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A SPLITTING SUBGRADIENT ALGORITHM FOR SOLVING EQUILIBRIUM
PROBLEMS INVOLVING THE SUM OF TWO BIFUNCTIONS AND
APPLICATION TO COURNOT-NASH MODEL

PuunG MINH Duc! AND XUAN THANH LE>*

Abstract. In this paper we propose a splitting subgradient algorithm for solving equilibrium problems
involving the sum of two bifunctions. At each iteration of the algorithm, two strongly convex subpro-
grams are required to solve separately, one for each component bifunction. In contrast to the splitting
algorithms previously proposed in Anh and Hai (Numer. Algorithms 76 (2017) 67-91) and Hai and
Vinh (Rev. R. Acad. Cienc. Ezactas Fis. Nat. Ser. A Mat. 111 (2017) 1051-1069), our algorithm is
convergent for paramonotone and strongly pseudomonotone bifunctions without any Lipschitz type as
well as Holder continuity condition of the bifunctions involved. Furthermore, we show that the ergodic
sequence defined by the algorithm iterates converges to a solution without paramonotonicity property.
Some numerical experiments on differentiated Cournot-Nash models are presented to show the behavior
of our proposed algorithm with and without ergodic.
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1. INTRODUCTION

Let H be a real Hilbert space endowed with weak topology defined by the inner product (-, -) and its induced
norm || - ||. Let C C 'H be a nonempty closed convex subset and f: H x H — RU {400} a bifunction such that
f(z,y) < 400 for every z,y € C. The equilibrium problem defined by the Nikaid6—Isoda—Fan inequality that
we are going to consider in this paper is given as

Findze C: f(z,y) >0 VyeC. (EP)

This inequality first was used in 1955 by Nikaid6 and Isoda [23] in convex game models. Then in 1972 Ky Fan [9]
called this inequality a minimax one and established existence theorems for Problem (EP). After the appearance
of the paper by Blum and Oettli [6], Problem (EP) has been attracted much attention of researchers. It has
been shown in [4,6,19] that some important problems such as optimization, variational inequality, Kakutani
fixed point and Nash equilibrium can be formulated in the form of (EP). Many papers concerning the solution
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existence, stabilities as well as algorithms for Problem (EP) have been published (see e.g., [11,13,16,20,25-27],
the survey paper [4], and the interesting monograph [5]).

A basic method for Problem (EP) is the subgradient (or projection) one, where the sequence of iterates is
defined by taking

1
2T = min {/\kf (xk,y)+§||y*xk|\2 :yEC’}7 (1.1)

with Ay is some appropriately chosen real number. Note that in the variational inequality case, where f(z,y) :=
(F(z),y — z), the iterate 2**! defined by (1.1) becomes

2kt = Pc (xk — A\ F (mk)) ,

where Pc stands for the metric projection onto C. It is well known that under certain conditions on the
parameter A\, the projection method is convergent if f is strongly pseudomonotone or paramonotone [7,13].
However when f is monotone, it may fail to converge. In order to obtain convergent algorithms for monotone,
even pseudomonotone, equilibrium problems, the extragradient method first proposed by Korpelevich [15] for
the saddle point and related problems has been extended to equilibrium problems [25]. In this extragradient
algorithm, at each iteration, it requires solving the two strongly convex programs

. 1
y’“_mm{)\kf(xk,y)+2||yxk|2:y€C’}, (1.2)

. 1
o —min {auf (#5,9) + 5l v e €. (1.3

which may cause computational cost. In order to reduce the computational cost, several convergent algorithms
that require solving only one strongly convex program or computing only one projection at each iteration
have been proposed for some classes of bifunctions such as strongly pseudomonotone and paramonotone with
or without using an ergodic sequence (see e.g., [2,7,27]). In another direction, also for the sake of reducing
computational cost, some splitting algorithms have been developed (see e.g., [1,10,18]) for monotone equilibrium
problems where the bifunction f can be decomposed into the sum of two bifunctions. In these algorithms the
convex subprograms (resp. regularized subproblems) involving the bifunction f can be replaced by two convex
subprograms (resp. regularized subproblems), one for each component bifunction independently. However, for the
convergence, these algorithms require Lipschitz type or Holder continuity conditions on the involved bifunctions.

For solving the equilibrium problems, in this paper we propose a splitting subgradient algorithm with the
following main features. At each iteration, it requires solving only one strongly convex program. Similar to
the algorithm in [1,10], in the case where the bifunction f can be represented as the sum of two bifunctions
f1 + fo2, this strongly convex subprogram can be replaced by two strongly convex subprograms, one for each
component bifunction f; and f,. Nevertheless, for the convergence, our algorithm does not require any additional
conditions such as Holder continuity and Lipschitz type condition of these bifunctions. Furthermore, we show
that the ergodic sequence defined by the iterates obtained by our algorithm is convergent to a solution without
paramonotonicity property. We apply the two versions of the algorithm (with and without ergodic sequence)
for solving some versions of a differentiated Cournot-Nash model. Some preliminary computational results for
comparing the proposed algorithms with the ones in [2,27] are reported.

The remaining part of the paper is organized as follows. The next section gives preliminaries containing some
lemmas that will be used in proving the convergence of the proposed algorithm. Section 3 is devoted to the
description of the algorithm and its convergence analysis for both versions with and without ergodic. Some
numerical experiments are presented in Section 4. Section 5 closes this paper with some conclusions.

2. PRELIMINARIES

We recall from [4] the following well-known definition on monotonicity of bifunctions.
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Definition 2.1. A bifunction f: H x H — RU {400} is said to be

(i) strongly monotone on C with modulus 8 > 0 (shortly S-strongly monotone) if

flay) + fly,2) < —Blly — z||* Vz,y € C;

(ii) monotone on C if
flz,y) + f(y,z) <0 Va,y e C,

(iii) strongly pseudomonotone on C' with modulus § > 0 (shortly S-strongly pseudomonotone) if
fla,y) 20 = f(y,2) < —Blly—=|* Va,yeC;

(iv) pseudomonotone on C' if
flz,y) >0 = f(y,z) <0 Vx,yeC.

(v) paramonotone on C with respect to a set S if
e S,xeCand f(z*,z) = f(x,2") =0 implies z € S.

Clearly in the case of optimization problem when f(z,y) = ¢(y) — ¢(z), the bifunction f is paramonotone
on C with respect to the solution set of the problem mingec ¢(x). It is obvious that (i) = (ii) = (iv) and
(i) = (ili) = (iv). Note that a strongly pseudomonotone bifunction may not be monotone. Paramonotone
bifunctions have been used in e.g., [27,28]. Some properties of paramonotone operators can be found in [12],
where a multivalued monotone operator T is called paramonotone on C' C domT if for every x,y € C' we have
uw € T(x), veT(y), (u—v,z—y) =0 implies u € T(y), v € T(x). The following remark gives a connection
between paramonotone operators and paramonotone bifunctions.

Remark 2.2. Let T be a convex, compact valued multivalued operator on C. The bifunction f(z,y) :=
maxy,er(z) (U, — ) is paramonotone with respect to the solution set S(C, f) of Problem (EP) if T' is para-
monotone on C.

Proof. Suppose T is paramonotone on C' and let 2* € S(C, f), T € C such that f (z*,Z) = f(Z,2*) = 0. On
one hand, since z* € S(C, f), there exists u* € T (z*) such that (u*,z — 2*) > 0 for every x € C. In particular
we have (u*,Z — 2*) > 0. On the other hand, by definition we have f (z*,Z) = max {(u,Z — 2*) 1w € T (z*)}.
Since f (z*,Z) = 0, this means (u*,Z — z*) < 0. So we obtain

(W, % —a*) = 0. (2.1)

Since f(Z,z*) = 0, there exists u € T(x) satisfying (u,z* —Z) = 0, which together with (2.1) implies
(u* — u,z* — ) = 0. By paramonotonicity of T', we have u* € T'(Z), which implies

f(z,z) = mTa(X)<u,x—53>2<u*,x—i‘>z(u*,x—x*>—|—<u*,x*—i‘>ZO Vo € C.
uel(z

Hence Z solves the problem (EP), i.e., Z € S(C, f). Therefore f is paramonotone with respect to S(C, f). O

The following well known lemmas will be used for proving the convergence of the algorithm to be described
in the next section.

Lemma 2.3 (see [29], Lem. 1). Let {ax} and {0k} be two sequences of nonnegative numbers such that agq1 <
ay + oy for all k € N, where Y p- , o < 0o. Then the sequence {ay} is convergent.

Lemma 2.4 (see [3], Lem. 2.39). Let H be a Hilbert space, {xk} a sequence in H and C be a nonempty subset
of H. Suppose that:
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(i) For every x € C, {||z* — xH}keN converges.
(ii) Bvery weak cluster point of the sequence {zk} belongs to C'.

Then the sequence {xk} converges weakly to a point in C.

Lemma 2.5 (sce [24]). Let H be a Hilbert space, {z*} a sequence in H. Let {ry,} be a sequence of nonnegative

Zf:l ria

number such that > | ri, = +0o and set 2k = =t=———- Assume thal there exists a nonempty, closed convexr
i=1Ti
set S C 'H satisfying:

(i) For every z € S, lim, o ||2¥ — 2|| exists.
(ii) Any weakly cluster point of the sequence {zk} belongs to S.

Then the sequence {zk} converges weakly to a point in S.

Lemma 2.6 (see [31]). Let {\t},{0x},{ok} be sequences of real numbers such that

(i) Ax € (0,1) for all k € N;
(i) D252 Ak = +00;
(iii) limsupy_, . 0k <0;
(iv) Dopey|ow| < 4oo.

Suppose that {ax} is a sequence of nonnegative real numbers satisfying
apsr1 < (1= Mp)ag + Apdx +ox Vk €N
Then we have limg_, 4 oo a = 0.

3. THE ALGORITHM AND ITS CONVERGENCE

In what follows, for the following equilibrium problem
findzeC: f(x,y) >0 Vyel (EP)

we suppose that f(z,y) = fi(z,y) + f2(z,y) and that f;(z,2) =0 (i = 1,2) for every x,y € C. The following
assumptions for the bifunctions f, f1, fo will be used in the sequel.

(A1) For each ¢ = 1,2 and each z € C, the function f;(x,-) is convex and sub-differentiable, while for each
y € C the function f(-,y) is weakly upper semicontinuous on C.

(A2) If {z*} C C is bounded, then for each i = 1,2, the sequence {gF} with gF € 8, f; (z*,2*) is bounded.

(A3) The bifunction f is monotone on C.

Assumption (A2) has been used in e.g., [28]. Note that Assumption (A2) is satisfied if the functions f; and
f2 are jointly weakly continuous on an open convex set containing C (see [30], Prop. 4.1).
The dual problem of (EP) is
findzeC: f(y,x) <0 VyeC. (DEP)

We denote the solution sets of (EP) and (DEP) by S(C, f) and S%(C, f), respectively. A relationship between
S(C, f) and S%(C, f) is given in the following lemma.

Lemma 3.1 (see [14], Prop. 2.1).

(1) If f(-,y) is weakly upper semicontinuous and f(x,-) is convexr for all z,y € C, then S*(C, f) C S(C, f).
(ii) If f is pseudomonotone, then S(C, f) C S4(C, f).
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Therefore, under the assumptions (A1)-(A3) one has S(C, f) = S%(C, f). In this paper we suppose that
S(C, f) is nonempty. The algorithm below is a subgradient one for paramonotone or strongly pseudomono-
tone equilibrium problems (EP). The stepsize is taken as in the subgradient method for nonsmooth convex
optimization problems.

Algorithm 1. A splitting subgradient algorithm for solving paramonotone or strongly pseudomonotone equi-
librium problems.

Initialization: Seek 2° € C. Choose a sequence {Br}>o C R satisfying the following conditions

D Bi=+00, Y B < +oo.
k=0 k=0

Iteration £ =0,1,...:
Take g¥ € 9o f1 (xk,;r:k) g5 € Oafo (;tk,;r:k)
Compute

B
e i=max {0k, ot g8} we o=,

. 1
y" := argmin {)\kfl (xk,y) + 5”9 -2y e C} d

. 1
" .= argmin {)\kfz (mk,y) + §||y " IP |y e C}.

Theorem 3.2. In addition to the assumptions (A1)-(A3) we suppose that f is paramonotone on C, and that
either int C # 0 or for each x € C both bifunctions fi(z,-), fa(z,-) are continuous at a point in C. Then
the sequence {Jck} generated by Algorithm 1 converges weakly to a solution of (EP). Moreover, if [ is strongly
pseudomonotone, then {xk} strongly converges to the unique solution of (EP).

Proof. (i) We first show that, for each z* € S(f,C), the sequence {[|z¥ — z*||} is convergent.
Indeed, for each k& > 0, for simplicity of notation, let

1

hY(z) == A\ f1 (xk,x) + §||a: — 22,
1

Pi(a) = Mo (a%.2) + Sl — v

Since f (ack, ) is convex and subdifferentiable by Assumption (A1), the functions h¥ is strongly convex with
modulus 1 and subdifferentiable, which implies that for any uf € dhy (y*) we have

1
hi (y") + (uf 2 — o) + llz— I < hi(z) Vzel. (3.1)

On the other hand, since y* is a minimizer of h¥(z) over C, by the regularity condition and the optimality
condition for convex programming, we have 0 € 9h¥ (yk) + N¢ (yk) in which N¢g (yk) is the normal cone of C'
at y*. This implies that there exists u¥ € Oh} (yk) satisfying uf € —Ng¢ (yk), or equivalently, <u’f, T — yk> >0
for all z € C. Hence, from (3.1), for each z € C, it follows that

1
By (%) + 5lle = " < Pi(a),
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1.€.,

1 1 1
Akfi (xkayk) + §||yk - $k||2 + 5”55 - kaz < A fi (xkaff) + §H~T - $k||2,

or equivalently,

Iy — 22 < [l2* — 22 + 22 (f (5, 2) — i (25, 5%)) — lg* — 2| (3:2)
Using the same argument for z**!, we obtain
£+~ P < flg* ol + 27 (f2 (2%, 2) = fo (a,2571)) = a1 = 2 (33

Combining (3.2) and (3.3) yields
2 = 2]|? < fla* —a))? = |ly* — 2®)* — [l = y*)?
+2X, (f1 (2%,2) + fo (2F,2)) — 20 (f1 (2%, 4%) + fo (2%, 2FT1))
o e e
+ 2 f (a:k,x) — 2Xg (f1 (a:k,yk) + fa (xk,xkﬂ)) : (3.4)

From gF € 0o f, (xk,xk) and f1 (x’“,xk) =0, it follows that

fl (mkayk) - fl ($k7$k) > <glf7yk - xk>u

= |la* — a|* — Ily* -

which implies

=2\ f1 (2", %) < =2 (g, y" — o). (3.5)
By using the Cauchy-Schwarz inequality and the fact that ||gF| < n, from (3.5) one can write
B
~2hefi (2%, y") < 20 melly® — 2t = 20ily" — 28|l (3.6)
By the same argument, we obtain
-2\ fo (xk,xkﬂ) < 2ﬁk||xk+1 — ka (3.7)

Replacing (3.6) and (3.7) to (3.4) we get
21— 2l < [t — 2 + 27 (o )
+ 20|y — 2| 4 285 [ — ¥ = [ly* = PP - [l =y (3.8)
Take x = ¥ in (3.8), since f (:ck7xk) = 0, we obtain
241 — oH2 < 285y — o 4+ 2B+ — 2 — gt — 2 — g,

It follows that 9 2
(I = = )"+ (ly" = 2"l = Br) " + "+ =¥ < 267,

Hence ([|zF1 — 2*| — Bk)z < 2432, and consequently we have
|zF+ — 2| < 364. (3.9)
Replacing (3.9) to (3.8), we obtain

oz

a4 = P <l — 2l 20 f (2%, 2) + 28ully* — 2 + 667 — 1y — 2F I — [l — P
<l = all? + 200 (2*,2) + 652 + 204lly"* — 2| - [lg* — o]
2
< Jla — 2l + 20 f (2, 2) + 762 — (Iy* — 2*] - B)

< la® = z||® + 20 f + 762, (3.10)
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Note that by definition of z* € S(f,C) = S?(f,C) we have f (ack,x*) < 0. Therefore, by taking z = 2* in (3.10)
we obtain
[T — 2*||? < [|a* — 2*|]? + 767 4+ 2k f (2, 2%) < ||2F — 2*|? + 767 (3.11)

Since Y ;07 < +oo by assumption, in virtue of Lemma 2.3, it follows from (3.11) that the sequence
{l|lz* — x*||} is convergent.

(ii) We now prove that any cluster point of the sequence {z*} is a solution of (EP).

Indeed, from (3.11) we have
=2\ f (¥, %) < Jlab — 27| = 2"t — 272 + 78 Wk eN.
By summing up we obtain
2> M (=f (2% 27)) < l2® = 2*|P+ 7Y B} < o0, (3.12)
k=0 k=0

On the other hand, by Assumption (A2) the sequences { g’f}, { gé} are bounded. This fact, together with the
construction of {3}, implies that there exists M > 0 such that ||g¥|| < M, ||g5|| < M, B, < M for all k € N,
and consequently

e = max { B, [lor[l, lg5 [} <M Wk €N.

So we have
Ak = — > — ﬂ )
and since Y7 Bk = +00, we obtain

Z )\k = +o0.
k=0

Since f (xk,x*) <0 for all k € N, it follows from (3.12) that
limsup f (z%,2*) =0 Va* € S(C, f).
Fixed z* € S(C, f) and let {xkﬂ'} be a subsequence of {xk} such that

limsup f (:Ek,x*) = lim f (xkj,x*) =0.
J

Since {xkﬂ'} is bounded, we may assume that {:r:kj} weakly converges to some Z. Since f (-, z*) is weakly upper
semicontinuous by Assumption (A1), we have

f(z,2*) > lim f (z,2%) = 0. (3.13)

Then it follows from the monotonicity of f that f(z*,Z) < 0. On the other hand, since z* € S(C, f), by
definition we have f (z*,Z) > 0. Therefore we obtain f (z*,Z) = 0. Again, the monotonicity of f implies
f(Z,2*) <0, and therefore, by (3.13) one has f (Z,z*) = 0. Since f (z*,Z) = 0 and f (Z,2z*) = 0, it follows
from paramonotonicity of f that Z is a solution to (EP).
Thus it follows from (i), (ii), and Lemma 2.4 that the sequence {z*} converges weakly to a solution to (EP).
We now turn to the case that f is strongly pseudo-monotone. By this assumption, (EP) has a unique solution
(see [21], Prop. 1). Let «* be the unique solution of (EP). By definition of * we have

f@*,z)>0 Vel
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which, by strong pseudo-monotonicity of f, implies
f(z,z*) < —Bllz —2*||* VzeC. (3.14)
By choosing # = z¥ in (3.14) and then applying to (3.8) we obtain
2" — 2% < (1 — 28X ||2" —2*||> + 787 Vk €N,
which together with the construction of Gy and Ak, by virtue of Lemma 2.6 with §; = 0, implies that

lim ||z* —2*||> =0,
k—-+4oco

i.e., o¥ strongly converges to the unique solution z* of (EP). O
The following simple example shows that without paramonotonicity, the algorithm may not be convergent.

Example 3.3. Let us consider the following instance of (EP), taken from [8], where C' := R? and f(x,y) :=
(Az,y — x) with

For all z,y € C we have f(z,y) + f(y,2) = (A(z —y),y —2) = (22 —y2)(y1 — 21) — (21 —y1)(y2 — 22) = 0,
so f is monotone on C. It has already shown in [8] that z* = (0,0)7 is the unique solution of this problem.

Note that for all z = (x1,25)" € C we have

f (@ z) = <[_01 (1)} [8] ’ BQD B

f(@,2%) = <[_01 (ﬂ {ij , [:i;D — powr + (—a1)(—2) = 0.

Hence f (x*,z) = f (x,2*) = 0 for all € C, and therefore f is not paramonotone.

Let fi(z,y) =0 and fo(x,y) = f(x,y) = x2y1 — x1y2, then we have f(z,y) = fi1(z,y)+ f2(z,y). Furthermore,
f1, fo satisfy assumptions (A1) and (A2). Let {8} be any sequence satisfying the conditions in the initialization
step of Algorithm 1. Applying this algorithm with f = f; + fa, in iteration k we obtain

and

) 1
o = argmin { sy (o) + gl - HI? |y < 2

1
—argumin { 3y — ¥ |y € R}
:.’L'k.

Therefore we have

1 1
Aefa () + Slly = oF 1P = Ao (25, ) + 5 lly — 2*?

1 1
= A (25y1 — 2fy2) + 5 (y1 — ’I]f)Q t3 (y2 — 1‘]5)2
1 1
= 5 (y% —2a1y1 + (mlf)2> + 5 (y% — 2a2y2 + ($§)2>
1 1
= (- vl = @) + 5 (2 - )+ ad - (o))



A SPLITTING SUBGRADIENT ALGORITHM S1403

Here a; = 2% — Az and ap = 2§ + A\pa¥. It follows that
k+1 : k 1 k|2 2
2" = argmin ¢ Ao (2 y) + S ly — "7 [y € R

. 1 1
= argmln{z(yl —a1)2+ 5(92 7(12)2 | Yy € R2}

T
= (aq, ag)T = (x]f - )\kxlg,xlg + )\km’f)

Thus, [|zF1|2 = (14+22)[2"]|? > ||z*||? if z* # 0, which implies that the sequence {z*} does not converge to the
solution z* = 0 for any starting point z° # 0. O

In order to obtain the convergence without paramonotonicity we use the iterate zF to define an ergodic
sequence by taking

o Zf:o )‘ixi.
Zf:o Ai

We then have the following convergence result.

Theorem 3.4. Under the assumptions (A1)-(A3), the ergodic sequence {z’“} converges weakly to a solution of
(EP).

Proof. In the proof of Theorem 3.2, we have shown that the sequence {||z* —2*||} is convergent. From the
definition of 2* and the Silverman—Toeplitz theorem (see e.g., [22], Thm. 1.1.), the sequence {|z* —z*||} is
convergent, too. In order to apply Lemma 2.4, now we show that all weakly cluster points of {z*} belong to
S(f,C). Indeed, using the inequality (3.11), by taking the sum of its two sides over all indices we have

k
—al® = |la" )P+ 7Y 6

=0

k
<o =2l +7) 57
i=0

By using this inequality, from definition of z* and convexity of f(x,-), we can write

koo
f (m,zk) =f <x, %}io )j )

Zf:o )\if(xa xl)
Zf:o Ai
B | S Yy
= k
222‘:0 Ai

<

(3.15)

As we have shown in the proof of Theorem 3.2 that
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Since Y77 Bk = +00, we have Y A, = +oo. Then, it follows from (3.15) that

lim sup f (m,zk) <0. (3.16)
k

Let z be any weakly cluster of {zk} Then there exists a subsequence {sz} of {zk} such that 2% — 2. Since
f(z,.) is lower semicontinuous, it follows from (3.16) that

flz,z) <0.

Since this inequality hold for arbitrary # € C, it means that z € S¢(f,C) = S(f,C). Thus it follows from
Lemma 2.5 that the sequence {zk} converges weakly to a point z* € S(f,C), which is a solution to (EP). O

4. NUMERICAL EXPERIMENTS

This section aims to evaluate the performance of Algorithm 1 on some numerical examples. We also present
some experiments on comparing the performance of our proposed algorithm to the exact version of inexact
projected subgradient method proposed in [27] and the ergodic algorithm in [2]. We used MATLAB R2016a for
implementing the algorithms, and conducted all experiments on a computer with a Core i5 processor, 16 GB of
RAM, and Windows 10.

All the tested instances were taken in finite dimensional setting and designed to satisfy the assumptions (Al)-
(A3) as well as the convergence conditions of Algorithm 1 in Theorem 3.2 or Theorem 3.4. Since the iterative
points generated by the algorithm are proved to be convergent, in each test we terminated our MATLAB
program when the number of iterations is large enough (10* in our setting) to obtain an approximate solution.
For the same purpose and in spirit of (3.9), we also terminated our MATLAB programs when the distance
between two consecutive iteration points is small enough (1072 in our setting, i.e., when |zFT! — z*| < 1073,
or when ||2**1 — 2*|| <1073 for the ergodic sequences).

4.1. Experiment 1

The problem instance in this subsection is designed for a twofold purpose. First, it is to illustrate our
motivation of splitting the bifunction involved in (EP). Second, it is to compare the performance Algorithm 1 to
the method proposed by Santos and Scheimberg in [27] without using the ergodic strategy, and the algorithm by
Anh et al. [2] for the ergodic sequence. For that we consider the following differentiated Cournot-Nash model.

There are n companies producing a common homogeneous commodity. For each company ¢ = 1,...,n, let
x; > 0 be the production level (i.e., the amount of commodity to be produced) of company i, and C; the strategy
set of producing of this company. This means that the condition z; € C; must be satisfied for every ¢ = 1,...,n,
and C := Cy x...x C, is the set of feasible production levels = (x1,...,x,) of all these companies. The price
(per commodity unit) of company i is given by

pi(e) =~y (with a > 0,7 > 0).
k=1

For each company i = 1,...,n, let ¢;(z) = x'A;z be the cost for producing its production level, in which

A= (a§k>n><n is a square matrix with positive entries. The profit of company i is then given by

qi(r) = zipi(x) — ci(x).

Each company i seeks to maximize its profit by choosing the corresponding production level z; under the
presumption that the production of the other companies are parametric input. In this context, a Nash equilibrium
point for the model is a point x* € C satisfying

¢ (2%[z;]) < qi (%) VexeCi=1,...,n,
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where z* ([z;]) stands for the vector obtained from z* by replacing the component x} by x;. It means that, if
some company i leaves its equilibrium strategy while the others keep their equilibrium positions, then the profit
of company ¢ does not increase. The problem of finding such an equilibrium point can be formulated in form of
(EP) as follows.

(EP (p)) Find = € C such that ¢(z,y) >0 for all y € C,
with C =Cq x ... x (), and

= Z (Z Tik$k> (yi —x;) + Zmyi(yi —x;) — O‘Z(yi —x;)

i=1

i=1 ki ki
= p1(z,y) + p2(2,y).
Here p1(z,y) = (Px + Qy — &,y — ) with
i1 Ti2 Tin 11 0 0
p.—|™ T2 ... Tm Q= 0 m2 ... 0 a:=(«a o)t
Dl . . L. . 9 L . . . . 9 Ll gy b
Tnl Tn2 Tnn 0 0 Tnn

and @o(z,y) = >, hi(x, y;) with

hi(z, i) = ag;yi + s Z (@i + ai;) o — aja} — @ Z (aik + ak;) Tk
kot ki

Note that by taking fi(z,y) := (P + Q)x — a,y — x) and f(z,y) := fi(z,y) + p2(x,y), we have

o(x,y) = flz,y) +(Qly —2),y — ).

Since @ is positive semidefinite, it follows from Mastroeni (2003) [17] Proposition 2.1 that the solution set
of (EP (¢)) coincides with the solution set of (EP (f)). Therefore, in order to obtain an equilibrium point of
(EP (¢)), we can solve the equilibrium problem (EP (f)) associated to the bifunction f.

For a numerical instance, we took n := 8, C; := [10,50] for all ¢ = 1,...,n, and « := 45. The discount
coefficients 7;; were determined by

[11.75 22 2 33 17 4 40 18]
18 1375 1 22 3 2 3310
4 1 1251 2 5 4 7
Pie (r) _ 1 mn 15 0 17 10 0 40 10
: yinxn =900 | 5 1 2 27 95 4 30 10
8 2 5 2 4 5 8 14
22 14 8 25 11 16 26 20
14 2 4 19 17 8 35 12
which implies that
Q: idiag(11.75,13.75,1.25,17,9.5,5,26,12).

~ 100
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The matrices A;’s are randomly generated in such a way that their entries are integers in [1,10].

Let S :=1 ((P+ Q)+ (P+ Q)T) Then on one hand we have S is symmetric and positive definite, which can

be checked by using MATLAB function “chol”. It follows that P 4+ @ is also positive definite. An elementary
computation shows that

fi@y) + Aly,a)=—-(@y—2)"(P+Q)y—2) <0 Va,yeC,

which implies the monotonicity of f;, thanks to the positive definiteness of P + . We furthermore have

pa(x,y) + o2(y, ) = = > _ (yi — x:) (y; — ) (aﬁj +al; +al; + aﬁi)
i#]
=-—2TAz

in which z = (2q,.. ., zn)T with z; =y; —x; foralli=1,...,n, and A = (a;5) is a symmetric matrix with

nxn

aij = aj; = 5<a5j+a§i+a?j+a§i) if 0%,
A . . .
if i=3j.

By this formula, the ij-entry of matrix A is defined only by the ij-entries and ji-entries of matrices A*. In this
experiment, the matrices A; are chosen so that the matrix A is positive semidefinite, and consequently

SDQ(xay) + SDQ(yax) = _ZTAZ S O,

which leads to monotonicity of ¢3. So f = f1 4¢3 is also monotone, meaning that condition (A3) is also satisfied.

As a remark, it follows from the positivity of al; that ys(x,y) is convex quadratic with respect to y. By the
construction of f; and @2, the conditions (A1) and (A2) are also satisfied, so all conditions of Theorem 3.2 are
fulfilled and therefore we can apply its version without using ergodic sequence.

On the other hand, it can also be checked that rank(S) = rank(P + Q) = 7 < n = 8. Thus, by Tusem (1998)
[12] Proposition 3.2, the bifunction f = f; + 2 is paramonotone, which ensures the convergence of Algorithm 1
and the projected subgradient method proposed in [27].

Table 1 presents the performance of three methods: original version of Algorithm 1 (denoted OSGA for short),
ergodic version of Algorithm 1 (denoted ESGA for short), and exact version of inexact projected subgradient

method proposed in [27] (abbreviated by EPSM). For the first two methods, we set (8, = kl—fl with i € {0, 1,2},

while the settings for the last method include 5y = kl—fl with ¢ € {0,1,2} and py =1 (see [27] for details of the
method). In Table 1 we report the performance of these methods with respect to criteria of running time (in
seconds, reported in “Time” columns) and the number of iterations (reported in “Iter” columns). Three choices
for starting points were taken:

% =(20,20,...,20), x®=(30,30,...,30), z¢=(50,50,...,50).

It can be observed from Table 1 that the original version of Algorithm 1 (without using ergodic sequence)
has better performance than the ergodic version in both criteria: the number of executed iterations and running
time. In sense of running time, method EPSM performs best. It is due to the main operation in EPSM is
projection onto the set C, which can be quickly done thanks to the box structure of C'. In another perspective,
the original version of Algorithm 1 performs best in sense of the number of executed iterations. Its performance
seems to be independent of the initial guess.
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TABLE 1. Performance of the considered methods.

iti 5 1 _10_ 100
Initial guess Method T Rl k1

Time Iter Time Iter Time Iter

OSGA 0.088 32 0.268 100 0.696 316

20 =2 ESGA 4.246 2228 4.357 2313 6.164 3288
EPSM 0.018 1000 0.009 131 0.024 1279

OSGA 0.089 32 0.273 100 0.689 316

20 = zb ESGA 2.495 1299 2.680 1400 4.730 2511
EPSM 0.013 999 0.021 2087 0.046 4581

OSGA 0.085 32 0.269 100 0.681 316

20 = x° ESCA  0.117 45 0.562 257 3.011 1572
EPSM 0.011 999 0.068 8470 0.044 4999

4.2. Experiment 2

The key feature of the previous example is the paramononicity of the involved bifunctions. Requiring that
property, the performance of ergodic version of Algorithm 1 is not comparative to the original version, and also
to the method proposed in [27]. In order to highlight the advantage of the ergodic version of Algorithm 1, in
this subsection we consider an example in which the involved bifunction is not necessarily paramonotone. For
this example, both OSGA and EPSM methods cannot be applied due to the lack of the paramonotonicity of
the involved bifunction, but ESGA can.

Let us consider the differentiated Cournot-Nash model similar to the previous example, but with linear cost
functions

ci(m) = wxs +& (s >0, >0,i=1,...,n).

Furthermore, we assume that there are additional constraints concerning lower and upper bounds on quota of
the commodity (i.e., there exist ¢, € Ry such that ¢ < o = Y ", 2; < 7). The problem in this case can be
formulated in form of (EP) in which we can split the bifunction f as f(x,y) = fi(z,y) + fo(x,y) with

filz,y) = Bz +p—a) (y — =),
fo(z,y) = y" By — 2" Bu,

in which g = (p1,..., ) and

0 Ti2 T3 ... Tin T11 0 0o ... 0
B: T?I 0 7'?3 7'2.” 7 B: 0 7-?2 0 0
™l Tn2  Tn3 ce 0 0 0 0 ... Tpn

Tt is easy to check that fi, f2 are equilibrium functions satisfying conditions (A1)—(A3), so is f. By Theorem 3.4,
this ensures that the ergodic sequence generated from the iterative points of Algorithm 1 converges without
paramonotonicity of f. Therefore, in contrast to the previous experiment, in this experiment we do not need to
check the paramonotonicity of the bifuction f.

For the tested instances, we set C; = [10,50] for ¢ = 1,...,n, ¢ = 10n + 10, @ = 50n — 10, and a = 120.
The initial guess was set to x? =30 (i =1,...,n). The values for parameters 7;; were randomly generated in
[0.5,1.5] while the ones for p; were randomly chosen in [20, 40].

Table 2 shows that the choice of parameter ) is crucial for the convergence of the algorithm, since changing
the value of this parameter may significantly reduce the number of iterations. Furthermore, it proves the
applicability of the ergodic version of our proposed algorithm in solving differentiated Cournot-Nash model
with linear costs and joint constraints.
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TABLE 2. Performance of ergodic version of Algorithm 1 in solving differentiated Cournot-Nash
model with linear costs and additional joint constraints.

n B Number of iterations

10 10/(k+1) 1309
10 100/(k+1) 419
15 10/(k+1) 3108
15 100/(k+1) 672
20 10/(k+1) 5090
20 100/(k+1) 610

4.3. Experiment 3

In this subsection we compare the performance of ergodic version of Algorithm 1 to the algorithm proposed
in [2]. For that we consider the following instance of equilibrium problem (EP).

Findz e C: f(z,y) >0 VyeC,

in which C' = Cy x ... x C5 with C; =[1,10],i =1,...,5, and

5
fle,y) = (Pr+Qu—-ay—x)+ Y (v} —a)),

i=1

where
3 3 3 0 1 21 23 17 15 21
2 9 8 0 6 23 50 36 21 18
P=1(2 6 8 5 5|, Q=|[17 3 7 27 60
6 6 4 8 0 15 21 27 25 27
5 10 6 10 3 21 18 60 27 66
By setting

5

filz,y) = (Pr+Qy—-a,y—a), fale,y) =) (v —af)
i=1
we see that f(z,y) = fi(z,y) + fa(z,y). Note that fi(z,y) is quadratic but not separable with respect to y, so
the subproblem of computing y* in Algorithm 1 is nothing but solving a quadratic strongly convex program.
Furthermore, f»(z,y) is not quadratic but separable with respect to y, so computing z**! in Algorithm 1 can
be done by solving n = 5 separated convex programs, each on one real variable.
Table 3 presents the performance of ergodic version of Algorithm 1 (denoted ESGA) and the ergodic algorithm

proposed in [2] (abbreviated by EA). For the former algorithm, we set 8 = while for the parameters in

10°
‘ k+10
the description of the latter algorithm we choose A\, = 161?-1 (1 €{0,1,2,3}). We compare the performance of
these algorithms in sense of running time. Three choices for starting points were taken:

2% = (1,10,1,10,1), 2’ = (5.5,5.5,5.5,5.5,5.5), = (10,10,10,10,10).

It can be observed from Table 3 that, regardless of the choices for parameters 3y and Ay, our proposed ergodic
algorithm performs better than the one proposed in [2]. The reasons are as follows. By splitting the equilibrium
function f(x,y) as fi(x,y)+ f2(z,y), we then can exploit special properties of component bifunctions f; and fo.
More precisely, that helps us to solve more easily the two subproblems in each step of our proposed algorithm:
one is a quadratic strongly convex program, while the other is equivalent to solving separated convex programs
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TABLE 3. Performance of the considered ergodic algorithms.

Initial guess Method Running time (s)
gk:,\k:ril gk:)\k:kljol ﬁk:)\k:% Bk:)‘k:%}?

0 a ESGA 1.116 1.121 1.256 1.164
v EA 3.601 3.866 4.099 3.533
0 b ESGA 0.721 0.758 1.023 1.346
v EA 3.154 3.029 2.718 2.388
20 — ¢ ESGA 0.016 0.158 0.591 1.473
o EA 6.075 6.487 6.125 4.805

on single real variable. However, the sum f = f; 4+ fo does not inherit the properties of the summand functions
f1 and f5. The algorithm proposed in [2] applies directly on f and does not exploit special properties of f; and
f2. That leads to the worse performance of this algorithm in comparison to our proposed one.

5. CONCLUSIONS

We have proposed splitting algorithms for equilibrium problems where the bifunction is the sum of the two
ones f; and fy. At each iteration the proposed algorithms require solving two strongly convex programs, one
for each f; and fy separately. Under a paramononicity property, the convergence of the iterates to a solution
without any Lipschitz type condition as well as Holder continuity of the bifunctions involved has been proved.
It also has been shown that the ergodic sequence defined by the iterates of the algorithm converges to a solution
without paaramonotonicity. We have applied the proposed algorithm to solve some versions of differentiated
Cournot-Nash equilibrium model. Some numerical results have been reported for these models with different
data. We have compared our algorithm to the one in [27] for paramonotone bifunction, and to the algorithm
in [2] for monotone case. The obtained computational results have shown that for paramonotone problems the
algorithm in [27] worked better in computing time, while for monotone problems the ergodic version of our
algorithm runs more quickly than that in [2].
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