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FACETS BASED ON CYCLES AND CLIQUES FOR THE ACYCLIC COLORING
POLYTOPE

MONICA BRAGA* AND JAVIER MARENCO

Abstract. A coloring of a graph is an assignment of colors to its vertices such that any two vertices
receive distinct colors whenever they are adjacent. An acyclic coloring is a coloring such that no cycle
receives exactly two colors, and the acyclic chromatic number xa(G) of a graph G is the minimum
number of colors in any such coloring of G. Given a graph G and an integer k, determining whether
XA(G) < k or not is NP-complete even for k = 3. The acyclic coloring problem arises in the context
of efficient computations of sparse and symmetric Hessian matrices via substitution methods. In a
previous work we presented facet-inducing families of valid inequalities based on induced even cycles
for the polytope associated to an integer programming formulation of the acyclic coloring problem. In
this work we continue with this study by introducing new families of facet-inducing inequalities based
on combinations of even cycles and cliques.
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1. INTRODUCTION

A coloring of a graph G is an assignment of colors to the vertices of G such that any two vertices receive
distinct colors whenever they are adjacent. An acyclic coloring of a graph G is a coloring such that no cycle
of G receives exactly two colors, i.e., such that the subgraph of G induced by any two color classes is acyclic.
The acyclic chromatic number x 4(G) of a graph G is the minimum number of colors in any such coloring of G.
Given a graph G, the acyclic coloring problem consists in finding x 4(G), and this problem has been shown to
be NP-hard [6]. Kostochka [12] proved that even deciding whether the acyclic chromatic number of a graph is
at most 3 is NP-complete.

The acyclic coloring problem arises in the context of matrix partitioning for the estimation of the Hessian
matrix associated to numerical optimization problems and the solution of systems of non linear equations [7,9].
Many previous research efforts on this problem consisted in finding bounds on x4 (G) for particular classes of
graphs [2,3,8]. Efficient heuristic algorithms for the acyclic coloring problem were developed in [10,11]. However,
not too many approaches in order to solve this problem in practice exist.

We presented in a previous work [5] an integer programming model for the acyclic coloring problem based
on an existing formulation for the classical vertex coloring problem. We initiated the study of the polyhedron
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associated with this formulation by introducing six facet-inducing families of valid inequalities. In [4] we also
studied their disjunctive rank, as defined by Balas et al. [1], and we explored a dual concept, which we called
the disjunctive anti-rank of a valid inequality.

In this work we present advances in the polyhedral study of this problem, by introducing new families of
facet-inducing inequalities based on combinations of cycles and cliques. We are particularly interested in valid
inequalities involving cliques in the graph, since clique-based inequalities have been shown to be very effective
for the classical vertex coloring problem within cutting-plane environments [13,14], and a similar behaviour
might be expected for the acyclic coloring problem.

This paper is organized as follows. In Section 2 we introduce the integer programming formulation for the
acyclic coloring problem and give some definitions. In Section 3 we introduce facet-inducing families of clique-
based valid inequalities, and Section 4 closes the paper with conclusions and final remarks.

2. INTEGER PROGRAMMING FORMULATION

We now present the integer programming model for the acyclic coloring problem considered in [5]. Let
G = (V, E) be an undirected graph with no isolated vertex, and let C be the set of available colors. For i € V
and ¢ € C, we define the assignment variable x;. to be x;. = 1 if the vertex ¢ is assigned the color ¢, and z;. = 0
otherwise. For every ¢ € C we define the binary color variable w, to be w. = 1 if some vertex uses the color c.

Denote by C(G) C 2V the set of all cycles of G. The acyclic coloring problem can be formulated in terms of
the assignment variables and the color variables in the following way:

min E We

ceC

s.t. vac =1 YveV (2.1)
ceC
Tye T Tye < We Yuv € E, VeeC (22)
D (@oe + 7o) < C — 1 ¥C e C(G), Ve, €Cie# (2.3)
veC
zye € {0,1} Yo eV, VeeC (2.4)
we € {0,1} Ve e C. (2.5)

The objective function asks to minimize the number of used colors. Constraints (2.1) impose that each vertex
must receive exactly one color, while constraints (2.2) prevent two adjacent vertices from receiving the same
color. Note that constraints (2.2) suffice to properly define the w-variables, as we assume that G has no isolated
vertex. Finally, constraints (2.3) prevent a cycle from receiving exactly two colors. These constraints need not to
be enforced over every cycle in C(G), as odd cycles always receive at least three colors in any feasible coloring.
Hence, we can restrict this constraint to operate on the induced even cycles of G only.

We define Pg(G,C) C RIVICIFICl to be the convex hull of the vectors (z,w) satisfying constraints (2.1)-(2.5).

Theorem 2.1 ([4]). If |C| > xa(G), then dim(Ps(G,C)) = |V|(|C| — 1) + |C|. Furthermore, constraints (2.1)
provide a minimal system of equations for Ps(G,C).

3. NEW VALID INEQUALITIES

Since clique-based inequalities have been shown to be very effective for the classical vertex coloring problem
within cutting-plane environments, in this section we introduce families of valid inequalities based on combi-
nations of cycles and cliques. The idea is to capture the acyclicity properties of the feasible solutions in the
clique-based inequalities.

In this work we consider a clique to be a (not necessarily maximal) complete subgraph of G. Let Vi be the
vertex set and Eg be the edge set of the graph G.
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FIGURE 1. Structure for the basket inequalities.

3.1. Basket inequalities

Definition 3.1. Let C be an even induced cycle of G and K C V be a clique such that CN K = {i,j} (see
Fig. 1). Let ¢g, 1 € C, with ¢y # ¢1 and D C C such that |C| — |K| < |D| < |C| — 2 and ¢g,¢1 ¢ D. We define

> @uep tTue) D D Tee— Y, (Tuey +Tue,) SICI =3+ > we (3.1)

veC\{s,5} veC\{i,j} c€D veK\{:,5} ceD

to be the basket inequality associated with the cycle C, the clique K, the vertices ¢ and j, the color set D, and
the colors ¢y and c¢;.

Theorem 3.2. The basket inequalities are valid for Ps(G,C).

Proof. Let z = (z,w) be a feasible solution. If ) ., w. > 1, then the right hand side of (3.1) is greater than
or equal to |C|] — 2. As the first two terms of the left hand side of (3.1) involve the vertices of C \ {i,j},
then ZveC\{m}(%CO + Tye, + D eep Toe) 18 less than or equal to [C| — 2, and the inequality is satisfied. Now
assume that ) . we = 0. Then, the second term in the left hand side of (3.1) is null. Besides, |D| = |C| — |K]|
(if |D] > |C] — | K| then at least one vertex in the clique must use a color in D, contradicting the assumption)
and »° i (Toey + Tue,) = 2. Consider the following cases:

(1) I > e\ qi,j1 (Tueo + Tucy ) s greater than or equal to 1 then the left hand side of (3.1) is less than or equal
to |C| — 3, and the inequality is satisfied.

(2) If > em\fijy (@veo T Tve,) is equal to 0, then vertices ¢ and j use colors o and c;. Since z is an acyclic
coloring, then the first term of the left hand side of (3.1) is less than or equal to |C| — 3, and the inequality
is satisfied.

Since in all the cases the basket inequality (3.1) is satisfied and z is an arbitrary solution, we conclude that this
inequality is valid for Ps(G,C). O

Let Gg = (CU K, Ec U Ek) be a graph where C is an even induced cycle and K is a clique such that
CnNK ={i,j}, with i and j two adjacent vertices in the cycle. Note that x4(Gp) = max {3, |K]|}.

The following result studies the facetness properties of the basket inequalities. It is interesting to note that
this theorem provides necessary and sufficient conditions for (3.1) to induce a facet of Ps(G g, C), given suitable
bounds on |C|.

In the proof of the theorem we use the following solutions z = (z,w) in the face of Pg(Gp,C) defined by
(3.1):

— Type I solutions: solutions with wy = 0 for all d € D (so no vertex uses colors in D), and such that all the
vertices in C\ {i} (or in C\ {j}) and exactly one vertex in K \ {4, 7} use colors ¢y and ¢;.
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— Type II solutions: solutions with wy = 0 for all d € D, and such that all the vertices in C\ {v}, with
v # 14, j, use colors ¢y and ¢, (so no vertex in K \ {7,j} uses colors ¢y and ¢1), and vertex v uses a color in
C\ (D U {Co, Cl}).

— Type III solutions: solutions having exactly one wg-coordinate, d € D, equal to 1. So, no vertex in K \ {4, j}
uses colors ¢g and ¢; and all the vertices in C\ {i,j} use at least two colors in the set {co, ¢1,d}.

Theorem 3.3. Assume that |C| > |K|. The basket inequalities are facet-defining for Ps(Gg,C) if and only if
|D| = |C| — | K| and |K| > 3.

Proof. Let F be the face of Ps(Gp,C) defined by (3.1).

By definition, [D| > |C| — |K|. If D] > |C| — | K| + 2, then the face F is empty as ) . w. > 1 in any feasible
solution.

On the other hand, if |D| = |C| — |K| + 1, then every solution in F also satisfies the additional equality
Y cepWe = 1, which is not a linear combination of (2.1) and (3.1) at equality. Then F is not a facet of
Ps(Gp,C) in this case.

Note that, if K = {i,j} then |D| = |C| — 2 and the inequality (3.1) states that ) .,w. > 1. So, every
solution in the face F also satisfies the equality w., + w., = 2, since it represents an acyclic coloring. Then F
is not a facet of Ps(Gp,C).

Now we prove that (3.1) defines a facet of Ps(Gp,C) if |D| = |C| — |K| and |K| > 3. Since |C| > |K]|, we
have that |D| > 1 in this case. Besides, we can always get an acyclic coloring of G without using the colors
in D. Let Az + pw = Ao be an equality that is satisfied by every solution z = (z,w) in the face F. We shall
prove that (A, 1) is a linear combination of the coefficient vector of (3.1) and the coefficient vectors of the model
constraints (2.1). In other words, we shall find scalars o and §;,7 € V, such that

) =ar+> B, (3.2)

i€V

where 7 is the coefficient vector of (3.1) and 4* is the coefficient vector of the model constraint (2.1) corresponding
to the vertex i, for i € CU K (recall that (2.1) defines a minimal system of equations for Ps(G,C)).
Claim 1: p. = 0, for every c ¢ D

Let ¢ ¢ D. Let z = (z,w) be a solution in F such that w. = 0. This solution exists since |C| > |K|. So we
have enough colors for coloring K without using color c¢. As |K| > 3, we can extend the coloring of K to Gp. In
particular, if ¢ = ¢p, then the vertices in C\ {i, j} use colors ¢; and d, where d € D is the only color used in D,
and vertex 4 or j uses a color in C\ {cg, c1, d}. This solution is of type III (as defined before). Let 2’ = (z,w’) be
the solution obtained from z by replacing w. = 0 by w,, = 1. The solution 2’ is also of type III. Since z,z’ € F,
then Az + pw = Ao = Az + pw’. As these solutions only differ in the w.-coordinate, then u. = 0.

Claim 2: A,c = Ay, for every v € C\ {4,5}, and ¢,¢’ ¢ DU {co,c1}

This claim involves the cases in which |K| > 4, since ¢,¢ € C\ (DU {cp,c1}) and |C| = |D| + |K|. Let
v € C\{i,j}and c,¢ ¢ DU{cp, c1} be two different colors. Let z = (z,w) be a solution in F such that z,. =1
and we = 1. This solution is of type II. Since the RHS of (3.1) is equal to |C| — 3, then v is the only vertex
in the cycle C that uses a color in C \ (D U {cp,c1}). Let 2’ = (2/,w) be the solution obtained from z by only

replacing x,. = 1 and 2, = 0 by z,,, = 0 and 2}, = 1. The solution 2’ is of type II too. Since z, 2’ € F, then
AT + pw = Ao = Az’ + pw. As these solutions only differ in the x,.- and z,-coordinates, then A, = Ayer.

Claim 3: Ayc = Ayg, for every v € C\ {i,5}, ¢ € {co,c1}, and d € D

Let v € C\ {i,j}, and ¢ € {co,c1} and d € D be two colors. Let z = (x,w) be a solution in F such that
Zype = 1, Tgg = 1 for k € K\ {7, 7} and no vertex in C\ {4, j} uses a color in D. Let z’ = (2’,w) be the solution
obtained from z by only replacing z,. =1 and z,q = 0 by z, = 0 and 2/ ; = 1. Both solutions are of type III.
As 2,2’ € F, then we obtain that A, = A\yq.
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Claim 4: Aye, = Aye,, for every v € C\ {i,5}
Let v € C\ {i,j} and d € D. By Claim 3, A\ye, = Mg and Aye, = Apg. Hence, Ayey = Apey -

Claim 5: Ayq = Ay, for every v € C\ {4,5}, and d,d’ € D

Let v € C\ {4,j} and d,d’ € D two different colors. By Claim 3, Ay, = Aya and Ay, = Ayar. Hence,
Avd = Apar.

Claim 6: pqg = Ake — Akd, for every k € K \ {¢,5},c € {co,c1}, and
deD

Let k € K\ {i,j}, c € {co,c1} and d € D. Let z = (z,w) be a solution in F such that z;. = 1 and wy = 0
for all d in D. This solution is of type I. Note that in this case the colors used in K were enough to additionally
color C. Let 2’ = (a’,w’) be the solution obtained from z by only replacing xg. = 1, 25 = 0 and wy = 0 by
z},. =0, @}, = 1 and w), = 1. This solution is of type III. As z,z" € F, then we obtain that pg + Agg = Age.

Claim 7: Age, = Ake,, for every k € K\ {i,5}
Let k€ Kandd e D (D # @) By Claim 6, ptg = Ake, — Aka a0d ftg = ke, — Aikd- Hence, Apey = Ak, -

Claim 8: pgq = pg, for every d,d’ € D

Let v € C\ {i,5} and d,d’ € D be two different colors. Let z = (z,w) be a solution in F such that x,q = 1
and no other vertex in CUK uses that color. Let 2/ = (2’, w’) be the solution obtained from z by only replacing
Tpd =1, Ty =0, wg=1and wy =0by z,, =0,z ,, =1, w, = 0 and w, = 1. Both solutions are of type III.
As 2,2/ € F, then we get that Ayg + ptg = Avar + ptar- By Claim 5, we conclude pg = pg.

Claim 9: Agg = Agar, for every k € K\ {i,j}, and d,d’ € D

Let k € K\ {i,j} and d,d’ € D be two different colors. By Claim 6, pig = ke, — Aka and prgr = Agey — Akdr-
By Claim 8 we obtain Agq = Aga-

Claim 10: Age = Mg, for every k € K\ {i,5}, and ¢,¢’ ¢ DU {co,c1}

Let k € K\ {i,j} and ¢,¢ ¢ DU {co,c1} two different colors. Let z = (z,w) be a solution in F such that
k € K is the only vertex in C U K that uses color ¢, z,» = 0 for all v € CU K and w. = 1. Let 2/ = (2/, w) be
the solution obtained from z by only replacing xy. = 1 and xy =0 by 2}, = 0 and 2}, = 1. As 2,2’ € F, the
claim follows.

Claim 11: Age = Agq, for every k € K\ {i,j}, ¢ € DU {co,c1}, and d € D

Let k € K\ {i,5}, c¢ DU{co,c1} and d € D. Let z = (z,w) be a solution in F such that the color d is
used by at least one vertex in C\ {i,j} and z. = 1. Let 2’ = (2/, w) be the solution obtained from z by only
replacing xp. = 1 and zpq = 0 by z, = 0 and =z}, = 1. Both solutions are of type III. As z, 2’ € F, the claim
follows.

Claim 12: pg = Aye — Apd, for every v € C\ {i,j}, ¢ € DU {co,c1}, and d € D

Let v € C\{i,j}, c ¢ DU{co,c1} and d € D. Let z = (z,w) be a solution in F such that 2, =1 and wg =0
for all d in D. This solution is of type II. Let 2/ = (a’,w’) be the solution obtained from z by only replacing
ZTye =1, xyg =0 and wg = 0 by =, =0, ] ; = 1 and w/; = 1. This solution is of type III. As 2,2’ € F, then we
get Ape = Apa + -

Claim 13: Ay = Ay, for every u € {i,5}, and ¢,c’ € C\ D

Let u € {4,5}, c¢ DU{co,c1} and ¢’ € {cp,c1}. Let z = (x,w) be a solution in F such that z, =1, w, =1
and the color ¢ is not used. Let z/ = (2, w) be the solution obtained from z by only replacing =, = 1 and
Zye = 0 by 2/, = 0 and 2/, = 1. Both solutions are of type III. As z, 2’ € F, then we get A\yc = Ayer. Also, as
a result of this, Ayc, = Aue, and, if ¢/ € DU {cg, 1}, we get Adye = Ayer.
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Claim 14: Ayuq = Aya, for every u € {¢,j5}, and d,d’ € D

Let u € {i,j}, v € C\ {i,j} at even distance of v and d € D. Let z = (x,w) be a solution in F such that
ZTuco = 1, Tyg = 1 and v is the only vertex in C\ {4, 7} that uses the color d and no other color in D is used.
Let 2z’ = (2/,w) be the solution obtained from z by only replacing z,c, = 1, yg = 0, Ty, = 0 and g = 1 by
Ty =0, 20y =1, 2, =1 and z;,; = 0. Both solutions are of type III. As 2,2’ € F, then we get A\uc, = Aud-
Also, if ' € D, we conclude \,g = Ayq-

We define a« = —pug with d € D. Note that the choice of d does not affect the definition of «, by Claim 8.
Furthermore, we define 3, = A, for all v € CUK and any ¢ € C\ (D U {co,c1}). There exist such a ¢ because
|K| > 3. The definition of 8, is independent of the choice of the color ¢, by Claims 2, 10 and 13. From the

definitions of « and (3, we obtain:

— Ape =a+ By, for v e C\ {i,j} and ¢ € DU {¢p, c1}, by Claims 12 and 3,
— Age = —a+ B, for k€ K\ {i,j} and ¢ € {¢g,c1}, by Claims 6 and 11,

— Akd = B, for k € K\ {i,7} and d € D, by Claim 11 and

= Aue = Bu, for u € {i, 5} and ¢ € DU {¢p, ¢1}, by Claims 13 and 14.

Under these definitions we conclude that (A, i) is obtained by multiplying the coefficient vector of (3.1) by —pq,
with d € D and the coefficient vector of (2.1) by Ay, for ¢ ¢ DU {cg,c1} and for all v € CU K. O

Theorem 3.3 provides necessary and sufficient conditions for (3.1) to induce a facet of Ps(Gpg,C), namely if
the graph does not have any additional vertex. Additional hypotheses must be considered in order to ensure
that (3.1) induces a facet of Ps(G,C), with G a general graph. To this end, let G = (V, E) such that CUK C V.
We say that C U K is a binding basket if G does not admit any cycle C' C G such that C’'\ (CU K) and
C’' N (CU K) are independent sets. In this way we can acyclically color CU K and G \ (C U K) separately,
thus obtaining an acyclic coloring of G. With techniques similar to those in the proof of Theorem 3.3, it can be
verified that if (a) CU K is a binding basket, (b) |C] > xa(G\ (CUK)) + |K]|, and (c) for each v € V'\ (CUK)
there exists k € CU K such that vk ¢ E, then the basket inequalities are facet-defining for Pg(G,C).

3.2. Basket cycle inequalities

The next family of facet-inducing inequalities is a generalization of (3.1), defined over a structure that involves
more than one clique. First we introduce the definition of such a structure.

Definition 3.4. Let C be an even induced cycle of G, and let K; C V with ¢ € I = {1,...,q} be ¢ cliques
with at least three vertices such that |[Ec N Ek,| = 1 for all ¢ € I and (K; N K;)\ C = 0 for all i,j € I,
i # j (see Fig. 2). Let Q@ = U/, K; and ¢ = [CN Q|. Let ¢p,c1 € C, with ¢y # ¢1, and D C C such that
IC| — min{|K;|}ier <|D| < |C| — 2 and ¢g, c1 ¢ D. We define

D @oco FTwe) F DD Twe— D, D (Tuey +Tue,) S[Cl =1 —t+ Y w, (3.3)

veC\Q veC\Q ceED =1 veK;\C ceD

to be the basket cycle inequality associated with the cycle C, the cliques K;, with ¢ € I, the colors set D, and
the colors ¢y and ¢;.

Theorem 3.5. The basket cycle inequalities are valid for Ps(G,C).

Proof. Let z = (z,w) be a feasible solution. If |D| > |C| — min{|K;|};cr or there exists j € I such that
|K;| > min{|K;|}ics, then there always exists a vertex in a clique that uses a color in D. Since ) .pwe > 1,
the right hand side of (3.3) is greater than or equal to |C| —t. As the left hand side is less than or equal to this
value, the inequality (3.3) is trivially satisfied. Otherwise, i.e., |D| = |C| — min{|K;|};cs; and all the cliques K,
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Ky

Kz

Ks

FiGURE 2. Example of the support of a basket cycle inequality.

with ¢ € I, are of the same size, we consider the following cases:

(1) If >°.cpwe > 1, the inequality (3.3) is satisfied.

(2) If 3°.cpwe = 0 then there exists a vertex v € C that uses a color ¢ € C\ (DU {cp,c1}), as z is an acyclic
coloring. If v € C\ @, then }°, c 1\ o (Tweo + Tve,) < [C|—1—1 and the inequality (3.3) is satisfied. Otherwise,
v € CN K;, for some i € I. Since ) . w. = 0 and |D| = |C| — |K;], there exists a vertex in K; \ C that
uses the color ¢g or ¢;. Therefore, Zgzl ZveKi\C (Tyey + Twey ) > 1 and the inequality is satisfied.

Since in all the cases the basket cycle inequality (3.3) is satisfied and z is an arbitrary solution of Ps(G,C), we
conclude that this inequality is valid for Ps(G,C). |

Let Gg = (CU(User Ki), Ecu(u,c, k:)) be the graph exclusively composed by the structure described in Figure 2.
The following theorem provides the conditions for the basket cycle inequality (3.3) to induce a facet of Ps(Gg,C).
We omit the proof of Theorem 3.6 since it is similar to the previous proof.

Theorem 3.6. If |C| > xa(Gq), {Ki}icr is a set of q pairwise disjoint cliques such that |K;| = |K;| for all
i,j € I and |D| = |C| — |K;|, then the basket cycle inequality is facet-defining for Ps(Gg,C).

3.3. 1-replicated two-color inequalities

Before presenting the new family of inequalities we give a preliminary definition. If C is an even cycle of G
and j € C, we denote by C; the set of all vertices in C located at even distance in C from j.

In [5] we presented the following family of facet-defining inequalities. Let C be an even cycle of G. Let
co,c1 € C with ¢y # ¢1. We define

C|-2
> (e 200 < 1+ (19572 gy ) (3.
veC

to be the two-color inequality associated with the cycle C and the colors ¢y and ¢;. Under technical hypotheses,
these inequalities are facet-defining for P(G,C) for any graph G, as the following result shows.

Theorem 3.7 ([4]). Assume that |C| > xa(G\ C)+4 and G does not admit any cycle C' C G such that C'\ C
and C'\ (G \ C) are independent sets. The two-color inequality (3.4) is facet-defining for Ps(G,C) if and only
if for each vertex i € V'\ C there exists j € C such that ik ¢ E for all k € C; \ {j}.

We now generalize these inequalities by replacing a vertex of the cycle by a clique in the following way.
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as

az ay

a; as

FIGURE 3. Structure for the 1-replicated two-color inequalities.

Definition 3.8. Let P and K be two disjoint sets of vertices of V, with K a clique and P = {as,...,a,} a
path with p odd and |P| > 3, such that K U {a1} and K U {a,} are cliques and aia, ¢ E (see Fig. 3). Let
co,c1 € C, with ¢y # ¢1. We define

[Pl—1
2

Z (Tyey + T, ) <1+ (wey + we, ) (3.5)

veEPUK

to be the I-replicated two-color inequality associated with the path P, the clique K, and the colors ¢y and ¢;.

Theorem 3.9. The I-replicated two-color inequalities are valid for Ps(G,C).
Proof. Let z = (z,w) be a feasible solution, and consider the following cases:

(1) If z uses colors ¢g and ¢y, then we divide the analysis into the following sub-cases:
(a) If no vertex in the clique K uses colors ¢ and ¢, then all the vertices in the path P can use these colors.
(b) If exactly one vertex in the clique K uses color ¢y or ¢p, then at most |P| — 1 vertices in the path P can
use the colors ¢y and ¢y, as z represents an acyclic coloring.
(c) If two vertices in the clique K use colors ¢ and c1, then the vertices a; and a, cannot use those colors.
In all the cases the left hand side of the inequality (3.5) is less than or equal to |P|. Note that the right
hand side of the inequality is equal to |P|, as the colors ¢y and ¢; are used.

(2) If z uses the color ¢y and does not use the color ¢;, then the left hand side of (3.5) is less than or equal to

Pl+1
i. The right hand side of the inequality is greater than or equal to this value as w., = 1. A similar

argument can be applied if z uses color ¢; and does not use color cg.
(3) If colors ¢y and ¢; are not used by z, then the left hand side of (3.5) is equal to zero, and the inequality is
trivially satisfied as the RHS is at least 1.

Since in the three cases the l-replicated two-color (3.5) is satisfied and z is an arbitrary solution, we conclude
that the inequality is valid for Ps(G,C). O

We analize the facetness properties of the 1-replicated two-color inequalities. Let Gpux = (PUK, Epyk) be
the graph exclusively composed by the structure described in Figure 3. For j € PU K, let P; C PU K be the
following set of vertices:

{ko}, if the vertices of K are at
P; ={v € P:vis at even distance of j} U even distance of j;
0, otherwise.

where kg is an arbitrary vertex of K.
In the following we prove that (3.5) is facet-defining for Ps(Gpyk,C).
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Theorem 3.10. If |C| > xa(Gpuk), then the I-replicated two-color inequality (3.5) defines a facet of
Ps(Gpuk,C).

Proof. Let F be the face of Ps(Gpuxk,C) defined by the inequality (3.5), i.e.,

Pl—1
f:{(x7w)€PS(GPUKaC): Z (%co“‘xvm):l"’l |2 (wco—i_wq)}'

veEPUK

Let Mz 4+ pu"w = Mg be an equality that is satisfied by every solution z = (x,w) in the face F. We shall
prove that (A, u) is a linear combination of the coefficient vector of (3.5) and the coefficient vectors of the model
constraints (2.1). In other words, we shall find scalars « and G;,7 € P U K, such that

(\p)=ar+ Y B, (3.6)

i€V

where 7 is the coefficient vector of (3.5) and +* is the coefficient vector of the model constraint (2.1) corresponding
to the vertex i, for i € PU K.

Claim 1: p. =0 Ve € C\ {co,c1}

Let ¢ € C with ¢ # cg,c1. Let z = (2, w) be a feasible solution in F such that w. = 0. The graph Gpyx can
be acyclically colored in this way since |C| > xa(Gpuk) + 1. Let 2’ = (z,w’), with w’ = w + e, where e is the
unit vector associated to the variable w.. The solution w’ is obtained from w by replacing w. = 0 by w/, = 1.
Note that both z and 2z’ satisfy (3.5) at equality, hence 2,2’ € F and \Tx 4+ uTw = Ao = A2’ + p"w’. Since z
and 2’ only differ in the w,.-coordinate, then p.w. = 0 = p.w’.. Hence, p. = 0.

Claim 2: Aye = Aper Vv e PUK, Ve, € C\ {co,c1}

Let v € PUK and ¢, € C\ {co,c1}. Let z = (x,w) be a feasible solution in F such that z,. = 1 and
no vertex uses color ¢’. Let 2z’ = (2/,w) be the feasible solution in F obtained from z by replacing x,. = 1
and z,o = 0 by «, = 0 and z,_, = 1. Since z and 2’ only differ in the x,. and z,r-coordinates and
Mo+ pTw =N = AT2' + pTw, then \,, .. = Az, Ty Hence Ay, = Ay .

Tye Tye

Claim 3: Ayg — Ave = Aprd — Mvre Vv,v’ € PU K at even distance in PU K, Ve € C\{co,c1},
d € {co;c1}

Let v € PUK, and let v' € P, \ {v}. Let z = (z,w) be a feasible solution in F such that all the vertices
in P, \ {v'} get color ¢y and v’ is the only vertex in P U K that uses color ¢. Let 2z’ = (2/,w) be the feasible
solution in F obtained from z by replacing zyc, = 1, e = 1, e = 0 and xye, = 0 by 27, = 0, z;,, = 0,
), = 1 and z,, = 1. Since both z and 2’ satisfy (3.5) at equality, then ATz 4+ p"w = Ao = A2’ 4+ p"w. So,
Avieo T Ave = Avre + Aveo, IMPLyIng Ayrey — Avre = Aye, — Ave- Since v is an arbitrary vertex, then this equality
holds for every v,v’ € PU K at even distance in P U K. A symmetrical argument can be given for d = ¢;.

Claim 4: Apg — Ape = Aprdr — Avre Yv € P,v" € PUK at odd distance in PUK, d,d €
{Co,Cl}, d;é d,, Ve € C\{Co,cl}

Let v € P, and let v’ be a vertex at odd distance in PU K. Let z = (z,w) be a feasible solution in F in
which all vertices in P, get color cg, all vertices in P, \ {v'} get color ¢; and v’ is the only vertex in PU K
that uses color c. Let 2’ = (2’, w) be the feasible solution in F obtained from z by replacing e, = 1, Typre = 1,
Tye =0 and e, = 0 by z;,.,, =0, 2, =0, 2, = 1 and z;,, = 1. Since both z and 2’ satisfy (3.5) at equality,
then ATz + pTw = N\g = M2 + pTw. So, ey + Avre = Ave + Avrey , IMPLYINg Ayey — Ape = Apre; — Ayre. As this is
valid for any vertex v’ at odd distance in PU K and v is an arbitrary vertex, the claim follows. A symmetrical
argument can be given if v gets color ¢;.
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. Pl -1
Claim 5: pg = ( 5
Let v,v" € PU K, not both in K, with vv’ € Epyx and ¢,¢’ € C\ {co,c1}. Let z = (z,w) be the feasible
solution in F such that vertex v gets color ¢, the vertices in P, \{v} get color c¢g and the vertices in P, get color ¢;.
No vertex in P U K gets color ¢. Let 2/ = (a/, w’) be the feasible solution in F such that the vertices that received
color ¢g in z now get color ¢ and w/,, = 0. Since z and 2’ satisfy (3.5) at equality, then ATz +p"w = Xg = M2/ +

uTw. Then, pe, + ZuEPq,\{v} Aucy = Zuepv\{v} Aues implying pe, = ZuEPv\{v} (Aue — Augy)- By Claim 3, we
Pl—-1
| | > ()\vc - /\vco) .

)(x\vc—)\vd) YVvoe PUK, de€{cp,c1}, VeeC\{co,c1}

pull (Aye — Ay, ) Out as common factor and as v is an arbitrary vertex, we obtain p., = (

A symmetrical argument can be given for d = ¢;.

Claim 6: pey = pe,
[Pl -1

By Claim 5, fie, = (Ape — Ayey) for any vertex v € PU K and color ¢ € C\ {cg,c1}. Let v’ €

P U K located at odd distance of v in P U K, not both in K. Claim 4 implies Aye;, — Ayre = Ayey — Ave, 50,

2
Claim 7: Ayey = Avey Vve PUK

Pl—1 Pl—1
1Pl ) (Aver = Avey) = <| |2 ) (Aver — Apey ) Tor any ¢ € {cp,c1}. Hence, Ay, =

Pl—-1
Pey = (| | ) (Avve — Aprey ). By Claim 5, this last term equals ., , hence, pie, = pc, -

By Claims 6 and 5, (

Avey -
We define o = Ayey — Aye, for any v € PU K, ¢ € C\{co, c1}. Note that the choice of v and ¢ does not alter the

definition of «, by Claim 4 and Claim 7. Furthermore, we define 8, = Ay, forany v € PUK, ¢ € C\{co,c1}. By

Claim 2 the choice of ¢ does not alter the definition of 3,. From the definition of o and 3 we obtain A\, = o+ ,.

By Claim 7, Aye, = o+ [y.

|P|—1
2

e (P20 o (S0 bt = (0 - (157

Under these definitions we conclude that the equality (3.6) is satisfied. Therefore, A is indeed a linear combi-
nation of the coefficient vector of the inequality (3.5) and the coefficient vectors of the model constraints (2.1),
hence (3.5) induces a facet of Ps(Gpyxk,C). O

By Claims 6 and 5, fie;, = fte;, = (Ave — Avey )y for any ¢ € {co,c1}. The definition of « implies

Theorem 3.10 provides necessary and sufficient conditions for (3.5) to induce a facet of Ps(Gpyk,C). Hypothe-
ses ensuring that (3.5) induces a facet of Ps(G,C) for a general graph G can be given as follows. Let G = (V, E)
such that PUK C V. We say that PUK is binding if G does not admit any cycle C’' C G such that C'\ (PUK)
and C' N (P U K) are independent sets. If (a) P U K is binding, (b) |C| > xa(G\ (PUK)) + xa(PUK), and
(c) for each v € V'\ (P U K) there exists j € P U K such that vk ¢ E for all k € P; \ {j}, then a similar proof
shows that the 1-replicated two-color inequalities are facet-defining for Ps(G,C).

3.4. Replicated two-color inequalities

Continuing with the idea of introducing families of valid inequalities based on combinations of cycles and
cliques, we generalize the 1-replicated two-color inequalities (3.5) over structures that involve more than one
clique. First we introduce some preliminary definitions.

Definition 3.11. A K-cycle is a set C = U?:l K; where K1,..., K, are n cliques and the subgraph induced
by K; UK, is a clique, for i = 1,...,n (the indices are taken modulo n). If n is even, then we say that C is
an even K-cycle.
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K,

Ks K

Ks K;
Ky

FIGURE 4. K-cycle.

Figure 4 shows a K-cycle, which can be informally considered as a “cycle of cliques”. The generalization of
the inequality (3.5) arises from this definition in the following way.

Definition 3.12. Let C C G be an even K-cycle that involves n cliques K1, ..., K, such that |K;| = |K,| =1

for some i,p € {1,...,n} with i an odd index and p an even index. Let cg,c¢; € C, with ¢g # ¢;. We define
n
Z (Tvey + Tve,) <1+ (5 - 1) (weo + we,) (3.7)
veEC

to be the replicated two-color inequality associated with the K-cycle C and the colors ¢y and c;.
Theorem 3.13. The replicated two-color inequalities are valid for Ps(G,C).
Proof. Let z = (x,w) be a feasible solution. Consider the following cases:

(1) If we, =1 and w,, = 1 in z, then the right hand side of the inequality (3.7) is equal to n — 1. Note that
at most n — 2 vertices of C\ (K; U K,,) can use colors ¢g and ¢;. If exactly n — 2 vertices in C\ (K; U K})
use colors c¢g and cp, then at most only one vertex in K; U K, can use these colors, because z represents
an acyclic coloring. Therefore, the left hand side of (3.7) is less than or equal to n — 1. If less than n — 2
vertices in C\ (K; U K,) use colors ¢y and c¢1, then the inequality (3.7) is trivially satisfied.

(2) If wey, = 1 and w,, = 0, then the left hand side of (3.7) is less than or equal to g, and the right hand side

equals this value. A similar argument can be applied if z uses color ¢; and does not use color cy.
(3) If we, = 0 and we, = 0 in 2, then the left hand side of (3.7) is null and the inequality is trivially satisfied
as the right hand side is equal to 1.

Since in the three cases the replicated two-color inequality (3.7) is satisfied and z is an arbitrary solution, we
conclude that this inequality is valid for Ps(G,C). O

We omit the proof of facetness for the replicated two-color inequalities since it involves similar arguments as
the ones used in the previous proofs. Let G be the graph exclusively composed by a K-cycle C.

Theorem 3.14. If |C| > xa(Gc), then the replicated two-color inequality (3.7) induces a facet of Ps(Gc,C).

4. CONCLUSIONS

In this work we have continued the polyhedral study of the acyclic coloring problem. Since inequalities based
on cliques have shown to be effective for the classic coloring problem within a cutting-plane algorithm, we
introduce new families of facet-inducing inequalities involving even cycles and cliques for the acyclic coloring
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problem. The introduction of cliques into existing cycle-based inequalities did not follow the same pattern in
all cases. In some cases (as, e.g., the basket and the basket cycle inequalities) we replace one or several edges of
the original even cycle by cliques, whereas in other cases (as, e.g., the replicated two-color inequalities) single
vertices are replaced by cliques and all the vertices in each clique are adjacent to the original neighbors of the
originating vertex.

As future work, we plan to study the computational complexity of the separation problems associated with the
families presented in this work, eventually considering restricted subfamilies if the general separation problem
turns out to be intractable. This is an important step prior to the incorporation of these inequalities into a
procedure based on cutting planes.

Acknowledgements. We would like to thank the two annonymous reviewers for their comments and suggestions, which
helped us to improve the final presentation of this article.
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