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COST-SHARING CONTRACT IN A CLOSED-LOOP SUPPLY CHAIN
CONSIDERING CARBON ABATEMENT, QUALITY IMPROVEMENT EFFORT,

AND PRICING STRATEGY

Ata Allah Taleizadeh1, Seyed Taghi Akhavan Niaki2,∗ and
Nima Alizadeh-Basban3,4

Abstract. The high competition in today’s market persuaded companies to provide some attrac-
tive options for products to obtain more market shares. Therefore, in this research, three motivating
elements are devised in the framework of a two-level supply chain consisting of a manufacturer
and a distributor under stochastic demand, where green production via carbon abatement, quality
enhancement efforts, and returning and remanufacturing policies are used. In line with reducing car-
bon emission two possibilities are applied in this paper involving the green technologies investment and
the trade and cap policy. As simultaneous consideration of all motivating factors raises conflicts between
the members in terms of undertaking the costs, a cooperative supply chain, as well as a cost-sharing
(CS) contract in non-cooperative form, is devised to alleviate the conflicts and boost the performance
of the supply chain. In order to find the optimal decision variables and profits in the CS contract,
two game-theoretical approaches, namely Nash and Stackelberg, are applied. The results present the
sufficiently of both the cooperative chain and the CS contact. In addition, the analysis of parameters
in the CS contract in Stackelberg game indicates that when the distributor undertakes a part of the
costs, positive impacts on the other motivating factors are observed. However, there is no interaction
among the motivating factors in the Nash game.

Mathematics Subject Classification. 90B06, 91A80, 91B70.

Received March 10, 2019. Accepted June 27, 2020.

1. Introduction

Offering attractive options for products has become a necessity for manufacturers in today’s competitive
market in order to obtain more market shares. To this aim, the companies can employ four approaches.
The first approach is about attracting more customers’ demands by producing sustainable products with less
carbon emission [16, 34, 49]. As products with high carbon emission during their production has devastating
effects on global warming and hence on human lifestyle, investment in more environmental-friendly production
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methods, equipment, and raw materials is an option to invite customers’ attraction [4,52,73]. A report by H&M,
a reputable company in fashion apparel industry reveals that they have the plan to produce environmentally
friendly by 2040 replacing traditional equipment and materials by green technologies, renewable energy, and
materials to alleviate carbon emission [29].

The second approach to ease emission besides green equipment is to employ the trade and cap regulation;
by which each company is assigned an upper limit on the amount of carbon it emits [82]. In this regulation, if
a company releases more than the capacity assigned, it should pay fines for each extra amount. However, if it
releases carbon less than the capacity, then the government pays incentives and it can sell the remainder to the
market [15,17]. For instance, in China, the pollution released from the garment industry due to overconsumption
of energy, textile, water during production process has become enormous. Therefore, they applied a cap and
trade regulation to control emission emitted by factories [20].

The third approach involves remanufacturing of the defected products to have less undesired environmental
effects as well as having economic benefits [19,77]. In this case, if the sold product has any defects, the customer
returns it and the company pays the refund price, in order to increase the customer’s tendency to purchase
[42]. Afterward, the company remanufactures the returns, which in turn reduces the production costs and also
decreases the carbon emission to protect the environment [25,32]. An epitome of the economic remanufacturing
can be found in lead-acid batteries. As 70% of its make-up contains reusable energy, collecting and remanu-
facturing of these batteries has significant benefits [14]. More specifically, Cambridge Enterprise, as a battery
recycling company, applied novel methodologies to remanufacture the lead-batteries, leading to 15% cost-saving
[9].

Finally, the fourth approach is to improve the quality of the product through quality improvement efforts
such as using more advanced equipment, consuming higher quality raw materials, and utilizing a better design
for the production process [24,78,80]. For instance, based on J.D. Power’s initial quality study, Ford, a reliable
automobile brand, incurs costs to improve the quality of its cars, where after a long-term effort ranked in 4th
top companies beating BMW, Toyota, and Hyundai [65]. It may be noted that the high implementation costs
of high quality and low-carbon products besides the costs of recollecting and remanufacturing have significant
effects on the price and the order quantity of the products, and consequently, on the market’s share and profit
of the manufacturer, the distributor, and the supply chain (SC). Therefore, employing all the above-mentioned
four motivating factors in a supply chain simultaneously need handling cooperation or coordination between
the members of the SC to boost the performance of the chain. To do so, the cooperative supply chains along
with a cost-sharing (CS) contract are presented in this paper. The key problem of this research is on exploring
how these mentioned motivating factors can enhance the supply chain’s execution and to answer this question
that whether or not applying the cooperative supply chain and a CS contract is sufficient. Therefore, in this
research, we extend a two-stage supply chain consisting of a manufacturer and a distributor in which all the
three environmental-friendly approaches including investment in low-carbon production, trade and cap, and
remanufacturing of the defected products are involved. In addition, investment in the quality improvement of
the products as another attractive factor is considered here. The interaction of all these factors between each
other and also on the performance of the supply chain using a CS contract and cooperative form is discussed
in this paper. In short, the goal of this research is to provide answers to the following questions:

– What are the optimum variables and the profits of the manufacturer, the distributor, and the supply chain?
– Can employing remanufacturing, trade and cap, investment in low-carbon as well as quality effort together

increase the market’s share or not?
– Are the cost-sharing contract and the cooperative supply chain effective solutions to boost the profits of the

supply chain and its members?
– What are the interactions between the carbon emission rate, the price of the product, the refund price, and

the quality improvement effort in a CS contract?

In the rest of the paper, the related literature review of this research is provided in Section 2, and the problem
is described and formulated in Section 3. The solution methodology for a cooperative and non-cooperative supply
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chain is provided in Section 4. Computational results and related analysis to analyze the effects of the parameters
and the CS contract in both the Nash and the Stackelberg games are presented in Section 5. The managerial
insights of the numerical analysis are highlighted in Section 6. Finally, we conclude the paper in Section 7.

2. Literature review

As the mainstream of this research focuses on carbon emission abatement, remanufacturing, quality of prod-
ucts, pricing strategy, and cooperation and coordination contracts, the following subsections are provided to
discriminate between previous literature and the current work.

2.1. Carbon emission abatement

In regard to abating the carbon emission, two possibilities are devised by firms and government, which are
respectively (a) investment in new green technologies during production and (b) employing the trade and cap
regulation. The related literature of the above two possibilities is as follows.

(a) Investment in low-carbon technologies

Due to the detrimental impacts of the carbon emission on human lifestyle, a number of companies applied
new green technologies and equipment in their production flow to not only reduce the amount of emission but
also motivate the consumers to purchase the products more. There are some researchers such as Hong and Guo
[30], Ma et al. [47], Song and Gao, [60], Albuquerque et al. [1], Rodŕıguez et al. [55], Benjaafar et al. [3], Swami
and Shah [59], Jin et al. [37], Luo et al. [46], Zhang and Xu [82], Böttcher and Müller [6], Bi et al. [5], Fernando
et al. [18] and Wang et al. [75] in the literature who focused on low-carbon technologies to abate emission. For
instance, Benjaafar et al. [3] examined the effects of investment in new technologies to produce products with
a lower amount of carbon emissions for the first time. They analyzed how producing green products can stimulate
the market share and increase the supply chain’s profit. Ma et al. [47] considered a supply chain consisting of
two manufacturers and one retailer in which one of the manufacturers invests in new technologies to produce
green products. While the demand for the market was assumed certain in their research, they employed six-
game models to find optimal decision variables and the supply chain’s profit. Swami and Shah [59] analyzed the
effects of low-carbon production on the profit of a two-stage supply chain with a retailer and a manufacturer
in which demand of the market was deterministic. They used a Stackelberg game to attain the optimum values
of the decision variables. Hong and Guo [30] employed new technologies to produce low-carbon production in
a two-stage supply chain including one distributor and one manufacturer. They used the Stackelberg game to
obtain closed-form equations to determine the optimum values of the decision variables in which demand of the
market was uncertain.

The aforementioned works just focused on switching facilities and materials in the production process into
environment-friendly ones to abate the amount of carbon emission. However, they did not consider the role
of government in the production process. In the following subsection, some works conducted on the use of
a governmental policy to ease carbon emission are reviewed.

(b) Trade and cap regulation

Various policies such as governmental tariffs [27,28,35,48,58], carbon tax [16,85], and trade and cap regulation
[11, 15, 43, 66, 72, 74, 76] have been used by governments to intervene in the production process of the firms in
order to control the amount of carbon emission. This research focuses on trade and cap policy to reduce carbon
emission. Wang et al. [74] used the trade and cap regulation alongside investment in green products to reduce
the carbon emission during production in a two-stage supply chain. They used Nash and Stackelberg games
model to find optimal solutions in which demand of the market was stochastic. Wang et al. [76] employed the cap
and trade policy in the fresh food industry to analyze the impacts of this governmental regulation on the profit
of the supply chain. They assumed a deterministic demand and used a Stackelberg game to obtain the optimal
solutions. Li et al. [43] analyzed the impacts of the cap and trade regulation on the amount of carbon emitted
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in a two-stage supply chain in which demand of the market was uncertain. They utilized the Stackelberg game
to obtain the optimal values of the decision variables. Cheng and Zhang [11] considered a two-level supply chain
consisting of one manufacturer and one retailer in which retailer sells the products either traditional or online.
They applied the cap and trade regulation to ease the carbon amount. Moreover, they used the Stackelberg
game to find the optimal profits of the supply chain and its members in which demand of the market was
deterministic. Tong et al. [72] considered the Chinese appliance industry in which trade policy besides green
investment in production process was devised to eliminate carbon footprint. They used an evolutionary game
in the retailer dominant case and obtained the optimum amount of carbon and also the optimal price of the
product to maximize SC profit and preserve the environmental issues.

Although the previous works applied various governmental policies as well as green technological investments
to ease carbon emission and attract the market share, they did not consider the performance of the green factor
besides other motivational elements in the competitive market simultaneously. Here, other marketing variables
including the suitable pricing strategy, quality improvement effort, as well as collecting and remanufacturing
of defects are involved to enhance the market share in presence of various game-theoretical approaches, which
have not been investigated in previous research works.

2.2. Returning and remanufacturing the defected products

As a motivation factor to raise market share, companies paying the compensated price to customers to collect
and remanufacture the defected products. There are various methodologies to collect the returns, including via
either the upstream or downstream members of the SC [32, 42, 53, 57, 61, 64, 81] and dual recycling via both
downstream and upstream members simultaneously [33,35,66,69]. In this paper, a single-collecting approach is
focused to collect and remanufacture products, not dual recycling. Huang and Wang [32] defined three different
single-collecting approaches to remanufacture the deteriorated products, including via manufacturer only, via
distributor only, and via a third party. They used the Stackelberg game under deterministic demand to comprise
between recollecting approaches. Their results showed that using dual-remanufacturing is more beneficial rather
than single one. Örsdemir et al. [53] considered a two-level supply chain in which a manufacturer produces new
products and a retailer remanufactures the returned products. The quality of new products and remanufactured
ones were not the same and there was a competition between the members to sell their products. They used
the Nash game to find the optimal order quantity of the new and the remanufactured products. Zerang et al.
[81] examined a three-level supply chain including a third party, a manufacturer and a retailer to remanufacture
the returns. The third-party was responsible to collect the defected products and to send them back to the
manufacturer. Meanwhile, the manufacturer was responsible to remanufacture the returns with the quality as
the new one. They employed the Stackelberg game to find solutions under a deterministic demand. Other related
research in this area can be found in Taleizadeh and Noori-daryan [63], Taleizadeh et al. [67], Taleizadeh et al.
[71], and Moshtagh and Taleizadeh [50].

Although previous literature focused on employing various reverse channels, either single or dual, to remanu-
facture the products, they did not consider remanufacturing impacts on the performance of the SC in presence
of other motivation factors including carbon abatement possibilities, quality enhancement effort, suitable pric-
ing strategy. In addition, implementation of such a complex SC needs to incur considerable costs, persuading
manufacturer to make coordination among the downstream members to alleviate costs. Therefore, a CS contract
is employed in this paper to increase the implementation possibility of this SC, which has not been discussed
in the literature previously.

2.3. Quality improvement effort

In addition to carbon abatement alongside returning and remanufacturing defective products, quality of the
products is another important motivating factor discussed in the literature to attract market share [38, 39, 44,
56, 79, 80]. For instance, Xie et al. [79] studied the effect of quality improvement efforts in an SC involving two
retailers and two manufacturers. They assumed certain demand and applied the Nash game and cooperation
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among members vertically and horizontally. They showed that using vertical cooperation has better performance
rather than other games. Xiong [80] analyzed the role of quality in a two-echelon supply chain consisting of a
manufacturer and a retailer. They employed the Stackelberg game under deterministic demand to find out the
interaction between the quality and the price. Their results showed that the quality improvement effort can
increase customer demand and consequently can raise the profit of the SC. As improving the quality leads to
a higher product price, a revenue-cost sharing contract was used in this research, making coordination between
the members. Li et al. [44] analyzed the impacts of quality on the profit of a two-stage supply chain involving
a supplier and a retailer. They considered both centralized and decentralized structures, where Nash bargaining
was used in the decentralized form. They showed that the profit of SC drastically depends on the sensitivity of
the customers to price and the quality of the products.

Besides the quality improvement efforts, there are also scant works in the literature that considered other
motivating factors such as the return policy, the coordination contracts, and various selling channels to attract
market share and to study the interaction between the factors. Li et al. [42] examined the relationship between
the return policy and the quality level as two motivating factors. They obtained optimal refund price and
quality under certain demand, where high quality of products diminished the quantity of defected products,
and consequently, enhanced the profit of manufacturer. Jingxian et al. [38] investigated the impacts of the quality
and price on profit of a two-level supply chain, where the product delivered to customers via the manufacturer
directly, via the traditional retail channel, and via a dual channel. They obtained the optimal values of the
decision variables in both centralized and decentralized forms, in which adding new selling channel enhanced
the profit of the SC. Zhang and Hong [83] studied the interaction between the quality improvement effort and the
carbon emission abatement cost in a two-stage supply chain consisting of a supplier and a manufacturer under
certain demand. Regarding the high costs of quality enhancement, they employed three coordination contracts
comprised of revenue sharing, cost-sharing, and wholesale price. They obtained the optimum price and the
quality level in each contract using the Stackelberg game. Furthermore, they illustrated that all coordination
contracts are sufficient to boost the profit of SC.

Although previous literature studied the effects of quality improvement efforts on the price and the profit
of supply chains in the framework of game-theoretical approaches, they did not analyze efficiently the impact
of quality improvement effort in the presence of other motivating factors including carbon reduction (green
technology investment, trade and cap policy), returning and remanufacturing of defects. In addition, applying
all aforementioned elements to attract market share impose costs. Therefore, in order to alleviate the conflicts
between the members of such complex SC, cost-sharing contracts under various game structures (Nash and
Stackelberg) are devised in this paper, which has not been applied previously. Recently, Taleizadeh et al. [64]
considered interactions between the quality improvement efforts, the carbon footprint reduction and return
policy in a two-level supply chain under stochastic demand, where the price of products was assumed fixed.
They did not consider the impacts of high implementation costs of motivating factors on the price and the
demand. However, in the current research, the product price is assumed a decision variable and in order to find
the optimal price, a CS contract in both Nash and Stackelberg games is applied.

2.4. Cooperation and coordination contracts

As implementing motivating factors to boost market demand imposes a significant cost, it is a point of argu-
ment between the members. Therefore, applying cooperation and coordination contracts are effective solutions
to boost the performance of the supply chain. These contracts were considered in previous literature such as
Giri et al. [23], Song and Gao [60], Taleizadeh et al. [66], Wang et al. [74], Cao and Yu [8]. For instance,
Taleizadeh et al. [66] expanded a two-stage supply chain in which the cap and trade regulation and low-carbon
investment were employed to reduce carbon emission. In their work, the demand for the market was stochastic
and depended on the price and the carbon emission rate. They used Nash and Stackelberg games to attain
optimum solutions. Besides, in order to make coordination between the members, a cost-sharing, a buyback
and a wholesale price contract along with a cooperative supply chain was used. They highlighted that using the
wholesale contract in both Nash and Stackelberg games was more fruitful rather than the others. Giri et al. [23]
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analyzed a two-stage supply chain involving a retailer and two manufacturers whose products had different
qualities and return policy was employed to attract the market share. In order to alleviate conflicts between the
manufacturers, they assumed a revenue-sharing contract under the Nash game. They showed that the contract
was an effective approach. Cao and Yu [8] assumed a two-stage supply chain in both cooperative and non-
cooperative forms. They used the cap and trade regulation to reduce the carbon emission in which demand of
the market was uncertain and depended on the carbon emission rate and the price of the product. They employed
revenue sharing, quantity discounts, and buyback contracts to make coordination between the members using
the Stackelberg game. They showed that using these contracts can coordinate SC under some restrictions. Song
and Gao [60] used the revenue sharing contract to boost the performance of a two-stage supply chain. The
demand of the market was certain and depended on the carbon emission rate and the price of the products.
They used a Stackelberg game to find closed-form equations to obtain the variables and profits. The results
illustrated that using the revenue sharing contract was fruitful. Some other related research can be found in
Taleizadeh [68], Taleizadeh et al. [68, 70, 71], Lashgari et al. [40, 41], and Pourmohammad Zia and Taleizadeh
[54].

Although previous researchers employed various cooperation and coordination contracts to enhance the prof-
itability of an SC in presence of motivating factors, there is no paper in the literature that uses coordination
contracts in the presence of various motivating elements simultaneously. In this research, however, in line with
increasing the market demand, carbon abatement possibilities (the green technologies investment and trade
and cap regulation), collecting defective products by paying the refund price, remanufacturing, and quality
enhancement effort are applied simultaneously under stochastic demand. Moreover, high costs of implementa-
tion persuade the SC to use coordination contract (cost-sharing contract) to ease conflicts between the members
and to boost the performance of the chain.

2.5. Research gap

In spite of highlighting the difference between previous papers and what this research is aiming in each of
the above subsection of the literature review, a comparative assessment is provided in Table 1 to clarify the
contribution of this paper. This research is an extension of the work by Taleizadeh et al. [64] and Wang et al.
[74], in which three motivating elements in a two-stage supply chain under the stochastic demand are defined.
The work comprises the green technologies investment, trade and cap regulation, quality enhancement effort,
refund policy, and remanufacturing. Nash and Stackelberg games are used to obtain the closed-form of optimal
decision variables in both centralized and decentralized structures. Moreover, due to high costs of this complex
SC, a cost-sharing contract in both Nash and Stackelberg game is employed to make coordination between
the members and to boost the profit of the SC. Although Wang et al. [74] considered cap and trade besides
green investment to reduce carbon in a supply chain under the stochastic demand and used wholesale price and
cost-sharing contracts to make coordination, they did not add other motivating factors including quality, return
policy, and remanufacturing simultaneously. This would increase the complexity of finding the optimum values
of the decision variables. In addition, they assumed fixed price to alleviate high costs of the carbon abatement
implementation, while in our research the price is determined through a decision variable. Recently, Taleizadeh
et al. [64] studied the interactions of the quality improvement effort, remanufacturing, and carbon abatement
in the framework of a decentralized SC under stochastic demand. However, they employed a different collecting
policy. They assumed that the downstream member was responsible to pay the refund price and to collect the
defected products and send them back to the manufacturer for recycling. Nonetheless, in the current paper
the manufacturer is held responsible for collecting and remanufacturing all by himself. In addition, they did
not provide any solution for high costs of implementation of such a complex SC. Imposing costs significantly
affects the price of the product, which may be in contrast to the customers’ desire. Therefore, a CS contract is
employed in the current work in both Nash and Stackelberg games as well as considering a centralized structure
to obtain the optimal values of the decision variables to maximize the profit of the SC. Taleizadeh et al. [64] just
used the Stackelberg game in a decentralized case to achieve the optimum profit. In addition, they considered
the price of the product as a fixed parameter to reduce the solution complexity, whilst we assume the price
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a decision variable. Moreover, the interaction between the price and the carbon emission and the refund price
are analyzed in this paper, which has not been addressed in the literature.

3. Problem description

In this paper, a two-stage supply chain consisting of a distributor (R) and a manufacturer (M) is assumed
in which the motivating factors including low-carbon production, quality improvement, and setting the suitable
price are involved to increase the market share of the supply chain. In order to reduce the carbon emission,
two possibilities including the trade and cap policy and the investment in new production technologies are
considered. In the trade and cap regulation, the government imposes a restriction of emitting carbon less than
an assigned capacity (Ls) on all the manufacturers. In case the carbon emission level of the manufacturer is
less than Ls, the residual capacity can be sold to other manufacturers at the price ps per each emitted carbon
unit. However, when the manufacturer releases carbon above the limit Ls, he has to pay a penalty ps for each
excess carbon unit. Therefore, the effects of all two reduction possibilities are considered in the carbon emission
reduction rate (s) in the interval 0 ≤ s < 1, because it is assumed that the manufacturer cannot reduce all
amounts of the emission and that if the manufacturer does not reduce the carbon emission at all, the reduction
rate would be zero. On the other hand, collecting and remanufacturing defective products is another motivating
factor to attract market share and to save costs. In the remanufacturing’s flow, the manufacturer pays a refund
price (r) to the customers for each unit of defective products. All the returned products are assumed to be
remanufactured successfully and that there is no difference between the new and the remanufactured products
[12, 21, 22, 31, 64]. In this paper, the manufacturer is responsible for investment in the low-carbon production,
the quality improvement and recollecting of the defective products. Meanwhile, the distributor is responsible to
assign the optimal final price and the optimal order quantity of the products. In addition, the implementation
of a supply chain considering all mentioned factors needs cooperation and coordination between the members
to boost the profit of the chain, the distributor and the manufacturer. Therefore, a cooperative supply chain
using a CS contract is applied in a non-cooperative form.

The schematic diagram of the material’s flow in this research is drawn in Figure 1.

3.1. Notation

The following notations are used to express the mathematical model of the problem under investigation.

(a) Parameters

Cm The unit production cost of a new product.
Cr The unit remanufacturing cost of a returned product (Cr < Cm).
T Savings per unit of the sold remanufactured returned product.
α Fix quantity of the returned products.
δ The positive impact coefficient of the refund price on the quantity

of the returned products.
γ The negative impact coefficient of the quality on the quantity of

returned products.
λ Carbon releasing rate per unit of the product.
Ls The governmentally-assigned upper limit of carbon emission per

manufacturer.
ps The unit price of carbon emission to sell or pay in governmental

regulation.
θ The investment coefficient to improve the quality level.
φ The cost coefficient to reduce the carbon emission.
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Figure 1. The supply chain system with remanufacturing, pricing, quality effort, and carbon
emission.

µ The mean of the uniform distribution function of the error term.
Γ The rate of cost-sharing for quality improvement undertaken by

the distributor.
∆ The rate of cost-sharing for low-carbon production undertaken by

the distributor.
f(.) The probability density function.
F (.) The cumulative probability density function.
O The order or the production quantity of the manufacturer.
SR, N, C Denote respectively, Stackelberg in retailer’s dominant case, Nash

game, and the cooperative supply chain.
SC, M, R Show the supply chain, the manufacturer, and the distributor,

respectively.

(b) Intermediate variables

L(O) The expected sale quantity of the distributor.
Z(O) The expected leftover inventory.
S(O) The distributor lost-sales.

(c) Decision variables

w The unit wholesale price of the product proposed by the manufacturer (w ≥ Cm).
p Unit final price of the product proposed by the distributor (p ≥ w).
s The rate of carbon reduction as an environmentally sustainable factor (0 ≤ s < 1).
r Unit refund price of returned products paid by the manufacturer to the customer (r ≤ w ≤ p).
q The quality level of the product.
m Unit marginal profit of the product enjoyed by the distributor (m > 0).
I Anticipated inventory of the distributor.
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(d) Performance measures

ΠC The cooperative supply chain profit.
ΠM The manufacturer profit.
ΠR The distributor profit.

3.2. Problem formulation

The market demand of the supply chain is assumed stochastic and is determined using equation (3.1) (similar
to [15,59,66,74]):

D(s, p, r, q) = β0 − β1p+ β2s+ β3r + β4q + ε, (3.1)

where β0 is the base demand that is independent of the final price, carbon emission, refund price, and the quality
effort of the product, β1 is the impact coefficient of the final price on the market demand, β2 is the impact
coefficient of the carbon reduction rate on the market demand, β3 is the impact coefficient of the refund price,
and β4 is impact coefficient of the quality effort of the market demand. In addition, ε is the error term, which
follows a uniform distribution function in the interval [0, E] with a mean (µ) with the cumulative probability
density function denoted by F (ε). Note that the error term is added to guarantee that the demand of the market
is uncertain.

Moreover, the cost function of investment in reduction of carbon emission during production (similar to
[36,45]), C(s), and the cost function of the quality effort (similar to [10,42]), C(q), are assumed in the following
forms, respectively.

C(s) = φ(s2/2) (3.2)
C(q) = θq2, (3.3)

where θ is the investment coefficient to improve the quality level and φ is the cost coefficient to reduce the
carbon emission rate.

Similar to Atasu et al. [2] and Huang and Wang [32], the saving obtained by selling a unit of remanufactured
product, T, is obtained by:

T = Cm − Cr, (3.4)

where Cm and Cr are the unit production costs of a new and a remanufactured product, respectively. Further-
more, the quantity of the returned product (similar to [42]) is assumed as a linear function of the refund price
(r) and the quality improvement effort of the product (q) defined in equation (3.5).

Q(r, q) = α+ δr − γq, (3.5)

where α is a fixed number of the returned products being independent of the refund price and the quality effort
of the product, δ is the refund price coefficient, and γ is the coefficient of the quality improvement effort of the
returned products.

According to what described so far, the profit function of the manufacturer is formulated as:

ΠM = (w − cm) (O −Q (r, q)) + (w − cm + T − r)Q (r, q)− ps [λ(1− s)O − Ls]− φ
s2

2
− θq2. (3.6)

Note in equation (3.6) that no shortage cost, salvage value, and holding cost is assumed for the manufacturer’s
profit function. In addition, the expected distributor’s profit function is

E

(∏
R

)
= pL(O)− wO − h+Z(O)− h−S(O), (3.7)
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where h+ is the unit holding cost of unsold products and h− denotes the unit shortage cost. In addition, the
expected sale quantity L(O), the expected leftover inventory Z(O), and lost sales of the retailer S(O) are
derived using equations (3.8)–(3.10), respectively.

L(O) = O [1− F (O)] +
∫ O

0

f(D)D dD = O −
∫ O

0

F (D) dD (3.8)

Z(O) = (O −D)+ = O − L(O) (3.9)
S(O) = (D −O)+ = E(D)− L(O). (3.10)

The market demand has two parts: (1) β0−β1p+β2s+β3r+β4q as a certain term and (2) ε as the stochastic
term. It is inevitable that the customers will order at least as much as a certain term, but in order to address
the error term, an auxiliary variable, I, is added to the market demand as the anticipated inventory level of the
distributor. As such, we have:

O = I + β0 − β1p+ β2s+ β3r + β4q. (3.11)

Note in equation (3.11) that if I > ε, then the residual inventory will remain and if I < ε the shortage will
occur. Therefore, the substitution of equation (3.11) instead of O in the distributor’s profit function (3.7) leads
to:

E

(∏
R

(p, I)

)
= [(p− w) (I + β0 − β1p+ β2s+ β3r + β4q)] + h− (I − µ)

−
(
p+ h+ + h−

) ∫ I

0

F (ε) dε. (3.12)

In what follows in the next sections the manufacturer’s and the distributor’s profits are formulated in different
cases, where the solution methodologies are provided.

4. Solution methodology

The cooperative and non-cooperative forms of the supply chain are modeled and solved in this section to
find the optimal values of the decision variables of the manufacturer (the wholesale price, the quality effort, the
carbon reduction rate, and the refund price) and the retailer (the final price and the anticipated inventory level).
In non-cooperative form, the game-theoretic approaches including Nash and Stackelberg games in distributor’s
dominant case are used to obtain the closed-form equations to determine the decision variables. In the latter
case, a CS contract in both games is used to coordinate the non-cooperative supply chain, based on which the
profits of the chain members and the closed-form equations of the decision variables are derived.

4.1. Cooperative supply chain

In the cooperative form, the manufacturer integrates with the distributor to be a united part to improve
the supply chain’s performance. In this form, both the manufacturer and the distributor have the same goal to
maximize the profit function of the supply chain and find the optimum values of the final price (p), the carbon
emission reduction rate (s), the quality effort (q), the refund price (r), and the distributor’s inventory level (I).
The supply chain’s profit, in this case, is formulated as:

Max E

(∏
SC

(s, r, q, p, I)

)
= [(p− cm) (I + β0 − β1p+ β2s+ β3r + β4q)] + h−(I − µ)

+ (T − r) (α+ δr − γq)− φs
2

2
− θq2 − (p+ h+ + h−)

∫ I

0

F (ε) dε

− ps [λ(1− s) (I + β0 − β1p+ β2s+ β3r + β4q)− Ls] . (4.1)
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Theorem 4.1. The optimal values of the decision variables in the cooperative supply chain are obtained using
the following equations:

qC =
−A11p

C −A12s
C −A14

A13
(4.2)

rC =
−A15p

C −A16s
C −A17

γ
(4.3)

sC =
−A18p

C −A5I
C −A20

A19
(4.4)

IC =
2A22E

3
+
A24E

3
− H1

(H2 −H3 +H5)1/3
+ (H2 −H3 +H5)1/3 (4.5)

pC =
−2A23E − 2A22EI

C + (IC)2

2A21E
· (4.6)

Proof. See Appendix A. �

4.2. Non-cooperative supply chain

In the non-cooperative supply chain, the manufacturer and the distributor attempt to maximize their own
profits separately. In other words, the manufacturer determines the optimal values of the carbon emission
reduction rate, the quality effort, the unit wholesale price, and the unit refund price of the product in order
to maximize his own profit. Meanwhile, the distributor assigns the optimal values of the final price and the
inventory level using both the Nash and the Stackelberg games. In what follows, closed-form equations are
obtained for the optimal values of the decision variables in Nash and Stackelberg games.

(a) Nash game analysis

In the Nash game, the choice powers of the manufacturer and the distributor are the same and each member
tries to maximize his/her own profit function by finding the optimal values of decision variables. The members
find their optimum variables simultaneously. In the Nash game, the optimal values of the manufacturer’s decision
variables are obtained maximizing equation (3.6) with respect to the decision variables. Note in this equation
that the profit function of the manufacture is linear in terms of w. Therefore, similar to Zhao et al. [84] and
Taleizadeh et al. [66] without loss of generality, the unit final price of the product is substituted with

p = m+ w, (4.7)

where m > 0 is the unit marginal profit received by the distributor for each sold product. Equation (4.7) enables
one to first obtain a closed-form equation for the unit wholesale price and then for the unit final price of the
product.

Theorem 4.2. The optimal values of the manufacturer’s decision variables in the Nash game are:

rN =
−B11w

N −B12s
N +B14

B13
(4.8)

qN =
B15w

N +B16s
N +B17

2θ
(4.9)

sN =
B25m

N −B26I
N −B27

B24
(4.10)

wN =
B28m

N −B29I
N −B30

B21
· (4.11)
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Proof. See Appendix B. �

Meanwhile, the optimal values of the decision variables of the distributor are presented in the following
theorem.

Theorem 4.3. The closed-form equations for the optimal anticipated inventory level and the optimal unit
marginal profit of the distributor in Nash game are:

IN =
1 + 2EB32B34 + 2EB31B35

3B34
+
F1 − F2

F7
+ F7 (4.12)

mN =
−2EB33 − 2EB32I

N +
(
IN
)2

2EB31
· (4.13)

Proof. See Appendix C. �

(b) Stackelberg game in distributor’s dominant case

According to the backward solution in the Stackelberg game in which the distributor plays the dominant
role, the manufacturer first obtains the optimal values of his decision variables in order to maximize his profit.
Then, the optimal values of the manufacturer’s decision variables are substituted into the distributor’s profit
function (3.12) to find the optimal setting of the retailer’s decision variables.

Theorem 4.4. The closed-form equations for the optimal values of the manufacturer’s decision variables in the
Stackelberg game are:

sSR =
B25m

SR −B26I
SR −B27

B24
(4.14)

wSR =
B28m

SR −B29I
SR −B30

B21
(4.15)

rSR =
−B11w

SR −B12s
SR +B14

B13
(4.16)

qSR =
B15w

SR +B16s
SR +B17

2θ
· (4.17)

The proof of Theorem 4.4 is as similar to what is presented in proof of Theorem 4.2 in Appendix B.

Afterward, the optimal decision variables of the manufacturers shown in equations (4.14)–(4.17) are replaced
into the distributor’s profit function (3.12) to find the optimum variables of distributor under the Stackelberg
game in distributor’s dominant case. Hence, the profit function of the distributor is rearranged as:

SR∏
R

= m


(
−β1 − β1B28

B21
− β2B25

B24
− β3B11B28

B13B21
+ β3B12B25

B13B24
+ β4B15B28

2θB21
− β4B16B25

2θB24

)
m

+
(
β1B29
B21

− β2B26
B24

+ β3B11B29
B13B21

+ β3B12B26
B13B24

− β4B15B29
2θB21

− β4B16B26
2θB24

+ 1
)
I

+
(
β0 + β1B30

B21
− β2B27

B24
+ β3B11B30

B13B21
+ β3B12B27

B13B24
+ β3B14

B13
− β4B15B30

2θB21
− β4B16B27

2θB24
+ β4B17

2θ

)


+ h−(I − µ)− (h+ + p+ h−)
I2

2E
· (4.18)

Theorem 4.5. The optimal values of the distributor’s decision variables in the Stackelberg game are given in
equations (4.19) and (4.20).

ISR = S16 +
2S1S10 + S2S7 + S2S8

3S7S8
+
S11

S16
(4.19)

mSR =
−S3 − S2I

SR + S7

(
ISR

)2
2S1

· (4.20)
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Table 2. Decision variables in the cooperative and non-cooperative supply chains.

Decision
vari-
ables

Centralized Nash Stackelberg

(s) −A18p
C−A5I

C−A20
A19

B25m
N−B26I

N−B27
B24

B25m
SR−B26I

SR−B27
B24

(r) −A15p
C−A16s

C−A17
γ

−B11w
N−B12s

N+B14
B13

−B11w
SR−B12s

SR+B14
B13

(q) −A11p
C−A12s

C−A14
A13

B15w
N+B16s

N+B17
2θ

B15w
SR+B16s

SR+B17
2θ

(w) – B28m
N−B29I

N−B30
B21

B28m
SR−B29I

SR−B30
B21

(m) – −2EB33−2EB32I
N+(IN)2

2EB31

−S3−S2I
SR+S7(ISR)2

2S1

(p) −2A23E−2A22EI
C+(IC)2

2A21E

B28m
N−B29I

N−B30
B21

+−2EB33−2EB32I
N+(IN)2

2EB31

B28m
SR−B29I

SR−B30
B21

+−S3−S2I
SR+S7(ISR)2

2S1

(I)

2A22E
3

+ A24E
3
− H1

(H2−H3+H5)1/3

+(H2 −H3 + H5)1/3

1+2EB32B34+2EB31B35
3B34

+F1−F2
F7

+ F7
S16 + 2S1S10+S2S7+S2S8

3S7S8
+ S11

S16

Proof. See Appendix D. �

In short, Table 2 shows the closed-form equations to obtain the optimal values of the decision variables in
the cooperative supply chain, as well as the ones obtained using the Nash and the Stackelberg games.

4.3. The coordination contract

In non-cooperative form, a cost-sharing (CS) contract is applied in both Nash and Stackelberg games to
improve the coordination between the manufacturer and the distributor. The profit functions of the members
are formulated and the closed-form equations for the optimal decision variables using Nash and Stackelberg
games in the distributor’s dominant case are obtained.

(c) CS contract under Nash game

In the CS contract, a percentage (0 < ∆ < 1) of the required cost to reduce the carbon emission rate is
paid by the distributor and the rest, (1−∆) %, is still the manufacturer’s responsibility to pay. Similarly, Γ%
of the investment required to provide high-quality products is provided by the distributor and the rest by
the manufacturer. As such, the manufacturer’s and the distributor’s profit functions will change as shown in
equations (4.20) and (4.21), respectively.

ΠM = (w − cm)(O −Q(r, q)) + (w − cm + T − r)Q(r, q)− (1−∆)φ
s2

2
− (1− Γ)θq2 − ps [λ(1− s)O − Ls] (4.21)

E

(∏
R

(p, I)

)
= [(I + β0 − β1p+ β2s+ β3r + β4q) (p− w)] + h−(I − µ)

−∆φ
s2

2
− Γθq2 − (p+ h+ + h−)

∫ I

0

F (ε) dε. (4.22)

Similar to the Nash game, the manufacturer and the distributor assign their optimal decisions simultaneously.
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Theorem 4.6. The optimal values of the manufacturer’s decision variables in the CS contract under Nash
game are obtained in equations (4.23) to (4.26).

qN-CS =
B′15w

N-CS +B′16s
N-CS +B′17

2 (1− Γ) θ
(4.23)

rN-CS =
−B′11wN-CS −B′12sN-CS +B′14

B′13
(4.24)

sN-CS =
B′25m

N-CS −B′26IN-CS −B′27
B′24

(4.25)

wN-CS =
B′28m

N-CS −B′29IN-CS −B′30
B′21

· (4.26)

Proof. See Appendix E. �

Meanwhile, the optimal variables of the distributor derived from equation (4.22) presented in the following
theorem.

Theorem 4.7. The optimal values of the distributor’s decision variables in the CS-Contract under Nash game
are:

IN-CS =
1 + 2EB′32B

′
34 + 2EB′31B

′
35

3B′34
+
F ′1 − F ′2
F ′7

+ F ′7 (4.27)

mN-CS =
−2EB′33 − 2EB′32I

N-CS +
(
IN-CS

)2
2EB′31

· (4.28)

Proof. See Appendix F. �

(d) CS contract under Stackelberg game

In the CS contract under a Stackelberg game, the distributor is a leader and the manufacturer is a follower.
Therefore, matching the backward solution in Stackelberg game, firstly, the optimum values of the manufac-
turer’s profit function (4.21) are assigned. Then, the derived variables of the manufacturer will be replaced into
the distributor’s profit function (4.22) to obtain the distributor’s optimal variables. The following two theorems
present the closed-form equations to obtain the decision variables.

Theorem 4.8. The optimal values of the manufacturer’s decision variables when the CS-contract case is used
in the Stackelberg game with the distributor playing the dominant role are:

qSR-CS =
B′15w

SR-CS +B′16s
SR-CS +B′17

2 (1− Γ) θ
(4.29)

rSR-CS =
−B′11wSR-CS −B′12sSR-CS +B′14

B′13
(4.30)

sSR-CS =
B′25m

SR-CS −B′26ISR-CS −B′27
B′24

(4.31)

wSR-CS =
B′28m

SR-CS −B′29ISR-CS −B′30
B′21

· (4.32)

Proof of Theorem 4.8 is the same as the one given for Theorem 4.6 and is presented in Appendix E.
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Table 3. Closed-form equations to obtain the decision variables when the CS contract is used.

Decision
vari-
ables

CS-Nash CS-Stackelberg

(s)
B′25m

N-CS−B′26I
N-CS−B′27

B′24

B′25m
SR-CS−B′26I

SR-CS−B′27
B′24

(r)
−B′11w

N-CS−B′12s
N-CS+B′14

B′13

−B′11w
SR-CS−B′12s

SR-CS+B′14
B′13

(q)
B′15w

N-CS+B′16s
N-CS+B′17

2(1−Γ)θ

B′15w
SR-CS+B′16s

SR-CS+B′17
2(1−Γ)θ

(w)
B′28m

N-CS−B′29I
N-CS−B′30

B′21

B′28m
SR-CS−B′29I

SR-CS−B′30
B′21

(m)
−2EB′33−2EB′32I

N-CS+(IN-CS)2

2EB′31

−S′20−S
′
18I

SR-CS+S′19(ISR-CS)2

S′17

(I)
1+2EB′32B

′
34+2EB′31B

′
31

3B′34
+

F ′1−F
′
2

F ′7
+ F ′7

S′14S
′
17+S′15S

′
18+S′12S

′
19

3S′15S
′
19

+ G1+G2
G7

−G7

Afterward, in order to determine the optimum decision variables of the distributor, equations (4.29) to (4.32)
are substituted in distributor’s profit function (4.22), which rearranges the distributor’s profit to:

CS−SR∏
R

= (S′1m+ S′2I + S′3)m+ h−(I − µ)− (S′4m− S′5I + S′6)
I2

2E
+ S′7I + S′8m+ S′9I

2 + S′10m
2 (4.33)

where the constant parameters S′1 to S′10 are presented in Appendix G.

Theorem 4.9. The closed-form equations for the optimal values of the distributor’s decision variables are shown
in equations (4.34) and (4.35).

ISR-CS =
G1 +G2

G7
−G7 +

S′14S
′
17 + S′15S

′
18 + S′12S

′
19

3S′15S
′
19

(4.34)

mSR-CS =
−S′20 − S′18ISR-CS + S′19(ISR-CS)2

S′17
· (4.35)

Proof. See Appendix G. �

Table 3 contains closed-form equations to obtain the optimal values of the decision variables when the CS
contract is used in both the Nash and the Stackelberg games.

5. A practical case and the computational results

In order to study the applicability of this research and analyze the trend of the optimal decision variables
provided in the theorems, a real case of the car tire industry is considered. The tire industry is one of the
lucrative productions in the United States with annual revenue of $17.6 billion, which indicates the important
role of car tire in today’s competitive market [7]. One report published by the Center for Remanufacturing
and Re-used in the UK presents that using new approaches in production’s flow of tires releases the amount
of emission. The change of casing in the tire production process has resulted in releasing 60.5 KG carbon as
compared to the traditional tire which releases 86.9 KG carbon [13]. Moreover, the car tire remanufacturing is
one of the largest sectors of remanufacturing industry in the US, because the retread of tires yields to materials
and energy saving in which the costs of remanufacturing is 30%–50% less than the production of a new tire [7].
The benefits of the tire remanufacturing persuade reputable companies in the tire industry such as Goodyear,
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Bridgestone Bandag, and Michelin, which share $686.4 million of the industrial revenue [51], to take part in the
remanufacturing. As California is one of the biggest economies and one of the largest pollution emitters in the
world, California’s Global Warming Solutions Act of 2006 (AB32) implements various policies under the cap
and trade regulation to obtain the emission to 1990 levels by 2020. In order to emphasize the effects of the cap
and trade regulation in practice, they presented and discussed the tire industry [86]. In addition, the quality
level of products is a motivating factor in the tire industry. The tire production based on customer satisfaction
like providing non-slip tires, non-explosive forbiddance or no bulgy can enhance the market’s share [26].

Here, the database of an Iranian tire supply chain is provided to analyze the efficiency of using a CS con-
tract in presence of quality improvement efforts, carbon abatement possibilities, pricing strategy, returning and
remanufacturing, and also to study the impacts of a CS contract on the aforementioned motivating factors. The
values of the parameters used in this research are achieved by the help of experts and consultants in the Iranian
tire supply chain. In addition, regarding the value of the parameter β1, a marketing approach is needed. Audits
of the Iranian tire supply chain should collect data that connect price of tires and demand of the market. Then,
a regression analysis between the price and demand, which are denoted as independent and dependent variables
respectively, leads to determination of price sensitivity. Furthermore, the value of the parameter β2 is a market-
ing output as well. Experts should record database which links the amount of carbon released under each unit
of tire production and demand of market. A regression analysis between each unit of tire carbon emission and
demand of market reveals the value of β2. Carbon emission data can be found in previous projects implemented
in the Iranian tire supply chain in terms of carbon abatement. In order to obtain the value of parameter β3,
similar to determination of the price sensitivity (β1) and the carbon abatement coefficient (β2), the dataset
which connect the refund price paid by the manufacturer to the customers for collecting the defected products
and the market demand can lead to measuring β3. It happens by regression analysis between the refund price
and the market demand. The values of the other parameters including β4, δ, and γ are determined similar to
the approach proposed for the price or carbon coefficient impacts.

Moreover, there is an institution that subcontracts the Iranian government, namely IEEO1, founded in 1960s,
which is responsible to control the carbon emission under production in all types of industries. Therefore, the
value of the parameters used in the trade and cap regulation, i.e. Ls and ps, are determined by the IEEO
experts.

Other parameters used in this research such as the unit production cost for new and remanufactured products,
Cm, Cr, the unit saving cost, T , the investment coefficient of carbon abatement and the quality improvement,
θ, φ, and the carbon discharging rate of each production unit, λ, are determined using a questionnaire of the
commissioners and specialists in the Iranian tire production supply chain.

The measured values of the selected parameters to investigate the sensitivity of the decision variables and the
supply chain profit on the values of some selected parameters in both cooperative and non-cooperative forms are
Cm = $7, Cr = $5, h− = 0.8 (dollars/tires), h+ = 0.6 (dollars/tires), λ = 1.25 (grams/dollars), β0 = 800 (tires),
β1 = 4 (tires/dollars), β2 = 0.9 (dollars), β3 = 6 (tires/dollars), β4 = 7 (tires), α = 70 (tires),
δ = 3 (tires/dollars), γ = 0.6 (tires), ps = 1.5 (dollars/grams), Ls = 74 (grams), E = 80 (tires),
φ = $3800, θ = $700, and µ = 40 (tires).

In the cooperative case, the optimal decision variables and the total profit of the supply chain are obtained
as SC = 0.96, rC = $449.5, pC = $465.5, qC = 2.48, IC = 79.7 (tires), and

∏C = $140 099.5. For the non-
cooperative case when the Nash game is used we obtain wN = $135.7, SN = 0.28, rN = $118.2, pN = $260.9,
mN = $125.17, qN = 0.68, IN = 38.4 (tires),

∏
R = $61 365.7,

∏
M = $16 456.7, and

∏
S = $77 822.4. In the

Stackelberg case, the optimal values of the decision variables and the profits of the chain and its members
become wSR = $199.1, SSR = 0.42, rSR = $181.9, pSR = $292.7, m = $93.6, q = 1.03, I = 35.9 (tires),∏

R = $69 210.3,
∏

M = $36 111.8, and
∏
S = $105 322.1. The above results illustrate that the profit of the SC

in the cooperative case is higher than the ones in the Nash and Stackelberg games. This is an indication of the
important role of applying a cooperative form as a solution to improve the supply chain’s profit. In addition,

1 Iran Energy Efficiency Organization.
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the quality effort (q) and the carbon emission reduction (s) in the cooperative form are higher than the ones
in the non-cooperative form. It means that under cooperation, the manufacturer is more eager to invest in the
improvement of the quality and reduction of carbon emission, leading to the higher demand of the market and
hence higher profit of the supply chain, the manufacturer, and the distributor. Moreover, in the non-cooperative
form, the chain profit when the Stackelberg game is employed is higher than the one in the Nash game. This is
due to different decision sequences obtained in these two games, which leads to higher rates of variables s and
q in the Stackelberg game.

5.1. The effects of parameter changes in the cooperative case

Figures 2a and 2b illustrate the impacts of the parameter β2 in the interval [0.1, 1.2] on the decision variables
in the cooperative form. The increase of carbon sensitivity leads to a drop in the final price (p) and a spike in
carbon abatement rate (s). The carbon reduction motivates customers to purchase more products and enhances
market demand. There may be a point at issue that the decrement of the final price reduces cooperative supply
chain. However, the benefits of the demand increment suppress the price decrement. As a result, the cooperative
supply chain becomes more affordable to invest in motivating factors, where the carbon abatement rate (s) and
the quality effort (q) increases (see Figs. 2a and 2b). Therefore, a shrink in the price and a spike in the carbon
reduction and the quality improvement effort motivate the customers’ willingness to buy the products more, and
consequently, to increase the profit of cooperative supply chain (see Fig. 2c). These results show the efficiency
of the cooperative chain, which not only increases the profit of the chain but also encourage the manufacturer
to produce more environmentally friendly and high-quality products via lower price.

The given Figures 2d and 2e indicate the effects of the parameter β3 on the decision variables in the cooperative
case. As seen in these figures, an increase of the parameter β3 in the interval [0.5, 6] leads to an increase in the
refund price (r) and the final price (p). Note that the higher the refund price is the higher the quantity of the
returns would be. This leads to remanufacture more returns. Remanufacturing has environmental benefits, and
consequently, the carbon reduction rate (s) rises up (shown in Fig. 2e). Moreover, remanufacturing not only can
reduce the carbon emission, but also can improve the quality of the products. It may be noted that although
the price of products increases, the increase of variables s, r and q can motivate the customers to purchase the
products. Therefore, the market’s demand increases, and consequently, the supply chain’s profit (matching to
Fig. 2e) rises up. These results confirm the importance of remanufacturing activities in supply chains under the
cooperative form.

Figures 2f and 2g illustrate the effects of the parameter β4 on the decision variables. As shown in these
figures, an increase of β4 in the interval [1, 10] raises the quality effort (q) and the final price of the product
(p). It should be noted that a higher quality level of products leads to a higher refund price (r). Therefore,
the refund price (r) increases, which yields an increase in the quantity of the returned products. As a result,
remanufacturing of the returns improves, which reduce the carbon emission. Therefore, the carbon reduction
rate, according to Figure 2f, increases. Although the price of products rises up, the increase of variables s, q and
r motivate the customer’s willingness to buy products more. Therefore, the market’s demand improves, which
leads to an increase in the supply chain’s profit (shown in Fig. 2g). These results present the significant role
of investment in quality improvement, which has environmental and economic benefits under the cooperative
supply chain.

5.2. Analysis of the CS-contract in the Nash game

The given Figures 3a and 3b show the effects of an increase of the parameter ∆ on the values of decision
variables in which Γ is fixed (Γ = 0.4). These figures demonstrate that an increase of ∆ raises the carbon
reduction rate (s), but none of the final price (p), the wholesale price (w), and the refund price (r) are sensitive
to ∆. An increase of ∆ by the distributor persuades the manufacturer to invest more in low-carbon production,
and as a result, the variable s rises up. In addition, the reduction of carbon emission encourages customers
to buy the product more. Therefore, the distributor’s profit increases when ∆ ≤ 0.45 according to Figure 3c.
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Figure 2. (a) The carbon reduction rate and the final price under levels of β2 in cooperative
case. (b) The quality effort under levels of β2 in cooperative case. (c) The supply chain’s profit
under levels of β2 in cooperative case. (d) The refund price and the final price under levels of β3

in cooperative case. (e) the carbon rate, the quality effort and the supply chain’s profit under
levels of β3 in cooperative case. (f) Quality effort and carbon reduction under levels of β4 in
cooperative case. (g) The refund price, the final price and supply chain’s profit under levels of
β4 in cooperative case.

However, when ∆ > 0.45, his/her profit drops off. This is due to the fact that the sharing cost undertaken by the
distributor is higher than the benefits of the demand’s enhancement and hence undertaking the rate of ∆ more
than 0.45 is not acceptable for the distributor. On the other hand, although the manufacturer’s profit decreases
under the CS contract in the Nash game (shown in Fig. 3c), his/her profit under each rate of ∆ is higher than
the profit without contract (

∏N
M = 164 56.7). Therefore, according to Figure 3d, the supply chain’s profit using

the CS contract in ∆ ≤ 0.4 increases, but decreases for ∆ > 0.4. Therefore, the optimal rate to maximize the
supply chain’s profit in the CS contract under the Nash game is ∆ = 0.4. It should be pointed out that under
each rate of ∆, the supply chain’s profit is higher than the profit without the contract (

∏N
S = 77 822.4), which

shows the benefit of using a CS contract under the Nash game to provide better coordination in the supply
chain.
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Figure 2. (Continued.)

Figures 4a and 4b demonstrate the impacts of the parameter Γ on the decision variables for which ∆ is fixed
(∆ = 0.38). It can be seen from these figures that an increase of Γ in the interval [0.1, 0.7] raises the quality
improvement effort of the product. However, the wholesale price (w), the final price (p), the refund price (r),
and the carbon reduction rate (s) are not too sensitive to the values of the parameter Γ. Here, the distributor by
paying a fraction of the quality improvement cost to the manufacturer persuades him/her to produce a higher
quality product. It should be noted that although the manufacturer’s profit under increase of Γ decreases
(shown in Fig. 4c), the manufacturer’s profit under each rate of Γ is higher than the profit without contract
(
∏N

M = 164 56.7). Therefore, the CS contract under the Nash game is acceptable for the manufacturer. On the
other hand, quality improvement efforts raise the market’s demand, and as a result, the distributor’s profit for
Γ ≤ 0.45 increases (shown in Fig. 4c). However, when Γ > 0.45, then the revenues due to the demand’s increase
is less than the sharing costs undertaken by the distributor. Therefore, the rates more than 0.45 for Γ is not
acceptable for the distributor. Furthermore, the supply chain’s profit, according to Figure 4d, under each rate
of Γ is higher than the profit without a contract (

∏N
S = 77 822.4), which indicates that the CS contract under

the Nash game to improve the quality of the product is a sufficient solution and provides better coordination.
Moreover, the optimal rate of Γto maximize the supply chain’s profit is Γ = 0.45.

5.3. Analysis of the CS-contract rates in the Stackelberg game

The given Figures 5a and 5b illuminate the effects of the parameter ∆ in the interval [0.14, 0.5] on the decision
variables under the Stackelberg game in which Γ = 0.62. The results indicate that although an increase of ∆
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Figure 3. (a) Carbon reduction and quality effort under different levels of ∆ in CS-N. (b)
Wholesale, final and refund prices under different levels of ∆ in CS-N. (c) Manufacturer’s and
distributor’s profit under different levels of ∆ in CS-N. (d) Supply chain’s profit under different
levels of ∆ in CS-N.

raises the carbon reduction rate (s), the quality level (q) and the refund price (r), the prices of the products are
not sensitive to the carbon cost-sharing contract. It is because the fact that a fraction of the cost undertaken
by the distributor to reduce carbon emission provides the manufacturer a better affordable condition to invest
in the low-carbon products. Therefore, the variable (s) improves, and consequently, the market share increases.
The benefits of demand enhancement afford the manufacturer to invest in other motivating factors. As a result,
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Figure 4. (a) The quality effort and the reduction rate under levels of Γ in CS-N. (b) The
wholesale price, the final price and the refund price under levels of Γ in CS-N. (c) The distrib-
utor’s and the manufacturer’s profits under levels of Γ in CS-N. (d) The supply chain’s profit
under levels of Γ in CS-N.

the refund price (r) and the quality effort (q) increase (see Figs. 5a and 5b), which augment the market share.
Therefore, the manufacturer’s profit (shown in Fig. 5c) rises up, where under each rate of ∆ it is higher than the
profit without a contract (

∏SR
M = 36 111.8). These figures depict that using the CS contract is a good strategy

for the manufacturer. On the other hand, the distributor’s profit for ∆ ≤ 0.37 increases, because in these rates
the revenues obtained by an increase in the market demand can offset the sharing cost the distributor tolerates.
However, the conclusion is reversed when ∆ > 0.37 in which the distributor does not accept the higher cost-
sharing rate of 0.37 for carbon emission reduction. Furthermore, the supply chain’s profit using the CS contract
under each rate of the defined ∆ increases (shown in Fig. 5d), where its maximum is ∆ = 0.5. It merits a mention
that although the distributor’s profit in ∆ > 0.37 decreases, the intensity of a spike in the manufacturer’s profit
is more than a shrink in the distributor’s profit. Therefore, the supply chain’s profit increases and under each rate
of ∆ is higher than his/her own profit without a contract (

∏SR
S = 105 322.1). As a result, using the CS contract

in the Stackelberg game not only can boost the profit of the supply chain, but also acts as a catalyst to enhance
other motivating factors, including carbon abatement, quality improvement effort, and refund price. In addition,
this contract, while the sharing rate for costs of the carbon abatement increases for which the quality
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Figure 5. (a) The carbon reduction and the quality effort under different levels of ∆ in CS-SR.
(b) The final price, the wholesale price and the refund price under levels of ∆ in CS-SR.
(c) The manufacturer’s and the distributor’s profits under different levels of ∆ in CS-SR.
(d) The supply chain’s profit under different levels of ∆ in CS-SR.

improvement effort is fixed, is able to hold the fixed price for products, whilst supply chain imposes more
costs to enhance the applied motivating elements.

Figures 6a and 6b present the impacts of parameter Γ in the interval [0.61, 0.78] on the decision variables
in which the rate of Γ is fixed (∆ = 0.4). It can be easily seen from these figures that an increase of Γ
leads to an increase of all motivating factors, including the refund price, the carbon reduction rate, and the
quality improvement effort. However, it leads to an increase in the wholesale price and the final price as well.
Note that although the final price increases, the improvement of the refund price, the quality effort, and the
carbon reduction rate motivates the customers to purchase the product more. Therefore, a higher demand yields



S2204 A.A. TALEIZADEH ET AL.

Figure 6. (a) The carbon reduction and the quality effort under levels of Γ in CS-SR. (b)
The final price, the refund price and the wholesale price under levels of Γ in CS-SR. (c) The
distributor’s and the manufacturer’s profits under levels of Γ in CS-SR. (d) The supply chain’s
profit under levels of Γ in CS-SR.

an increase of the manufacturer’s profit (shown in Fig. 6c), where under each rate of Γ the manufacturer’s profit
is higher than his own profit without contract (

∏SR
M = 36 111.8). Therefore, using the CS contract under the

Stackelberg game is acceptable for the manufacturer. In addition, an increase in demand raises the distributor’s
profit in Γ ≤ 0.7 (Fig. 6c). Therefore, the profit of the SC using the CS contract increases (according to Fig. 6d),
where under each rate of the defined Γ it is higher than the profit without the contract (

∏SR
S = 105 322.1) where

the optimal profit appears at Γ = 0.78. It should be noted that for Γ > 0.7, the sharing costs are more than
benefits of the demand improvement, which reduces the distributor’s profit. However, the profit of the SC using
the CS contract even for Γ > 0.7 increases (see Fig. 6d). It is due to the fact that a spike in the manufacturer’s
profit has more intensity rather than a drop in the distributor profit. These results reveal that in the CS contract,
an increase of the cost-sharing rate for the quality improvement effort (Γ) undertaken via the distributor is
a sufficient contract to not only boost the profit of the SC but also to encourage the supply chain for high
investment in other motivating factors (carbon, quality, and refund price).
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What merits mention is that there is a contrast in the analysis of the parameter Γ rather than ∆ under
the Stackelberg game. For all increases of ∆, although all motivating factors rise up, the final price of the
product (p) is still fixed. Because, when ∆ increasing while Γ is fixed, the benefits of the demand increment
can overcome the costs. Thus, the supply chain does not need to raise the price. However, in case of an increase
of the parameter Γ while ∆ is fixed, the results are reversed and the SC cannot afford the costs of motivating
factors without increasing the final price because the benefit of the demand increase is not enough for holding
the price fixed.

As we extract a plethora of valuable results in the analysis of the CS contract, Table 4 is provided in the rest
of the paper to present the outcomes briefly.

6. Managerial insights

According to the results achieved from the above numerical investigation, the major findings of this research
which a manager can use in practice are:

– Due to the high costs of implementation in terms of quality improvement effort, carbon abatement, and
collecting and remanufacturing, two solutions are assumed, including the cooperative supply chain and the
CS contract in non-cooperative form. The results highlight that both approaches are sufficient and can
enhance the profit of SC. Therefore, a manager in order to obtain the optimal decision variables and to
maximize the profit of his company prefers to apply a CS contract or a cooperative chain.

– Analysis of the CS contract in the Nash game indicates that under this contract there is no interaction
between the motivating factors. More specifically, when the distributor subcontracts the manufacturer and
undertakes a higher part of the carbon abatement costs, it just sufficient to reduce carbon, but the quality
level and the refund price do not react to carbon abatement. However, in the Stackelberg game, the results are
reversed and an increase of carbon abatement has positive effects on the other elements such as the quality
level or the refund price. Therefore, a manager having this valuable information in terms of a CS contract
can choose the best strategy to maximize the benefits. If the manager desires to enhance all motivating
factors simultaneously, it is better to use the Stackelberg game rather than Nash game.

– It merits a mention that in the CS contract under the Stackelberg game there is a contrast in cost-sharing
rates undertaken via the distributor. When the carbon abatement sharing rate (∆) increases while the quality
improvement sharing rate (Γ) is fixed, the motivating factors (s, q, r) increases but the prices are still fixed.
This boosts the affordability of customers to purchase the product more. However, when the rate of Γ rises
up while ∆ is fixed, this contract cannot enhance the motivating factors without holding the prices fixed.
Therefore, a manager with the knowledge of these findings should choose a strategy in which the distributor
incurs a large number of the carbon abatement costs rather than quality enhancement costs. This strategy
not only leads to improvement of all motivating factors but also holds the prices fixed.

– Via an analysis of the CS contract in both the Nash the Stackelberg games the optimal amount of rates
in the CS contract, namely ∆, and Γ, can be attained. Therefore, a manager having the optimal rates can
implement the contract and boost the benefit of the SC and its members. In addition, we succeeded to
obtain closed forms of the optimal decision variables, including the refund price, inventory level, quality
level, carbon abatement rate, via game theoretical approaches. This helps the manager to maximize the
profit of his own company by selecting the optimal decision variables.

7. Conclusion

Reduction of the carbon emission, improvement of the product quality, and setting a suitable pricing strategy
was considered in this paper in order to attract customer’s willingness to purchase the product more. Three
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approaches including investment in new technologies to produce low-carbon production, using the trade and
cap regulation to control the emission as well as recollecting and remanufacturing the defected products were
involved in this research to ease the amount of carbon emission in order to have a less undesired environmental
effect and higher profit. To this aim, a two-stage supply chain consisting of one distributor, one manufacturer,
and one product was considered. The market product demand was stochastic and depended on the carbon
reduction rate, the quality improvement effort, the final price of a product, and the refund price of the defected
product. The high costs of applying quality improvement efforts, remanufacturing, carbon reduction and their
effects on the price and profits of the supply chain and its members needed to make cooperation between the
distributor and the manufacturer. Therefore, in this research, we used a cooperative supply chain alongside
a cost-sharing contract as solutions to boost the performance of the chain. In addition, we used game theory
approaches including Nash and Stackelberg game (with the distributor as a leader) to obtain the optimal values
of decision variables and the profits. The results showed that employing both the cooperative supply chain and
the CS contract are effective solutions to boost SC’s profit. Moreover, analyses of the parameters in the CS
contract determined that in the Nash game there is no interaction between the carbon abatement, refund price,
and quality level, while in the Stackelberg game positive relations among the motivating factors appeared. More
specifically, in the Stackelberg game, the distributor undertaking a part of costs could enhance all motivating
factors and boost the market share of the SC.

Although we applied different motivating factors to attract customers in a supply chain, there are some
other factors such as an advertisement, delivery time, online or direct selling approaches which can be added
in future investigations. In addition, as we considered stochastic demand, other inventory control parameters
like salvage value or lead time can be considered in further studies. Moreover, we just focused on a CS contract
and a cooperative model to simplify the production flow between the members. However, there are some other
contracts such as revenue sharing, two-part tariff, or quantity discount contracts that can be used in the future.

Appendix A. Proof of Theorem 4.1. The cooperative supply chain

In order to prove the concavity of the chain profit in the cooperative case (shown in Eq. (4.1)), the Hessian
matrix is obtained as:

H(s, r, q, p, I) =


2psλβ2 − φ psλβ3 psλβ4 β2 − β1psλ psλ

psλβ3 −2δ γ β3 0
psλβ4 γ −2θ β4 0

β2 − β1psλ β3 β4 −2β1 1− I
B

psλ 0 0 1− I
B −p+h

++h−

B

 . (A.1)

To prove the concavity, the following conditions must hold:

|H1(s, r, q, p, I)| = 2psλβ2 − φ < 0 (A.2)
|H2(s, r, q, p, I)| = p2

sλ
2β2

3 < −2δ(2psλβ2 − φ) (A.3)

|H3(s, r, q, p, I)| = (2psλβ2 − φ)
∣∣∣∣−2δ γ
γ −2θ

∣∣∣∣− psλβ3

∣∣∣∣psλβ3 γ
psλβ4 −2θ

∣∣∣∣+ psλβ4

∣∣∣∣psλβ3 −2δ
psλβ3 γ

∣∣∣∣ < 0 (A.4)

which, upon simplification is:

|H3(s, r, q, p, I)| = A3A4(2θ + 2γ) +A2(4δθ − γ2) < 2δA2
4. (A.5)
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Additionally, the following inequality should be true.

|H4(s, r, q, p, I)| = (2psλβ2 − φ)

∣∣∣∣∣∣
−2δ γ β3

γ −2θ β4

β3 β4 −2β1

∣∣∣∣∣∣− psλβ3

∣∣∣∣∣∣
psλβ3 γ β3

psλβ4 −2θ β4

β2 − β1psλ β4 −2β1

∣∣∣∣∣∣
+ psλβ4

∣∣∣∣∣∣
psλβ3 −2δ β3

psλβ4 γ β4

β2 − β1psλ β3 −2β1

∣∣∣∣∣∣− (β2 − β1psλ)

∣∣∣∣∣∣
psλβ3 −2δ γ
psλβ4 γ −2θ

β2 − β1psλ β3 β4

∣∣∣∣∣∣ > 0 (A.6)

which yields to:

|H4(s, r, q, p, I)| = −A2
4

(
β2

3 + 4β1δ
)
− 4β1A

2
3θ − 2A2β

2
3θ − 8A2β1δθ +A2

3β
2
4 + 2A2δβ

2
4 + 2A2β1γ

2

−A4 (−A1β3β4 + 2A3β3β4 + 4A1δβ4 + 4A3β1γ +A1β3γ)− 2A1A3 (2β3θ + β4γ)
−A2

1

(
4δ + γ2

)
> 0. (A.7)

Finally, we need to have:

|H3(g, p, I)|

= (2psλβ2 − φ)

∣∣∣∣∣∣∣∣
−2δ γ β3 0
γ −2θ β4 0
β3 β4 −2β1 1− I

B

0 0 1− I
B −p+h

++h−

B

∣∣∣∣∣∣∣∣− psλβ3

∣∣∣∣∣∣∣∣
psλβ3 γ β3 0
psλβ4 −2θ β4 0

β2 − β1psλ β4 −2β1 1− I
B

psλ 0 1− I
B −p+h

++h−

B

∣∣∣∣∣∣∣∣
+ psλβ4

∣∣∣∣∣∣∣∣
psλβ3 −2δ β3 0
psλβ4 γ β4 0

β2 − β1psλ β3 −2β1 1− I
B

psλ 0 1− I
B −p+h

++h−

B

∣∣∣∣∣∣∣∣
− (β2 − β1psλ)

∣∣∣∣∣∣∣∣
psλβ3 −2δ γ 0
psλβ4 γ −2θ 0

β2 − β1psλ β3 β4 1− I
B

psλ 0 0 −p+h
++h−

B

∣∣∣∣∣∣∣∣ < 0 (A.8)

which rearranged as:

αC
5 = − 1

E
(2EA2

5Eβ
2
3φ+ 4A2E

2δφ− 8A1A5E
2δφ− 8A2

5E
2β1δφ+ 2A2Eβ

2
3h

+φ− 4A2
1Eδh

+φ

− 8A2Eβ1δh
+φ+ 2A2

5E
2δβ2

4 + 2A2Eδh
+β2

4 + 2A2Eβ
2
3φp− 4A2

1Eδφp− 8A2Eβ1δφp+ 2A2Eδβ
2
4p

+ 2A2Eβ
2
3φs− 4A2

1Eδφs− 8A2Eβ1δφh
− + 2A2Eδβ

2
4h
− +A2

5E
2β3β4γ +A2

5E
2β3β4γ + 2A2Eβ3h

+β4γ

+ 2A2Eβ3β4pγ + 2A2Eβ3β4h
−γ −A2E

2γ2 + 2A1A5E
2γ2 + 2A2

5E
2β1γ

2 +A2
1Eh

+γ2 + 2A2Eβ1h
+γ2

+A2
1Epγ

2 + 2A2Eβ1pγ
2 +A2

1Eh
−γ2 + 2A2Eβ1h

−γ2 − 2A3E (β3φ+ β3φ+ β4γ)
(
A1

(
h+ + p+ h−

)
+ A5 (E − I))− 8A2EδφI + 8A1A5EδφI + 2A2Eγ

2I − 2A1A5Eγ
2I + 4A2δφI

2

−A2γ
2I2 +A2

3

(
2E2φ+ 2φI2 + E

(
h+β2

4 + β2
4p+ β2

4h
− − 4β1φ

(
h+ + p+ h−

)
− 4φI

))
+A2

4

(
2E2δ + 2δI2 + E

(
β2

3

(
h+ + p+ h−

)
− 4δ

(
β1

(
h+ + p+ h−

)
+ I
)))

−A4

(
A1E (h+ + p+ h−) (4δβ4 + (2β3) γ) +A5E (4δβ4 + 2β3γ) (E − I)
+2A3

(
−E2γ − γI2 + E (β3β4 (h+ + p+ h−) + 2γ (β1 (h+ + p+ h−) + I))

)) < 0 (A.9)

where constant parameters A1–A5 are A1 = β2 − (β1psλ), A2 = (2psλβ2) − φ, A3 = psλβ3, A4 = psλβ4,
A5 = psλ. Afterward, the optimal values of the decision variables are obtained by taking the partial derivatives
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of the objective function shown in equation (4.1) with respect to the decision variables and setting all equal
zero. In other words, we have:

∂
∏C

∂r
= β3p+ psλβ3s− 2δr + γq + Tδ − (α+ β3 (cm + psλ)) = 0 (A.10)

∂
∏C

∂q
= β4p+ psλβ4s− 2θq + γr + Tγ − β4 (cm + psλ) = 0 (A.11)

∂
∏C

∂p
= −2β1p+ (β3 − β1psλ) s+ β3r + β4q + I −

(
I2/2E

)
+ β0 + β1 (cm + psλ) = 0 (A.12)

∂
∏C

∂I
= p+ psλs+ h− − cm − psλ−

(
p+ h+ + h−/E

)
I = 0 (A.13)

∂
∏C

∂s
= (β2 − β1psλ) p+ (2psλβ2 − φ) s+ psλβ3r + psλβ4q + psλI + psλβ0 − (cm + psλ)β2 = 0. (A.14)

Then, solving equations (A.10) to (A.14) results in equations (4.2) to (4.6) presented in Theorem 4.1 in which
constant parameters A6–A26 and H1–H5 are used for a better presentation of the closed-form equations of the
variables as

A6 = psλβ0 − (Cm+psλ)β2, A7 = Tδ − (α+β3(Cm+psλ)), A8 = Tγ+β4(Cm + psλ),
A9 = β0+β1(Cm + psλ), A10 = h− − Cm − psλ, A11 = 2δβ4+β3γ, A12 = 2δA4A3γ, A13 = γ2 − 4θδ,

A14 = A7γ −A8δ, A15 = β4+
2θA11

A13
, A16 = A4 +

2θA12

A13
, A17 =

2θA14

A13
−A8, A18 = A1 −

A3A15

γ

− A4A11

A13
, A19 = A2 −

A3A16

γ
− A4A12

A13
, A20 = A6 −

A4A14

A13
− A3A17

γ
, A21 = −2β1 −

A1A18

A19

− β3A15

γ
+
β3A16A18

A19γ
− β4A11

A13
+
β4A12A18

A13A19
, A22 = −A1A5

A19
+
β3A5A16

A19γ
+
β4A12A5

A13A19
+1,

A23 = A9 −
A1A20

A19
+
β3A16A20

A19γ
− β3A18

γ
+
β4A12A20

A13A19
− β4A14

A13
, A24 = 1− A5A18

A19
, A25 =

A2
5

A19
,

A26 = A10 −A5A20,

H1 = (− (2A23E) /3) + (2/3)A22A24E
2 + (2/3)A21A25E

2 − (1/9) (2A22E +A24E)2 +
(
2A21Eh

+
)
/3

+
(
2A21Eh

−) /3, H2 = −A23A24E
2 +A21A26E

2 +
1
27

(2A22E +A24E)3 ,

H3 =
1
6

(2A22E +A24E)
(
−2A23E + 2A22A24E

2 + 2A21A25E
2 + 2A21Eh

+ + 2A21Eh
−) ,

H4 = A23A24E
2 −A21A26E

2 − 1
27

(2A22E +A24E)3 , H5 =
√

(H1)3 + (H4 +H3)2. (A.15)

Appendix B. Proof of Theorem 4.2. The manufacturer’s optimum variables in
the Nash game

The Hessian matrix of the manufacturer profit function in the Nash game is as follows:

H(s, r, q, w) =

2psλβ2 − φ psβ3λ psβ4λ β2 − β1psλ
psβ3λ −2δ γ β3

psβ4λ γ −2θ β4

β2 − β1psλ β3 β4 −2β1

 . (B.1)
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Then, the following conditions must hold in order to prove that the manufacturer profit function is concave:

|H1(s, r, q, w)| = 2psλβ2 − φ < 0 (B.2)
|H2(s, r, q, w)| = 2φδ − p2

sβ
2
3λ

2 − 4psλδβ2 > 0 (B.3)

|H3(s, r, q, w)| = (2psλβ2 − φ)
∣∣∣∣−2δ γ
γ −2θ

∣∣∣∣− psβ3λ

∣∣∣∣psβ3λ γ
psβ4λ −2θ

∣∣∣∣+ psβ4λ

∣∣∣∣psβ3λ −2δ
psβ4λ γ

∣∣∣∣ < 0 (B.4)

which results in:
|H3(s, r, q, w)| = 2B4B5γ + 2θB2

4 − 2δB2
5 +B7(4δθ − γ2) < 0. (B.5)

Finally,

|H4(s, r, q, w)| = (2psλβ2 − φ)

∣∣∣∣∣∣
−2δ γ β3

γ −2θ β4

β3 β4 −2β1

∣∣∣∣∣∣− psβ3λ

∣∣∣∣∣∣
psβ3λ γ β3

psβ4λ −2θ β4

β2 − β1psλ β4 −2β1

∣∣∣∣∣∣
+ psβ4λ

∣∣∣∣∣∣
psβ3λ −2δ β3

psβ4λ γ β4

β2 − β1psλ β3 −2β1

∣∣∣∣∣∣− (β2 − β1psλ)

∣∣∣∣∣∣
psβ3λ −2δ γ
psβ4λ γ −2θ

β2 − β1psλ β3 β4

∣∣∣∣∣∣ > 0. (B.6)

By simplification we have:

|H4(s, r, q, w)| = B2
5

(
β2

3 − 4β1δ
)

+ 2B7β
2
3θ − 4B2

1δθ − 8B7β1δθ + 2B7δβ
2
4 +B2

4

(
−4β1θ + β2

4

)
+ 2B7β3β4γ +B2

1γ
2 + 2B7β1γ

2 − 2B5 (B4β3β4 + 2B1δβ4 + 2B4β1γ +B1β3γ)
− 2B1B4 (2β3θ + β4γ) > 0 (B.7)

where the constants B1–B7 are defined as B1 = β2−β1pSλ, B2 = β0 +β1(Cm+psλ), B3 = β1pSλ, B4 = β3pSλ,
B5 = β4pSλ, B6 = psλ, B7 = 2λpsβ2 − φ.

Hence, Taking the partial derivatives of the manufacturer’s profit function (Eq. (3.5)) with respect to his
decision variables and setting all equal zero yields to equations (B.8) to (B.11).

∂
∏

M

∂w
= −2β1w − β1m+ (β2 − β1psλ) s+ β3r + β4q + I + β0 + β1 (Cm + psλ) = 0 (B.8)

∂
∏

M

∂s
= (β2 − β1psλ)w − β1psλm+ (2psλβ2 − φ) s+ psβ3λr + psβ4λq + psλI + psλβ0

− β2(cm + psλ) = 0 (B.9)
∂
∏

M

∂r
= β3w + psλβ3s+ γq − 2δr + Tδ − α+ β3 (Cm + psλ) = 0 (B.10)

∂
∏

M

∂q
= β4w + psλβ4s+ γr − 2θq − β4 (Cm + psλ) = 0. (B.11)

Then solving equations (B.8) to (B.11) results in closed-form equations in Theorem 4.2 in which constant
parameters B8–B36 are defined as

B8 = psλβ0 − β2(Cm + psλ), B9 = Tδ−α+β3(Cm + psλ), B10 = β4(Cm+psλ) + Tγ, B11 = 2θβ3+γβ4,

B12 = 2θB4 +B5γ, B13 = γ2 − 4θδ, B14 = B10γ − 2θB9, B15 = β4 −
B11γ

B13
, B16 = B5 −

γB12

B13
,

B17 =
γB14

B13
−B10, B18 =

β4B15

2θ
− 2β1 −

β4B11

B13
, B19 = B1 −

β3B12

B13
+
β4B16

2θ
, B20 = B2 +

β3B14

B13

+
β4B17

2θ
, B21 = B1 −

B4B11

B13
+
B5B15

2θ
, B22 = B7 −

B4B12

B13
+
B5B16

2θ
, B23 = B8 −

B4B14

B13
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+
B5B17

2θ
, B24 = B21B19 −B18B22, B25 = B3B18 − β1B21, B26 = B21 −B6B18,

B27 = B20B21 −B18B23, B28 =
B22B25

B24
+B3, B29 = B6 −

B22B26

B24
, B30 = B23 −

B22B27

B24
,

B31 = −2β1 −
β1B28

B21
− β2B25

B24
− β3B11B28

B13B21
+
β3B12B25

B13B24
+
β4B15B28

2θB21
,

B32 = 1 +
β1B29

B21
− β2B26

B24
+
β3B11B29

B13B21
+
β3B12B26

B13B24
− β4B15B29

2θB21
,

B33 = β0 +
β1B30

B21
− β2B27

B24
+
β3B11B30

B13B21
+
β3B12B27

B13B24
+
β3B14

B13
− β4B15B30

2B21θ
, B34 =

1 + B28
B21

E
,

B35 =
B29

B21E
, B36 =

h− + h+ − B30
B21

E
· (B.12)

Appendix C. Proof of Theorem 4.3. Distributor’s optimum variables in the
Nash game

In this case, the Hessian matrix of the distributor’s profit function (Eq. (3.12)) is:

H(m, I) =

[
−2β1 1− I

E

1− I
E −h

++h−+m+w
E

]
. (C.1)

Then, the following conditions must hold:

|H1(m, I)| = −2β1 < 0 (C.2)

|H2(m, I)| = (−2β1)
(
−h

+ + h− +m+ w

E

)
−
(

1− I

E

)2

> 0. (C.3)

The above inequality to be true require the following equation where optimal equation (4.11) is replaced instead
of w.

|H2(m, I)| = −B31B34m+
(

2B31B35 +
1
E

+B32B34

)
I − (B32 +B31B36)−B34

I2

2E
> 0. (C.4)

Then, the optimal values of the distributor’s decision variables in the Nash game are obtained by taking the
partial derivatives of his/her profit function (Eq. (3.12)) with respect to his/her decision variables, setting both
equal to zero. Therefore:

∂
∏

R

∂m
= β0 − β1w − 2β1m+ β2s+ β3r + β∂q + I − I2

2E
(C.5)

∂
∏CS−N

R

∂I
= m+ h− − (m+ w + h+ + h−)I/E = 0. (C.6)

In order to solve equations (C.5) and (C.6), the optimum variables of manufacturer achieved from Theorem 4.2
are replaced into the mentioned equations. The substitutions rearrange the equations (C.5) and (C.6) as:

∂
∏

R

∂m
=
(
β3B12B25

B13B24
− β1B28

B21
− β3B25

B24
− β3B11B28

B13B21
+
β4B15B28

2θB21
− 2β1

)
m+

β3B14

B13
− β4B15B30

2θB21

+
(
β1B29

B21
− β3B26

B24
+
β3B12B29

B13B21
+
β3B12B26

B13B24
− β4B15B29

2θB21
+ 1
)
I − I2

2E
+ β0 +

β1B30

B21
− β2B27

B24
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+
β3B11B30

B13B21
+
β3B12B27

B13B24
= 0 (C.7)

∂
∏

R

∂I
= m+ h− −

1 +
(
B28
B21

)
E

mI +
B29

B21E
I2 −


(
h+ + h− − B30

B21

)
E

 I = 0. (C.8)

Solving nonlinear equations (C.7) and (C.8) leads into closed-form equations for the optimal values of the
distributor’s decision variables in equations (4.12) and (4.13) in Theorem 4.3 in which constant parameters
F1 to F7 used in Theorem 4.3 are

F1 =
(1 + 2EB32B34 + 2EB31B35)2

(9B2
34)

, F2 =
2EB32 − 2EB33B34 + 2EB31B36

3B34
,

F3 =
(1 + 2EB32B34 + 2EB31B35)3

27B3
34

, F4 =
1

6B2
34

(1 + 2EB32B34 + 2EB31B35)

× (2EB32 − 2EB33B35 + 2EB31B36) ,

F5 =
(
2EB33 − 2EB31h

−) / (2B34) , F6 =
√
− (F1 − F2)3 + (−F3 + F4 + F5)2,

F7 = (F3 − F4 − F5 + F6)1/3 . (C.9)

Appendix D. Proof of Theorem 4.5. Distributor’s optimum values in the
Stackelberg game

The Hessian matrix of the distributor’s profit function (4.18) in the Stackelberg game is:

H(m, I) =

 ∂2∏SR
R

∂m2
∂2∏SR

R
∂I∂m

∂2∏SR
R

∂m∂I

∂2∏SR
R

∂I2

 =

 −2S1 S2 −
(

(1+B28/B21)
E

)
I

S2 −
(

(1+B28/B21)
E

)
I −

(
(1+B28/B21)

E

)
m+ 3S5

E I

 . (D.1)

Then, the following conditions must hold to ensure the concavity of the distributor’s profit function:

|H1(m, I)| =
∂2
∏SR

R

∂m2
= −2S1 < 0 (D.2)

|H2(m, I)| = (4S1S10 + 2S2S8)I − S2
8I

2 − 2S1S8m− S2
2 < 0 (D.3)

where constant parameters S1 to S10 are defined as

S1 = −β1 −
β1B28

B21
− β2B25

B24
− β3B11B28

B13B21
+
β3B12B25

B13B24
− β4B15B28

2θB21
− β4B16B25

2B24θ
,

S2 =
β1B29

B21
− β2B26

B24
+
β3B11B29

B13B21
+
β3B12B26

B13B24
− β4B15B29

2θB21
− β4B16B26

2θB24
+ 1,

S3 = β0 +
β1B30

B21
− β2B27

B24
+
β3B11B30

B13B21
+
β3B12B27

B13B24
+
β3B14

B13
− β4B15B30

2θB21
− β4B16B27

2θB24
+
β4B17

2θ
,

S4 = 1 +
B28

B21
, S5 =

B29

B21
, S6 = h+ + h− − B30

B21
, S7 =

S4

2E
, S8 =

S4

E
, S9 =

S6

E
, S10 =

3S5

2E
· (D.4)

In order to find optimal mSR and ISR, taking the partial derivative of the distributor’s profit function (4.18)
with respect to the distributor’s decision variables, and setting both equal to zero yields

∂
∏

R

∂m
= S2I + S3 + 2S1m− S4(I2/2E) = 0 (D.5)

∂
∏

R

∂I
=

3S5

2E
I2 + S2m−

S4

E
mI − S6

E
I + h− = 0. (D.6)
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Then, solving the nonlinear equations (D.5) and (D.6) leads to the results shown in Theorem 4.5. Moreover,
other constant parameters S11–S16 to show the simple closed-form equations to obtain mSR and ISR are

S11 =
(2S1S10 + S2S7 + S2S8)2

(9S2
7S

2
8)

−
(
S2

2 − S3S8 + 2S1S9

)
(3S7S8)

, S12 =
−2h−S1 + S2S3

2S7S8
,

S13 =
(2S1S10 + S2S7 + S2S8)3

27S3
7S

3
8

, S14 =
(2S1S10 + S2S7 + S2S8)

(
S2

2 − S3S8 + 2S1S9

)
6S2

7S
2
8

,

S15 =
√
−S3

11 + (S12 − S13 + S14)2, S16 = (−S12 + S13 − S14 + S15)1/3 . (D.7)

Appendix E. Proof of Theorem 4.6. Manufacturer’s optimum decisions in CS-N

The Hessian matrix of the manufacturer’s profit function (Eq. (4.21)) is:

H(s, r, q, w) =

2psλβ2 − (1−∆)φ psβ3λ psβ4λ β2 − β1psλ
psβ3λ −2δ γ β3

psβ4λ γ −2(1− Γ)θ β4

β2 − β1psλ β3 β4 −2β1

 . (E.1)

Then, the following inequalities must hold:

|H1(s, r, q, w)| = 2psλβ2 − (1−∆)φ < 0 (E.2)
|H2(s, r, q, w)| = 2(1−∆)φδ − p2

sβ
2
3λ

2 − 4psλδβ2 > 0. (E.3)

In addition,

|H3(s, r, q, w)| = (2psλβ2 − (1−∆)φ)
∣∣∣∣−2δ γ
γ −2(1− Γ)θ

∣∣∣∣− psβ3λ

∣∣∣∣psβ3λ γ
psβ4λ −2(1− Γ)θ

∣∣∣∣
+ psβ4λ

∣∣∣∣psβ3λ −2δ
psβ4λ γ

∣∣∣∣ < 0 (E.4)

which upon simplification becomes:

|H3(s, r, q, w)| = 2B′4B
′
5γ + 2(1− Γ)θB′24 − 2δB′25 +B′7(4δ(1− Γ)θ − γ2) < 0. (E.5)

Finally

|H4(s, r, q, w)| = (2psλβ2(1−∆)φ)

∣∣∣∣∣∣
−2δ γ β3

γ −2(1− Γ)θ β4

β3 β4 −2β1

∣∣∣∣∣∣
− psβ3λ

∣∣∣∣∣∣
psβ3λ γ β3

psβ4λ −2(1− Γ)θ β4

β2 − β1psλ β4 −2β1

∣∣∣∣∣∣
+ psβ4λ

∣∣∣∣∣∣
psβ3λ −2δ β3

psβ4λ γ β4

β2 − β1psλ β3 −2β1

∣∣∣∣∣∣− (β2 − β1psλ)

∣∣∣∣∣∣
psβ3λ −2δ γ
psβ4λ γ −2(1− Γ)θ

β2 − β1psλ β3 β4

∣∣∣∣∣∣ > 0

(E.6)
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which leads to:

|H4(s, r, q, w)| = B′25 (β2
3 − 4β1δ) + (2B′7β

2
3θ(1− Γ)− (4B′21 δ(1− Γ)θ − 8B′7β1δ(1− Γ)θ + 2B′7δβ

2
4

+B′24 (−4β1θ(1− Γ) + β2
4) + 2B′7β3β4γ +B2

1γ
2 + 2B′7β1γ

2

− 2B5(B4β3β4 + 2B1δβ4 + 2B4β1γ +B1β3γ)− 2B1B4(2β3θ(1− Γ) + β4 (E.7)

where the constants B′1–B′7 are B′1 = β2 − β1pSλ, B′2 = β0 + β1(Cm + psλ), B′3 = β1pSλ, B′4 = β3pSλ,
B′5 = β4pSλ, B′6 = psλ, B′7 = 2λps − (1−∆)φ.

In order to achieve the manufacturer’s optimal solutions, Taking the partial derivatives of the manufacturer’s
profit function in the CS contract case (Eq. (4.21)) with respect to his/her decision variables and setting all
equal zero results in equations (E.8) to (E.11). it may be noted that equation (4.7) is replaced instead of the
final price of the product (p) in equation (4.21).

∂
∏CS

M

∂s
= (β2 − β1psλ)w + (2psλβ2 − (1−∆)φ) s+ (β3r + β4q + I + β0 − β1m− β2) psλ− β2cm = 0 (E.8)

∂
∏CS

M

∂q
= β4w + psλβ4s+ γr − 2 (1− Γ) θq − β4 (cm + psλ) = 0 (E.9)

∂
∏

M

∂w
= −2β1w − β1m+ (β2 − β1psλ) s+ β3r + β4q + I + β0 + β1 (cm + psλ) = 0 (E.10)

∂
∏

M

∂r
= β3w + psλβ3s+ γq − 2δr + Tδ − α+ β3 (cm + psλ) = 0. (E.11)

The proof of Theorem 4.6 is complete when equations (E.8) to (E.11) are solved simultaneously in which the
constant parameters B′8–B′30 are

B′8 = psλβ0 − β2(Cm + psλ), B′9 = Tδ−α+β3(Cm + psλ), B′10 = β4(Cm+psλ) + Tγ,

B′11 = 2θ(1− Γ)β3+γβ4, B′12 = 2θ(1− Γ)B′4 +B′5γ, B′13 = γ2 − 4θ(1− Γ)δ,

B′14 = B′10γ − 2θ(1− Γ)B′9, B′15 = β4 −
B′11γ

B′13
, B′16 = B′5 −

γB′12
B′13

, B′17 =
γB′14
B′13

−B′10,

B′18 =
β4B

′
15

2θ(1− Γ)
− 2β1 −

β4B
′
11

B′13
, B′19 = B′1 −

β3B
′
12

B′13
+

β4B
′
16

2θ(1− Γ)
, B′20 = B′2 +

β3B
′
14

B′13
+

β4B
′
17

2(1− Γ)θ
,

B′21 = B′1 −
B′4B

′
11

B′13
+

B′5B
′
15

2θ(1− Γ)
, B′22 = B′7 −

B′4B
′
12

B′13
+

B′5B
′
16

2θ(1− Γ)
, B′23 = B′8 −

B′4B
′
14

B′13
+

B′5B
′
17

2(1− Γ)θ
,

B′24 = B′21B
′
19 −B′18B′22, B′25 = B′3B

′
18 − β1B

′
21, B′26 = B′21 −B′6B′18, B′27 = B′20B

′
21 −B′18B′23,

B′28 =
B′22B

′
25

B′24
+B′3, B′29 = B′6 −

B′22B
′
26

B′24
, B′30 = B′23 −

B′22B
′
27

B′24
· (E.12)

Appendix F. Proof of Theorem 4.7. The distributor’s optimization in CS-N

In order to find the optimum distributor’s variables, firstly, the profit function of the distributor in the CS-N
case (shown in Eq. (4.22)) should be met, and to do so, the Hessian matrix of the distributor’s profit function
follows:

H(m, I) =
[
−2β1 1− I

E

1− I
E −h

++h−+m+w
E

]
. (F.1)

Then, the following conditions must hold:

|H1(m, I)| = −2β1 < 0 (F.2)

|H2(m, I)| = (−2β1)
(
−h

+ + h− +m+ w

E

)
−
(

1− I

E

)2

> 0 (F.3)
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which is simplified to the following form using optimal (4.26) for w.

|H2(m, I)| = −B′31B′34m+
(

2B′31B
′
35 +

1
E

+B′32B
′
34

)
I − (B′32 +B′31B

′
36)−B′34

I2

2E
> 0. (F.4)

In order to find optimal variables of the distributor in CS contract under Nash game, setting ∂
∏CS-N

R /∂m

and ∂
∏CS-N

R /∂I to zero the following equations are achieved:

∂
∏CS-N

R

∂m
= β0 − β1w

CS-N − 2β1m+ β2s
CS-N + β3r

CS-N + β4q
CS-N + I − I2

2E
= 0 (F.5)

∂
∏CS-N

R

∂I
= m+ h− − (m+ wCS-N + h+ + h−)I/E = 0. (F.6)

The solution of equations (F.5) and (F.6) yields to results in Theorem 4.7 in which constant parameters B′31–B′36
and F ′1–F ′7 are:

B′31 = −2β1 −
β1B

′
28

B′21
− β2B

′
25

B′24
− β3B

′
11B

′
28

B′13B
′
21

+
β3B

′
12B

′
25

B′13B
′
24

+
β4B

′
15B

′
28

2θ(1− Γ)B′21
,

B′32 = 1 +
β1B

′
29

B′21
− β2B

′
26

B′24
+
β3B

′
11B

′
29

B′13B
′
21

+
β3B

′
12B

′
26

B′13B
′
24

− β4B
′
15B

′
29

2θ(1− Γ)B′21
,

B′33 = β0 +
β1B

′
30

B′21
− β2B

′
27

B′24
+
β3B

′
11B

′
30

B′13B
′
21

+
β3B

′
12B

′
27

B′13B
′
24

+
β3B

′
14

B′13
− β4B

′
15B

′
30

2B′21θ(1− Γ)
,

B′34 =
1 + B′28

B′21

E
, B′35 =

B′29
B′21E

, B′36 =
h− + h+ − B′30

B′21

E
,

F ′1 =
(1 + 2EB′32B

′
34 + 2EB′31B

′
35)2

(9B′234)
, F ′2 =

2EB′32 − 2EB′33B
′
34 + 2EB′31B

′
36

3B′34
,

F ′3 =
(1 + 2EB′32B

′
34 + 2EB′31B

′
35)3

27B′334
,

F ′4 =
1

6B′234
(1 + 2EB′32B

′
34 + 2EB′31B

′
35) (2EB′32 − 2EB′33B

′
35 + 2EB′31B

′
36) ,

F ′5 =
(
2EB′33 − 2EB′31h

−) / (2B′34) , F ′6 =
√
− (F ′1 − F ′2)3 + (−F ′3 + F ′4 + F ′5)2,

F ′7 = (F ′3 − F ′4 − F ′5 + F ′6)1/3 . (F.7)

Appendix G. Proof of Theorem 4.9. The distributor’s optimizations in CS-SR

In this case, the Hessian matrix of the distributor’s profit function shown in equation (4.33) is

H(m, I) =

[
2S′2 + 2S′10 S′2 + S′11 −

S′4
E I

S′2 −
S′4
E I + S′11 −S

′
4
E m−

S′6
E + 3S′5

E I + 2S′6

]
(G.1)

Then, the following conditions must be true:

|H1(m, I)| = 2S′2 + 2S′10 < 0 (G.2)

|H2(m, I)| =
(

3S′5S
′
17

E
+ 2S′15S

′
18

)
I − S′15S′17m− S′215I2 + S′13S

′
17 − S′218 > 0 (G.3)
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where constant parameters to are defined as

S′1 = −β1 −
β1B

′
28

B′21
− β2B

′
25

B′24
− β3B

′
11B

′
28

B′13B
′
21

+
β3B

′
12B

′
25

B′13B
′
24

− β4B
′
15B

′
28

2(1− Γ)θB′21
− β4B

′
16B

′
25

2B′24θ(1− Γ)
,

S′2 =
β1B

′
29

B′21
− β2B

′
26

B′24
+
β3B

′
11B

′
29

B′13B
′
21

+
β3B

′
12B

′
26

B′13B
′
24

− β4B
′
15B

′
29

2θ(1− Γ)B′24
+ 1,

S′3 = β0 +
β1B

′
30

B′21
− β2B

′
27

B′24
+
β3B

′
11B

′
30

B′13B
′
21

+
β3B

′
12B

′
27

B′13B
′
24

+
β3B

′
14

B′13
− β4B

′
15B

′
30

2(1− Γ)θB′21
− β4B

′
16B

′
27

2θ(1− Γ)B′24
+

β4B
′
17

2θ(1− Γ)
,

S′4 = 1 +
B′28
B′21

, S′5 =
B′29
B′21

, S′6 = h+ + h− − B′30
B′21

,

S′7 =
B′26B

′
27φ∆

B′224
− B′16B

′
17B

′
26Γ

2B′24θ(1− Γ)2
+

B′216B
′
26B

′
27Γ

2B′224θ(1− Γ)2
− B′15B

′
17B29Γ

2B′221θ(1− Γ)2
+

B′15B
′
16B

′
27B

′
29Γ

2B′21B
′
24θ(1− Γ)2

+
B′15B

′
16B

′
26B

′
30Γ

2B′21B
′
24θ(1− Γ)2

+
B′215B

′
29B

′
30Γ

2B′221θ(1− Γ)2
,

S′8 =
B′25B

′
27φ∆

B′224
− B′16B

′
17B

′
25Γ

2B′24θ(1− Γ)2
+

B′216B
′
25B

′
27Γ

2B′224θ(1− Γ)2
+

B′15B
′
17B28Γ

2B′221θ(1− Γ)2
− B′15B

′
16B

′
27B

′
28Γ

2B′21B
′
24θ(1− Γ)2

+
B′15B

′
16B

′
25B

′
30Γ

2B′21B
′
24θ(1− Γ)2

− B′215B
′
28B

′
30Γ

2B′221θ(1− Γ)2
,

S′9 =
B′226φ∆
2B′224

+
B′216B

′2
26Γ

4B′224θ(1− Γ)2
+

B′15B
′
16B

′
26B

′
29Γ

2B′21B
′
24θ(1− Γ)2

+
B′215B

′2
29Γ

4B′221θ(1− Γ)2
,

S′10 =
B′225φ∆
2B′224

+
B′216B

′
25Γ

4B′224θ(1− Γ)2
+

B′15B
′
16B

′
25B

′
28Γ

2B′21B
′
24θ(1− Γ)2

+
B′215B

′2
28Γ

4B′221θ(1− Γ)2
,

S′11 =
B′25B

′
26φ∆

B′224
+

B′216B
′
25B

′
26Γ

4B′224θ(1− Γ)2
− B′15B

′
16B

′
26B

′
28Γ

2B′21B
′
24θ(1− Γ)2

+
B′15B

′
16B

′
25B

′
29Γ

2B′21B
′
24θ(1− Γ)2

− B′215B
′
28B

′
29Γ

2B′221θ(1− Γ)2
,

S12 = S′2 + S′11, S13 = 2S′9 −
S′6
E
, S14 =

3S′5
2E

, S′15 =
S′4
E
, S16 = S′7 + h−, S′17 = 2S′1 + 2S′10,

S′18 = S′2 + S′11. (G.4)

Then, the proof of Theorem 4.8 is straightforward by taking the partial derivatives of equation (4.33) with respect
to the distributor’s decision variables, setting both equal to zero, and solving both equations simultaneously. In
other words, we have

∂
∏

R

∂I
= S′2m+ h− − S′4

E
mI − S′6

E
I +

3S′5
2E

I2 + S′7 + 2S′9I + S′11m = 0 (G.5)

∂
∏

R

∂m
= 2 (S′1 + S′10)m+ (S′2 + S′11) I − S′4

2E
I2 + S′3 + S′8 = 0. (G.6)

Then, the proof is complete when the nonlinear equations (G.5) and (G.6) are solved, which the other constant
parameters S′19–G7 used in Theorem 4.8 are

S′19 =
S′4
2E

, S′20 = S′3 + S′8,

G1 =
(S′14S

′
17 + S′15S

′
18 + S′12S

′
19)2

(9S′215S
′2
19)

, G2 =
(S′13S

′
17 − S′12S′18 + S′15S

′
20)

(3S′15S
′
19)

, G3 =
(S′14S

′
17 + S′15S

′
18 + S′12S

′
19)3

27S′315S
′3
19

,

G4 =
−S′16S′17 + S′12S

′
20

2S′15S
′
19

, G5 =
((S′14S

′
17 + S′15S

′
18 + S′12S

′
19) (S′13S

′
17 − S′12S′18 + S′15S

′
20))

(6S′215S
′2
19)

,

G6 =
√

(G1 +G2)3 + (G3 −G4 +G5)2, G7 = (G3 −G4 +G5 +G6)1/3 .
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