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ANALYSIS OF A GEOMETRIC CATASTROPHE MODEL WITH
DISCRETE-TIME BATCH RENEWAL ARRIVAL PROCESS

NITIN KUMAR!, FARIDA P. BARBHUIYAM™ AND UMESH C. GUPTA!

Abstract. Discrete-time stochastic models have been extensively studied since the past few decades
due to its huge application in areas of computer-communication networks and telecommunication sys-
tems. However, the growing use of the internet often makes these systems vulnerable to catastrophe/
virus attack leading to the removal of some or all the elements from the system. Taking note of this, we
consider a discrete-time model where the population (in the form of packets, data, etc.) is assumed to
grow in batches according to renewal process and is likely to be affected by catastrophes which occur
according to Bernoulli process. The catastrophes have a sequential impact on the population and it
destroys each individual at a time with probability p. This destruction process stops as soon as an indi-
vidual survives or when the entire population becomes extinct. We analyze both late and early arrival
systems independently and using supplementary variable and shift operator methods obtain explicit
expressions of steady-state population size distribution at pre-arrival and arbitrary epochs. We deduce
some important performance measures and further show that for both the systems the tail probabilities
at pre-arrival epoch can be well approximated using a single root of the characteristic equation. In order
to illustrate the computational procedure, we present some numerical results and also investigate the
change in the behavior of the model with the change in parameter values.
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1. INTRODUCTION

In the field of computers and telecommunication systems the transmission of electronic information in the
form of voice calls, data, text, images or video takes place over a long distance. In general, these transmissions
occur in the form of packets based on slotted systems. It is well known that such type of systems can be best
represented as discrete-time models since the continuous-time counterpart are not suitable enough to handle
them. One can refer to the books by Alfa [2], Bruneel and Kim [9], Takagi [28], Woodward [29] to get a clear
perception on the importance of discrete-time modeling. In this connection, one may also see the recent papers
by Claeys et al. [15], Bruneel and Maertens [10], Bruneel et al. [11]. With the growing use of internet the
enormous network of these systems is at greater risk to large-scale failures due to the external unwanted agent
which may result in a huge data loss. Such events can be suitably depicted in the form of catastrophic models,
the occurrence of which may cause immediate removal of some or all elements (or packets) from the system.

Keywords. Discrete-time, early arrival, geometric catastrophes, late arrival, population size, renewal batch arrival.

1 Department of Mathematics, Indian Institute of Technology Kharagpur, 721302 Kharagpur, India.
*Corresponding author: faridaparvezb@gmail.com

Article published by EDP Sciences © EDP Sciences, ROADEF, SMAI 2020


https://doi.org/10.1051/ro/2019074
https://www.rairo-ro.org
mailto:faridaparvezb@gmail.com
https://www.edpsciences.org

1250 N. KUMAR ET AL.

Dabrowski [16] discussed different catastrophic events experienced in communication networks while Shafer [27],
Lee [25], Bartoszynski et al. [5], considered catastrophic events in areas of ecology and mathematical biology.

In recent years queueing models with catastrophes (or disasters) have received considerable attention, where
the elements (customers) require service from the system and can not only leave the system due to the occurrence
of a catastrophe, but also due to the completion of their service (see [3,6,7,24,26,30] and the references therein).
However, in the present work we consider a population model where the individuals (elements) of the population
abandons the system only due to a catastrophe. Such situation arises in distributed systems which are highly
vulnerable to Internet catastrophes (in the form of worm or email virus) that cause wide-spread damage ranging
from epidemic traffic to deleting stored data. Meanwhile, if the population is exposed to extreme disastrous
conditions, the catastrophe often causes the instantaneous removal of all the elements present in the system
and is generally termed as a total catastrophe. In this connection, one may refer to Economou and Fakinos
[19], Economou [17]. On the other hand, a catastrophic event resulting in a partial removal of elements from
a system was first introduced by Brockwell et al. [8] where they coined the term geometric, binomial and
uniform catastrophes. A binomial catastrophe model was considered by Economou [18] where he obtained the
probability generating function (pgf) of steady-state population size distribution at different epochs. He assumed
that the population evolves according to the compound Poisson process and catastrophes occur according to the
renewal process. Cairns and Pollett [12] addressed a model with birth, death and catastrophe process wherein
the transition rates are allowed to depend on the current population size in an arbitrary manner. A geometric
catastrophe model in which population grows according to batch Markovian arrival process and catastrophes
occur according to the renewal process was studied by Economou and Gémez-Corral [20]. Along this direction
recently Barbhuiya et al. [4] considered a continuous time geometric catastrophe model assuming the population
growth to be batch renewal process and obtained the population size distribution at pre-arrival and arbitrary
epochs.

Throughout the literature, it has been observed that catastrophe population model with discrete time set up
has not been investigated as compared to the continuous time. Besides, the assumption of memoryless property
of the arrival process may not be always practically useful in modeling many real-life situations, for example,
when arrival occurs after a fixed interval of time as in deterministic distribution. This particular distribution
has gained importance in recent years due to its substantial application in the telecommunication sector, where
information transmitted in the form of packets arrives after a set time period in slots. Thus if the population
growth is assumed to be a discrete-time renewal or batch renewal process, it can unify many other arrival
processes. Moreover, the total catastrophe model may not be appropriate to represent the situation when the
population is vulnerable to moderate catastrophic conditions. In fact, in many cases the catastrophes have a
sequential effect on the population which destroys the individuals successively with certain probability until
the whole population is eliminated or a first individual survives (see [4,8]). Such situations can be suitably
represented by a geometric catastrophe population model. Furthermore, in discrete-time models the batch
arrivals and the occurrence of catastrophes takes place near the slot boundaries. So it becomes very important
to keep track of the order in which the arrivals occur, and consequently this gives rise to two different systems
namely, late arrival system with delayed access (LAS-DA) and early arrival system (EAS). Throughout the
remaining part of the paper we use the term “late arrival system” and “LAS-DA” interchangeably.

In view of all the above, we study a discrete-time model where the population is assumed to grow in batches
according to the renewal process and is exposed to catastrophes which occur according to the Bernoulli process.
The catastrophe strikes each individual of the population successively with a fixed probability p € (0, 1), and
this sequential process stops when a first individual survives or when the whole population gets destroyed. The
main contribution of the paper is twofold. Firstly, for the aforementioned model, we obtain the population size
distribution at pre-arrival and arbitrary epochs in a readily tractable form using the supplementary variable
and shift operator method, for both LAS-DA and EAS. The methodology used in this paper is quite different
from the previously used techniques in analyzing catastrophe population models. Secondly, we obtain some
performance measures of the system and present few numerical results which demonstrate the usability of our
work. It may be noted that in general, the analysis of late arrival system is considered to be difficult as compared
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to early arrival system. But the procedure used throughout the paper has made the analysis quite simpler and
easy for implementation. Both the systems are studied independently in two different sections for a better
understanding of the readers.

The rest of the paper is organized as follows. In Section 2 we give a comprehensive description of the model
under consideration. In Sections 3 and 4 we carry out the complete analysis of the model with LAS-DA and EAS
policy, respectively. Some useful performance measures are deduced in Section 5. In Section 6 few numerical
results are presented along with some graphical comparisons, which are followed by the conclusion in Section 7.

2. MODEL DESCRIPTION

As we discuss the model in discrete-time set-up, let us assume that the time axis is divided into intervals
of equal length referred as (time) slot, separated by slot boundaries. We assume that the length of each slot is
one unit. We further assume that arrival of batches and occurrence of catastrophes takes place around the slot
boundary, say m i.e., in the interval (m—, m) or (m,m++). This gives rise to two possible situations. (i) If the
batch arrives in (m—,m) and catastrophe occurs in (m,m+), it is called late arrival system with delayed access
(LAS-DA). Under this system, the catastrophe which occurs in (m, m+) effects all the elements present up to
that slot, excluding the elements of the batch arriving in (m—,m). (i) If the catastrophe occurs in (m—, m)
and a batch arrives in (m,m+), it is called early arrival system (EAS). Under this system the catastrophe
occurring in (m—,m) impacts all the elements present upto that slot. For a point by point discussion about
these concepts, see Chaudhry et al. [14], Chaudhry [13] and Hunter [23]. In this paper we distinguish both the
systems to study the model under consideration.

— The population evolves in batches of random size X with probability mass function (pmf) g, = P(X = i),
1 =1,2,3,...,b, where b € N is the maximum permissible size of the arriving batch. This assumption fits
into many practical situations and is also significant from computational perspective. The case when arriving
batch size distribution has infinite support can also be suitably tackled by our methodology by truncating
the maximum batch size to a sufficiently larger value. The probability generating function (pgf) and mean
batch size are respectively G(z) = Z?:l giz' |z <land g= Ei’:l 1g;.

— Let T,,,n =1,2,... be the inter-arrival time between nth and (n + 1)th batch. We assume that inter-arrival
times are independent and identically distributed (i.i.d) discrete random variables (T') with common pmf
an =P(T =n), n>1, pgf A(z) = > 77 apz" and mean a = 3+ = A'(1) = Y77 | na,, where X is the rate
of the arriving batch. The inter-arrival times (often referred as inter-renewal times) and the batch sizes are
independent.

— Catastrophes occur individually and inter-arrival time (I) between two consecutive catastrophes, referred
to as inter-catastrophe time (ICT), are independent and geometrically distributed with parameter p as
P(I =n)=70""1u,0<p <1 n>1where i = (1 — p). The catastrophes strike the population in
a sequential manner and eliminates each individual with a fixed probability p € (0,1). This destruction
process stops as soon as the first individual survives with probability ¢(= 1 — p) or the population is
destroyed entirely.

— In order to ensure the stability of the system we assume A\g < % (see Appendix A).

In the following sections we give a step-by-step complete analysis of the model under both the systems
described above.

3. ANALYSIS OF THE MODEL WITH LAS-DA

In this section we study the model subject to LAS-DA policy. The readers are referred to Figure 1 to have
a notion of the batch arrivals and catastrophe’s occurrence taking place under this system. We begin with
the mathematical formulation of the model using supplementary variable technique (SVT) where we treat the
remaining inter-arrival time of the next batch to be the supplementary variable. Let us define the following
random variables at the instant just before a potential batch arrival i.e., at m—.
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FIGURE 1. A schematic diagram of the model with LAS-DA policy.

— N,,— = Population size just before a potential batch arrival.
— U,,— = Remaining inter-arrival time of the next batch.

Thus the vector process {(Ny,—, Up—),m = 1,2, ...} becomes a Markov chain in discrete time. We further define
the joint probabilities of (N,—, U,,—) and the marginal probability of N,,_ respectively as

~

P,(m—,u) = Prob(N,,— =n, Up— =u), u>0, n>0,
P,(m—) = Prob(Np— =n), n>0.

Relating the states of the system at two consecutive time epochs m— and (m + 1)— and using the arguments
of SVT, we obtain (for u > 1) the following set of governing equations

Po((m+1)—,u—1) = Po(m—, w)fi+ py_ p* Pe(m—, u), (3.1)
k=0

ﬁl((m + 1)77’“ - 1) = ﬁl(mfa u)ﬁ+ p’zpkilqﬁk(mfa U) + auﬁglﬁO(m*J))

k=1
0 o~
+aupgr Y p*Pi(m—,0), (3:2)
k=0
Po((m+1)—u—1) = Py(m—,wi+p > p* "qPe(m—,u) + auTi Y _ giPo—i(m—,0)
k=n =1
n—1 [ee) R e’ N
b ( S S PR 0) + o0 S 5 Pume o>) nrr (33)
i=1  k=n—i k=0

As we discuss the model in steady-state, we define P, (u) = lim,,— _ ﬁn (m—,u),n > 0. Thus, from (3.1) to
(3.3), separating the cases for 2 <n < b and n > b+ 1, the steady-state equations obtained are

Py(u—1) = Py(w)fi+ p Y p* Pi(u), (3.4)
k=0
Pi(u—1) = Pi(u)a+p Y p"'qP(u) + aufigi Po(0) + aupgr Y p" Fi,(0), (3.5)

k=1 k=0
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Py(u—1)=P(w)g+ Z PP P (u) + auﬁz 9iPr—i(0)
i=1

k=n
n—1 o'} ]
+ am(Zgi > PP (0) + gn Zp’“Pk(O)), 2<n<b, (3.6)
=1 k=n—1 k=0

oo b
Po(u—1) = Po(wi + ) p* "qPs(u) + aufi ) :Pui(0)
k=n i=1

oo

b
+ auu<Zgi Z pk_”+iqu(O)> , n>b+1. (3.7)

i=1 k=n—i

Our objective is to find the steady-state probabilities P,,,n > 0. But it seems to be difficult to obtain this by

directly using (3.4)—(3.7). For this purpose, let us define the pgf of P, (u) as P}(z) = > o-; P, (u)z" and hence
P, = P;(1) = Y02, Pa(u). Multiplying (3.4)—(3.7) by z* and summing over u from 1 to co we obtain the
following set of transformed equations

2Pi(2) = (P (2) — Po(0)) + kipk(P;(z) — P(0)), (3.8)
2P (z) = p(Py () — P1(0)) + p ﬁpkq(P§+1(2) — Pret1(0)) + A(2)Rg1 Po(0)

+ A(2) g kijop’“Pk(OL (3.9)
2P, (2) = 5(P;(2) — Pu(0)) + gka(Pﬁm(z) — Pryn(0)) + A(Z)ui 9iPn—i(0)

+ A(z)p (Ti 9i ki)pkqPHn—i(O) + n ipkpk(0)> , 2<n <, (3.10)
2P (2) = W(P;(2) — Pu(0)) + ]f;)pkq(PLn(Z) — Prin(0)) + A(Z)Uigipn—i(o)

+A(z),u<igi :oopkqu_m_i(O)), n>b+1. (3.11)

Adding (3.8)—(3.11) for all values of n and taking limit z — 1 we obtain

i P, (0) = % ~ (3.12)
n=0

Remark 3.1. For a detailed derivation of (3.12) see Appendix A.

Relation (3.12) suggests that the probability that a batch arrival is about to occur is equal to the rate ()
of the arrival process which is in accordance with Blackwell’s theorem for arithmetic renewal process (see [22]).
Thus (3.12) can also be considered as a test for the correctness of the governing equations. We now define P,
as the probability that the population size is n at pre-arrival epoch i.e. just before the arrival of a batch. As
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Py

is proportional to P,(0) and Y.~ , P, =1, both P, and P,(0) can be connected by the following relation

PO .
P; = = 0] P,(0), n>0. (3.13)

We now discuss the procedure to obtain the state probabilities at pre-arrival (P, ) and arbitrary (P,) epochs.

3.1. Population size distribution at pre-arrival and arbitrary epochs

On the sequence of probabilities {P,(0)} and {P:(z)} we define the right shift operator D as DP,(0) =
P, 41(0) and DP;(z) = Py, 1(2) for all n. So, (3.11) can be rewritten in the form

<z,u uqukpk> P (z) = << Zgsz : Db> <u+uqikak>> Po_3(0),n>b+1. (3.14)

k=0 k=0

Substituting z = 7 + puq > p*D* in (3.14), we get the following homogeneous difference equation

b o
((A(H) Zgipb*i — Db> (u + uqukpk» P,(0)=0, n>1, (3.15)
i=1

k=0

o0

where H = fi + puq Y. p*DF. Throughout the paper, the usual method of solving linear difference equation
k=0

with constant coefficient has been used for which one can refer to Elaydi [21]. The characteristic equation (c.e.)

corresponding to (3.15) is

<A<1 1_p8 )Zgl ZS>(1M>O’ lps| < 1. (3.16)

=1

Since A (1 “’inss)) Zz 1 gi8"~%—s? = 0 has precisely b roots inside the unit circle (for proof see Appendix A),

hence the c.e. have exactly b roots inside |s| = 1, denoted by (1, B2, ..., Bp. Thus the general solution of (3.15)
is of the form

b
0) = dif, n>1, (3.17)

where dy,ds, ..., d, are the arbitrary constants yet to be determined. Now using expression (3.17) in (3.14) we
get

(Zu ﬂQZPkD> *uzdgﬂ *HQZP Zd BT+ A(2) ngde B
k=0 Jj=
,qugZZp Zd ﬁ”““ Con>b+1. (3.18)
=1 k=0

Equation (3.18) is a non-homogeneous difference equation with constant coefficient and hence its general solution
is given by

fy 1+ pp Yil2) gnv
Pn(z)_B(p(ZM)> +; ]%(z)ﬁ . n>b+1, (3.19)



DISCRETE-TIME GEOMETRIC CATASTROPHE MODEL 1255

where

b 00
¥y(2) = <A<z> i ﬁ?) <u + g Zﬂwf) 7 (3.20)

k=0

o0
0i(2) =2—Ti—pqgy_ p*B". (3.21)

k=0
The first and second term in the R.H.S of (3.19) are respectively the solution corresponding to the homogeneous
part and a particular solution of (3.18), where B in the first term is an arbitrary constant. Now summing over

the range of n and taking lim,_; in (3.19), we must have the convergence of (3.19), since 7, ., Pr(1) < 1.
But as z — 1, BY ", ., (;z:%ﬁf) — 00. Thus to ensure the convergence of (3.19) we must have B = 0.

Hence
b

)= Zdj ngzgﬂ;—b, n>b+1. (3.22)

Now we find the conditions under which P} (z) is same as (3.22) for 1 < n < b. Taking n = b in (3.10) and using
(3.17) we obtain

Zd ( 1pﬁl> (3.23)

Similarly, substituting in (3.10) the expressions of Pn( ), n > 0, from (3.17) and (3.23), and using (3.22) we
obtain

. 1—8;
Zdﬁ” Z giﬁjl(l—M>:0, 2<n<b-1. (3.24)
i=n—+1 1- pﬂ]
Takingn=0b—1, b—2,...,2 in (3.24) and considering the fact that g, # 0, we have
b
. 1— 3;
S (1—’”;( ﬁﬂ)):o, 2<n<b-1 (3.25)
j=1 B; — PP
In a similar manner we obtain the following condition from (3.9)
b
s 1— 3;
S ok (1 - ‘M) = 0. (3.26)
j=1 B; —ph;
Equations (3.25) and (3.26) can be combined together in the form
b
s 1— 8;
Zi(l—M>=o,1<n<b—1. (3.27)
= ﬁj 1- pﬂj
Adding (3.23) and (3.17) for all n, and using (3.12) we obtain
b
1 up 1
d; - = 3.28
; <1—5j 1—175.7') a (329

Equations (3.27) and (3.28) together constitutes a system of b equations in b unknowns which can be solved to
obtain d;, 1 < j <b. Thus the expression of P, (0), n > 0 as given in (3.17) and (3.23) are completely known
and P}(z) is given by

b
Z (2) L b > 1. (3.29)

Z
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FIGURE 2. A schematic diagram of the model with EAS policy.

Now from the relation (3.13) and (3.29) one can obtain the population size distribution at pre-arrival and
arbitrary epochs in explicit form as

b
P = aZdlﬂf, n>1,
i=1

b
- ] 4
F, —a;d,<1 1—]951‘)’
¥;(1)
@;(1)

- i v ()8 "
et Yo (1)1 —5;)]

b
Py =Pp(1) =) dj=1Lp0 70 n>1,
j=1

Py=1-

where 1;(1) and ¢;(1) can be evaluated from (3.20) and (3.21). This completes the analysis of the model under
late arrival system. In the forthcoming section we consider the model with early arrival system. Though the steps
involved in the analysis is similar to that of late arrival system, but the results obtained are rather different, and
hence for the sake of completeness and the easy understanding of the readers it has been discussed in detail.

4. ANALYSIS OF THE MODEL WITH EAS

One can refer to Figure 2 to have a notion of the arrivals taking place under this system. Similarly as before
we consider the governing equations of the model using SVT by treating the remaining inter-arrival of the next
batch to be the supplementary variable. We define the following random variables at the instant just before a
potential batch arrival 7.e., at m.

— N,, = Population size just before a potential batch arrival.
— U,, = Remaining inter-arrival time of the next batch.

Thus the vector process {(Ny,, Up,),m = 0,1,2,...} becomes a Markov chain in discrete time. We also define
the joint probabilities of (N,,,U,,) and the marginal probability of N,, respectively as

~

Qn(m,u) = Prob(N,, =n, U,, =u), u>0, n>0,

Qn(m) = Prob(N,, =n), n > 0.
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As we discuss the model in steady-state, we define @, (u) = limy,_, @n(m, u),n > 0. Relating the states of the
system at two consecutive time epochs m and m + 1, and using the arguments of SVT, we obtain (for u > 1)
the following steady-state equations

[eS) b oo
Qo(u—1) = QoW+ 1Y p*Qur(u) + aupy_ g > P Qr(0), (4.1)
k=0 i=1 k=0
Qn(u—1) = Quwi+p Y p" "qQx(u) + aut Y GiQn—i(0) + auny_gi > p* " qQx(0)
k=n i=1 i=1  k=n—i
b 0o
+aup Z gi Zpk_"MQQk(O), 1<n<b-1, (4.2)
i=n+1 k=0

[>'s) b
Qu(u—1) = Qu(wi+p Y P* "qQu(w) + aut Yy 9:Qn—(0)

k=n i=1

b oo
+auu<zgi > p’“‘””qQk(O)), n>b. (4.3)

i=1 k=n—i

In order to obtain the state probabilities Q,,,n > 0, define the pgf of Q,(u) as Q% (z) = > oo Qn(u)z* and
hence @, = Q5 (1) = Yo7, Qn(u). Multiplying (4.1)—(4.3) by z* and summing over  from 1 to oo we obtain
the following set of transformed equations

b

2Q5(2) = 1(Q5(2) = Qo(0)) + 1Y P (Qi(2) = Qu(0) + A=) Y g > p"HQu(0),
k=0

k=0 =0

2Q5,(2) = B(@Q5(2) = Qu(0) + 1) P a(Qf 1 (2) = Quin(0) + A(2)E Y 6:Qn—i(0)

k=0 i=1

n 0o b [e%S)
+ A(z)p <Z 9> 0 aQrin—i(0)+ > g Zp’“”“qQk(O)> I<n<b-1,  (44)
0

=1 k= i=n-+1 k=0

) b
2Q1(2) = H(@Q5(2) = Qu(0)) + 1) P a(Qfrsn(2) = Qurn(0) + A()E Y 9iQn—i(0)

k=0 i=1

b [eS)
+ A(z)p (Z 9i kaQk-'rn—i(O)) , n>b. (4.5)
0

=1 k=

Now using the same reasoning as in Section 3 we can obtain the relations

> @u0) =1 =, (4.6)
n=0
~ Qo)
Q, = ZZOZO Qu(0) =aQn(0), n >0, (4.7)

where @);, is the probability that the population size is n just before the arrival of a batch. Below we discuss
the procedure to obtain the steady-state probabilities at pre-arrival (Q,,) and arbitrary (Q,,) epochs.
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4.1. Population size distribution at pre-arrival and arbitrary epochs

As before, we define the displacement operator D on the sequence of probabilities {Q,,(0)} and {Q}(z)} as
DQy(0) = Qnt1(0) and DQ(2) = @y, 41 (2) for all n. So, (4.5) can be rewritten as

0 oo b
(z — - g Zp’“D’“> Qr(2) = (—qu — gy p*D*F A ) gD

k=0 k=0 i=1

qugzZp’“D“b ) Qn-1(0), n>b. (4.8)
=1 k=0

Substituting z = 71 + uq Y. p*D* in (4.8), we get the following homogeneous difference equation
k=0
b ‘ ')
<<A(F) > gD~ Db) (u + 1q Zp’“D’“>> @n(0) =0, n>0, (4.9)
i=1 k=0

where F = fi+pug Y. p*DF. The c.e. corresponding to (4.9) is same as (3.16) and hence using similar arguments
k=0
as in Section 3.1, we have the general solution of (4.9) in the form

ch ', n >0, (4.10)

where 71,79,...,7p are the b roots of the c.e. inside |s| = 1, and ¢1, ¢a,. .., ¢y are the arbitrary constants yet to
be determined. Now using expression (4.10) in (4.8) we obtain

b b
RO SIS ERE) WEEEI o) o ERRE) o) ok
k=0 i=1  j=1
qugzzp ZCJ ntk=i > b (4.11)
=1 =

The general solution of (4.11) is given by

Q:;(z):c<zpzl+“p> ch (2) e bn>b, (4.12)

where
b ‘ [e%S)
X;(z) = <A(Z) > gt - r;’) (u + g Zp’“?f) : (4.13)
i=1 k=0
¢i(z) =z —p—pgy_ pr}. (4.14)
k=0

The first and second term in the R.H.S of (4.12) are respectively the solution corresponding to the homogeneous
part and a particular solution of (4.11), where C in the first term is an arbitrary constant. Using similar logic
as in Section 3.1 we must have C' = 0 to ensure the convergence of (4.12) and thus

Q5 =3 im0y 5y, (4.15)
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For Q! (z) same as (4.15) for 1 <n < b— 1, we obtain the following condition from (4.4)

b b 9]
et > giry? (1 —pt qupkré-“) — pg
Jj=1 J

i=n+1 k=0

b b o0
¢ 3 @Y P =0, 1<n<b-1. (4.16)
1 i=n+1 k=0

Substituting n =b—1, b—2,...,1, in (4.16) we have a system of b — 1 equations
b .
> L=0, 1<n<b-1 (4.17)
=1

Also, summing over n from 0 to co in (4.10) and using (4.6) we obtain

Zb c; 1
=1 !

Equations (4.17) and (4.18) together forms a system of b equations which can be solved for the unknowns
¢j, 1 <j <b. This makes the expression of @, (0) as given in (4.10) completely known and Q7 (z) is given by

-b
nhon > 1 (4.19)

The state probabilities at the pre-arrival and arbitrary epochs are thus obtained in explicit form using (4.7),
(4.10) and (4.19) as

b
Qn =adert, nx0,
=1

o

Qn=QZ(1)=ZC

b 1-b

_q_ ‘Xj(l) "
w ;C]%’(l)l*?”j’

where x;(1), ¢;(1) can be evaluated from (4.13) and (4.14). This completes the analysis of the model under
EAS policy. In the forthcoming section we work out some performance measures of the system.

5. PERFORMANCE MEASURES

In this section we mainly focus on deducing some useful performance measures of the model which is based
on the analysis done in Sections 3 and 4. Let Ly,s(Vgas)s Leas(Veas), Lias(Vias), Lras(Vias) denote the
mean (variance) of the population size distribution at pre-arrival and arbitrary epochs for EAS and LAS-DA
policies, respectively. These quantities can be evaluated after generating probability distributions and are given

below .
Lgps = Z nQ,, Vgas = Z n*Q, — <Z nQ;) :
n=1 n=1 n=1

In order to get Lras(Veas), Lyas(Viag) and Lias(Vias) simply replace @, by Qn, P, and P,, respectively.
We can also find the expressions of mean and variance in explicit form (in terms of roots of the c.e.) without
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evaluating the probability distributions. These are as follows

b

Lgps = GZQW Veas = aZcz 5+ Lias — (Lgas)?s
i=1 l

1 i’ b)) 2t
L = Y] J L — (L 2
EAS = ZCJ ) =) Veas Zc] o) A= + Leas — (Lras)”,

i _ 232 _
LLAS:a§di(IBIBi)27 VLAs:aZdi(l ﬁﬁ) + Lias — (LLAS)27

1=b 23270
Lias = Zd wj(g(l%ﬂj) Vias = Zd 1/’;(3 a éjﬂj) + Lras — (Lras)®.

Furthermore, an important result related to the limiting distributions at pre-arrival epoch is given in the
following theorem.

Theorem 5.1. For the LAS-DA policy, among all the b roots of the equation

A<1 );gl st =0, (5.1)

lying inside the unit circle subject to the stability condition A\g < LB, there exists a unique root (B) with
largest modulus in the interval (0,1). Consequently, the limiting probabilities for large n, often termed as the tail
probabilities, at pre-arrival epoch (P ) can be estimated by the single root By as P, ~ adpfy. This result also
holds true for the model with EAS policy as the root equation given by (5.1) is the same, and the approzimation
is Q, =~ acyry.

The proof of the above theorem goes along the same line as its continuous-time counterpart, for which one
may refer to [4]. In the forthcoming section we demonstrate our theoretical work in the form of certain numerical
examples.

6. NUMERICAL RESULTS

In this section we present some numerical results that has been worked out in order to illustrate the com-
putational procedure. The results presented in tabular form may be used in future by researchers who would
like to match their results with ours using some other method or as a special case. All the results are computed
upto forty decimal places, but here we have truncated them upto eight decimal places. For both EAS and
LAS-DA policy steady-state population size distribution at pre-arrival and arbitrary epochs has been obtained
for different inter-renewal distributions namely, geometric, deterministic and arbitrary (non-geometric). The
results for geometric inter-renewal distribution is shown in Table 1 where the parameters taken are a = 2.5,
uw=0.8,p=0.7and G(z) = 0.42+0.32% +0.225 + 0.1z, It can be observed that the distribution at pre-arrival
and arbitrary epochs are the same for both EAS and LAS-DA which proves the accuracy of our analysis. In
Table 2 the results for deterministic inter-renewal distribution has been displayed for which the input param-
eters are a = 5, p = 0.8, p = 0.6 and G(z) = 0.3z + 0.323 + 0.225 + 0.121° + 0.12'2. Similarly, Table 3
displays the results for an arbitrarily chosen non-geometric inter-renewal distribution with the input param-
eters being A(z) = 0.52% 4+ 0.32% + 0.22° 4 = 0.9, p = 0.6 and G(2) = 0.4z + 0.32° + 0.22% + 0.12'2. The
fourth and seventh column of each of the Tables 1-3 shows the ratio of the distribution at pre-arrival epoch
for EAS and LAS-DA policy, respectively. One may observe that after certain large value of n, this ratio
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TABLE 1. Population size distribution at various epochs for geometric inter-renewal distribution.

EAS LAS-DA

n Qn Qn Qr_z-q-l/Q; Py P Pn_-l—l/P'rT
0 0.22727273 0.22727273 0.23116883 0.13636364 0.13636364 0.49783550
1 0.05253837 0.05253837 0.73678681  0.06788666 0.06788666 0.46595144
2 0.03870958 0.03870958 1.23617953 0.03163189 0.03163189 1.96565744
3 0.04785199 0.04785199 0.76156229 0.06217745 0.06217745 0.57619415
4 0.03644227 0.03644227 0.98649769  0.03582628 0.03582628 0.89448409
5 0.03595022 0.03595022 1.17427045 0.03204604 0.03204604 1.71644464
6 0.04221528 0.04221528 0.77521812  0.05500526 0.05500526 0.63568859
7 0.03272605 0.03272605 0.94802593  0.03496621 0.03496621 0.89406431
8 0.03102514 0.03102514 1.00515275  0.03126204 0.03126204 1.04180705
70 0.00041291 0.00041291 0.93170026  0.00046393 0.00046393 0.93170026
71 0.00038471 0.00038471 0.93170026  0.00043224 0.00043224 0.93170026
72 0.00035844 0.00035844 0.93170026  0.00040272 0.00040272 0.93170026
73 0.00033395 0.00033395 0.93170026  0.00037522 0.00037522 0.93170026
150 0.00000144 0.00000144 0.93170026  0.00000162 0.00000162 0.93170026
200 0.00000004 0.00000004 0.93170026  0.00000005 0.00000005 0.93170026
>250 0.00000000 0.00000000 0.93170026  0.00000000 0.00000000 0.93170026
Sum 1.00000000 1.00000000 - 1.00000000 1.00000000 -

Mean 11.60000000 11.60000000 - 13.0000000 13.0000000 -

Variance 195.22285714  195.22285714 — 201.38285714  201.38285714 -

TABLE 2. Population size distribution at various epochs for deterministic inter-renewal distribution.

EAS LAS-DA

n Qn Qn Q:H-l/Q:z P, P, Pn_+1/P;
0 0.33961693 0.21635249 0.14292489  0.28242504 0.14842910 0.18432827
1 0.04853971 0.05927009 0.93289531  0.05205892 0.06993916 0.91249298
2 0.04528247 0.04617590 0.96543941  0.04750340 0.04003179 0.99111959
3 0.04371748 0.05641964 0.92450408 0.04708155 0.07077011 0.88766519
4 0.04041699 0.04023631 0.97791113  0.04179265 0.03768834 1.00291230
5 0.03952422 0.04230588 0.95371116  0.04191437 0.03954301 0.97183507
6 0.03769469 0.04805906 0.92369530 0.04073385 0.05909930 0.89564231
7 0.03481841 0.03601495 0.96617469  0.03648296 0.03567956 0.99067445
8 0.03364067 0.03626422 0.94421390 0.03614274 0.03580795 0.97113720
80 0.00003534 0.00004367 0.90927435  0.00003909 0.00004830 0.90927435
81 0.00003213 0.00003971 0.90927435  0.00003554 0.00004391 0.90927435
82 0.00002922 0.00003610 0.90927435  0.00003231 0.00003993 0.90927435
83 0.00002657 0.00003283 0.90927435  0.00002938 0.00003631 0.90927435
160 0.00000002 0.00000002 0.90927435  0.00000002 0.00000002 0.90927435
>180 0.00000000 0.00000000 0.90927435  0.00000000 0.00000000 0.90927435
Sum 1.00000000 1.00000000 — 1.00000000 1.00000000 —

Mean 7.74240657 9.43251171 - 8.517708683 10.35251171 —

Variance 105.3281712 114.6456098 — 110.0629619  117.6094164 —
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TABLE 3. Population size distribution at various epochs for arbitrary inter-renewal distribution.

EAS LAS-DA
n sz Qn Qr_z-q-l/Q; P, P, Pn_+1/P7?

0 0.39985871 0.30678144 0.11768653  0.33725265 0.23133640 0.15776322
1 0.04705798 0.05825179 0.88521289  0.05320606 0.07955094 0.75511632
2 0.04165633 0.03962938 1.03084046 0.04017677 0.03532124 1.07425265
3 0.04294103 0.04274837 1.00338262  0.04316000 0.03779016 1.06747682
4 0.04308629 0.04642884 0.95804718  0.04607230 0.04154019 1.03973819
5 0.04127870 0.05260402 0.86563506  0.04790313 0.07070089 0.76408197
6 0.03573229 0.03708117 0.98557523  0.03660192 0.03611826 1.01757380
7 0.03521686 0.03772476 0.96362337  0.03724515 0.03613475 1.01909669
8 0.03393579 0.03893316 0.92052360 0.03795641 0.03761868 0.99560604
80 0.00001111 0.00001337 0.89510898  0.00001266 0.00001523 0.89510898
81 0.00000994 0.00001196 0.89510898  0.00001133 0.00001363 0.89510898
82 0.00000890 0.00001071 0.89510898  0.00001014 0.00001220 0.89510898
83 0.00000797 0.00000959 0.89510898  0.00000908 0.00001092 0.89510898
140 0.00000001 0.00000002 0.89510898  (0.00000002 0.00000002 0.89510898
>160 0.00000000 0.00000000 0.89510898  0.00000000 0.00000000 0.89510898
Sum 1.00000000 1.00000000 — 1.00000000 1.00000000 —

Mean 6.24249314 7.41065218 — 7.043292968  8.335180485 —

Variance  76.24236545 83.35057643 — 81.41680186  87.59998259 —
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F1GURE 3. Exact and tail probabilities of geometric inter-renewal distribution with EAS policy.

coincides with the root having largest modulus of (5.1), which validates our theoretical work. The average
population size (mean) and the variance are respectively given in the last row of each table. One significant
observation is that the mean and variance is less in EAS as compared to the LAS-DA policy. This justifies that
in discrete time set-up, the order of arrivals plays an important role in determining the performance of the
system.

Further, in Figure 3 the exact and tail probabilities at pre-arrival epoch (Q;,) for EAS policy have been
plotted with geometric inter-renewal distribution. The parameters taken are ¢ = 3.33, p = 0.8, p = 0.65,
G(2) = 0.352 4+ 0.32% + 0.227 4+ 0.1521%, § = 4.15. One may observe that the probabilities approximated by the
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FI1GURE 4. Exact and tail probabilities of geometric inter-renewal distribution with LAS-DA policy.
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FIGURE 5. Effect of inter-renewal distribution on average population size.

single root 7 initially shows significant divergence, but coincides with the exact probabilities after certain large
value of n (here n = 13). Thus we can conclude that the tail probabilities @);, can be estimated well using the
single largest modulus root of the root equation (5.1). The same has been repeated for the LAS-DA policy in
Figure 4 with the same parameters as mentioned above, and thus a similar conclusion can be drawn for the
distribution P, .
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FI1GURE 6. Effect of inter-renewal distribution on variance of population size.

Figure 5 displays the impact of inter-renewal distribution on the average population size at arbitrary epoch
(L). The input parameters taken are p = 0.85, p = 0.8, G(2) = 0.4z + 0.32% + 0.22% 4+ 0.1212, with inter-renewal
distributions as geometric and arbitrary (non-geometric). One may observe that for a fixed arrival rate (\), L
is greater for geometric distribution than the non-geometric distribution, for both EAS and LAS-DA policies.
Also L increases with the increase in A, but after certain A (here A = 0.7), the increase in L is substantial.
Similarly, the impact on the variance of population size at arbitrary epoch (V') with the change in inter-renewal
distribution is shown in Figure 6 for both EAS and LAS-DA policies with the same parameters as given above.
One may note that for this case as well we experience the same behavior as given in the description of Figure 5 for
L. We can thus conclude that the choice of inter-renewal distribution have a major impact on the performance
of the system.

7. CONCLUSION

In this paper, we have considered a discrete-time catastrophic model where the population is assumed to grow
according to batch renewal arrival process and is subject to geometric catastrophes. Keeping in mind the order
of arrival of batches and the occurrence of catastrophes, which plays a significant role in discrete-time models,
we have studied both late arrival system with delayed access (LAS-DA) and early arrival system (EAS). The
procedure used throughout the paper is based on the supplementary variable technique and difference equation
method. The complete analysis has been carried out in such a manner that it does not involve much complexity
and is easily tractable for the readers. We have obtained steady-state population size distribution at pre-arrival
and arbitrary epochs in a readily presentable form and deduced some important performance measures related
to the system. We have presented some numerical results and discussed the behavior of the tail distribution at
pre-arrival epoch. We finally hope that the analysis done throughout the paper will be useful for the researchers
as well as system designers.
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APPENDIX A.

x 1
Theorem A.1. Y P,(0)=—-=A\.
n=0 a

Proof. Adding (3.8)—(3.11) for all values of n, we get

2y Pz :ﬁz — Pu(0) + Yy p"(Pyi(2) — Pr(0))
n=0 n=0 k=0
b n e’} b
+p Z Zpkqw;an(z) — Poyn(0)) + A2 (Z D 9Pai0)+ D Zgz—Pn_z(m)
n=1 k=0 n=11=1 n=b+1 1=1
b n—1
(ZgankPk +ZZgzZp qPrn—i( Z ZgzZp qPyrn—i( ) :
n=1 n=2 i=1 n=b+1 i=1 k=0
Readjusting the range of summation in 3rd and 5th term, we obtain
2 Pi(z) =1y (Pi(2) = Pa(0) + 1) p"(Fji(2) - Pi(0))
= n=0 k=0
[ o) b n ) b
+ud Y P (P (2) = Pe(0) + A(2)E (Z giPni(0)+ > Zgipni(0)>
n=1k=n n=1i=1 n=b+1 i=1
b n—1 00
(z I WIACES 9 WD SR Y0
n=1 n=2 i=1 k=n—1
+ Z Zgz Z PPy ))
n=>b+1 i=1 k=n—i
Changing the order of summations, we get
2 Piz)=mY_ (Pi(z) - +sz (Pr (2) = Pr(0))
n=0 n=0
9] k b b ) b
+uy (Z pk_"Q> (Pr(2) = P(0)) + A(2)m (Z > giPai(0)+ > Zgipni<0)>
k=1 \n=1 i=1 n=1 n=b+1 i=1
b 0o b b+1 %)
FAR LD g Y PO+ Y g > ph T iP(0)
n=1 k=0 i=1 n=i4+1 k=n—i
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b
Using p® = 1 and Y g; = 1, we obtain
i=1

2y Pi(z) =1y (Pi(z) = Pa(0)) + Y p* (P (2) — Pi(0))
n=0 k=0

n=0

oS b o
+ Yy (1=p")(F(2) = Pu(0) + A(z)m (Z >, giPni(0)>

k=0 i=1 n=1

oo b oo
+ A(z)p <Zp’“Pk(0> +)° Y p’f—”“qu(m) :
k=0 i= =n—1i

g
1 n=i+1 k=n—1

oo

Combining the first three terms and readjusting the range of summations, we get

o) oo b o
2y Pi(z) =Y (Pr(z) = Pa(0) + A=) <Zgi Pk(0)>
n=0 n=0 i=1 k=0

b )

+ A(2)p (Z PPP0)+> gy Zpk_quk(0)> :
k=0

i=1  1=1 k=l
After simplification, we obtain

oo

2y Pi(z) =Y (Pr(z) = Pa(0)) + Al2) (Z Pk(o))
n=0 k=0

n=0
+ A(2)p (Zpkpk(()) + Z(l - Pk)Pk(0)> :
k=0 k=0

Combining the coefficient of A(z), we get

oo

2y Pi(z) =) (Pi(z) = Pa(0) + A(2) ) Fi(0),
n=0 k=0

n=0
which leads to
= A(z) = 1 &
P (z) = ——— .
S pie) = A1 b
n=0 k=0
Taking limit z — 1 and applying L’Héspital’s rule in the above equation, we finally get the desired result. [
Theorem A.2. The equation A(l - M) Zi’:l gis®~" — s* = 0 has exactly b roots inside the unit circle

1—ps
|s| = 1.

1—ps 1—ps
can be expressed as K(s) = Z;’io k;st, where the coefficients are such that k; > 0 ¥ 4 > 0. Consider the circle

Proof. Let us assume g(s) = A(l — M) S0 gis® and f(s) = —sb. Let K(s) = A(l — M) which
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|s| =1 — 4§ with §(> 0) is sufficiently small, we have

() = (1= 8)" =115+ 0(d),

b
l9(s)] = |K()]] D gis" ]
=1

b

b
SK(sD Y gilsl™ = K(1-6)Y g:(1—-48)"",
i=1

i=1

:1—b5+<g—““p)5+o(5).
q

Since Ag < £ and ¢ is a very small quantity, we have |g(s)| < |f(s)| on the circle |s| =1 — 4. Thus, from
Rouché’s theorem we can say that f(s) and f(s) + g(s) have exactly b zeroes inside the unit circle. Moreover,
from the results given in Abolnikov and Dukhovny [1] it can be shown that if ¢’(1) > b, then the function
s® — g(s) have exactly b roots inside the open unit disk. From this the condition gq < aup can be derived which
thus confirms that it is necessary as well as sufficient condition for the stability of the system. O
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