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DEVELOPMENT OF A NEW COST PPS AND DECOMPOSITION OF
OBSERVED ACTUAL COST FOR DMU IN A NON-COMPETITIVE SPACE
IN DEA

ELHAM REZAEI HEZAVEH!, REZA FALLAHNEJADY*, MASOUD SANEI? AND
MOHAMMAD IZADIKHAH®

Abstract. Data Envelopment Analysis (DEA) is an appropriate tool for estimating various types of
efficiency such as cost efficiency. There are two different sates in cost spaces; in the first space prices
are equal for all Decision Making Units (DMUs) which is competitive space, and in the second space
prices are different form one DMU to another; this is known as non-competitive space. The present
paper introduces a new method to assess Cost Efficiency (CE), Revenue Efficiency (RE) and Profit
Efficiency (PE) in a non-competitive space. The present paper also proposes a Production Possibility
Set (PPS) in which DMUs are evaluated based on both their own prices and the prices of other DMUs
in non-competitive space. Moreover, a new decomposition is provided for observed actual cost DMUs
based on the cost efficiency model and the proposed PPS, thus the observed actual cost can be shown
by summation of several technical, price and allocative efficiency (AE) losses. The biggest advantage
of this method comparing to the previous methods is that passive the developed cost efficiency and the
cost Production Possibility Set has been developed and the performed decomposition is more accurate;
this is because the new inefficiency sources are defined and added to this new decomposition. Therefore,
it includes more inefficient sources.
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1. INTRODUCTION

Data Envelopment Analysis (DEA) was introduced in Charnes et al. [7] as a powerful tool for measuring
the relative efficiency of a set of Decision Making Units (DMUs). These DMUs receive the input (z;) with
price (¢;) and produce the output (y,) with price (p,). Using various mathematical models, DEA can evaluate
the efficiencies such as the technical efficiency, cost efficiency, revenue efficiency, profit efficiency, and allocative
efficiency [10]. The price information for inputs and outputs are occasionally available. Which should be included
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in evaluations; otherwise the estimates will be incomplete in terms of price. Generally DMUs can be evaluated
in both competitive and non-competitive environments. In competitive environments, prices of all DMUs are
the same (or very close), but in non-competitive environments prices can have minor or even major differences
in one or more indicators. Even prices can be different in all indicators; and each input or output has a separate
price for itself.

Feasibility studies which was conducted in the field of Cost Efficiency (CE) and its equivalent versions, like
Revenue Efficiency (RE) and Profitability Efficiency (PE), in DEA literature can be considered from different
aspects. The concept of CE can be traced back to Farrell [16], and for the first time Fére and Grosskopf [15]
formulated a Linear Programming (LP) model for CE assessment.

In the methodology proposed in Fare and Grosskopf [15], a Production Possibility Set typical DEA and
its frontier were used to estimate the cost efficiency so that a point on the efficiency frontier with the lowest
cost and with the minimal output was used by the considered unit. This model was used as the basis for
many applications and the following future theoretical developments. In the case of theoretical development
and eliminating some of the shortcomings of the original CE model, some studies have been carried out, which
can be divided into two categories based on the following two assumptions. First, the same prices are considered
for all the units, which indicates a highly competitive atmosphere and the law of one price. Second, prices are
non-identical, which indicates a non-competitive atmosphere so that the place at which prices are presented by
the units under evaluation is known, and therefore, units within it are not necessarily price takers and thus
there is a possibility change in improvement, and modification of prices.

In the first category of the studies, Camanho and Dyson [5] developed a method for estimating the bounds
of the CE in situations where only a maximal and minimal bounds of input prices can be estimated for each
DMU. Their methods were based on incorporating input cone assurance regions weight restrictions. While the
Camanho and Dyson [5]’s approach can handle only the DMUs with one output, Fang and Li [13] proposed a
model which can obtain the Pessimistic CE measure in situations of multiple outputs and multiple inputs by
using the weight restrictions in the form of input cone assurance to calculate the lower bound of CE efficiency.
Jahanshahloo et al. [20] proposed a simplified version of Camanho and Dyson [5]’s DEA cost efficiency model
of with fewer numbers of constraints and variables. Portella and Thanassoulis [19] provided a method for cost
efficiency analysis which deals with ordinal data. Mozaffari et al. [23] formulated an original DEA-R cost and
revenue efficiency models in case of same price vector for ratio quantities of inputs to outputs. In [17] the inverse
DEA problem when price information is available was considered.

In the second category of studies, Tone [29] pointed out the necessity of identifying the cheaper input mix in
cost efficiency analysis and showed that if prices be different between units, the cost and allocation efficiencies
of the Farrell model in multiple output mode might be inaccurate. He stated that defections are due to the
structure of the production conditions used to calculate the cost efficiency and introduced a set of cost-based
manufacturing options. Tone and Tsutsui [30] decomposed observed total cost into the global optimal (minimum)
cost and loss due to technical inefficiency, which is measured by using the traditional CCR model within the
technical production possibility set, input price difference and inefficient cost mix, which are measured in the
cost based production possibility set. Input price difference and inefficient cost mix are related to the price
efficiency index and the global allocative efficiency index. The former reflects the differences in input unit
prices, while the latter evaluates the efficiency of the input cost mix. Camanho and Dyson [4] introduced the
concept of economic efficiency as a development for Farrell cost efficiency in the non-competitive environment
that includes components of Farrell cost efficiency and market efficiency. They defined economic efficiency as a
measurement of ability to produce current outputs with the lowest possible cost, in which all DMUs are priced
by the same cost sets; Farrell cost efficiency is introduced as the ability to produce current outputs at a minimum
cost at its current price level of the DMU, and introduced the market efficiency as the success of the DMUs in
addressing the minimum input prices in the market. They proposed two alternative procedures to identify the
potential minimum prices. Farrell efficiency model can be used in two modes; first, with a shared virtual price
vector between all the units, which is obtained from the minimum component vector of the observed price, and
second, the use of all the observed price vectors for all units and finding the lowest Farrell cost efficiency among



DEVELOPMENT A NEW COST PPS IN DEA 1565

all the measured cost efficiencies for each unit. The calculated efficiency in the first model is not necessarily
similar to that of the latter one, because the first one is based on an ideal price vector that even in most cases
is not available in the convex combination of the observed price vectors and the latter is based on the observe
price vectors. Sahoo et al. [25] states that in a non-competitive market with different input prices, it would be
appropriate to use a value-based technology as a reference technology, in which the performance of units can be
evaluated in comparison with it. Therefore, they developed value based models of Tone [29] and their respective
value-based technical and allocative efficiencies in a directional DEA environment.

Portella and Thanassoulis [19] presented a nonlinear model for evaluation of economic efficiency when the
prices are not the same between the units so that their model optimizes the prices and quantities concurrently.
Their model includes a price possibility constraint and convexity assumption for the observed prices, which
implies that convex combination of the observed prices are also acceptable. Although their proposed model had
some superiorities to the former available ones, its non-linearity provides no guarantee to get the lowest cost.
Secondly, in the described example, the introduced price target vector is not available in the convex set of the
observed vectors and in fact, the obtained point is the same positive ideal price point derived from the minimal
component of the observed price vectors and indeed, it does not satisfy principles of price observations, convexity
and price feasibility, which are introduced implicitly in the introduced model. About other developments about
cost efficiency and its applications refer to [1-3,6,8,9,11,12,14,18,21,22,26-28, 31].

When the price is fixed for all units, the cost inefficiencies factors are only dependent on quantities therefore
the cost frontier like a technical efficiency frontier can be considered. To this end, studies in this area deal with
the Production Possibility Set typical DEA, i.e., Production Possibility Set quantities. However, in the second
category, cost efficiency should be based on a frontier in which one can consider also inefficiencies caused by the
use of the wrong price vectors. Considering DEA in which the production function that the technical efficiency is
estimated based on distance of the vector, the quantities of the unit under evaluation have been estimated is the
frontier of a production possibility set resulted from the quantities, it will be expected that the cost efficiency
of the evaluated unit being estimated on the basis of its position to the frontier of a possible production set
resulted from the possible cost vectors. This frontier should be in a way that one can calculate all the possible
inefficiencies based on it. In other words, if a unit placed over it, then, no inefficiency like inefficiency in choosing
the wrong price vector would be available for it. In the literature of the cost efficiency, to the best knowledge of
the authors, studies [25,29,30] have only introduced a cost Production Possibility Set.

The paper’s structure is as follow: In section two, the present study reviews the Cost Efficiency, which were
provided in Tone [29], along with the decomposition of observed initial cost introduced in Tone and Tsutsui [30].
Section three first introduces a PPS in which all DMUs were evaluated by their price data in addition to price
data of other DMUs. After wards, the section provides the equations of a new Production Possibility Set. The
model which were formerly used to evaluate the cost efficiency, is rewritten in the new Production Possibility
Set and provides a decomposition will be observed actual cost. Finally, it compares the decomposition of new
observed actual cost with observed cost in section two. Section four will provided an applied example, and finally
section five will present a final conclusion.

2. BACKGROUND

Assume that there is n DMUs (DMUj;,j = 1,...,n) each of which have m inputs (z;;),¢ = 1,...,m for
production of s outputs (y,;),r = 1,...,s. Furthermore, assume that ¢ = (c1,...,¢y,)7 is the price of z;;, and
p = (p1,--- ps)T is the price of y,;. According to Tone [29], if we use the initial model of cost efficiency by
Farrell [16] for evaluation of DMUs in PPS (2.1), which have equal input and output, but different input prices,

then the cost efficiency can be equal indicating the weakness of that method. Therefore, Tone [29] provides the
PPS (2) as follows:

y<YA A>0} (2.1)

(, )I > X,
z>X\ y<YA A>0}

{
{(@
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where, X = (Z1,...,%,) with Z; = (c1j21, - - -, cmjxmj)T (it is the multiplication of price by input values). Here
it is assumed that the matrices X and C' are non-negative. (Z,, y,) Corresponds to the evaluated observed unit
of (z,,¥,) with input price vector of ¢, in the PPS (2.1).
Tone [29] used the Input-Oriented CCR* model for evaluation of technical efficiency of (Z,,y,) in the T set.
Technical efficiency of evaluated unit of (Z,,y,) can be evaluated by the following model:

6* = min @
o\
st. 0%, > X\ (2.3)

Yo <Y A

A>0

6*, which refers to the technical efficiency in the PPS (2), is equivalent to the price efficiency in T
Z% (Minimum cost for DMU,) is the optimal solution of the LP given below:

e, = minex
z,

st. > X\
Yo < YA (2.4)
A>0

where, 7* = Zzz is used as the cost efficiency. The allocative efficiency (@*) is then introduced by dividing 7*
by 6*.

In order to develop their previous research Tone and Tsutsui [30] developed a new study in which they
performed a decomposition of cost efficiency and applied it for comparison of electric tools of Japan and America.
They also provided decomposition of observed costs. The decomposition was based on the observed input cost
of DMU, or C, = Z?il CioTio (0=1,...,n) and the Cost of input technical efficiency of DMU, in the PPS T
as Cg_ which is obtained from the following equation.

The technically efficient input Cost for DMU,, in T

Co. = Z Cioty, (0=1,...,n) (2.5)
i=1

where, x7, is the input ¢ of technically efficient for DMU, and it can be measured by solving the CCR model in
the PPS (2.1).

Accordingly, the loss cost due to technical inefficiency in T is shown by L. =Co—C5, (>0).

Using the following model, a strong efficient cost can be defined, which is in fact the technical and price
efficient cost by Ci* = 331" (p*Zio — t;,).-

p* = minp
pspt,t =t
st. pT, = )_(,u +t
Yo=Yp—1" (2.6)

w>0,t" >0t >0.
In this respect the corresponding loss for the price technical inefficiency in T is shown by Lyx =C; —Cor.

4Charnes Cooper Rhodes.
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Finally, the allocative efficiency is according to a* = CO% (<1) where Cor* is obtained by the following
or
model.
= mijr}ﬂex
st. > X I
Yo <Yp (2.7)
p = 0.

The corresponding loss for the cost allocative inefficiency in T is also shown by Ly =C5r —Cor.
Ultimately, the decomposition of observed input cost for DMU, in T is provided according to the following
equation:
Co=L; + L5 + Ly +Cor" (2.8)

3. INTRODUCTION OF THE NEW COST PRODUCTION POSSIBILITY SET

3.1. Input cost efficiency

In this section, the researchers proposed methods is described. in order to build the input vectors of new
DMUs, the input vector of DMU; is multiplied to its own and other DMUS’ input price vectors. So that the
input vector of T} = (c11211, 21221, - -+, Cm1%m1) is built according to the multiplication of input vectors of
DMU; by input price of DMU;. Accordingly, X| = (Z,...,2,) the vector is built from multiplication of input
vectors of DMU; by input of other DMUs. Each of Z,. .., Z}, is generated as follows:

) =
Input of new DMU, Ty = (11211, €21%21, - -+, C1Tm1) — Ci1Ti1
) =
Input of new DMU2 : Ty = (0123711, C22X27 4y -+ -y Cmgl‘ml) — Ci2X;1
) (3.1)
) =
Input of new DMU | : T = (C1n®11, ConT21y -« oy CinTm1) — CinTil

All of these DMUs correspond with DMUj, and are obtained from multiplication of input vector of DMU;
by price vectors of other DMUs. Similarly, for other DMUs, we have:

. ~/ —
Input of new DMUn+1 . $n+1 = (011.1312, C21T22,y -+« Cm1$m2) — Ci1X;2
. ~/ —
Input of new DNHJQ][1 : Ty, = (Clnl‘lg, ConTa2, .. . Cmnl‘mg) — CijT42
2, 1
Input of new DMU : Zl 5 = (C1nT1ns C2nT2n, - - - CmnTmn) — CinTin

Therefore, the Production Possibility Set of 7 is as follows:
n2 n2
T =S (@) |2 2D Nay <D Ay A >0 (3.2)
j=1 j=1

If the input quantities of an observed DMU is considered and the observed price vectors of other DMU is
used then another price vectors which can be considered as the corresponding virtual cost vectors of that unit
together with the output of that unit under evaluation as virtual units in cost Production Possibility (7”) can
be obtained.

Since the number of DMUs in the new Production Possibility Set is increased, they can be classified into two
groups:
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P = (observed DMUs) or the set of actual DMUs
Q= (new DMUs) or the set of virtual DMUs.

Since the Production Possibility Set of T is built by n? points including n building points of T, It can be
conclude that T C T". Therefore, the amounts of efficiency of actual units in 7" are not greater than the amounts
of efficiency of the same units in 7. In other words, it is expected that the amounts of efficiency of projection
point of DMUs corresponding with the observed cost vector in T” are lower or equal to the amounts of their
efficiency in T. Therefore, because of this difference, the difference between the scores of efficiency in T and 7"
can be defined as a new inefliciency sources.

Now, we can define the technical, cost and allocative efficiency according to Production Possibility Set of T".

Definition 3.1. The new technical efficiency [NTech] is calculated in 7" by the following model:

<.
o |l

-
—
o
w
S~—

3

>~
<0

—
AV
= g

In order to calculation the new cost efficiency in 77, the following model should be solved first:

[NCost] ex’,, = min ex’
2

s.t. Z )\ji/j S .’1;/
= (3.4)
Aj¥i = Yo
j=1
Aj > 0.
Definition 3.2. The new cost efficiency [NCost] is calculated by the following relation:
e ea” 3.5
ex’, (3.5)

where ez’” is the optimal solution of (3.4) and ex’, is the observed cost for DMUS,,.

Theorem 3.3. The amount of new cost efficiency [NCost] is not higher than the new technical efficiency
[NTech).

Proof. Assume that (0", \*) is the optimal solution of model (3.3), then (6'"2’,, \*) is a feasible solution for
model (3.4).

Therefore, we have:

el x> exly =07 > —=2 =" (3.6)
ex!,
O
And finally
Definition 3.4. The new allocative efficiency based on T” can be calculated by the following formula:
A
ot =L (3.7)
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3.2. New decomposition of cost efficiency in T’

In the Production Possibility Set with a constant scale (T¢), there are n DMUs each of which have m inputs
for production of s inputs. Assume that x;, and y,, are respectively the ith input and rth output of DMU,;
and ¢;, is the price of z;,. It should be noted that our evaluations are done in a non-competitive space (there
are not equal different input prices for DMUs).

The observed cost (actual cost) for DMU, is as follows:

C, =

or

I
—

CioTio (0=1,...,n). (3.8)

7

Let the technical efficient input for DMU, be z in the PPS (2.1), which can be obtained by solving the CCR
model, then the cost of this technical efficiency input will be as follows:

C’:T,/ = Z CioTl,, (0=1,...,n) (3.9)
i=1

C*T,, is the cost of this technical efficiency input for DMU, in the PPS T".

o
Since the projected point dominates the point itself, all of the components of the projection input vector is
less than the input z, (z7, < x;,), and thus we have the following relation:

0 —

Co>Cj . (3.10)

According to Tone and Tsutsui [30], the difference between these two costs is considered as the cost loss due
to the technical inefficiency (in the PPS T") of equations:

Ly, =L, =Co—C; (20). (3.11)

In the Production Possibility Set of 77 (3.2), the new technical efficiency is evaluated by the following model
(this model is equivalent to model (3.3)):

. o
¢’ = min 6’

2
n —_ Prap—
sy. YN+t =0, o=1,...,n?
=1 (3.12)

NSRS

Nyj —tt =y, o=1,...,n
1
;> 0,67 >0,t7 >0.

N

If (9’*, A*,t7*,t%*) is the optimal solution of model (3.12), then 0"z, = (é’*clox’{o, cey é’*cmomfm)
(0=1,...,n?) is a radial reduced input vector on the weak efficient frontier of the PPS 7" (3.2).
The reduced cost vector for observed DMUs in the PPS T” is as follows:
= 9_/*00 = (9_/*0107 ceey é’*cmo) . (313)

OT/

Here, ¢7 _ is the radial and reduced input cost for technical efficiency input of z7 and it can produce . z'

is also the projection point of z’;, in the PPS T, and it can be measured by the model (3.12). Model (3.12)
finds a reduced cost vector for any DMU such as DMU, and it can be shown as follows:

317‘/:0 = él*'i/io - t_* ’y:o = Yro + t+*- (314)
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Now, strong efficient cost can be introduced as (C(’f;), which is the technical and price efficient cost (in the
PPS T") as follows:

Definition 3.5. The strong efficient cost for actual DMUs (in the PPS T7).
Since T C T”, then " < 6* (in which #* is the optimal solution of model (3), and §’" is the optimal solution

of model (3.12)). 3%, = Y. ', = . (Qm - t;o*) <O i <Y i =C; 0€P.
=1 i="* ="

i=1
And

Definition 3.6. Corresponding loss cost of the input price inefficiency (in the PPS 77) is as follows:
L =Cr —C oe€lP. (3.15)
T ald T/

Now, we're going to examine the corresponding loss cost of the allocative inefficiency in the PPS 7".
In the Production Possibility Set of 7", the new cost efficiency [NCost] can be evaluated by the help of model
(3.4) as follows:

Cor/ = min ex’
st. /> X'\
Yo < YA (3.16)
A>0.

The optimal solution of model (3.16) is based on the cost of (' . Yo). In other words, this model considers
the minimum cost in the Production Possibility Set of 7. Therefore, to evaluate the performance of allocative,
we provide the Definition 3.7.

Definition 3.7. The allocative efficiency, which is shown by «*, can be evaluated for actual DMUs by the
following equations:

ok

0<a*=—-T<1 o€P (3.17)
O
Theorem 3.8.
CozC;, 2Co" >2C5™ o€P. (3.18)

The proof is obvious.
Definition 3.9. The corresponding loss cost of the allocative inefficiency (in the PPS T") is as follows:
L»>=Cr —Cx* o€P. (3.19)
T/ T/ T/

Given the fact that the observed actual cost was decomposed into three correspond losses namely the technical,
input price, and allocative inefficiency, a decomposition can be provided for observed actual cost (o € P) of
DMU, in the Production Possibility Set of T'. For actual DMUs, we can evaluate the cost and technical efficiency
once with the frontier of T' and again with frontier of 7’. However, the evaluated technical and cost efficiency
with frontier of 7" are not higher than the evaluated technical and cost efficiency with border of T. Therefore,
the differences of these two groups of efficiency are the new sources of inefficiency called the new technical and
cost inefficiency for actual DMUs. In other words, the new sources of inefficiency can be found for DMU,, o € p
according to the differences between the technical and cost efficiency.
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Definition 3.10. The new price inefficiency for actual DMUs can be calculated by the following equation:

New orice inefficiency of in T Technical efficiency of DMU, in T/ §'* be P
W = —_-— = =
P Y Technical efficiency of DMU, in T' 0*

DMU,,. (3.20)

Definition 3.11. New cost inefficiency for actual DMUs can be evaluated by the following equation:

Cost efficiency of DMU,, in T i’*

New cost inefficiency of DMU, in T’ = = = oc P.
Y © Cost efficiency of DMU, in " ¥
(3.21)
Theorem 3.12.
Cor > C;‘;. (3.22)
moo_ * mo_ * — o = i Y
Proof. C;"; =Y a,,=> 0 1, Since T CT’, then " < 6* and &}, = Z;,, therefore
i=1 i=1
m m _ m _ m
Cip = Yo = Yo < Yo = 30, =
i=1 i=1 i=1 i=1
O
Definition 3.13. The loss corresponding to the new price inefficiency (in the PPS T”) is as follows:
Lo, =Cor = C3r . (3.23)
In order to address L™ conveniently, Lﬁ;/ is used as a substitute.
Theorem 3.14.
Corr <O (3.24)
Proof.
*’f*
a* = C%i = Cg" = a’C, based on Theorem 3.12 C77 > €5~ (3.25)
T
then s
at = C?*T* = O =a'Cyr >a"Cyr, > o_/*C;T’f, =Cor)
or
O
Definition 3.15. The loss corresponding to the new cost inefficiency (in the PPS T") is as follows:
Lyt =Corr = GOy (3.26)

In order to address L;”™* conveniently, Lg; is used as a substitute.
Accordingly, a new decomposition can be obtained for the observed actual cost for DMUs in the new Pro-
duction Possibility Set of T” which is different from its corresponding decomposition in 7.

New decomposition of observed cost for actual DMUs (DMU,, 0 € P) in T’
Observed cost for DMU,:  Co = L, + Lg” + Ly 7+ C;7F o€ P. (3.27)

Now, The costs and loss of both Production Possibility Sets of T' and T".
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New decomposition of observed actual cost in T':

The actual observed cost can be shown in two (A and B) different methods.

New decomposition A:
Co=L5, +Ci . (3.28)

From the equation (3.15) this formula, C’;"T,/ = L¥* + C’;‘;, is achieved: hence using it in equation (3.28),

01:/
equation (3.28) can be revised as below:

Co=1L; + LZ; + CZ;. (3.29)
Hence 7% = Lﬁ; + C, 7 therefore, equation (3.29) is reconstructed like;
_ * EX S 4% Kk
Co=1Ly, + Ly + L, +C5. (3.30)

Since Ly* = C5* — C5**, then CF

o’ on = Lyr* + Cy** therefore, new equation (3.30) is:

_ * ok 4% *ok *kok
Co=Lj + Ly + Ly + L+ (3.31)

Finally revising equation (3.26), C3** = Li; + (777 the below equation (3.32) is resulted:

Co= Ly + Lyt + Ly, + Lo + Ly, +Cor. (3.32)
New decomposition B:
Co=1L;, +C5 . (3.33)
Because C; = C» and L} = L} therefore;
T T ol T
Co=1L, +C; . (3.34)

Since L* = C* — C** then C* = L** 4+ C**. So equation (3.34) can be defined as:
T T T T T T
Co=L; +L; +C5". (3.35)

Considering Ly** = C3* — Cp**, then C3* = L3** + Cg**. Therefore, equation (3.35) can be revised as:

Co=L; + Ly + Ly +Cor". (3.36)
Using equation (3.26), then C3** = Lg; + (7. The below final equation can be concluded:

Co=L; + Lo +Ly" + Li;, + C’;;f (3.37)
The equation above is almost similar to the decomposition by Tone and Tsutsui [30] who found that they
were different in terms of Lg;/ and C}*. Theorem 3.14 proves C5** < C7**, and thus the Decomposition (3.37)
includes higher loss than the decomposition by Tone and Tsutsui [30]. Therefore, this decomposition of observed
cost is more accurate than what was provided by Tone and Tsutsui [30].
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TABLE 1. Price data and information of DMUs.

DMU (:Bl,:l?g) (yl,yz) (Clvc2)

1 (20,151)  (100,90) (500, 100)
2 (19,131)  (150,50) (350, 80)
3 (25,160)  (160,55) (450, 90)
4 (27,168) (180,72) (600, 120)
5 (22, 158) (94 66) (3007 70)
6 (55,255)  (230,90) (450, 80)
7 (33,235)  (220,88) (500, 100)
8 (31,206) (152,80) (450, 85)
9 (30,244)  (190,100) (380, 76)
10 (50, 268) (250 100) (410, 75)
11 (53,306)  (260,147) (440, 80)
12 (38, 284) (250 120) (4007 70)

TABLE 2. Data and efficiency of DMUs in T.

DMU (Z1,T2) (y1,92) 0 ¥ a”
*1 1 (10000,15100) (100, 90) 0.99 0.96 0.96
xas 2 (66500,10480) (150,50) 1 1 1

x3 3 (11250,14400) (160,55)  0.78 0.72 0.92
x4 4  (16200,20160) (180,72) 0.66 0.62 0.94
x5 5 (6600,11060) (94, 66) 1 1 1

x¢ 6 (24750,20400) (230,90) 0.83 0.63 0.76
x7 7 (16500,23500) (220,88) 0.69 0.69 1

xs 8  (13950,17510) (152,80) 0.75 0.73 0.96
x99  (11400,18544) (190,100) 0.97 0.95 0.98
x10 10 (20500,20100) (250,100) 0.92 0.78 0.84
*11 11 (23320,24480) (260,147) 0.99 0.86 0.87
x12 12 (15200,19880) (250,120) 1 1 1

Notes. The symbol * represents the actual DMUs in Table 2 and their corresponding DMUs in Table 3.

4. NUMERICAL EXAMPLE

In this section, in order to investigate the accuracy of provided method in the previous sections, observe new
defined inefficiency, and compare different types of efficiency in T' and 7’ numerical example have been brought.

The data of this example is the taken from [29]. In [29] studied an example in which the situations of
12 hospitals each of which had two inputs (numbers of physicians and nurses) and two outputs (number of
ambulatory and hospitalized patients in terms of 100 people per month) were studied.

The data of these DMUs is available with two inputs and two outputs and their price information. Table 1
includes this information. In Table 2, the inputs are shown in the second column, and the outputs are shown in
the third column, and the input prices are shown in the last column.

Now, the inputs is multiplied in their prices (according to (2.2)) and show the new data set as (Z1, T2, y1, y2)
and scores of technical efficiency (8*) and cost efficiency (7*) and allocative efficiency (a*) in Table 2.

According to the Table 2, the efficiency scores of DMUy, DMUj; and DMUj5 are equal to 1 (these DMUs are
efficient). Furthermore, the Table 2 indicates that the technical and cost efficiency scores of DMUy are lower
than other units, and thus this DMU has the highest technical and cost inefficiency.
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TABLE 3. The coordinates of the inputs and outputs and the actual and virtual DMUs
efficiencies in T".

DMU (T1,73) (y1,92) 6" ol o
1 % 1 (10000, 15 100) (100,90) 0.70 0.66 0.94
2 (7000, 12 080) (100,90) 0.88 0.87 0.99
3 (9000, 13 590) (100,90) 0.78 0.73 0.94
4 (12000, 18 120) (100,90) 0.58 0.55 0.95
5 (6000, 10 570) (100,90) 1 1 1
6 (9000, 12 080) (100,90) 0.88 0.79 0.90
7 (10000, 15100) (100,90) 0.70 0.66 0.94
8 (9000, 12 835) (100,90) 0.82 0.76 0.93
9 (7600, 11 476) (100,90) 0.92 0.87 0.95
10 (8200,11 325) (100,90) 0.93 0.85 0.91
11 (8800, 12080) (100,90) 0.88 0.79 0.90
12 (8000,10570) (100,90) 1 0.89 0.89
2 13 (9500, 13 100) (150,50) 0.70 0.66 0.94
xo 14 (6650,10480) (150,50) 0.88 0.87 0.99
15 (8550, 11 790) (150,50) 0.78 0.73 0.94
16 (11400,15720) (150,50) 0.58 0.55 0.95
17 (5700,9170) (150,50) 1 1 1
18 (85500, 10480) (150,50) 0.88 0.78 0.99
19 (9500, 13100) (150,50) 0.70 0.66 0.94
20 (8550,11135) (150,50) 0.82 0.76 0.93
21 (7220,9956) (150,50) 0.92 0.87 0.95
22 (7790, 9825) (150,50) 0.93 0.84 0.93
23 (8360,10480) (150,50) 0.88 0.79 0.90
24 (7600,9170) (150,50) 1 0.89 0.89
3 25 (12500, 1600) (160,55) 0.49 0.09 0.13
26 (8750,12800) (160,55) 0.70 0.12 0.17
x3 27 (11250,14400) (160,55) 0.55 0.10 0.18
28 (15000, 19 200) (160,55) 0.41 0.08 0.19
29  (7500,112000) (160,55) 0.82 0.13 0.16
30 (11250,128000) (160,55) 0.55 0.12 0.22
31 (12500,160000) (160,55) 0.49 0.09 0.18
32 (11250,136000) (160,55) 0.55 0.11 0.2
33 (9500, 121 600) (160,55) 0.65 0.12 0.18
34 (10250,120000) (160,55) 0.60 0.12 0.2
35 (11000,128000) (160,55) 0.56 0.12 0.21
36 (10000,112000) (160,55) 0.61 0.13 0.21
4 37 (13500, 16 800) (180,72) 0.70 0.64 0.91
38 (9450, 13440) (180,72) 0.88 0.84 0.95
39 (12150, 15120) (180,72) 0.78 0.71 0.91
x4 40 (16 200,20 160) (180,72) 0.58 0.53 0.91
41 (8100, 11 760) (180,72) 1 0.97 0.97
42 (12150, 13 440) (180,72) 0.88 0.75 0.85
43 (13500,16 800) (180,72) 0.70 0.64 0.91
44 (12150, 14 280) (180,72) 0.82 0.73 0.89
45  (10260,12768) (180,72) 0.92 0.84 0.91
46 (11070, 12600) (180,72) 0.93 0.81 0.87
47 (11880, 13 440) (180,72) 0.88 0.76 0.86

48 (10800,11760)  (180,72) 1 0.85 0.85
Notes. The symbol * represents the actual DMUs (observed DMUs) in Table 3.
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TABLE 3. Continued.

A ¥ i Vil

DMU (%4, 7h) (yr,92) 0 v
49 (11000,15800) (94,66)  0.53 0.50 0.94
50 (7700,12640)  (94,66)  0.67 0.66 0.98
51 (9900,14220)  (94,66) 0.59 0.56 0.95
52 (13200,18960) (94,66)  0.44 0.42 0.95
x5 53 (6600,11060)  (94,66) 0.76 0.76 1
54 (9900,12640)  (94,66)  0.67 0.59 0.88
55 (11000,15800) (94,66)  0.53 0.50 0.94
56 (9900,13430)  (94,66)  0.63 0.57 0.90
57 (8360,12008)  (94,66) 0.70 0.66 0.94
58  (9020,11850)  (94,66) 0.71 0.64 0.90
59  (9680,12640)  (94,66)  0.67 0.60 0.89
60 (8800,11060)  (94,66) 0.76 0.67 0.88
61 (27500,25500) (230,90) 0.54 0.46 0.85
62 (19250,20400) (230,90) 0.77 0.61 0.79
63 (24750,22950) (230,90) 0.60 0.51 0.85
64 (33000,30600) (230,90) 0.45 0.38 0.84
65 (16500,17850) (230,90) 0.90 0.71 0.79
x6 66 (24750,20400) (230,90) 0.60 0.54 0.9
67 (27500,25500) (230,90) 0.54 0.46 0.85
68 (24750,1675)  (230,90) 0.60 0.52 0.87
69 (20900,19380) (230,90) 0.71 0.60 0.84
70 (22550,19125) (230,90) 0.66 0.58 0.88
71 (24200,20400) (230,90) 0.62 0.55 0.89
72 (22000,17850) (230,90) 0.68 0.61 0.90
73 (16500,23500) (220,88) 0.61 0.59 0.97
74 (11550,18800) (220,88) 0.78 0.78 1
75 (14850,21150) (220,88) 0.68 0.65 0.95
76 (19800,28200) (220,88) 0.51 0.49 0.96
77 (9900,16450)  (220,88) 0.90 0.89 0.99
78 (14850,18800) (220,88) 0.76 0.70 0.92
x7 79 (16500,23500) (220,88) 0.61 0.59 0.97
80 (14850,19975) (220,88) 0.72 0.68 0.94
81 (12540,17860) (220,88) 0.80 0.77 0.96
82 (13530,17625) (220,88) 0.82 0.76 0.93
83 (14520,18800) (220,88) 0.76 0.71 0.93
84 (13200,16450) (220,88) 0.87 0.79 0.90
85 (15500,20600) (152,80) 0.56 0.51 0.91
86 (10850,16480) (152,80) 0.70 0.68 0.97
87 (13950,18540) (152,80) 0.62 0.57 0.91
88  (18600,24720) (152,80) 0.46 0.43 0.93
89  (9300,14420)  (152,80) 0.80 0.78 0.97
90 (13950,16480) (152,80) 0.70 0.61 0.87
91 (15500,20600) (152,80) 0.56 0.51 0.91
xs 92 (13950,17510) (152,80) 0.66 0.59 0.89
93  (11780,15656) (152,80) 0.73 0.67 0.92
94 (12710,15450) (152,80) 0.74 0.66 0.89
95 (13640,16480) (152,80) 0.70 0.61 0.87
96 (12400,14420) (152,80) 0.80 0.69 0.86
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TABLE 3. Continued.

0"

%

DMU (71, 73) (y1,92) v
9 97 (15000,24400)  (190,100) 0.59 0.59 1
98 (10500,19520)  (190,100) 0.82 0.77 0.94
99 (13500,21960) (190,100) 0.66 0.65 0.98
100 (18000,29280)  (190,100) 0.49 0.49 1
101 (9000,17080)  (190,100) 0.96 0.89 0.93
102 (13500,19520)  (190,100) 0.74 0.70 0.95
103 (15000,24400)  (190,100) 0.59 0.59 1
104 (13500,20740)  (190,100) 0.69 0.68 0.98
%o 105 (11400,18544)  (190,100) 0.78 0.77 0.9
106 (12300,18300)  (190,100) 0.78 0.76 0.94
107 (13200,19520)  (190,100) 0.74 0.71 0.96
108 (12000,17080)  (190,100) 0.84 0.80 0.95
10 109 (25000, 26800)  (250,100) 0.61 052 0.85
110 (17500,21440)  (250,100) 0.76 0.69 0.91
111 (22500,24120)  (250,100) 0.68 0.57 0.84
112 (30000,32160) (250,100) 0.51 0.43 0.78
113 (15000,18760)  (250,100) 0.87 0.79 0.91
114 (22500,21440)  (250,100) 0.76 0.61 0.80
115 (25000,26800)  (250,100) 0.61 0.52 0.85
116 (22500,22780)  (250,100) 0.72 0.59 0.82
117 (19000,20368)  (250,100) 0.80 0.68 0.85
%10 118 (20500,20100)  (250,100) 0.81 0.66 0.82
119 (22000,21440)  (250,100) 0.76 0.62 0.81
120 (20000,18760)  (250,100) 0.87 0.69 0.79
1 121 (26500,30600)  (260,147) 0.67 0.58 0.87
122 (18550,24480)  (260,147) 0.84 0.76 0.90
123 (23850,27540)  (260,147) 0.74 0.64 0.86
124 (31800,36720) (260,147) 0.56 0.48 0.86
125 (15900,21420)  (260,147) 0.96 0.88 0.92
126 (23850,24480)  (260,147) 0.84 0.68 0.81
127 (26500,30600)  (260,147) 0.67 0.58 0.86
128 (23850,26010)  (260,147) 0.79 0.66 0.83
129 (20140,23256)  (260,147) 0.88 0.76 0.86
130 (21730,22950)  (260,147) 0.89 0.74 0.83
#11131  (23320,24480) (260,147) 0.84 0.69 0.88
132 (21200,21420)  (260,147) 0.96 0.77 0.80
12 133 (19000, 28400) (250,120) 0.63 0.61 0.97
134 (13300,22720)  (250,120) 0.82 0.81 0.98
135 (17100,25560)  (250,120) 0.70 0.68 0.97
136 (22800,34080)  (250,120) 0.53 0.51 0.96
137 (11400,19880) (250,120) 0.96 0.93 0.97
138 (17100,22720)  (250,120) 0.79 0.73 0.92
139 (19000,28400) (250,120) 0.63 0.61 0.97
140 (17100,24140) (250,120) 0.74 0.71 0.96
141 (14440,21584)  (250,120) 0.83 0.81 0.96
142 (15580,21300) (250,120) 0.84 0.70 0.83
143 (16720,22720)  (250,120) 0.79 0.74 0.94
v12 144 (15200,19880)  (250,120) 0.90 0.83 0.92
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TABLE 4. Information about the loss of observed actual cost in 7.

DMU C c* CH cE L LE Lz~
1 25100 25100 19140 18386 O 5960 754
2 17130 17130 17130 17130 O 0 0

3 25650 22093 19435 18404 3557 2658 1031
4 36360 36360 22890 21507 O 13470 1383
5 17660 13483 13483 13483 4177 0 0

6 45150 32239 30472 27323 12911 1767 3149
7 40000 35744 26813 26287 4256 8931 526
8 31460 25053 20823 19684 6407 4230 1139
9 29944 26690 25073 24605 3254 1617 468
10 40600 32875 32875 29871 7725 0 3004
11 47800 42433 37403 34476 5367 5030 2927
12 35080 32732 32732 31457 2348 0 1275

Now, DMU; from Table 1 is multiplied to the cost vectors of (500, 100), .. ., (400, 70), respectively with (3.1).
Therefore, equivalent DMUs to DMU; is achieved. Similarly, the same action for all 12 DMUs of Table 1 will
be done; hence, the actual and virtual DMUs are built as shown in Table 3.

Table 3 shows the technical efficiency (6'"), cost efficiency (7'*), and allocative efficiency (o/") for all DMUs
(including actual and virtual) by the help of equations (3.3), (3.5) and (3.7), respectively in the PPS 77 (3.2)

in the Columns 5-7.
Table 3 also separately shows all equivalent DMUs of each DMU in Table 2.
The following DMUs are equivalent in both PPSs of 7" and T':

(1&1), (14&2), (27&3), (40&4), (53&5), (66&6), (79&7), (92&8), (105&9), (118&10), (113&11), (114&12)

where the first components are related to 7" and the second components are related to 7.

According to Tables 2 and 3, DMUy and DMU; and DMU;5 from Table 2 correspond DMU4, DMUs3 and
DMU,44 from Table 3, and have technical and cost efficiency in PPS T', but they are inefficient in evaluation
with PPS T"g.ontier- Accordingly, there all types of efficiency are reduced according to the compared all DMUs
of Table 2 with their equivalent DMUs in Table 3. This difference between scores of efficiency in 7' and T"
indicates the existence of more inefficiency sources as the new cost and price inefficiency.

Each inefficiency source creates a loss of actual cost for each DMU. The created loss which corresponds the
technical, cost and allocative inefficiency respectively in the PPSs of 77 and T, is shown in Tables 4 and 5.

According to the compared DMUs in 7" and T, the technical, cost and allocative efficiency in 7" is not higher
than the technical, cost and allocative efficiency in T'. In other words, the amount of efficiency in 7" is less than
or equal to the amount of efficiency in 7. These different amounts of efficiency in these two PPSs confirm the
existence of more inefficient sources in the PPS 7”. Utilizing these inefficiency sources and loss, the weaknesses
and thus increase the amounts of efficiency can be detected.

Finally, we compare the results obtained for the cost efficiency of observed DMU using our method with the
results obtained for the cost effectiveness of the same DMU with the method Sahoo et al. [25] and show the
results in Table 6.

It is observed that the cost efficiency of method [25] is larger than the results obtained for the cost efficiency

of observed DMU using our method in 7" this indicates the existence of more loss resources in 7’ and the
superiority of our proposed method towards that paper.
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TABLE 5. Information about the cost and loss of observed actual cost in T”.

DMU C c* o o L* Lz LEr LY L%

1 25100 25100 17627.66 16570 0 7472.34  1057.66 1512.34 1816

14 17130 17130 15020.20 14870 0 2109.8 150.2 2109.8 2260

27 25650 22093 19345.93 16057.12 3557  2747.07  3288.81 89.07 2346.88
40 36360 36360 21157.86 19253.65 0 15202.14 1904.21 1732.14 3636.35
53 17660 13483 13390.85 13390.85 4177  92.15 0 92.15 92.15
66 45150 32239 27074.38 24366.94 12911 5164.62  2707.44 3397.62 2956.06
79 40000 35744 24260.04 23532.24 4256  11483.96 727.8 2552.96  2754.76
92 31460 25053 20802.32 18514.07 6407  4250.68  2288.25 20.68 1169.93
105 20944 26690 23376.35 2314259 3254  3313.65  233.76  1696.65 1462.41
118 40600 32875 32611.20 26741.18 7725  263.8 5870.02 263.8 3129.82

131 47800 42433 37343.25 32862.06 5367 5089.75 4481.19  59.75 1613.94
144 35080 32732 31620.21 29090.59 2348 1111.79 2529.62 1111.79  2366.41

TABLE 6. Results obtained for the cost efficiency of observed DMU in 7" and [25].

DMU (:Elv 52) (yh y2) ’Vs*ahoo ’Y,*

1 (10000,15100) (100, 90) 0.96 0.66
2 (66500,10480)  (150,50) 1 0.87
3 (11250,14400) (160,55)  0.88  0.10
4 (16200,20160) (180,72) 0.90  0.53
5 (6600, 11 060) (94, 66) 1 0.76
6 (24 750,20400) (230,90) 0.80 0.54
7 (16 500,23 500) (220, 88) 0.95 0.59
8 (13950,17510) (152,80)  0.90  0.59
9 (11400,18544) (190,100) 0.87 0.77
10 (20500,20100) (250,100) 0.86 0.66
11 (23320,24480)  (260,147) 0.86  0.69
12 (15200,19880) (250,120) 1 0.83

5. CONCLUSION

In previous studies, cost efficiency had been evaluated in cost Production Possibility Set T'. In those studies,
the actual costs observed for DMU, are decomposed into several types of inefficiency. Those studies decomposed
the observed actual cost for DMU, for several types of inefficiency. It seems that this decomposition is not
complete; hence, we sought to provide a new decomposition of observed actual cost for DMU, in the new cost
Production Possibility Set 7”. In this decomposition, the amounts of inefficiency and thus the amount of loss
would be higher than the previous states. Therefore, the new Production Possibility Set was built with larger
number of DMUs than the primary Production Possibility Set by application of price data for each under
evaluation unit and multiplying the input and output of each unit by the price information of other DMUs and
by the help of (3.1). Some of these DMUs, which were multiplied by their own price vectors (actual DMUs),
were also available in the PPS T, but others which were obtained from multiplying the input and output of
a DMU by the price vectors of other DMUs (virtual DMUs), were not available in the PPS 7. This changed
the number of DMUs modified the frontier of efficiency leading to the different scores of evaluated efficiency in
the new set for each actual DMU with the same actual DMU in the PPS T. This different efficiency of a DMU
in both Production Possibility Sets indicated the existence of more inefficiency sources in the PPS T’ leading
the lower efficiency score for DMU. The model proposed in this research provides this capability to decompose
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the observed actual cost of each DMU by the loss of an efficiency source through identification of these new
inefficiency sources. Being aware of these inefficiency sources, enables us to overcome or minimize these sources
and the created loss, and ultimately improve the efficiency scores.

For future researches, it is suggested to implemen and investigate the Malmquist Productivity Index on the
defined production possibility set in the present research. A new Production Possibility Sets for fuzzy data in the
future studies also can be defined. DMUs, which have created from a price vector, in the Production Possibility
Set of T' can be compared, and it let us investigate whether those DMUs are better than other similar units that
are created with different input and output and equal price. At the end this paper also suggests investigating
states with some negative price data in the future studies.
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