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THE KARUSH-KUHN-TUCKER CONDITIONS FOR MULTIPLE OBJECTIVE
FRACTIONAL INTERVAL VALUED OPTIMIZATION PROBLEMS

INDIRA P. DEBNATHY* AND SHIV K. GUPTA?

Abstract. In this article, we focus on a class of a fractional interval multivalued programming prob-
lem. For the solution concept, LU-Pareto optimality and LS-Pareto, optimality are discussed, and some
nontrivial concepts are also illustrated with small examples. The ideas of LU-V-invex and LS-V-invex
for a fractional interval problem are introduced. Using these invexity suppositions, we establish the
Karush—Kuhn—Tucker optimality conditions for the problem assuming the functions involved to be
gH-differentiable. Non-trivial examples are discussed throughout the manuscript to make a clear un-
derstanding of the results established. Results obtained in this paper unify and extend some previously
known results appeared in the literature.
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1. INTRODUCTION

Interval optimization problems are closely related to the inexact data in real-life engineering and economic
problems. These types of problems involve bounds on the values of the coefficient in the objective function.
Since the real-world problems involve unsure or imprecise data, therefore, it is not necessary that the coefficients
involved in the objective functions are real numbers. Not only interval optimization problems, but also robust
optimization problems and fuzzy optimization problems also deal with uncertainty in the data of the optimization
problems. However, it is easy to deal with the interval optimization as the hypothesis of probabilistic distributions
is not required like we assume in stochastic programming or the hypothesis of possibilistic distributions as in
fuzzy programming.

Two types of interval programming problems are available, viz., the interval linear and the interval nonlinear
programming. Linear interval problems involving an interval in the coeflicients of the objective functions are
studied in [13,17,22]. An enhanced linear interval problem and its solution algorithm are given in Zhou and
Gordan [26]. A study in multiobjective linear interval valued problem is developed in Oliveira [16]. Based on
real-life problems, an overall sketch on the utilization of interval arithmetic is studied in Alefeld and Mayer [2].
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Interval quadratic problems are explored in Ding and Huang [10]. Several algorithms in interval nonlinear
programming problems are discussed in Jiang et al. [15].

It is essentially important to study the concept of derivative for the interval optimization problems, where the
objective functions are set valued function. The notion of H-derivative, given in Hukuhara [12], has developed
several mathematical analyses in the set differential equations in Bede and Gal [4] and in the fuzzy differential
equations in Chalco-Cano and Roman-Flores [7]. The same concept of derivative is applied to study nonlinear
interval optimization problems. However, the H-differentiability concept suffers some disadvantages, which are
explained in Singh et al. [18]. To overcome the difficulties and to deal with the set valued functions, new concepts
of derivative are presented in [4,8,20,21].

The optimality conditions for the interval optimization problems, known as Karush-Kuhn-Tucker, have
become an interesting topic of research during recent years. Extending the idea of convexity to LU-convexity/
CW-convexity, Wu [24] has given the KKT conditions for the interval-valued optimization problems under
LU-convexity/CW-convexity assumptions. The conditions for optimality for the non-convex interval-valued
problems under LU-convexity or LU-invexity conditions are discussed in Zhang et al. [25]. Recently, Tung [23]
considered nonsmooth multiobjective semi-infinite problems and discussed the strong KKT conditions by using
tangential subdifferential and suitable regularity conditions. With nondifferentiable multiobjective optimizaton
problems, Gupta and Srivastava [11] developed weak and strong KKT conditions and studied duality relations
for such problems.

The paper aims to study the KKT conditions for a class of a multivalued fractional interval optimization
problem. In many recent publications, like, Ahmad et al. [1], Bhurjee and Panda [5], Jayswal et al. [14] and Wu
[24] the authors have developed sufficient optimality conditions for the interval-valued optimization problems.
Motivated by the idea of g H-derivative for the optimization problems having interval-valued objectives, the KKT
conditions for optimality are established in Chalco-Cano et al. [6]. The current work mainly focuses on non-linear
optimization problems in which the objective functions are non-linear fractional interval-valued functions. The
main motivation of considering the objective functions as the fraction of intervals is, the uncertainty involved
in many practical problems, which may be in the form as the ratio of two intervals of functions.

The paper is organized as follows. In the Section 2, a class of multivalued fractional interval problem is
introduced. Two different concepts of partial ordering of fractions of two intervals are introduced-LU ordering
and LS ordering. With these concepts of ordering, some definitions of LU/LS-Pareto optimality are given for
the fractional multivalued interval problem. In order to justify these definitions, several non-trivial examples are
also illustrated. In the same section, the idea of gH-derivative for interval-valued function is further extended to
the fractional interval-valued functions. In Section 3, we introduce the definitions of LU-V-invex and LS-V-invex
for the multivalued fractional interval problem. Assuming the functions to be gH-differentiable and using the
convexity notion, we derive the KKT optimality conditions for the problem. Moreover, considering the concept of
LU/LS-V-invexity, the KKT optimality conditions for the multivalued fractional interval problem are developed.
In Section 4, using the g H-derivative concept for the fractional interval multivalued problem, the KKT sufficient
conditions are derived. To verify the results established, various suitable examples are constructed and validated
at suitable places. Eventually, the last section gives a concluding note and some future research directions.

2. NOTATIONS AND PRELIMINARIES

Consider the following fractional interval multivalued programming problem:

o F2) g file) filx)
(FIVP) Minimize Gl {gl(x)’”"gl(m)}

subject tox € X ={x € R" : hj(z) <0, j=1,2,...,m} C R",

where fi(z) = [fE(z), fV(x)] and gr(z) = [gF(z), Y (z)], k =1,2,...,1 are interval valued functions and X is
a convex subset of R". It is assumed that g,f >0, VeeXand k=1,2,...,1.
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Remark 2.1. An interval valued function of the form 22 — If "i(z)’f "ZU] @] an be written as follows:
gk () log (2),gy; ()]

@) e o (L L] @) @
i ~ U@ @ [ =l o)

provided g,f >0, for all z € X.
2.1. Operations on intervals

Let the set of all closed and bounded intervals in R be represented as I. Let T = [t tV] e I, P = [pF pY] € I
and U = [ul,uY] € I, then

(i) T+P={t+p: teTandpec P}=[tL+pl tV+pY],
(i) —T={-t: teT}=[-tV, —t1],

(iii) T — P =T+ (—P) = [tF — pU 1V — pF],

~ _ J[tE, ptY] if 3> 0,

() o1 = {[ﬁtU, Btt] if B < 0.

The generalized Hukuhara difference or g H-difference for the intervals is defined as:

T=P+U or,

where T' —, P always exists and is calculated as (Stefanini and Bede [21]):
T—4,P= [min{tL —pP tY —pU}, max{tF — p¥ tV — pU}|.
2.2. Partial ordering and solution concepts
Let T = [tF,tY] € I and P = [p’,pY] € I. Then

(i) T =py Piff tf <pf and tV < pV.
(ii) T <y Pt T <py P and T # P, equivalently,

L < ph L < ph L < pt
U v 9T\.u v 9T\.u U
¥ <p”, v <p~, v <p-.

Let % = (%, ceey %) and % = (%, ey %) be two fractional interval valued vectors, where Ay, By, Ck, Dy €
I, By, D, cIt, k=1,2,...,1, where I denotes the positive interval. Then

(i) 4 =v §iff %: <Ly G, forall k=1,2,...,1.

(i) 4 <pu §iff 4 <pp S5, k=1,2,....1 and g <1y % for at least one j € {1,2,...,0}.

We recall some definitions introduced by Singh et al. [18].

Definition 2.2. A feasible solution 2" € X is said to be a LU-Pareto optimal solution of (FIVP) if there does
not exist any « € X, such that
F(z) F(2°)
<Lu o
G(z) G(a%)

Definition 2.3. A feasible solution 2° € X is said to be a strongly LU-Pareto optimal solution of (FIVP) if
there does not exist any z € X, such that
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Definition 2.4. A feasible solution 2° € X is said to be a weakly LU-Pareto optimal solution of (FIVP) if
there does not exist any x € X, such that

0
fk(x; <LU gzgioi, forall k=1,2,...,1.

Remark 2.5. [24] Let X, Y and Z denotes the set of strongly LU-Pareto optimal solutions, LU-Pareto optimal
solutions and weakly LU-Pareto optimal solutions, respectively. Then,

Xcycz

Let T = [tX,tY] and P = [p¥, p!] be two intervals. Suppose t° =tV —tX and p® = pV — p~ denotes the width
of the interval’s T and P, respectively. Then another way of defining partial-ordering between T and P (called
LS ordering) is as follows:

(i) T =2Ls P iff t¥ <p" and t¥ < p¥.

tL < pl tL < pl th < pt
i) T <1s Pif T <1 P and T # P ivalentl =
(u) <Ls Pi =<LS an # P, equivalently, {tS < ps, or /S < pS, or S < pS.

Definition 2.6. A feasible solution 2° € X is said to be an LS-Pareto optimal solution of (FIVP) if there does
not exist any other x € X, such that

F(x) F(a°
G " G

Definition 2.7. A feasible solution 2° € X is said to be a strongly LS-Pareto optimal solution of (FIVP) if
there does not exist any other z € X, such that

Definition 2.8. A feasible solution 2° € X is said to be a weakly LS-Pareto optimal solution of (FIVP) if
there does not exist any other x € X, such that

fr() fr@®)
PRED) <Ls g}c(.%'o)’ k=1,2,..

Remark 2.9. [18] Let L, M and N denotes the set of strongly LS-Pareto optimal solutions, LS-Pareto optimal
solutions and weakly LS-Pareto optimal solutions, respectively. Then,

Ll

LCMCN.

Theorem 2.10. For a feasible solution & € Xo of (FIVP), the following conditions hold:

(i) If & is a strongly LU-Pareto optimal of (FIVP), then & is a strongly LS-Pareto optimal of (FIVP).
(i) If & is an LU-Pareto optimal of (FIVP), then & is a an LS-Pareto optimal of (FIVP).
(iii) If T is a weakly LU-Pareto optimal of (FIVP), then & is a weakly LS-Pareto optimal of (FIVP).

Proof. The proof follows the argument on Theorem 3.1 in [18]. |

The following Examples 2.11 and 2.12 illustrates whether or not a feasible solution of type (FIVP) is strongly
LU-Pareto optimal, LU-Pareto optimal or weakly LLU-Pareto optimal.



KKT CONDITIONS FOR FRACTIONAL INTERVAL VALUED PROBLEMS 1165

Example 2.11. Consider the following problem:

(FP1) min g(x) = {fl(x),fm)},

(z) g1(x)" ga(x)
where
filzx) =[x,z +1], fo= [e"”“ —x—2,2e"Tt — g — 3],
g1 =[x+ 2,2+ 3] and g2 = [x + 2,2 + 3],
subject to
reX=[-11].
Then,
filz) [ r x4+ 1}
g1(x) x+3 z+20
and
fa(z) [e“:“ —z—2 2%t — g — 3]
ga(w) r+3 x+2 '
% and % defined above are the intervals since

r  rz+l  —(2z+3)
r+3 z+2 (v+2)(z+3)

11 = <0,VzeX,

and from Figure 1

o+l _ . o+l _ . (x+1)(_ 0
P r—2 2 k. S ) B P R
x+3 x4+ 2 (x +2)(z +3)

The feasible point & = —1 is strongly LU-Pareto optimal, since from the Figure 2, we can easily obtain that
there does not exist any x € X x # 1, such that

bil fi,. {—1 }
Z(x) =y S (@ =-1)=|—,0
@) S =1 =[5
x r+1
= <7 =
or, 611 $+3 =7 and 612 +2 S

Also, from Figure 3, it is clear that there does not exist any x € X, x # 1, such that

f2 f2 .
—(z) 2rv =(@=-1)=10,0
92( ) 2ru 92( ) =10,0]
e*tl —x—2 2e*tl — 2z —3
log = —————— <0and fog = ——— <0.
or, £21 13 < U and £22 o <
Therefore, £ = —1 is a strongly LU-Pareto optimal point. Hence, £ = 1 is LU-Pareto optimal solution and

consequently, a weakly LU-Pareto optimal for the problem (FP1).
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05 10

=15}

=25 F

FIGURE 1. The graph of ¢15 subject to x € X.

F1GURE 2. The lower graph is of function ¢1; and upper is of ¢1o with respect to x € X.
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y
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FIGURE 3. The lower graph is of function ¢2; and upper is of £o9 with respect to x € [—1,1].
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FIGURE 4. The graph of £1; subject to the constraints.

Example 2.12. Consider the following problem:

(FP2) Minimize J1%)

gi(x)’
where
fi(z) = [sin® z,2(sin® x + cosz + 1)], g1(2) = [sin® z + 1,sin® 2 4 1.5],
subject to
ze X =[-3,3].
Then
filz) [ sin’ 2(sin2 z +cosx + 1)}
gi(z)  lsin?z 415 (sin® z + 1)
g 1 Ei; defined above is an interval since
€1y = sin? z 2(sin2x+cosx+ 1)
11_sin29v—5—1.5_ sin?z +1

—(sin* x + 4sin® z 4 2sin® z cosx + 3cosx + 3)
(sin? x + 1.5)(sin®  + 1)
<0, (see Fig. 4) Vx € X.

A.1. The point x = 2 is not weakly LU-Pareto optimal

On the contrary, let © = 2 be an weakly LU-Pareto optimal for the problem (FP2). Then, by definition there
does not exist any x € X, x # 2 such that

D) <uo L = 2),



1168 I.P. DEBNATH AND S.K. GUPTA
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FIGURE 5. The graph of &5, against x € X.

-3
=21

-4}

FIGURE 6. The graph of &5 against x € X.

That is,
sin? 2 2(sin® x + cosx + 1)] [ sin?2  2(sin?2 4 cos 2 + 1)}
sinz+ 1.5 (sinx+ 1) Ylsn?2+ 15 (sin?2+1)
or,
3(sin® z — sin® 2
o Semte oty
2(sin” z 4 1.5)(sin” 2 4 1.5)
2cosz(sin®2 4 1) — 2cos 2(sin® z + 1
22 = ( ) ( ) <0.

(sin2 T+ 1)(sin2 2+1)

But, from Figures 5 and 6, there are points in [—3,—2) U (2, 3] such that the above inequalities hold true.
Thus, & = 2 is not a weakly LU-Pareto optimal for (FP2).

Adding another fractional interval function g zg; to problem (FP2) yields:

. flx) | filz) fa(x)
(FP3) Minimize o) {gl(x)’gg(m)}’
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where
fa(2) = [2%,2% +1/2], ga(w) = [2° + 1,2% + 2],
subject to
reX=1[-3,3|]
Then
fa(x) x? 222 4+ 1

g2(7) 22 +272(22 4+ 1)1

Now, 5 zézg defined above is again an interval since

z? 202 +1  —(32®+2)

_ = <0, VzelX.
2212 22+1) 2@+ D@2+2) -7

A.2. The point x=0 is strongly LU-Pareto optimal of (FP3)
Suppose x = 0 is not the strongly LU-Pareto optimal solution of (FP3). Then, 3 some 0 # 2 € X such that

h@) L F0)
g2(x) =7 g2(0)

That is,

2 22 +1/2 1
o, o) 9 , 1 = 077j|
2 +2 x2+1}_LU[ 2

22 202 +1

Y <0and =
O 2 ="M 52

1
<77
-2

)

which is not possible for all 0 # x € X. Hence, A any 0 # x € X such that

f@) 1)

LU
9(x) 9(0)
Therefore, x = 0 is strongly LU-Pareto optimal solution for (FP3).

A.3. No point in X other than z=0 is strongly LU-Pareto optimal of (FP3)

To prove that 0 # o € X is not strongly LU-Pareto optimal, we have to show the existence of a point other
than & = «, such that

>
Il

f(z)
g()

@)

=Lu J;E

T=a)

Since the lower and upper bounds of the intervals of 5 153 (see Fig. 7) and g igg (see Fig. 8) are even, therefore,
r = —a is the point such that

Hence, & = o # 0 is not strongly LU-Pareto optimal for the problem (FP3).
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-3 -2 -1 1 2 3

FIGURE 7. The lower and upper graph represents the lower and upper bounds of (’%, respectively.

-3 -2 -1 1 2 3

F1cURE 8. The lower and upper graph represents the lower and upper bounds of _z%’ respectively.

2.3. gH-derivative of fractional interval valued functions

For a nonempty set X C R", let f, g: X — I and 5, g > 0 be the fractional interval valued function, where

f(z) = [f*(2), fV(2)] and g(z) = [¢"(x), 9" (2)].

Then

For further discussion, we consider the class of open intervals (z1,z2) and denote it by J.
Definition 2.13. [21] For f : J — I, the gH-derivative is defined as

f/(-TO) — }Lli% f(xO + h’})L_gf(xO) .
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Further, f is said to be gH-differentiable if f’(xo) exists at xg. Moreover, if f is gH-differentiable at each
xg € J, then f is gH-differentiable on J. Here, in the metric space (I, M) the limits are considered and M is
defined as:

M(T,P) = max{ rtneq}(d(t pP), mea}g(d(T p)}

where d(t, P) = min,ep ||t — p||.

Chalco-Cano et al. [8] gave the concept of gH-differentiability for interval valued functions at a point. We
extend this concept for fractional interval valued functions.

Theorem 2.14. If g—é and J;L are differentiable at xo € J, then L s gH -differentiable at zo and is defined as

/ Ly Uy Ly U/
(£ 00 = ] (22 0. (25t} (2 0. () )]

Theorem 2.15. The fractional interval function 5 is gH -differentiable at xo € J iff the following conditions
hold: '

Theorem 2.16. [6] Ifg : J — I is gH -differentiable at x¢ € J, then g—f, + J;—Z is also differentiable at .

Definition 2.17. [18] Let X C R™ and i be a fractional interval valued function deﬁned on X. For 2% =

0
Pz(l’?) _ f(=@7,.. 1 17$L7$L+17 ’a:n,) If P7 ‘e
. [9) - 0 0 . 15
Qt(xl) g(:v17 T, 17w1yw1+17 529" Qi

gH-differentiable at z¥, then i has the ith partial gH-derivative at 2, also denoted by (3(f / g)) (20), where
g

(419 0= (£ e

29,29, ..., € X. Consider the fractlonal interval valued function
1 2 n

Definition 2.18. A fractional interval valued function 5 is said to be continuously gH-differentiable at z° if

(%) (2°), i =1,2,...,n exist on some neighbourhood of z° and are continuous at z°.
‘g

Proposition 2.19. [6] If% is continuously gH -differentiable at x°, then 5—3 + g—z is also continuously differ-
entiable at x°.

Definition 2.20. The function g in (FIVP) is continuously gH-differentiable at z° € X if g—:, k=1,2,...,1
are continuously gH-differentiable at z°.

L U
Proposition 2.21. The function g in (FIVP) is continuously gH -differentiable at x° ifg%—#g%, k=1,2,...,1
k k

are continuously differentiable at x°.
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3. OPTIMALITY CONDITIONS

In this section, we study the Karush Kuhn Tucker optimality conditions using the gH-differentiability no-
tion for the fractional interval multivalued problem. Further, the concepts of LU-V-invex and LS-V-invex are
introduced, and the KKT conditions are established considering the functions involved as LU-V-invex and
LS-V-invex.

Consider the following fractional programming problem:

(Ep) min ) _ S )
g(:l?) g($1,$2,~-~,$n)
subject to hj(z) <0, j=1,2,...,m

where Xo = {& € R" : hj(z) <0, j=1,2,...,m} is a nonempty compact convex feasible set and f, g : R* — R
are continuously differentiable functions on X, with g(z) > 0,V x € Xj.

Theorem 3.1. [19] Let & € X be a feasible solution of (FP) and the functions f, g: R™ — R be continuously
differentiable at . Let a non-negative function f be convexr at & and a positive function g be concave at . If
there ewist Lagrange multipliers n; >0, j =1,2,...,m, such that

mvgy>+zlmwu> 0,
Then, & is optimal for the problem (FP).

In order to derive the KKT conditions for a single objective fractional interval valued problem, the following
problem is considered:

_f@) _pf @) YY)
SIFP) min = ,
SUER) min o5 = [0y 971a)
subject to hj(z) <0, j=1,2,...,m,
wher flx) = [ E(x), fY ()], g(z) = [g%(x),gY (2)], k = ...,1, g~ > 0, are interval valued functions and
h;, i=1,2,...,m are real valued functions.

Theorem 3.2. Let & be a feasible solution of (SIFP). Suppose that

(2) g(m is continuously gH -differentiable at & € X,
(ii) (fFg* + gY fY) is non-negative and a convex function,
(iii) a positive function g*gY is concave.

Further, if there exist Lagrange multipliers 0 <n; € R, j =1,2,...,m such that the following conditions hold:

@ ¥((57) + ()@ + S =0
(b) njh;(2) =0, j=1,2,.
Then & is LU-Pareto optzmal and hence LS-Pareto optimal for (SIFP).

Proof. Let - ; "
fg)) (g— + g—)( ) (3.1)

g
Now, %, # are real valued functions and f—U f—L is continuously differentiable at & € Xy, (from Prop. 2.19).

Therefore, we have ~ ; " L. v v
v(@) V(f— + f—)( ) = (%)(l‘). (3.2)

g(z) gtg¥
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By the hypotheses (ii) and (iii), there exist Lagrange multipliers 0 < n; € R, j =1,2,...,m, and using (a)
and (b), we obtain

v(g) (%) + é 1;Vh;(#) = 0 and

njhj(if) :0, j:1,2,...,m.

Hence, from Theorem 3.1, Z is optimal for (

QI

) with the constraints of (SIFP).

D@ < (e (33)

) g

Now, we prove that & is LU-Pareto optimal for (SIFP). Let & be not LU-Pareto optimal.
Then, by definition, 3 x € X such that

Thus, for every x € X, we have

which yields

Therefore, (3.1) implies

which is a contradiction to (3.3).
Therefore, & is LU-Pareto optimal and thus LS-Pareto optimal (by Thm. 2.10 (ii)). This completes the
proof. O

Verification of Theorem 3.2
In order to verify the Theorem 3.2, the following Examples 3.3 and 3.4 are illustrated.

Example 3.3. Suppose in (SIFP), f(z) = [z,z+ 1], g(x) = [-z,z + 1] and X = [-0.5,—-0.1].
Then the problem (SIFP) becomes:

(B1) Min 20 [ %zl
g() r+1 —x 1’
subject to
—x—0.5<0,
z+0.1<0.

Here, the fractional interval 5 is continuously differentiable for every feasible point.

Now, g¥gY = —x(x + 1), is clearly a concave function and positive V z € X.

Furthermore, fXg” + ¢gY fU = 22 4+ 1 is a convex function V x € X and non-negative for all x € X. Hence,
the suppositions given in Theorem 3.2 are satisfied.

Let there exist n1, n2 > 0, such that
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() V(2L ) + 0 (V( =2 -05)) +m(v(a+0.1)) =0,

or » .

(%) —n1+1n2=0.
(ii) m(—2 —0.5) = 0 = n2(& +0.1).

Now, £ = —0.5, 71 = 0 and 7, = 8 satisfy the above KKT-conditions.
Next, we will show that & = —0.5 is an LU-Pareto optimal for the problem (E1).
We see that, there exists no —0.5 < z < —0.1 such that

T r+1
) < 7171:|7
{x—l—l —x} LU[

Z_ <1 o< -1 o< -1
which implies z+l — or { ztl or ¢ *+l
Y {_“ <1, el <, =l <,

Therefore, &+ = —0.5 is LU-Pareto optimal solution and hence LS-Pareto optimal solution to the

problem (E1).

Example 3.4. Consider f(z) = [f%, Y], g(z) = [¢*, V] where

1
~logz

fL(x) ) fU(x) =e", gL<w) = log z, gU(w) =1

Then the fractional interval problem (SIFP) becomes:

(B win L) _ Ologme] _1/loge et
1 logx

g(x) [log 2, 1]

subject to

x—1.4<0,
—r+132<0

Let X ={z € R: 132 <z <14}

Now, g¥gV = logx is a concave function and also ¢g“¢g¥ =logz >0, V z € X.

Also, fLgt 4+ gV fU =1+ ¢e® > 0 is a convex function for all .

Hence, the suppositions given in Theorem 3.2 holds. Suppose there exist multipliers 77, 72 > 0, such that

() (o) o — i =0,
(ii) 71 (2 — 1.4) = 0 = np(—& + 1.32).

The above conditions (i) and (ii) are satisfied for & = 1.4, n; = 0.254 and 75 = 0.
Next, we will show that & = 1.4 is an LU-Pareto optimal for the problem (E2).
We see that, there exists no 1.32 < x < 1.4 such that

T

[1/log:£ e

: ,@} - {6.85,27.78},

€ < 27.78, € < 97.78, € < 97.78,

logxz —

L <6.85 L < 6.85 L <6.85
which implies { logz — or { logz or 4 logz

log x log x

Therefore, # = 1.4 is LU-Pareto optimal, hence LS-Pareto optimal solution to the problem (E2).
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Before deriving the KKT conditions for the problem (FIVP), we introduce the following definitions which
will be needed in the sequel.

Definition 3.5. [9] A differentiable function f : R™ — R is V-invex (strictly V-invex) at the point y with
B(,y): R"x R" — Ry and n(.,.) : R x R" — R", if

f@) = fy) = >)B(z,y)Vf(Yy)n(z,y), Vo € R".
Definition 3.6. The function % in (FIVP) is said to be

(a) LU-V-invex iff f’g, and ka are V-invex for all k = 1,2,...,1

Ii

(b) LS-V-invex iff f’{, and (g— — 5—’{]) are V-invex for all k =1,2,... 1.
k

k

Next, we establish the KKT conditions for the problem (FIVP) using the LU-V-invex and LS-V-invex as-
sumptions.

Theorem 3.7. Suppose that the fractional interval multivalued function g,F > 0, G > 0 is continuously
gH -differentiable, also LU-V -invex at & € Xy with respect to A(x,&) > 0 and n(x,2). Further, assume that
hj(z), j = 1,2,...,m, are V-invex at & € Xy with respect to the same \(z,Z) and n(z,z). If there exist

Lagrange multipliers 0 < B, € R, k=1,2,...,l and 0 < §; € R, j = 1,2,...,m such that the conditions given
below are satisfied:

a)zz1mv«ﬁd+(§)y»+2£¢wmxm=
(“)5] ()_O .7_1)27" m.
Then & is LU-Pareto optimal of (FIVP).

)

Proof. On the contrary, assume that Z is not an LU-Pareto optimal solution of the problem (FIVP). Then there
exists x € Xg, such that

=
O

which gives

, — — forall1 <k <l
gr (z)" gi () 97 (&) gk (&)
This further implies
L L L
(@) < £ (@) I (@) < (@) (@) < £ (@)
I [P i oy O A i
Bo<h@ | S@<f@  |EZe<te
Since G > 0, therefore, we obtain
!
fi@) (@) fE@) @)
Br + - L4+ )] <0, 3.4
(v )~ (e * ara)) (34)

Using the LU-V-invexity of g with respect to A(z, &) > 0 and 7

@) " gh@)

(f;f(w) f;?(@) B (
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which together with g > 0 yields,

|
SRS
~— =
s
®®
— [ —
N—
[E——

>

Using the fact that all h;, j =1,2,...,m are V-invex with respect to A(z, &) > 0 and n(z, Z), we get
hj(x) = hj(2) = M, 2)Vh; (@)n(z, 2).

Using hypothesis (ii) and §; >0, j =1,2,...,m, we obtain

D &) > A, 2) ( > ijhj(fﬁD??(% ).
j=1 j=1

Now, (3.5) and (3.6), together imply

This using (i) yields

v
=
—~ <

since §; > 0 and h;(z) <0),
which contradicts (3.4). Hence, & is LU-Pareto optimal for (FIVP).

Verification of Theorem 3.7

Example 3.8. Consider the fractional interval problem:

(E3) Min L&) _ B HLa 2] [x2+1 x2+2}
gl)  [x+2,2+3] Llz+3 z+2)

subject to

z—2<0,
—xr+1<0.

Let AM(z,y) =1 and n(z,y) =z — y.
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Now, we first show that g Ef; is LU-V-invex at y = 1.

(%)(x) - (%)(1) — Az, 1)v(§;)(1)n(% D)

g g
2241 1 3
“ars 2z s
B 5(z —1)2
- 8(z+3)
>0, for all z € [1,2].
Also,
U U U
(L)@ - () w - vv (L) @y
22+ 2 1
T r+2 _1_§(x_1)
2(x —1)2
3(x +2)

>0, for all z € [1,2].

Next, we shall prove that h;, j = 1,2, are V-invex.
For hi(x) =z —2 <0,

hi(z) = (1) = A(z, )V (1)n(z, 1)
—(@-2)-(1-2)—(z—-1)=0.
For he(z) = —2+1 <0,

ha(x) — ha(1) = Az, 1) Vha(1)n(z, 1)
=(—z+1)—(-14+1)—(-)(z—-1)=0.
Therefore, the hypotheses of the Theorem 3.7 are satisfied. Further, at £ = 1, there exist £&; = 0 and & =
(= 1 such that

: 2&% 4202345822 +445—22
(1) ﬂ o (?:2159%9—:&-552 < +§1 - 52 =0,

(i) &i(2—2)=0=& (-2 +1).
Next, we will show that & = 1 is an LU-Pareto optimal for the problem (E3).
We see that, there exists no 1 < x < 2 such that

24+1 2242 1
el e [

z+3 z+2 2’
2241 <1 2241 1 2241 1
. X . = < 5 < 5 = < 5
which implies ¢ %t3 =2 or { %3 2 or{ k3 "2
42 < 1 42 < 1 x°4+2 < 1
r+2 ’ x+2 — 7 r+2 )

Therefore, & = 1 is LU-Pareto optimal solution to the problem (E3).

Theorem 3.9. Let & € X be a feasible solution of (FIVP). Suppose that
(i) the function g,F >0, G > 0 is continuously gH -differentiable at & € X,
(ii) & is LS-V-invex at & € Xy with respect to Nz, %) > 0 and n(z, ),
(iii) hj(x), j=1,2,...,m, are V-invex at T € Xo with respect to the same A(z,Z) > 0 and n(x, &).

1177

17

49
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Furthermore, let there exist Lagrange multipliers 0 < ﬂ,f,ﬂ;f ER k=12...,land0 < & €R, j =
1,2,...,m such that

(a) Sioy BEV (i)vwzz 155 (L5~ L5) (@) + Ty & V(@) =
(b) &hy(2) =0, j=1,2,.
Then & is LS-Pareto optimal for (FIVP).

Proof. We shall prove the result by contradiction. Let & be not an LS-Pareto optimal solution for (FIVP). Then
there exists x € Xy and 1 < k <[, such that

I fi(2) fi () fi(@) fi (@)
which yields [QZJ(JJ)’ g%(x)} <Ls [gzj(iﬁ)’ g]:f(i‘)] Hence,

(r- )@= (G- ).
I (2) < 25 (3)

or I U Lgk L
(3 - &)@ < (5 - &)@,
L@ < %@

or I U Lgk L
(% - &)@ < (- &)@

From ﬁ,’;‘, ﬂ,f > 0, we obtain

=~
—
S
N~—
N———
| I
A
—
w
~
S—

[Zﬁk(fki) Zﬁk(fk _Z;g(g;)

U
Since & is LS-V-invex with respect to A(z,&) > 0 and 7(z, &), therefore g—’{, is V-invex and 2% — g—’g, are
k k k
V-invex for same n(x,fc) and A(z, ).

Now, for ﬂk, ﬂk > 0, we get
FE (@) L oas( 1@ E@N v
Zk | BE o)t Y we1 Bi e o is V-invex. Therefore, we have
k

) gy (x)
! Ly ! Uy L ! Lis
() e - ) - [ )
: V(& Lz ! Lis
o (O - )] 2 e [ St () o9
! A ~
N zﬁv({;g; . ;‘:;gg)w,@,
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Again using the fact that all hj, j =1,2,...,m are V-invex with respect to A(z,Z) > 0 and n(x, &), we get

Further, it follows from hypothesis (i) and §; > 0, j =1,2,...,m, that
> &hs(@) = Mw, ) (DA (@) )i, @): (3.9)
j=1 j=1

Now, using (3.8) and (3.9) and hypothesis (ii), £ > 0, hj(z) <0, j=1,2,...,m, we finally obtain

! L ! U L
L( i (@) s (i (x)_fk (z) _ L( i (&)
[éﬂk () I (o~ )] [sz’“ ()
l U/ LA
s(fi (&) 7fk (2) 0
+2 0 (5 ~ )l 20
which contradicts (3.7). Hence, & is an LS-Pareto optimal solution for (FIVP). O

Verification of Theorem 3.9

Example 3.10. Consider the following fractional interval problem:

(E4) Min flx) _ [22 4 24, 2(2? 4 2%)) _ [1‘24—1:4 2x2]

g(x) [22 + 1,22 + 2] z2 42"
subject to
1<z<2
Let A(z,y) = 1, n(z,y) = x — y*
Now, we first prove that % is LS-V-invex at y = 1.

on = (5@ - (5) 0 -re, v (! 2) a1

g g
242t 2 14
:ﬂ_,_f(x_l)
2+ 2 3 9
79x4714x3+17x2728$+16
9(22? 4 2)

>0, (see Fig. 9).

U L U L U L
Ao, viz = (L= LY@ - (£ - L) - aew v (5 - L) ey
2% 4+ 4a* 4+ 322 8 22

% 4+ 322 +2 6 9
1826 — 4425 + 922 — 13223 + 11422 — 88z + 40
18(z* 4 322 + 2)
>0, (see Fig. 10).
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30

20+

10

12 14 16 18 20
FIGURE 9. The graph of ;7 with respect to 1 <z < 2.
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400

200

12 14 1.6 18 20

F1cURE 10. The graph of 112 with respect to 1 <z < 2.

Next, we show that hj;, j =1,2, are V-invex.

For hy(z) =z —2 <0,

P (@) — B (1) = A, )V (D 1) = (2 - 2) = (1 - 2) — (2 — 1) = 0.

For hy(z) = -z +1 <0,

ho(x) — ha(1) — Mz, 1)Vhe(U)n(z,1) = (2 +1) = (-14+1) = (-1)(z — 1) = 0.

Therefore, all the conditions of Theorem 3.9 are satisfied. Further, at & = 1, there exist & = 0, & =2, AL =
2 and \Y = 2 such that

14 22

(i) A\ 2354845442 +AS 2441227 4+302° +324°% +124 16— 6 =0
1 (22+2)? 1 (27+322+2)2 1 2 =Y

(i) &i(2 —2) =0=&(—2 + 1),

hold.
Now, to show that Z = 1 is an LS-Pareto optimal solution to the problem.
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FIGURE 11. The graph of ¥9; with respect to x € [1,2].
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FIGURE 12. The graph of ¥9s with respect to x € [1,2].

We see (Figs. 11 and 12) that, there exists no 1 < < 2 such that

22+ 2t 2(2? +2%) 2
|: ) :| LS |:732:|7
2+ 2 2 +1 3

24zt 2 x4zt < 2
. . P > 2
which yields ¢ %2, 755 , or § KF2. % <4
x4 4+3x2+2 <3 zi+322+2 = 37

2, 4
x“+x 2
or 242 < 3
16+4z4+3z2 < 4
3

4432242

224+t 2 28 +4at +322 4
Let = ——— — — and - —
et Y= Tay Tgadvn = e T3

Therefore, Theorem 3.9 shows that & = 1 is an LS-Pareto optimal solution to the problem (E4).

1181
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4. OPTIMALITY CONDITIONS WITH gH-DERIVATIVE

In this section, the Karush Kuhn Tucker conditions for (FIVP) are obtained using the idea of the gradient
of the fractional interval valued function via gH-derivative.
The gradient of a fractional interval valued function is defined as:

()0 = (), (55),0)

where (%ﬁ) (Z) is the gH-derivative of g at & and is denoted by
9

(%a2), = [min{ (5L o (5 @),

8l‘j 8xj axj
L/ U U /,L
o (B0 () )

if g is gH-differentiable.
The following example illustrates how to find the g H-derivative of a fractional interval valued function.

Example 4.1. Let the fractional interval valued function be given by

T —2? — 22, 2(2? + 3 —2? — 22 2(2? 4 22
f():[ 1 22 (21 2)}:[ 12 2 (12 2)71,:(3:17%2)’
g9(z) [23, 27] 1 Lo
0<CL'2§(E1.
Here,
a(f/g) 223 4x, 2x35 4y
(T ) )= [min (S5 55 ) mex (5533 )]
and

(412 [ (5,50 ) e (222,25

0xs g x5

Thus, the gradient of % is given as:
223 4 223 4
()= (o (22,22 e (2.2,
9 Ty I3 Ty X

. (2w —dx? —2z9 —4a}
[mm( 3 ,73>,max( 5 3 )} )
L1 T3 Ty )

Definition 4.2. [3] The cone of feasible directions of a non-empty feasible set X at & is defined as:

T:{tERn: t #£0, 3 k>0, such that & + it € X, V(SG(O,/»@)},

where t € 7 is the feasible direction of X.
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Proposition 4.3. [3] Let J(&) = {i| hi(&) = 0} be the index set of the active constraints for the feasible set
Xo={x € R" hi(x) <0, i=1,2,...,m} where & € Xo. If hy(x), i =1,2,...,m are differentiable functions,
then

T C{t€ R"| Vhiy(2)Tt<0, iecI}.

The following discussion is based on the fact that the KKT conditions for the fractional interval valued
function (FIVP) can also be obtained using the idea of the gradient of fractional interval valued function via
gH -deriwative.

For the continuously differentiable functions ;; :Eg, k = 1,2,...,1 and the real valued functions h;, i =

1,2,...,masin (FIVP),0< B, € R, k=1,2,...,1, 0<n; €R, j=1,2,...,m, consider

1 m
Sy () @)+ Y Ihs(@) =0 (4.1)
k=1 j=1

Since 5—’5 and {7—’; are continuously differentiable at &, k& = 1,2,...,l (from Thm. 2.15), we have for j =
k k

1,2,...

Zﬁkv(—’ij) @)+2nthj(@) =0 (4.2)

and ng ( ’%) () +anwl ) = 0. (4.3)

Adding (4.2) and (4.3), we obtain
> B [VG’;)@) +V(%)(@] +iﬁthj(56) =0, (4.4)

where 7); = 2n;.

Theorem 4.4. Let 2 € X be a feasible solution for (FIVP). Suppose that the function g,F >0, G>0is
continuously gH -differentiable, also LU-V -invex at z € Xy with respect to X\(z,2) > 0 and n(z, 2). Moreover,
assume that hj(x), j =1,2,...,m are V-invex at 2 € Xy with respect to the same \(z, 2) and (2, 2). If there
exist Lagrange multipliers 0 < By € R, k=1,2,...,1 and 0 < & € R, j = 1,2,...,m in such a way that the
following conditions are satisfied:

(i) Shs Vg (£2) () + zg” L& VR (2) =0,
(i) &hj(2) =0, j=1,2,.
Then & is LU-Pareto optzmal for (FIVP).

Proof. Taking 2 =2 and &; =n;, j=1,2,...,m in (4.1), we get the condition (i). This is equivalent to (4.4),
where 7); = 2n; and then following the Theorem 3.7, we get the required result. (]

In order to establish the KKT optimality conditions for the strongly LU-Pareto optimal solution for the
problem (FIVP), the Tucker’s theorem of alternative is required. It states that, for two matrices B and D,
exactly one of the following has a solution:

(I) Bx <0, Bx #0, Dx <0 for some z € R",
(1) BTu+ DTv =0 for some u > 0 and v > 0,

but never both.
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Theorem 4.5. Let a strictly LU-V -invex fractional interval valued function ;—’; be gH -differentiable at & with
respect to B(z,&) > 0 and n(x,&). If there exist Lagrange multipliers £ > 0 € R, j = 1,2,...,m and the
following KKT conditions are satisfied:

(i) V(L + L ) (@) + 2y 1§JVh( ) =0.

(ii) &hy(@) =0, 5 =1,2,.

Then T is strongly LU—Pareto optz'mal for the problem (FIVP).

Proof. On the contrary, let & be not strongly LU-Pareto optimal for (FIVP). Then there exists € X such that

(B0 <y (20,

which implies

L(z L (2 Uz Us
Gre) = () Giey) = G @
Since, L: is strictly LU-V-invex at &, we have
BO L8 .0 (v(5) @) oo (45)
and - .
B L saa(v (L) @) wwd (@)
From (4.5) and (4.6), we obtain
5(x,£)<V<§Z§)(£))Tn(x,x) <0
Again, (4.5) and (4.7) together give
B(z,2) (v(ij)(@))%(m) <0
From the fact that 8(z, &) > 0, we get
( [(;’:)+(£Z)}(§;))Tn(x,@)<o. (4.8)

Let d = n(z, &). Then, for sufficiently small § > 0, & +tn(Z, &) € X for all t € (0,6). Hence n(z, &) € 7.
Therefore, from Proposition 4.3, for each ¢ € I (index set of active constraints of (FIVP)),

Vh; (@) n(z, &) <0. (4.9)

Let B = ( (g’f + fiL)(fc))T and D = (th(:z))T, jel

are two matrices. Then from (4.8) and (4.9), n(Z,Z) solves the system I (of Tucker’s condition), which in
turn imply that system II has no solution. That is, there does not exist any multiplier p € R, p # 0 and
0<¢; € R, jecIsuch that

PV (f—’“ + fi) (@) + > ¢, Vhy(#) = 0

gk gk iel
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or, equivalently, there does not exist any multiplier 0 < §&; € R, j € I such that

(fi + —) + 306V (@ (4.10)

gk Ik Jel

letting &; = ¢;/p.
For the index set I of active constraints, we have h;(Z) < 0, j ¢ I. Thus, if j & I, (ii) yields & = 0.
As a result, (4.10) gives a contradiction to the conditions (i) of the theorem. This ends the proof of the

theorem. O

Verification of Theorems 4.4 and 4.5

Example 4.6. Consider the fractional interval problem:

(E5) Min fl@) _ [e%2+1) 1 a? :ﬂ2+1}
g(x) [zr+1l,x+2] lz+2 z+1
subject to
rz—2<0,
—r+1<0.

Let A(z,y) = 1 and n(x,y) = v — 3>

Now, we first show that ﬁ;; is LU-V-invex at y = 1.

(ﬁ)(az) ~ (ﬁ)(m — \a, 1)v(£)(1)n(m, 1)

gv gv
x2 1 5
— S (P |
212 3 o9&l
Az —1)?
9z +2)

>0, for all z € [1,2].

Also,

(ﬁ) (z) — (@) (1) — Az, 1)v(fU)(1)n(w7 1)

gt g gt
2 +1 1
41 =1

B (oc—l)2

2z 4 1)

>0, for all z € [1,2].

Next, we shall prove that h;, j = 1,2, are V-invex.
For hy(z) =2 —2 <0,

ha (@) = hi (1) = M, 1)Vhi (Dp(z, 1)
=@-2)-(1-2)—(z—-1)=0.
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For he(z) = -2+ 1 <0,

ha(x) = ha(1) = A(z, 1)Vhe (1) (2, 1)
=(—z+1)—(-1+1) —(-1)(z—-1)=0.
Therefore, the hypotheses of the Theorem 4.4 are satisfied. Further, there exist § =1, £ = 0 and & = %
such that the conditions
() 59, (L) (@) +EVhi(3) + &Vha(2) = 0, and
(ii) §1h1(2) = 0 = &2ha(2).
hold.

Next, we will show that & = 1 is an LU-Pareto optimal for the problem (E5).
We see that, there exists no 1 < x < 2 such that

2

{ x 11324—1]< [1 1}
r+2 z+1 L |3

z?2 1 z? 1 z?2 1
<i <i 2 <l
which implies {;?fl_ 3 or {ii’fl 3 or {;?fl 3
1 <L o1 = L 1 <L
Therefore, & = 1 is LU-Pareto optimal solution to the problem (E5). This verifies Theorem 4.4. O

Further, we shall justify the Theorem 4.5 using (E5).

It follows on the similar steps shown above that % is strictly LU-V-invex at & = 1 and hy(x), ho(z) are
V-invex at £ = 1.

Therefore, the hypotheses of the Theorem 4.5 are satisfied. Moreover, there exist &1 = 0 and & = % such
that

(v) Vg(j% + %)(i) + &1V (&) + & Vha(E) =0,
(vi) &hi(2) =0 = &ho(2).

Lastly, it remains to show that & = 1 is a strongly LU-Pareto optimal solution for the problem (E5). For this,
we need to show that there exists no x € (1, 2] such that

2 241 1
Y D
{g;+2 x—l—l}_LU [3
Now,
{xQ 22 +1
c+2 z+1

2 1 241
Lgfandm—’— <1
x + 2 3 r+1

or, 3x2—x—2§0andx2—x§0,

1
i| jLU |:§71i| lmPIYa

which is not true simultaneously.
Consequently, £ = 1 is a strongly LU-Pareto optimal solution. This verifies Theorem 4.5. O

5. CONCLUSIONS AND FUTURE DIRECTIONS

To the best of our knowledge, the KKT conditions for multiobjective interval valued fractional optimization
problems have not appeared in the literature so far. In this article, we have developed the KKT optimality condi-
tions for the multivalued optimization problem having fractional interval objectives. We have presented the idea
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of LU-V-invex and LS-V-invex for fractional interval valued functions, which generalize the LU-convexity/LS-
convexity for interval valued functions. On the interval space, considering two-order relations, namely, LU and
LS-relations and using the gH-differentiability for fractional interval valued functions, we have established the
KKT conditions for the multivalued fractional interval problem under the LU-V-invex/LS-V-invex assump-
tions. Moreover, extending the idea of the gradient of the interval valued functions using gH-derivative to the
fractional interval valued functions, we have derived the sufficient KKT conditions.

It is to be noted that the constraint functions considered in this paper are inequality constraints and real-
valued functions. Using the approach discussed in this paper, one can develop theoretical results for fractional
interval valued constraints with inequality conditions. This may be the forthcoming research direction in this
area.
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