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THE PRODUCTION PLANNING PROBLEM OF ORDERS IN SMALL
FOUNDRIES

MARIA GABRIELA S. FURTADOY*, VicTOR C. B. CAMARGO? AND
FRANKLINA M. B. ToLEDO!

Abstract. The production planning problem in market-driven foundries consists of determining the
alloys to be melted and the items to be produced. A production plan is defined based on the foundry
book order that compiles customer requests. Each customer order can be composed of items of different
types and made from different alloys. In the literature, production planning does not usually consider the
customers’ orders, ¢.e., items are independently handled. However, in practical situations, several orders
cannot be partially delivered. An order can be delivered only when all of its items have been produced,
which often results in delays in meeting the customer demands. Conversely, some orders may be split,
which would incur delivering costs. This paper addresses the production planning problem of orders
in market-driven foundries, which is considered a gap in the literature. A mathematical model and a
relax-and-fix heuristic are proposed to address the problem. An experimental evaluation using synthetic
datasets and a real dataset compares the proposed methods with the practical policy planning and a
state-of-the-art method that solve the production planning problem of items. The results demonstrate
the relevance of the production planning of orders.

Mathematics Subject Classification. 90C11, 68T20, 90C90.

Received October 8, 2016. Accepted September 6, 2019.

1. INTRODUCTION

Market-driven foundries are suppliers of different sectors of the economy, such as the automotive, agricultural
and oil and gas sectors. The production planning in these foundries involves a large variety of items and alloys,
which results in a difficult and challenging problem. The decision maker must determine an operational plan
that set outs the alloys to be melted and the items to be produced from them.

Generally, small foundries have only one furnace with limited production capacity. Consequently, the fur-
nace is the production bottleneck. Two points are essential to this problem: (i) delivery of orders on time,
i.e., minimization of possible delays in the customer orders, and (ii) improvement of the furnace capacity usage.
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This problem has been tackled in the literature due to its relevance to the real environment of industry and
challenge to academic research.

Stawowy and Duda [14] surveyed the state-of-the-art of production planning in foundries. Santos-Meza et al.
[12], Araujo and Arenales [1], Duda [6] and Duda and Osyczka [7] targeted production planning in large and
medium-sized foundries. Araujo et al. [2], Tonaki and Toledo [17], Teixeira et al. [16], Camargo et al. [4] and
Duda and Stawowy [8] proposed models and methods to solve the problem in small foundries, which is the
question posed here.

Araujo et al. [2] designed a mixed integer model to represent the production planning problem in small
foundries and solved it using heuristic methods. Tonaki and Toledo [17] decomposed the problem into two
sub-problems to be hierarchically solved using Lagrangian heuristics. Camargo et al. [4] proposed a genetic
algorithm incorporating a knapsack problem to solve the decomposed problem. Teixeira et al. [16] studied the
balancing and synchronizing production of the molding, pouring and casting processes. The authors presented a
binary integer model for the problem and proposed a heuristic based on linear relaxation to solve the problem.
Duda and Stawowy [8] presented three methods to solve the problem: a genetic algorithm, a tabu search,
and differential evolution. The authors concluded that the genetic algorithm achieved the best results for the
instances. All these studies deal with the production planning of foundries focusing on items, that is, when an
item is produced, it is immediately considered delivered to the customer.

As highlighted in Camargo [3] and observed in practice, an order can be composed of many items made by
different alloys, and in several real cases, the partial delivery of the order is not possible. For example, if items are
parts of a final product or a customer stipulates that all of the items of the order must be delivered together,
partial deliveries are prohibited. In other situations, partial deliveries are convenient for some customers of
integrated supply chains and/or to reduce the inventory at the foundry, even if additional penalties are involved.
Although Teixeira et al. [16] also indicated the importance of orders, those orders are composed of only one
item type or items of the same alloy.

Management of the items in orders involves both production and delivery decisions. Studies integrating
production and transportation decisions are reported in the review of Chen [5]. The author observes that most
of these problems lie at the strategic or tactical levels. In contrast, Stecke and Zhao [15] proposed mathematical
models for sequencing production and transportation of orders. The considered orders have only one product
type, and complex manufacturing characteristics do not limit the production capacity. To the best of our
knowledge, no study has addressed the influence of the order production sequence in capacity usage at the
operational level, especially considering the specificities of market-driven foundries.

This paper proposes a mathematical model for the planning of furnace loads and the items to be produced
with minimum delays in their deliveries. Multi-delivery orders are possible, but they incur additional penalties.
A relax-and-fix heuristic has been designed to address the new problem. Our proposals were subjected to
computational tests with instances based on real datasets.

The paper is organized as follows: Section 2 introduces the model for the production planning problem
of orders, Section 3 describes the relax-and-fix method proposed to solve the problem, Section 4 reports the
computational experiments conducted, and finally, Section 5 provides the concluding remarks and future research
directions.

2. MATHEMATICAL MODEL PROPOSED

The basic processes for the production of items in market-driven foundries can be summarized as follows:
building the molds, preparing and merging the alloys in the furnace, pouring the metal into the molds and
removing any burrs. These foundries usually manufacture a wide range of items made from different types of
alloys. Due to such a variety, production planning is a hard manual task, and handmade plans often result in
long delays for some orders.

In some cases, multi-deliveries of an order are desirable, but they are limited and may incur additional
penalties. In other cases, customers impose only one delivery, mainly because of two reasons: (1) the items
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of an order are related to the same final product, and therefore, their separate delivery is not possible, or
(2) multi-deliveries result in high delivery costs. The delivery costs are high in market-driven foundries partic-
ularly because limited human resources are involved in imposing the payment of overtime.

By approaching production planning with these additional features, we aim to minimize the delay to meet
the customer orders. The planning horizon is finite and divided into periods and each period is split into small
periods (subperiods), that is, periods represent days of the horizon, and subperiods represent furnace loads. The
loadings are limited, and only one alloy can be merged per subperiod. Each item is produced by one type of alloy.
The customer orders are known a priori, and the demand is met at the end of each period. One order might
demand various items produced from different alloys, and the order is considered fulfilled when all its items
are produced. Furthermore, orders can be partially delivered according to the customer needs or the foundry
policies. As proposed by Araujo et al. [2], the alloy changeover cost was evaluated to be minimized. However,
as also observed in foundry practice, this cost is not a significant objective in the decision-making process.

Further technological constraints faced by the foundry industry must also be respected and were proposed
by Araujo and Arenales [1]. Based on such features, we propose the mathematical model for the production
planning problem of orders (P30), the notation for which is given as follows.

Indices and sets

ke{l,..., K} =K Types of alloys;
i€{l,...,NP} =7 Orders;
je{l,...,N} =N  Types of items;
te{l,..., T} =T Time periods;
ne{l,...,Ly} =L Subperiods;

S () Items that belong to order i;

A7) Orders that contain item j;

L (k) Items to be produced with alloy k.

Parameters

NS; Number of subperiods in period ¢, i.e., furnace loads in period t;
=1+ Zf;ll NS,  First subperiod in period ¢ (Fy = 1);

Ly = Zizl NS, Last subperiod in period t;

bojy Penalty for backlogging order ¢ in period t;

Jolc Penalty for extra-delivery of order i in period ¢;

Tjit Benefit of delivering in advance item j of order ¢ in period t;

h; Benefit of holding item j in the end of planning horizon (period T');
dit Takes 1 if the due date of order i is in period ¢; 0 otherwise;

Pj Gross weight (kg) of item j;

cap Single furnace loading capacity (kg);

me; Maximum number of extra-deliveries of order i;

aj; Units of item j demanded in order 3.

Variables

BO;; Takes 1 if order 7 is delayed in period t; O otherwise;

E; Takes 1 if there is an extra-delivery of order ¢ in period t; 0 otherwise;

L Auxiliary variable that indicates the quantity of item j of order i delivered in period ¢ in an
extra-delivery;

I; Number of items j stocked at the end of period ¢;

X0O;; Takes 1 if order ¢ is concluded in period ¢; 0 otherwise;

X,  Number of items j to be produced in subperiod n;

Ynk Takes 1 if the furnace has been used for the production of alloy k in subperiod n; 0 otherwise;

Wi Amount of items j of order ¢ delivered in period t.
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The P30 model reads as follows:
(PSO) Minimize Z Z (boit . BO” + Pe;y - Ezt) - Z Z Tjit . Fjit - Z h] . IjT (21)

i€ teT teT i€l JEN
JES(4)
subject to:
XO4 +BOy; = dyy +BO; ;1 1e€LteT (2.2)
Ly
Ti—1+ Z Xjn =TI + Z Wi jeEN;teT (2.3)
n=F i€A(H)

dvk<a necL (2.4)
kel

> pjXjy <cap-Yr neLikek (2.5)
jeL(k)
Z Xjﬂ? S Zaﬁ j S N (26)
neL €L
Wit < aji (XO4 + Eit) jeS@);ieZ;teT (2.7)
ZWjit < aji jeN;ie A()) (2.8)
teT
XOit + Eip <1 ieZiteT (2.9)

t
ZWJ“ > aji - XOjy jeES@);ieT;teT (2.10)
1=1
> Ei < me; ieT (2.11)
teT
Fjit < min {Wjit; Qij (1 — XO”)} j es (Z) ,Z < I,t eT (212)
BO;t, X0y, By € {0,1} ieI;teT (2.13)
vFe{o1} neLikek (2.14)
Wi, Xjy € ZF jENieT;teT,nel (2.15)
Ljit, Lt > 0 JEN;ieT;teT (2.16)

The first part of the objective function (2.1) aims to minimize the sum of backlogged orders and extra-delivery
penalties. The second indicates the benefits obtained by each item delivered in advance. These benefices are
computed in case multi-deliveries are allowed. Furthermore, incentives are considered for items stored in the
last period, so that the furnace usage can be optimized.

Equations (2.2) define when each order is completed. In case, the order ¢ is not completed the variable BO;r
is equal to one. Equations (2.3) establish that the sum of produced items and current inventory is enough for
delivery and inventory at the end of period ¢. Note that the inventory of an order is represented by the inventory
of its items, i.e., if all items of the order are produced but at least one is not delivered, the order is still open.
In this model, an order is considered concluded just when all its items are delivered.

Constraints (2.4)—(2.6) define the features for production and furnace usage. Constraints (2.4) impose that, at
most, only one alloy is melted in each subperiod. Constraints (2.5) maintain the production within the furnace
capacity. The production of items is limited to the amount demanded by the constraints (2.6).

Constraints (2.7)—(2.12) define the concluded orders, delivered items and extra deliveries. Constraints (2.7)
determine that deliveries only occur in case the order is concluded or it is an extra delivery. Note that delivering
the produced items in advance can be used to minimizing the total cost, the total of delivered items is limited to
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the amount demanded by the constraints (2.8). Moreover, extra deliveries occur only if the order is still open in
that period; see (2.9). Constraints (2.10) impose that an order can be concluded only if all the items have been
delivered. Constraints (2.11) set an upper bound on the number of extra deliveries. Constraints (2.12) limit
the number of items delivered in advance (this limit is determined by the entire order). Observe that an extra
delivery does not occur if an order is concluded. Constraints (2.16) and (2.15) define the variable domains.

Remark 2.1. The following valid inequalities are added to P3O to avoid symmetric solutions:

SvE=> v, teT;neN(t)\L, (2.17)
ke ke

where N (t) = {Fy,..., L} is the set of subperiods in period ¢.

Remark 2.2. If customers or the foundry’s policies require only one delivery for the orders, me; is set to zero
fori e 7.

3. RELAX-AND-FIX HEURISTIC

A relax-and-fix heuristic to solve P30 is proposed in this section. The method is simple in terms of imple-
mentation and has shown good performance in terms of solving lot-sizing problems [9-11,13,18].

The basic idea is to divide a set @ of integer variables into M disjoint subsets represented by Q™, m =
1,...,M, such that Q = Q' U...U QM. Besides that, the intersection of any two sets Q* and @7 is the empty
set. In each iteration, the variables are considered as fixed-value, integer variables or linear relaxed variables.
In the first iteration of the heuristic, the variables of subset Q! are integer variables, and those of Q\Q' are
relaxed variables. In the second iteration, variables of Q! are fixed, to the values obtained in the first iteration.
Subset Q? takes up integer variables, and Q\ (Q1 U QQ) remain as relax variables. Iteratively, the solution to
this problem provides values so that these variables are fixed in the next iteration. The execution is stopped
when all variables in @) are integer values.

In our adaptation, the relax-and-fix heuristic manages binary variables Ynk and integer variables Xj,. Recall
that Ynk indicates that alloy % is to be merged into subperiod 1 and that X, represents the amount of item j to
be produced in subperiod 7. In other words, () contains Ynk and X, and is divided into T" subsets representing
the periods of the planning horizon (each subset is related to a period). The following problem is solved at

each iteration of the relax-and-fix heuristic. Let ?];, X, ¢+ be the incumbent solution of the relax-and-fix MIP

heuristic at iteration ¢ — 1 (MIPgp (¢t — 1)). The problem reads as follows:

MIPRF(t) = Mlmmlzez Z (bOit . BOlt + Pe;y - Eit) — Z Z Tjit * Fjit — Z th . IjT (21)

1€ teT teT €T JEN
JEeS()
subject to

(2.3)—(2.13)

. B t—1
Ynk =Y,, Xjn =Xy Ynka Xijn € U Q™ teT\{1} (3.1)

m=1
Yy e{0,1}, X;, e Z* Yy, X € Q' (3.2)
t
0<YF<1, X;,>0 Y Xpme@\ | Qm (3.3)
m=1

In each iteration ¢, a mixed integer problem (MIPgp(t)) is solved. Thereby, the number of subsets defines the
number of iterations of our relax-and-fix adaptation (T iterations). Once backlogging is allowed in the studied
problem, every subproblem has a feasible solution.

Algorithm 1 describes the relax-and-fix heuristic adapted from Ferreira et al. [10].
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Algorithm 1: Relax-and-fix heuristic.

1 Define set Q and its subsets Q°;
2 Start the incumbent solution as emptys;
3t=0;
4 repeat
5 t=1t+1;
6 Generate MIPgp (t) relaxing all the variables, then:
7 Define the variables of Q* to be integer;
t—1
8 Fix the variables of U Q™ to the values previously found;
m=1
9 Insert the incumbent solution of MIPgr (¢ — 1) as an initial solution;
10 Solve MIPgrr(t) until the optimal solution has been obtained, or the maximum running time has been reached;
11 Update the incumbent solution;

12 until t =T}

4. COMPUTATIONAL RESULTS

The formulation P30 is innovative, as it addresses the production planning of orders in foundries. An essential
research question is related to the relevance of this problem in comparison to the production planning of items.
In other words, does the production planning of items implicitly deal with the order composition? In order to
answer this question, in the first phase of the computational tests, we compared the number of concluded orders
given by P30 when extra deliveries were not allowed (i.e., the order must be delivered only if all the items have
been produced (me; = 0)) against a state-of-the-art method proposed for solving the production planning of
items (GAKP — [4]). In GAKP, an individual represents the production sequence of alloys. For each, alloy, a
knapsack problem was solved to find the best allocation of items in the furnace. We also compared P30 with
the practical results. The practical results were simulated on the software currently used by the foundry. In the
second phase of the computational tests, we allowed one extra delivery per order (me;; = 1). The aim was to
test the P30 application on integrated supply chains or when multi-deliveries are allowed (in practice it can
happen).

The experiments were performed using CPLEX 12.5 software (set with one thread and its other parameters
as default) and on an Intel Xeon 2.0 GHz computer with 64 GB of RAM and an Ubuntu 12.04 operating system.
The runtime for each instance was limited to one hour (common limit used by the literature of production
planning).

4.1. Instances description

The computational tests were run based on a real order book from a foundry located in the state of Sao
Paulo, Brazil, presented in Araujo et al. [2]. The order book contains 19 different alloys and 383 items to be
produced. The number of periods (T") is 5days. The foundry has one furnace of 360 kg capacity that can be
used at most 10 times per day, i.e., the number of subperiods is equal to 10, totalizing 50 subperiods in the
planning horizon. Based on this order book, Tonaki and Toledo [17] proposed 10 order books that have cases
of 80%, 90% and 100% of delayed items and planning horizons of 3 and 5 periods.

For these 11 order books (one from [2] and 10 from [17]), the items are not associated with orders; therefore,
the orders were generated based on the due dates of the items. Three classes of instances were proposed for each
order book. In the first, with a minimum number of orders (called M1), all items of the same due date belong
to the same order. In the second class, called M2, the items are allocated to random orders. In the third class,
with the maximum number of orders (M3), each item is an order. Note that the class of the maximum number
of orders (M3) resembles the item approach, in which each type of item is considered an order. M1 and M2
classes include orders with different types of items. In total, there are 33 instances.



THE PRODUCTION PLANNING PROBLEM OF ORDERS IN SMALL FOUNDRIES 1557

For each instance, the inventory and delay penalties are based on the penalties defined in Araujo et al. [2].
The new parameters is given as follows:

e The weight of the heaviest order is defined by max O = max;c7 Z aji Py
JES (@)
e The cost for delaying order ¢ in period ¢ is based on the sum of its items weights, i.e., bo; =
E;‘F:l > ez (ajipj (i +1+1t)) /max O, where o; is the initial delay of order ¢ (in periods). In case the
JeS(@)

order is not delayed, bo;; is a large number.

o The benefit of delivering in advance item j of order ¢ in period ¢ is 7;; = Red 23:1 p; (a; +1+41t)/maxO,
where Red indicates the reduction in the backlogging cost and is defined by the decision maker. For the tests
performed, Red was equal to 0.5.

o The benefit of holding item j at the end of planning horizon is h; = p;/ maxO.

o After empirical analysis of several values for extra deliveries, their penalties (pe;,) were set to 0.2.

4.2. Phase I — Experiments with P30 model

The results achieved by P30, GAKP and a simulated practical approach for the three classes of instances
previously defined are shown in Table 1. In Table 1, the first column (Instances) identifies each instance with
its total number of orders. For example, 1/43 is the instance number 1 with 43 orders. Column P30 shows the
Gap and number of orders concluded at the end of the planning horizon. The Gap is as follows:

UB -LB

fr— 1 .
Gap 00 B

where LB and UB are the lower and upper bounds, respectively, obtained when the time limit is reached. LB
is the value of the relaxed formulation and the UB the best integer solution. In order to fairly compare the
results, the same denominator (LB) is used in each instance to calculate the Gap for the mathematical model
and the proposed heuristic. Column Orders shows the number of concluded orders. Column Kg indicates the
amount of waste by furnace under usage. The absolute value of the waste is the difference between the total
furnace capacity used and the volume of alloy produced. The table also provides the percentage of waste. This
parameter indicates the real furnace capacity used. Table 1 presents the same columns for both GAKP and the
practical approach.

Initially, one should note that the approaches work under different objectives. The objective of P30 formu-
lation is to maximize the number of concluded orders, on the other hand, the objective of the GAKP is to
maximize the item production. The practical approach provides a compromise between concluding the orders
and the optimize usage of the furnace. CPLEX spent one hour to solve P30 for each instance, while GAKP
heuristic and practical approach spent no more than one minute to solve.

As expected, on average, P30 can conclude more orders than can GAKP and the practical approach. Indeed,
from 33 instances, GAKP found a better solution only for Instance 6 of the M3 class. Its seems natural
that GAKP performs well in this class, considering that each order corresponds to an item. In addition, P30
concluded all the orders for 8 of the 33 instances, whereas GAKP concluded all the orders for only one instance.
P30 also found better solutions or the same solutions for all instances compared with the results from the
software used in practice.

By comparing the furnace usage, results from P30, GAKP and the practical approach indicate 7.9%, 6.8%
and 7.8% of waste (on average), respectively. We remark that the production plan given by GAKP is the same
for the three classes because GAKP ignores the order feature.

Based on the results, we can conclude that the production planning of orders in small foundries was not
implicitly covered by the production planning of items. Furthermore, the furnace under-usage caused by P30
plans is similar to the practice plans. The average P30 gaps suggest the difficulty of proving that the best
solutions obtained for these instances are optimal.
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TABLE 1. Computational results, Phase I: comparison of P30, GAKP and the practical approach.

P30 GAKP Practice

Instances Gap (%)  Orders Kg Waste (%) Orders Kg Waste (%) Orders Kg Waste (%)

Minimum number of orders
1/43 1.0 42 114 1.1 40 104 1.0 42 528 4.9
2/43 0.8 43 536 3.7 41 644 4.5 42 604 4.2
3/46 1.1 43 6 0.1 41 49 0.5 42 534 4.9
4/48 8.9 43 133 0.7 43 146 0.8 43 594 3.3
5/47 5.5 40 1106 10.2 35 839 7.8 39 1646 15.2
6/47 26.2 46 1656 9.2 44 1523 8.5 46 1889 10.5
7/47 7.0 42 1401 13.0 38 818 7.6 39 1861 17.7
8/47 11.9 46 2787 15.5 41 2395 13.6 44 2043 11.8
9/47 8.7 42 1402 13.0 38 842 7.8 39 1652 15.3
10/47 10.4 47 4269 23.7 45 2505 15.8 46 1937 12.5
11/52 15.4 46 1425 7.9 39 1235 6.9 46 1871 104
Average 8.8 43.6 1349 8.9 40.4 1009 6.8 42.5 1378 10.1

Medium number of orders
1/104 0.3 103 387 3.6 96 104 1.0 98 165 1.5
2/104 0.7 104 536 3.7 100 644 4.5 98 251 1.8
3/137 0.7 112 13 0.1 101 49 0.5 100 40 0.4
4/170 3.7 132 133 0.7 120 146 0.8 121 163 0.9
5/136 1.7 119 1037 9.6 97 839 7.8 104 1200 11.1
6/136 114 131 1836 10.2 118 1523 8.5 124 1612 9.0
7/135 2.3 115 814 7.5 110 818 7.6 109 1197 11.1
8/135 8.2 135 2559 14.2 127 2395 13.6 124 1678 9.9
9/135 3.1 117 814 7.5 101 842 7.8 103 1202 11.1
10/135 14.7 135 3549 20.5 130 2505 15.8 133 1548 10.2
11/217 22.7 156 1489 8.3 136 1235 6.9 120 1294 7.2
Average 6.3 123.5 1197 7.8 112.3 1009 6.8 112.2 941 6.7

Maximum number of orders
1/165 0.6 164 416 3.9 158 104 1.0 159 170 1.6
2/165 0.6 165 536 3.7 165 644 4.5 163 253 1.8
3/228 0.4 174 12 0.1 156 49 0.5 159 66 0.6
4/293 14.2 224 139 0.8 193 146 0.8 198 159 0.9
5/225 1.4 195 842 7.8 178 839 7.8 178 1202 11.1
6/225 9.4 216 1399 7.8 218 1523 8.5 216 1611 9.0
7/224 2.1 197 847 7.8 172 818 7.6 178 1202 11.1
8/224 6.9 224 2559 14.2 198 2395 13.6 217 1679 9.9
9/224 2.0 195 841 7.8 167 842 7.8 178 1202 11.1
10/224 8.9 224 2469 15.2 223 2505 15.8 218 1525 10.1
11/383 17.3 257 1545 8.6 235 1235 6.9 227 1257 7.0
Average 5.8 203.2 1055 7.1 187.5 1009 6.8 190.1 939 6.7
Total average 7.0 123.5 1200 7.9 113.5 1009 6.8 114.9 1085 7.9

4.3. Phase II — Experiments with the relax-and-fix heuristic

Table 3 presents tests comparing model P30 and the relax-and-fix heuristic for the same instance set of
Phase I, except me;; = 1, for all orders. The runtime was limited to 1h for both P3O and the heuristic. More
specifically, the time limit for each relax-and-fix iteration was defined based on the number of periods, as shown
in Table 2. Note that the third column indicates a book order with only three periods, then the symbol —
indicates that there are no 4 and 5 periods. The heuristic execution time depends on the iteration and instance
type. For example, in the M1 class, most of the tests in the first iteration had stopped by the time limit. In



THE PRODUCTION PLANNING PROBLEM OF ORDERS IN SMALL FOUNDRIES

TABLE 3. Computational results, Phase II: comparison of the quality of solutions between P30
and relax-and-fix heuristic.

TABLE 2. Time limit for running each relax-and-fix iteration.

Iterations Book order with  Book order with

5 periods 3 periods
1 1800 2400
2 900 900
3 420 300
4 240 -
5 240 -
Total 3600 3600

Instances P30 Heuristic
Gap (%) Orders Kg Waste (%) Gap (%) Orders Kg Waste (%)
Minimum number of orders
1/43 1.7 42 114 1.1 1.3 42 115 1.1
2/43 7.4 43 536 3.7 5.2 43 536 3.0
3/46 4.4 43 41 0.4 2.6 42 37 0.3
4/48 81.9 44 301 1.7 34.2 45 131 0.7
5/47 10.4 42 1407 13.0 9.9 41 1103 10.2
6/47 56.7 46 1689 9.4 45.4 46 1928 10.7
7/47 11.2 41 1269 11.7 11.2 41 1329 12.3
8/47 38.1 47 2559 14.2 38.9 47 2558 14.2
9/47 12.6 42 1401 13.0 12.2 41 1329 12.3
10/47 43.4 47 3549 20.5 34.2 47 2468 13.7
11/52 68.4 44 1592 8.8 63.3 43 1417 7.9
Average 30.6 43.7 1314 8.9 23.5 43.5 1177 7.9
Medium number of orders
1/104 1.1 102 118 1.1 1.0 100 116 1.1
2/104 4.4 104 536 3.7 4.0 104 1976 11.0
3/137 1.8 110 17 0.2 1.5 110 9 0.1
4/170 32.7 133 147 0.8 31.3 125 131 0.7
5/136 5.1 121 1133 10.5 5.6 118 858 7.9
6/136 37.1 135 2181 12.1 34.2 129 1820 10.1
7/135 6.3 116 1272 11.8 6.2 119 940 8.7
8/135 32.9 135 2559 14.2 25.2 134 2683 14.9
9/135 3.5 118 813 7.5 5.3 115 805 7.4
10/135 24.6 135 3189 18.8 23.9 135 2468 13.7
11/217 37.8 150 1319 7.3 31.5 162 1442 8.0
Average 17.0 123.5 1208 8.0 15.4 122.8 1204 7.6
Mazimum number of orders
1/165 1.2 160 145 1.3 1.0 160 143 1.3
2/165 4.9 165 536 3.7 5.0 165 1256 7.0
3/228 1.5 173 13 0.1 1.2 173 12 0.1
4/293 86.2 235 455 2.5 12.0 205 133 0.7
5/225 3.4 200 850 7.9 3.8 199 839 7.8
6/225 19.6 220 1412 7.8 16.0 211 1377 7.6
7/224 34 201 843 7.8 3.6 194 840 7.8
8/224 12.8 224 2559 14.2 12.9 224 2558 14.2
9/224 3.4 196 844 7.8 3.1 192 841 7.8
10/224 15.9 224 2469 15.2 13.3 224 3188 17.7
11/383 43.5 267 1376 7.6 31.2 220 837 4.6
Average 17.8 205.9 1046 6.9 9.4 197.0 1093 7.0
Total average 21.8 124.4 1189 7.9 16.1 121.1 1158 7.5
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the other iterations, the solver could easily find the optimal solution. For the M3 class, only the final iterations
stopped by reaching the optimal solution.

The results in Table 3 are divided into four columns for each approach: Gap, number of concluded orders,
waste generated by the furnace under-usage along the planning horizon and percentage of waste. The optimality
gaps of the heuristic solutions were calculated by the lower bound (LB — obtained when the time limit is reached)
of the P30 model.

The comparison of P30 and the heuristic shows, in general, that the relax-and-fix heuristic found better
solutions (lower gaps) than P30. The number of concluded orders given by the production plans can be con-
sidered similar for both approaches for the instance classes that better represent the order composition (M1
and M?2). However, the waste of alloy in the furnace is significantly smaller in the solutions generated by the
relax-and-fix heuristic. Note that this feature is an important advantage for the practical approach because it
enables a better use of the furnace. Furthermore, the results also show that when extra deliveries are allowed, it
is difficult to prove the optimality of instances evaluated (comparing Gaps of the P30 model in Tables 1 and 3).

5. CONCLUSIONS AND FUTURE RESEARCH

This study has addressed the production planning problem of customer orders in small foundries. An order
may be composed of different items made by different alloys and is considered concluded only when all of its
items have been produced and delivered. Some customers require that all the items of their orders must be
produced before delivery, and others allow some partial deliveries with additional penalties. Although these
features are taken into account by the software used in practice, managers do not describe them as part of the
decision-making process during the production planning.

The mathematical model proposed (P30) represents the production planning of orders in a small foundry
where the number of extra deliveries is controlled by the decision maker. Based on this model, we have proposed
a relax-and-fix heuristic to deal with harder problems.

The computational results of our approach overcame those of the practical approach and the state-of-the-art
approach to the production planning of items. To facilitate the application of our proposal by small foundries,
future research should consider the development of new solution methods independent of commercial software.
Furthermore, our approach can be useful and effective in other contexts and industrial environments.
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