjacent to u. Let T ′ = T−uz+v`−1z. Obviously, T ′ ∈ SR(n, p). By Lemma 2.3,
ρ(T ′) > ρ(T ), a contradiction. Therefore u ∈ {u1, u`−1}, and T ∼= E(n, `; k, k + t) for some k, t with k ≥ 1,
t ≥ 0, and n+2−2k−t

2 = ` = n− p+ 1. So T ∼= E(n, n− p+ 1; k, k + t) for some k, t with k ≥ 1 and t ≥ 0, where
2p−2k−t = n. Suppose that t ≥ 2. Let T̂ = E(n, n−p+1; k+1, k+t−1). Obviously, T̂ is a series-reduced tree of
order n with p leaves. By Lemma 2.9, ρ(T̂ ) = ρ(E(n, n−p+1; k+1, k+t−1)) > ρ(E(n, n−p+1; k, k+t)) = ρ(T ),
a contradiction. So t = 0, 1, i.e.,

T ∼= E

(
n, n− p+ 1;

⌊
2p− n

2

⌋
,

⌈
2p− n

2

⌉)
,

completing the proof. �

For a graph G, let ∆(G) be the maximum degree of G. Let T be a series-reduced tree of order n with maximum
distance spectral radius, where n ≥ 4. Then (H. Lin and B. Zhou [15] Lem. 4.1) states that ∆(T ) ≤ 4, and there
are at most two vertices of degree 4 in T . The argument for the second part there used the fact that T is a
caterpillar without proof. A proof is given below. Suppose that T is not a caterpillar. Let F be the tree obtained
from T by deleting all leaves. Then ∆(F ) = 3, 4. Suppose that ∆(F ) = 4, say δF (u) = 4 with u ∈ V (F ).
Assume that NF (u) = {u1, . . . , u4}. Evidently, u1, . . . , u4 are also the neighbors of u in T . For i = 1, 2, let
Ti be the component of T − u containing ui. Assume that σT (T1) ≥ σT (T2). Let T ′ = T − uu4 + u2u4. Note
that δT ′(u) = 3, δT ′(u2) = 4, 5 and δT ′(v) = δT (v) for v ∈ V (T ) \ {u, u2}. Then T ′ is a series-reduced tree
of order n. By Lemma 2.3, ρ(T ′) > ρ(T ), which is a contradiction. It follows that ∆(F ) = 3. Then there is
a vertex u with degree 3 in F such that there are two paths, say P and Q, at u in F such that any internal
vertex of F except u (if any exists) has degree two. Let u1, u2 and u3 be the neighbors of u in F , where
u1 ∈ V (P ) and u2 ∈ V (Q). By the choice of F , there is a leaf vi that is adjacent to ui in T , where i = 1, 2.
Let G1 = T − {uu3, u1v1} + {u1u3, uv1} and G2 = T − {uu3, u2v2} + {u2u3, uv2}. As T is a series-reduced
tree, G1 and G2 are also series-reduced trees and δT (u3) ≥ 3. Then by Lemma 2.4, max{ρ(G1), ρ(G2)} > ρ(T ),
a contradiction. Thus T is a caterpillar. So, we have the following finer version of (H. Lin and B. Zhou [15]
Lem. 4.1): ‘Let T be a series-reduced tree of order n with maximum distance spectral radius, where n ≥ 4. Then
∆(T ) ≤ 4, T is a caterpillar, and there are at most two vertices of degree 4 in T ’. With this, (H. Lin and B.
Zhou [15] Thms. 4.1 and 4.2) follow by a simpler proof.

4. Concluding remarks

For a caterpillar T of diameter ` ≥ 2 with a path v0 . . . v` of length `, let si = δT (vi) − 2 for i ∈ [` − 1].
Denote such a tree T by D(s1, . . . , s`−1). In the following Table 1, we list the maximum degree ∆, number of
leaves p, the domination number γ, diameter d and the distance spectral radius ρ of all 11-vertex series-reduced
trees T except the star, where D(1, 2, 1)+ is the tree obtained from D(1, 2, 1) by adding two leaf edges at a leaf
incident to v2, and D(1, 1, 1)+ is the tree obtained from D(1, 1, 1) by adding three leaf edges at a leaf incident
to v2. This demonstrates the validity of Theorems 3.1 and 3.2. Note that D(1, 2, 1)+ and D(1, 1, 1)+ are not
caterpillars. Though the extremal trees in Theorems 3.1 and 3.2 are caterpillars, we find from Table 1 that a
tree that maximizes the distance spectral radius over all series-reduced trees with fixed order and domination
number or diameter may be not a caterpillar, as D(1, 1, 1)+ is such a tree when γ = 3 or when d = 4.

It is a challenge to explore the connection between spectral properties and structural properties of graphs. In
this paper, the spectral properties of a graph are studied through its distance matrix. The structural properties
are considered through maximum degree and number of leaves. The trees with maximum distance spectral
radius are identified over all series-reduced trees with given order and maximum degree, and over all series-
reduced caterpillars with given order and number of leaves, respectively. Generally, the tree with maximum
distance spectral radius over all trees with given order and some parameter like maximum degree, number of
leaves, matching number, and domination number may possess vertices of degree two. So, to determine the
series-reduced trees with maximum distance spectral radius over all series-reduced trees with given order and
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Table 1. Values of ∆, p, γ, d and ρ of 11-vertex series-reduced trees T except S11.

T ∆ p γ d ρ

D(1, 6) 8 9 2 3 21.3167
D(2, 5) 7 9 2 3 22.0147
D(3, 4) 6 9 2 3 22.3515
D(1, 4, 1) 6 8 3 4 24.0353
D(1, 1, 4) 6 8 3 4 25.1144
D(1, 3, 2) 5 8 3 4 24.7391
D(1, 2, 3) 5 8 3 4 25.0919
D(2, 1, 3) 5 8 3 4 25.7805
D(2, 2, 2) 4 8 3 4 25.4386
D(1, 1, 1)+ 4 7 3 4 27.4185
D(1, 2, 1)+ 4 7 4 4 26.7082
D(1, 1, 2, 1) 4 7 4 5 27.3587
D(1, 1, 1, 2) 4 7 4 5 28.5063

some other parameter needs more deliberate analysis. As mentioned above, though the extremal trees in this
paper are all caterpillars, there are also other classes of series-reduced trees for which the extremal trees are not
caterpillars. It would be interesting to determine those series-reduced trees with maximum distance spectral
radius over all series-reduced trees with given order and some other parameter, like domination number and
diameter.

Recall that the distance spread of a connected graph is defined to be the difference between the largest and
the smallest eigenvalues of its distance matrix [13]. A somewhat different research direction is to study the
extremal problems for the distance spread of series-reduced trees.
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[24] D. Stevanović and A. Ilić, Distance spectral radius of trees with fixed maximum degree. Electron. J. Linear Algebra 20 (2010)
168–179.

[25] Y. Wang and B. Zhou, On distance spectral radius of graphs. Linear Algebra Appl. 438 (2013) 3490–3503.

[26] Y. Wang, R. Xing, B. Zhou and F. Dong, A note on distance spectral radius of trees. Spec. Matrices 5 (2017) 296–300.

[27] R. Xing, B. Zhou and F. Dong, The effect of a graft transformation on distance spectral radius. Linear Algebra Appl. 457
(2014) 261–275.

[28] G. Yu, S. Guo and M. Zhai, Distance spectral radius of a tree with given diameter. Ars Combin. 134 (2017) 351–362.
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