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A DESCENT DERIVATIVE-FREE ALGORITHM FOR NONLINEAR
MONOTONE EQUATIONS WITH CONVEX CONSTRAINTS

Hassan Mohammad1,∗ and Auwal Bala Abubakar1,2

Abstract. In this paper, we present a derivative-free algorithm for nonlinear monotone equations with
convex constraints. The search direction is a product of a positive parameter and the negation of a
residual vector. At each iteration step, the algorithm generates a descent direction independent from
the line search used. Under appropriate assumptions, the global convergence of the algorithm is given.
Numerical experiments show the algorithm has advantages over the recently proposed algorithms by
Gao and He (Calcolo 55 (2018) 53) and Liu and Li (Comput. Math. App. 70 (2015) 2442–2453).

Mathematics Subject Classification. 65K05, 90C06, 90C52, 90C56.

Received April 1, 2019. Accepted January 27, 2020.

1. Introduction

In this paper, we address the solution of systems of nonlinear monotone equations with convex constraints.
This kind of problem has various applications, such as the `1-norm problem arising from compressing sensing
[21,39], and optimal power flow equations [13,38], etc.

Newton’s method, quasi-Newton methods, and inexact-Newton methods are well-known methods for the
unconstrained systems of nonlinear equations [29, 33]. Moreover, several Jacobian-free methods for solving
unconstrained systems of nonlinear equations are proposed over the last decade (see e.g. [3,9,17,25,27,36,37]).
Specifically, La Cruz et al. [15,16] extended the spectral gradient method [8,30,31] to solve large-scale systems
of nonlinear equations.

By combining Newton’s method and projection strategy, Solodov and Svaiter [32] proposed an inexact Newton
method for systems of monotone equations which is globally convergent without the regularity assumptions.
Following the work of Solodov and Svaiter, several algorithms have been proposed for solving nonlinear monotone
equations, see for example [1, 2, 7, 10, 18, 19, 22, 26, 40, 42, 43]. Wang et al. [34] extended the work by Solodov
and Svaiter to solve convex constrained monotone equations. Ma and Wang [24] proposed a modified projection
method for solving systems of monotone equations with convex constraints. Though the projection methods for
convex constraints monotone equations proposed in [24, 34] have a very good numerical performance, they are
not suitable for solving large-scale monotone equations because they require matrix storage.

By extending the idea of Zhang and Zhou [42], Yu et al. [41] proposed a constrained version of the spectral
gradient projection algorithm for solving nonlinear monotone equations in which computing the sequence of steps
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does not need matrix storage as well as the solution of linear systems of equations. Interested readers may refer to
the references ([4–6,12,14,21,35] among others), for alternative proposals. Recently, Liu and Feng [20] proposed
a derivative-free spectral conjugate gradient-type projection algorithm for nonlinear monotone equations with
convex constraints, which can generate a sufficient descent direction at each iteration.

Motivated by the development of the algorithms that can generate descent directions for nonlinear monotone
equations with convex constraints, in this paper, we propose an alternative derivative-free algorithm that can
be used to generate a descent direction at each iteration. The algorithm is capable of improving the numerical
performance for some nonlinear monotone equations. Furthermore, the proposed direction requires less number
of backtracks in search of the step length compared with some recent existing directions. Under the monotonicity
and Lipschitz continuity assumptions, we show that the proposed algorithm is globally convergent.

The remaining part of this paper is organized as follows. In Section 2, we present the motivation and general
algorithm of the proposed method. In Section 3, we prove the global convergence. In Section 4, we present the
numerical experiments, as well as some conclusions. Unless otherwise stated, throughout this paper ‖ · ‖ stands
for the Euclidean norm of vectors, 〈 · , ·〉 is the inner product of vectors in Rn.

2. Motivation and algorithm

Consider the problem of finding the solution of the nonlinear systems of equations of the form

F (x) = 0, (2.1)

where F : Rn → Rn is Lipschitz continuous and monotone. The Lipschitz continuity of F means there exists
a constant L > 0 such that ‖F (x) − F (y)‖ ≤ L‖x − y‖, ∀x, y ∈ Rn, while the monotonicity of F means
〈F (x)− F (y), x− y〉 ≥ 0, ∀x, y ∈ Rn. Most of the methods used for solving (2.1) are iterative in which given
an initial iterate x0, the next iterate is obtained via xk+1 = xk + sk, k = 0, 1, 2, . . ., where sk = αkdk, αk is
the step length obtained by some line search and dk is the search direction usually satisfying

〈F (xk), dk〉 ≤ −c‖F (xk)‖2, (2.2)

where c is a positive constant.
To solve convex constrained nonlinear monotone equations, Yu et al. [41] popularized the work of Zhang and

Zhou [42] in which the search direction is given as

dk = −θkF (xk), (2.3)

where θk is a parameter similar to the well-known long Barzilai–Borwein spectral coefficient [8] given as

θk =
〈 sk−1, sk−1〉
〈 ȳk−1, sk−1〉

, (2.4)

with sk−1 = xk − xk−1, ȳk−1 = F (xk)− F (xk−1) + rsk−1, r > 0.
It has been shown in [42] that

(i) the parameter θk is positive for all k provided the solution of (2.1) is not attained and
(ii) the sequence of the direction dk is bounded for all k.

Our aim in this paper is to use different positive parameter that is similar to the well-known short Barzilai–
Borwein spectral coefficient [8] given as

θ̄k =
〈 γk−1, sk−1〉
〈 γk−1, γk−1〉

, (2.5)

where

γk−1 = yk−1 + rk−1dk−1, yk−1 = F (xk)− F (xk−1) and rk−1 = 1 + max
{

0,−〈yk−1, dk−1〉
‖F (xk−1)‖2

}
.
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From the definition of γk−1 and the monotonicity of F , we have

〈 γk−1, sk−1〉 = 〈 yk−1, sk−1〉+
1

αk−1
rk−1‖sk−1‖2

≥ 1
αk−1

rk−1‖sk−1‖2 > 0.

This shows that 〈 γk−1, sk−1〉 is always positive provided the solution of (2.1) is not attained.
The choice of θ̄k in (2.5) is always positive provided that the function F is monotone, and it is shown to be

more significant and more effective when used as a scalar multiple of the residual vector to compute the search
direction [23, 28]. It is shown that this approach is superior (numerically) to some modified conjugate residual
approaches for solving nonlinear monotone equations with convex constraints (see Sect. 4).

To describe our algorithm for solving (2.1), we start with the definition of a projection operator and its
remarkable property.

Definition 2.1. Let Ω be a nonempty closed convex subset of Rn. A map P from Rn to Ω defined as

PΩ[x] = argmin{‖x− y‖ : y ∈ Ω}, (2.6)

is called the projection of x ∈ Rn onto the closed convex set Ω.

One of the interesting property of the projection map is that it is nonexpansive, i.e.

‖PΩ[x]− PΩ[y]‖ ≤ ‖x− y‖ ∀x, y ∈ Rn. (2.7)

Algorithm 1: Descent derivative-free projection method (DDPM).
1 input : Given x0 ∈ Rn, Ω ⊆ Rn, β, ρ, σ ∈ (0, 1), 0 < ` ≤ u and tol > 0.

2 Set k = 0;
3 Compute ‖F (xk)‖;
4 while ‖F (xk)‖ > tol do
5 if k = 0, then
6 set dk = −F (xk);

else
7 Compute dk = −θ̄kF (xk), where,

θ̄k = min

{
max

{ 〈γk−1, sk−1〉
〈γk−1, γk−1〉

, `

}
, u

}

with γk−1 = yk−1 + rk−1dk−1, rk−1 = 1 + max

{
0,−

〈yk−1, dk−1〉
‖F (xk−1)‖2

}
and yk−1 = F (xk)− F (xk−1), sk−1 = xk − xk−1;

end
8 Initialize m = 0;

9 while 〈F (xk + βρmdk), dk〉 > −σβρm‖F (xk + βρmdk)‖‖dk‖2 do
10 m = m+ 1;
11 α = βρm;

end
12 Set αk = α;
13 Compute zk = xk + αkdk;
14 if zk ∈ Ω and F (zk) ≤ tol then

xk+1 = zk;
else

15 xk+1 = PΩ[xk − ξkF (zk)], where ξk =
〈 xk−zk,F (zk)〉
‖F (zk)‖2

;

end
16 Set k = k + 1.

end

Remark 2.2. The parameter θ̄k positive and uniformly bounded for each k.
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The proof of the following lemma is omitted because it follows directly from the definition of the search
direction dk and Remark 2.2.

Lemma 2.3. Let the sequence {xk} be generated by Algorithm 1, then the search direction satisfies the following
conditions:

(a) 〈F (xk), dk〉 ≤ −c‖F (xk)‖2, and
(b) m1‖F (xk)‖ ≤ ‖dk‖ ≤ m2‖F (xk)‖ ∀k ≥ 0, where c,m1 and m2 are positive constants.

3. Convergence results

We now turn to analyze the global convergence of Algorithm 1 (DDPM). In what follows, we assume that
F (zk) 6= 0, F (xk) 6= 0, otherwise the solution of (2.1) has been obtained.

Lemma 3.1. If the sequences {xk} and {dk} are generated by Algorithm 1, then there exist a step-size αk
satisfying

−〈F (xk + αkdk), dk〉 ≥ σαk‖F (xk + αkdk)‖‖dk‖2. (3.1)

Proof. Suppose that there exists k0 ≥ 0, such that

〈F (xk0 + βρmdk0), dk0〉 > −σβρm‖F (xk0 + βρmdk0)‖‖dk0‖2, ∀m ≥ 0.

By continuity of F , allowing m→ +∞, we have

〈F (xk0), dk0〉 ≥ 0,

which contradicts the conclusion of Lemma 2.3 (a). �

The proof of the following lemma is similar to Lemma 3.2 in [21].

Lemma 3.2. If {xk} and {zk} are sequences generated by Algorithm 1, then {xk} and {zk} are bounded. In
addition,

lim
k→+∞

‖xk − zk‖ = 0, (3.2)

and

lim
k→+∞

‖xk+1 − xk‖ = 0. (3.3)

Proof. From Line 9 of Algorithm 1

〈F (zk), xk − zk〉 = −αk〈F (zk), dk〉
≥ σα2

k‖F (zk)‖‖dk‖2

= σ‖F (zk)‖‖xk − zk‖2 (3.4)
> 0.

Let x̃ ∈ Ω such the F (x̃) = 0, then by monotonicity of F , it holds that

〈F (zk), xk − x̃〉 = 〈F (zk), xk − zk〉+ 〈F (zk), zk − x̃〉
≥ 〈F (zk), xk − zk〉+ 〈F (x̃), zk − x̃〉
= 〈F (zk), xk − zk〉. (3.5)
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Also, using (2.7), (3.4), (3.5) and the projection of xk − ξkF (zk) on Ω we have

‖xk+1 − x̃‖2 = ‖PΩ[xk − ζkF (zk)]− PΩ(x̃)‖2

≤ ‖xk − ξkF (zk)− x̃‖2

= ‖xk − x̃‖2 − 2ξk〈F (zk), xk − x̃〉+ ‖ξkF (zk)‖2

= ‖xk − x̃‖2 −
〈F (zk), xk − zk〉2

‖F (zk)‖2

≤ ‖xk − x̃‖2 −
σ2‖F (zk)‖2‖xk − zk‖4

‖F (zk)‖2

= ‖xk − x̃‖2 − σ2‖xk − zk‖4. (3.6)

Thus, the sequence {‖xk− x̃‖} is nonincreasing and convergent, and hence {xk} is bounded. Inequality (3.4),
monotonicity of F and Cauchy–Schwarz inequality yield

0 < σ‖F (zk)‖‖xk − zk‖2 ≤ 〈F (zk), xk − zk〉 ≤ ‖F (zk)‖‖xk − zk‖,

which implies that
σ‖xk − zk‖ ≤ 1. (3.7)

Now, from (3.7) we have that the sequence {zk} is bounded.
It follows from (3.6) that

σ2
∞∑
k=0

‖xk − zk‖4 ≤
∞∑
k=0

(‖xk − x̃‖2 − ‖xk+1 − x̃‖2) <∞, (3.8)

which implies
lim

k→+∞
‖xk − zk‖ = 0. (3.9)

As xk ∈ Ω and ξk = 〈 xk−zk, F (zk)〉
‖F (zk)‖2 , by (2.6) and Cauchy–Schwarz inequality, it holds that

‖xk+1 − xk‖ = ‖PΩ[xk − ξkF (zk)]− PΩ(xk)‖
≤ ‖xk − ξkF (zk)− xk‖
= ‖ξkF (zk)‖
≤ ‖xk − zk‖,

which yields
lim

k→+∞
‖xk+1 − xk‖ = 0.

�

Remark 3.3. By (3.9) and definition of zk, we have

lim
k→+∞

αk‖dk‖ = 0. (3.10)

The following lemma is similar to Lemma 2.4 of Li and Li [19].
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Lemma 3.4. If {xk} and {zk} are sequences generated by Algorithm 1, then we have

αk ≥ min
{
β,

cρ‖F (xk)‖2

(L+ σ‖F (z′k)‖‖dk‖2

}
, (3.11)

where z′k = xk + α′kdk and α′k = αkρ.

Proof. From the line search procedure, when αk 6= β, then α′k = αkρ
−1 does not satisfy Line 9 of Algorithm 1.

This implies that
〈F (z′k), dk〉 > −σα′k‖F (z′k)‖‖dk‖2.

Applying the Lipschitz continuity of F and Lemma 2.3 (a), we have

c‖F (xk)‖2 ≤ −〈F (xk), dk〉
≤ 〈F (z′k)− F (xk), dk〉+ σα′k‖F (z′k)‖‖dk‖2

≤ α′k(L+ σ‖F (z′k)‖)‖dk‖2.

This yields the desired result (3.11). �

The proof of the following theorem follows by contradiction and the results from the previous lemmas.

Theorem 3.5. If {xk} and {zk} are sequences generated by Algorithm 1, then

lim inf
k→+∞

‖F (xk)‖ = 0. (3.12)

Furthermore, the sequence {xk} converges to x̃ ∈ Ω such that F (x̃) = 0.

4. Numerical experiments

This section presents some numerical experiment to evaluate the performance of the proposed algorithm
DDPM compared with the efficient three-term conjugate gradient method proposed by Gao and He [12] denoted
by ETTC and another method proposed by Liu and Li [21] denoted by PCGM for solving nonlinear monotone
equations with convex constraints. We chose the following parameters for the implementation of DDPM algo-
rithm ρ = 0.5, σ = 0.01, β = 1, ` = 10−30, and u = 1030. The parameters in ETTC and PCGM algorithms
are chosen as in [12,21].

The list of the test problems used for the numerical experiments is given below, where the function F is taken
as F (x) = (F1(x), F2(x), . . . , Fn(x))T .

Problem 1 [16]. Exponential problem

F1(x) = ex1 − 1,
Fi(x) = exi + xi − 1, for i = 2, 3, . . . , n,
and Ω = Rn+.

Problem 2 [16]. Modified logarithmic problem

Fi(x) = ln(xi + 1)− xi
n
, for i = 2, 3, . . . , n,

and Ω = {x ∈ Rn :
n∑
i=1

xi ≤ n, xi > −1, i = 1, 2, . . . , n}.
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Problem 3 [43]. Nonsmooth problem I

Fi(x) = 2xi − sin |xi|, i = 1, 2, 3, . . . , n,

and Ω = {x ∈ Rn :
n∑
i=1

xi ≤ n, xi ≥ 0, i = 1, 2, . . . , n}.

It is clear that Problem 3 is nonsmooth at x = 0.
Problem 4 [16]. Strictly convex problem I

Fi(x) = exi − 1, for i = 1, 2, . . . , n,
and Ω = Rn+.

Problem 5 [16]. Strictly convex problem II

Fi(x) =
i

n
exi − 1, for i = 1, 2, . . . , n,

and Ω = Rn+.

Problem 6 [41]. Nonsmooth problem II

Fi(x) = xi − sin |xi − 1|, i = 1, 2, 3, . . . , n,

and Ω =

{
x ∈ Rn :

n∑
i=1

xi ≤ n, xi ≥ −1, i = 1, 2, . . . , n

}
.

It is clear that Problem 6 is nonsmooth at x = 1.

Problem 7 [16]. Discrete boundary value problem

F1(x) = 2x1 + 0.5h2(x1 + h)3 − x2,

Fi(x) = 2xi − xi−1 + xi+1 + 0.5h2(xi + ih)3, for i = 2, . . . , n− 1,
Fn(x) = 2xn − xn−1 + 0.5h2(xn + nh)3,

h =
1

n+ 1
and Ω = Rn+.

We used nine different initial points for all the test problems, the initial points are x1 = (1, . . . , 1)T , x2 =
(0.1, . . . , 0.1)T , x3 =

(
1
2 , . . . ,

1
2n

)T , x4 =
(
1 − 1

n , . . . , n − 1
)T , x5 =

(
0, 1

n , . . . ,
n−1
n

)T , x6 =
(
1, 1

2 , . . . ,
1
n

)T ,

x7 =
(
n−1
n , n−2

n , . . . , 0
)T , x8 =

(
1
n ,

2
n , . . . , 1

)T , and x9 = rand(n, 1), which means the n randomly generated
numbers from (0, 1). Furthermore, we used five different dimensions namely; 1000, 5000, 10 000, 50 000, 100 000.

All methods were coded in MATLAB R2018a and run on a PC with Intel CORE i5 processor, 4GB of
RAM and CPU speed of 2.3GHZ. The iteration process is terminated when ‖F (xk)‖ ≤ 10−5. We use “–” to
declare a failure of the algorithm when at least 1000 iterations are completed without achieving the convergence.
Tables 1–7 report the numerical results obtained from the experiments, in which ITER, FVAL, TIME and NORM
represent the number of iterations, number of function evaluations, CPU time (in seconds) and the norm of the
residual at the approximate solution respectively. Also, we used the performance profiles introduced by Dolan
and Moré in [11] to plot Figures 1–3. As described in [11], the performance profiles are defined in terms of a
performance measure tρ, s > 0 obtained for each problem ρ ∈ P and solver s ∈ S. For any pair (ρ, s) of problem
ρ and solver s, the performance ratio is defined as

rρ, s =
tρ, s

min{tρ, s | s ∈ S}
·
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Figure 1. Performance profiles for the number of iterations.

Figure 2. Performance profiles for the CPU time (in seconds).

The best solver for a particular problem attains the lower bound rρ, s = 1. If a solver s fails to satisfy the
convergence test on problem p, then rρ, s is set as ∞. The performance profile of a solver s ∈ S is defined as
the fraction of problems where the performance ratio is at most τ , that is,

P (τ) =
1
nρ

size{ρ ∈ P | rρ, s ≤ τ},

where nρ is the number of problems. In each of Figures 1–3, the x-axis represent τ and the y-axis represent
P (τ).

It can be observed from Tables 1 and 4, that starting from any of the nine initial points, all the three methods
terminate successfully at an approximate solution of the problem. However, in most of the cases, the DDPM
has the least number of function evaluations (see the bolded numbers in the tables), this shows that the DDPM
direction has the least dependency on the line search compared to the existing methods. This superiority of the
DDPM can be seen in Figure 3. In Tables 2, 3 and 6 the PCGM fails for some initial points which indicate that
the PCGM is more sensitive to the initial points than DDPM and ETTC. The efficiency of the DDPM can also
be seen in Table 7 where it outperforms the PCGM and ETTC in all the three metrics. This is an indication
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Figure 3. Performance profiles for the number of function evaluations.

that DDPM may perform well in solving some discretized problems. In general, based on the experiments, the
DDPM performs well on all the nine different initial points except for some initial points in Table 5. Thus, it is
more robust than ETTC and PCGM.
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