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THE KARUSH–KUHN–TUCKER CONDITIONS FOR MULTIPLE OBJECTIVE
FRACTIONAL INTERVAL VALUED OPTIMIZATION PROBLEMS

Indira P. Debnath1,∗ and Shiv K. Gupta2

Abstract. In this article, we focus on a class of a fractional interval multivalued programming prob-
lem. For the solution concept, LU-Pareto optimality and LS-Pareto, optimality are discussed, and some
nontrivial concepts are also illustrated with small examples. The ideas of LU-V -invex and LS-V -invex
for a fractional interval problem are introduced. Using these invexity suppositions, we establish the
Karush–Kuhn–Tucker optimality conditions for the problem assuming the functions involved to be
gH-differentiable. Non-trivial examples are discussed throughout the manuscript to make a clear un-
derstanding of the results established. Results obtained in this paper unify and extend some previously
known results appeared in the literature.
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1. Introduction

Interval optimization problems are closely related to the inexact data in real-life engineering and economic
problems. These types of problems involve bounds on the values of the coefficient in the objective function.
Since the real-world problems involve unsure or imprecise data, therefore, it is not necessary that the coefficients
involved in the objective functions are real numbers. Not only interval optimization problems, but also robust
optimization problems and fuzzy optimization problems also deal with uncertainty in the data of the optimization
problems. However, it is easy to deal with the interval optimization as the hypothesis of probabilistic distributions
is not required like we assume in stochastic programming or the hypothesis of possibilistic distributions as in
fuzzy programming.

Two types of interval programming problems are available, viz., the interval linear and the interval nonlinear
programming. Linear interval problems involving an interval in the coefficients of the objective functions are
studied in [13, 17, 22]. An enhanced linear interval problem and its solution algorithm are given in Zhou and
Gordan [26]. A study in multiobjective linear interval valued problem is developed in Oliveira [16]. Based on
real-life problems, an overall sketch on the utilization of interval arithmetic is studied in Alefeld and Mayer [2].
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Interval quadratic problems are explored in Ding and Huang [10]. Several algorithms in interval nonlinear
programming problems are discussed in Jiang et al. [15].

It is essentially important to study the concept of derivative for the interval optimization problems, where the
objective functions are set valued function. The notion of H-derivative, given in Hukuhara [12], has developed
several mathematical analyses in the set differential equations in Bede and Gal [4] and in the fuzzy differential
equations in Chalco-Cano and Roman-Flores [7]. The same concept of derivative is applied to study nonlinear
interval optimization problems. However, the H-differentiability concept suffers some disadvantages, which are
explained in Singh et al. [18]. To overcome the difficulties and to deal with the set valued functions, new concepts
of derivative are presented in [4, 8, 20,21].

The optimality conditions for the interval optimization problems, known as Karush–Kuhn–Tucker, have
become an interesting topic of research during recent years. Extending the idea of convexity to LU-convexity/
CW-convexity, Wu [24] has given the KKT conditions for the interval-valued optimization problems under
LU-convexity/CW-convexity assumptions. The conditions for optimality for the non-convex interval-valued
problems under LU-convexity or LU-invexity conditions are discussed in Zhang et al. [25]. Recently, Tung [23]
considered nonsmooth multiobjective semi-infinite problems and discussed the strong KKT conditions by using
tangential subdifferential and suitable regularity conditions. With nondifferentiable multiobjective optimizaton
problems, Gupta and Srivastava [11] developed weak and strong KKT conditions and studied duality relations
for such problems.

The paper aims to study the KKT conditions for a class of a multivalued fractional interval optimization
problem. In many recent publications, like, Ahmad et al. [1], Bhurjee and Panda [5], Jayswal et al. [14] and Wu
[24] the authors have developed sufficient optimality conditions for the interval-valued optimization problems.
Motivated by the idea of gH-derivative for the optimization problems having interval-valued objectives, the KKT
conditions for optimality are established in Chalco-Cano et al. [6]. The current work mainly focuses on non-linear
optimization problems in which the objective functions are non-linear fractional interval-valued functions. The
main motivation of considering the objective functions as the fraction of intervals is, the uncertainty involved
in many practical problems, which may be in the form as the ratio of two intervals of functions.

The paper is organized as follows. In the Section 2, a class of multivalued fractional interval problem is
introduced. Two different concepts of partial ordering of fractions of two intervals are introduced-LU ordering
and LS ordering. With these concepts of ordering, some definitions of LU/LS-Pareto optimality are given for
the fractional multivalued interval problem. In order to justify these definitions, several non-trivial examples are
also illustrated. In the same section, the idea of gH-derivative for interval-valued function is further extended to
the fractional interval-valued functions. In Section 3, we introduce the definitions of LU-V -invex and LS-V -invex
for the multivalued fractional interval problem. Assuming the functions to be gH-differentiable and using the
convexity notion, we derive the KKT optimality conditions for the problem. Moreover, considering the concept of
LU/LS-V -invexity, the KKT optimality conditions for the multivalued fractional interval problem are developed.
In Section 4, using the gH-derivative concept for the fractional interval multivalued problem, the KKT sufficient
conditions are derived. To verify the results established, various suitable examples are constructed and validated
at suitable places. Eventually, the last section gives a concluding note and some future research directions.

2. Notations and preliminaries

Consider the following fractional interval multivalued programming problem:

(FIVP) Minimize
F (x)
G(x)

=
{f1(x)
g1(x)

, . . . ,
fl(x)
gl(x)

}
subject to x ∈ X = {x ∈ Rn : hj(x) ≤ 0, j = 1, 2, . . . ,m} ⊆ Rn,

where fk(x) = [fL
k (x), fU

k (x)] and gk(x) = [gL
k (x), gU

k (x)], k = 1, 2, . . . , l are interval valued functions and X is
a convex subset of Rn. It is assumed that gL

k > 0, ∀ x ∈ X and k = 1, 2, . . . , l.



KKT CONDITIONS FOR FRACTIONAL INTERVAL VALUED PROBLEMS 1163

Remark 2.1. An interval valued function of the form fk(x)
gk(x) = [fL

k (x),fU
k (x)]

[gL
k (x),gU

k (x)]
can be written as follows:

fk(x)
gk(x)

= [fL
k (x), fU

k (x)]×
[ 1
gU

k (x)
,

1
gL

k (x)

]
=
[fL

k (x)
gU

k (x)
,
fU

k (x)
gL

k (x)

]
,

provided gL
k > 0, for all x ∈ X.

2.1. Operations on intervals

Let the set of all closed and bounded intervals in R be represented as I. Let T = [tL, tU ] ∈ I, P = [pL, pU ] ∈ I
and U = [uL, uU ] ∈ I, then

(i) T + P = {t+ p : t ∈ T and p ∈ P} = [tL + pL, tU + pU ],
(ii) −T = {−t : t ∈ T} = [−tU ,−tL],
(iii) T − P = T + (−P ) = [tL − pU , tU − pL],

(iv) βT =

{
[βtL, βtU ] if β ≥ 0,
[βtU , βtL] if β < 0.

The generalized Hukuhara difference or gH-difference for the intervals is defined as:

T −g P = U ⇐⇒

{
T = P + U or,
P = T + (−1)U

where T −g P always exists and is calculated as (Stefanini and Bede [21]):

T −g P =
[
min{tL − pL, tU − pU},max{tL − pL, tU − pU}

]
.

2.2. Partial ordering and solution concepts

Let T = [tL, tU ] ∈ I and P = [pL, pU ] ∈ I. Then

(i) T �LU P iff tL ≤ pL and tU ≤ pU .
(ii) T ≺LU P iff T �LU P and T 6= P , equivalently,{

tL < pL

tU ≤ pU ,
or

{
tL ≤ pL

tU < pU ,
or

{
tL < pL

tU < pU .

Let A
B =

(
A1
B1
, . . . , Al

Bl

)
and C

D =
(

C1
D1
, . . . , Cl

Dl

)
be two fractional interval valued vectors, where Ak, Bk, Ck, Dk ∈

I, Bk, Dk ∈ I+, k = 1, 2, . . . , l, where I+ denotes the positive interval. Then

(i) A
B �LU

C
D iff Ak

Bk
�LU

Ck

Dk
, for all k = 1, 2, . . . , l.

(ii) A
B ≺LU

C
D iff Ak

Bk
�LU

Ck

Dk
, k = 1, 2, . . . , l and Aj

Bj
≺LU

Cj

Dj
for at least one j ∈ {1, 2, . . . , l}.

We recall some definitions introduced by Singh et al. [18].

Definition 2.2. A feasible solution x0 ∈ X is said to be a LU-Pareto optimal solution of (FIVP) if there does
not exist any x ∈ X, such that

F (x)
G(x)

≺LU
F (x0)
G(x0)

·

Definition 2.3. A feasible solution x0 ∈ X is said to be a strongly LU-Pareto optimal solution of (FIVP) if
there does not exist any x ∈ X, such that

F (x)
G(x)

�LU
F (x0)
G(x0)

·
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Definition 2.4. A feasible solution x0 ∈ X is said to be a weakly LU-Pareto optimal solution of (FIVP) if
there does not exist any x ∈ X, such that

fk(x)
gk(x)

≺LU
fk(x0)
gk(x0)

, for all k = 1, 2, . . . , l.

Remark 2.5. [24] Let X, Y and Z denotes the set of strongly LU-Pareto optimal solutions, LU-Pareto optimal
solutions and weakly LU-Pareto optimal solutions, respectively. Then,

X ⊆ Y ⊆ Z.

Let T = [tL, tU ] and P = [pL, pU ] be two intervals. Suppose tS = tU − tL and pS = pU −pL denotes the width
of the interval’s T and P , respectively. Then another way of defining partial-ordering between T and P (called
LS ordering) is as follows:

(i) T �LS P iff tL ≤ pL and tS ≤ pS .

(ii) T ≺LS P iff T �LS P and T 6= P , equivalently,

{
tL < pL

tS ≤ pS ,
or

{
tL ≤ pL

tS < pS ,
or

{
tL < pL

tS < pS .

Definition 2.6. A feasible solution x0 ∈ X is said to be an LS-Pareto optimal solution of (FIVP) if there does
not exist any other x ∈ X, such that

F (x)
G(x)

≺LS
F (x0)
G(x0)

·

Definition 2.7. A feasible solution x0 ∈ X is said to be a strongly LS-Pareto optimal solution of (FIVP) if
there does not exist any other x ∈ X, such that

F (x)
G(x)

�LS
F (x0)
G(x0)

·

Definition 2.8. A feasible solution x0 ∈ X is said to be a weakly LS-Pareto optimal solution of (FIVP) if
there does not exist any other x ∈ X, such that

fk(x)
gk(x)

≺LS
fk(x0)
gk(x0)

, k = 1, 2, . . . , l.

Remark 2.9. [18] Let L, M and N denotes the set of strongly LS-Pareto optimal solutions, LS-Pareto optimal
solutions and weakly LS-Pareto optimal solutions, respectively. Then,

L ⊆M ⊆ N.

Theorem 2.10. For a feasible solution x̂ ∈ X0 of (FIVP), the following conditions hold:

(i) If x̂ is a strongly LU-Pareto optimal of (FIVP), then x̂ is a strongly LS-Pareto optimal of (FIVP).
(ii) If x̂ is an LU-Pareto optimal of (FIVP), then x̂ is a an LS-Pareto optimal of (FIVP).

(iii) If x̂ is a weakly LU-Pareto optimal of (FIVP), then x̂ is a weakly LS-Pareto optimal of (FIVP).

Proof. The proof follows the argument on Theorem 3.1 in [18]. �

The following Examples 2.11 and 2.12 illustrates whether or not a feasible solution of type (FIVP) is strongly
LU-Pareto optimal, LU-Pareto optimal or weakly LU-Pareto optimal.
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Example 2.11. Consider the following problem:

(FP1) min
f(x)
g(x)

=

{
f1(x)
g1(x)

,
f2(x)
g2(x)

}
,

where

f1(x) = [x, x+ 1], f2 = [ex+1 − x− 2, 2ex+1 − x− 3],
g1 = [x+ 2, x+ 3] and g2 = [x+ 2, x+ 3],

subject to

x ∈ X = [−1, 1].

Then,

f1(x)
g1(x)

=
[ x

x+ 3
,
x+ 1
x+ 2

]
,

and

f2(x)
g2(x)

=
[ex+1 − x− 2

x+ 3
,

2ex+1 − x− 3
x+ 2

]
.

f1(x)
g1(x) and f2(x)

g2(x) defined above are the intervals since

φ11 =
x

x+ 3
− x+ 1
x+ 2

=
−(2x+ 3)

(x+ 2)(x+ 3)
≤ 0, ∀ x ∈ X,

and from Figure 1

φ12 =
ex+1 − x− 2

x+ 3
− 2ex+1 − x− 3

x+ 2
=
e(x+1)(−x− 4) + 2x+ 5

(x+ 2)(x+ 3)
≤ 0, ∀ x ∈ X.

The feasible point x̂ = −1 is strongly LU-Pareto optimal, since from the Figure 2, we can easily obtain that
there does not exist any x ∈ X x 6= 1, such that

f1

g1
(x) �LU

f1

g1
(x̂ = −1) =

[−1
2
, 0
]

or, `11 =
x

x+ 3
≤ −1

2
and `12 =

x+ 1
x+ 2

≤ 0.

Also, from Figure 3, it is clear that there does not exist any x ∈ X, x 6= 1, such that

f2

g2
(x) �LU

f2

g2
(x̂ = −1) = [0, 0]

or, `21 =
ex+1 − x− 2

x+ 3
≤ 0 and `22 =

2ex+1 − x− 3
x+ 2

≤ 0.

Therefore, x̂ = −1 is a strongly LU-Pareto optimal point. Hence, x̂ = 1 is LU-Pareto optimal solution and
consequently, a weakly LU-Pareto optimal for the problem (FP1).



1166 I.P. DEBNATH AND S.K. GUPTA

Figure 1. The graph of φ12 subject to x ∈ X.

Figure 2. The lower graph is of function `11 and upper is of `12 with respect to x ∈ X.

Figure 3. The lower graph is of function `21 and upper is of `22 with respect to x ∈ [−1, 1].
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Figure 4. The graph of ξ11 subject to the constraints.

Example 2.12. Consider the following problem:

(FP2) Minimize
f1(x)
g1(x)

,

where

f1(x) = [sin2 x, 2(sin2 x+ cosx+ 1)], g1(x) = [sin2 x+ 1, sin2 x+ 1.5],

subject to

x ∈ X = [−3, 3].

Then

f1(x)
g1(x)

=
[ sin2 x

sin2 x+ 1.5
,

2(sin2 x+ cosx+ 1)
(sin2 x+ 1)

]
.

f1(x)
g1(x) defined above is an interval since

ξ11 =
sin2 x

sin2 x+ 1.5
− 2(sin2 x+ cosx+ 1)

sin2 x+ 1

=
−(sin4 x+ 4 sin2 x+ 2 sin2 x cosx+ 3 cosx+ 3)

(sin2 x+ 1.5)(sin2 x+ 1)
≤ 0, (see Fig. 4) ∀ x ∈ X.

A.1. The point x = 2 is not weakly LU-Pareto optimal

On the contrary, let x = 2 be an weakly LU-Pareto optimal for the problem (FP2). Then, by definition there
does not exist any x ∈ X, x 6= 2 such that

f1

g1
(x) ≺LU

f1

g1
(x̂ = 2).
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Figure 5. The graph of ξ21 against x ∈ X.

Figure 6. The graph of ξ22 against x ∈ X.

That is, [ sin2 x

sin2 x+ 1.5
,

2(sin2 x+ cosx+ 1)
(sin2 x+ 1)

]
≺LU

[ sin2 2
sin2 2 + 1.5

,
2(sin2 2 + cos 2 + 1)

(sin2 2 + 1)

]
,

or,

ξ21 =
3(sin2 x− sin2 2)

2(sin2 x+ 1.5)(sin2 2 + 1.5)
< 0 and

ξ22 =
2 cosx(sin2 2 + 1)− 2 cos 2(sin2 x+ 1)

(sin2 x+ 1)(sin2 2 + 1)
< 0.

But, from Figures 5 and 6, there are points in [−3,−2) ∪ (2, 3] such that the above inequalities hold true.
Thus, x̂ = 2 is not a weakly LU-Pareto optimal for (FP2).

Adding another fractional interval function f2(x)
g2(x) to problem (FP2) yields:

(FP3) Minimize
f(x)
g(x)

=

{
f1(x)
g1(x)

,
f2(x)
g2(x)

}
,
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where

f2(x) = [x2, x2 + 1/2], g2(x) = [x2 + 1, x2 + 2],

subject to

x ∈ X = [−3, 3].

Then

f2(x)
g2(x)

=
[ x2

x2 + 2
,

2x2 + 1
2(x2 + 1)

]
.

Now, f2(x)
g2(x) defined above is again an interval since

x2

x2 + 2
− 2x2 + 1

2(x2 + 1)
=

−(3x2 + 2)
2(x2 + 1)(x2 + 2)

≤ 0, ∀ x ∈ X.

A.2. The point x=0 is strongly LU-Pareto optimal of (FP3)

Suppose x = 0 is not the strongly LU-Pareto optimal solution of (FP3). Then, ∃ some 0 6= x ∈ X such that

f2(x)
g2(x)

�LU
f2(0)
g2(0)

·

That is, [ x2

x2 + 2
,
x2 + 1/2
x2 + 1

]
�LU

[
0,

1
2

]
or,

x2

x2 + 2
≤ 0 and

2x2 + 1
2(x2 + 1)

≤ 1
2
,

which is not possible for all 0 6= x ∈ X. Hence, @ any 0 6= x ∈ X such that

f(x)
g(x)

�LU
f(0)
g(0)
·

Therefore, x = 0 is strongly LU-Pareto optimal solution for (FP3).

A.3. No point in X other than x=0 is strongly LU-Pareto optimal of (FP3)

To prove that 0 6= α ∈ X is not strongly LU-Pareto optimal, we have to show the existence of a point other
than x̂ = α, such that

f(x)
g(x)

�LU
f(x̂ = α)
g(x̂ = α)

·

Since the lower and upper bounds of the intervals of f1(x)
g1(x) (see Fig. 7) and f2(x)

g2(x) (see Fig. 8) are even, therefore,
x = −α is the point such that

f

g
(x = −α) =

f

g
(x̂ = α).

Hence, x̂ = α 6= 0 is not strongly LU-Pareto optimal for the problem (FP3).
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Figure 7. The lower and upper graph represents the lower and upper bounds of f1
g1

, respectively.

Figure 8. The lower and upper graph represents the lower and upper bounds of f2
g2

, respectively.

2.3. gH-derivative of fractional interval valued functions

For a nonempty set X ⊆ Rn, let f, g : X → I and f
g , g > 0 be the fractional interval valued function, where

f(x) = [fL(x), fU (x)] and g(x) = [gL(x), gU (x)].

Then

f(x)
g(x)

=
[fL(x)
gU (x)

,
fU (x)
gL(x)

]
.

For further discussion, we consider the class of open intervals (x1, x2) and denote it by J .

Definition 2.13. [21] For f : J → I, the gH-derivative is defined as

f ′(x0) = lim
h→0

f(x0 + h)−gf(x0)
h

·
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Further, f is said to be gH-differentiable if f ′(x0) exists at x0. Moreover, if f is gH-differentiable at each
x0 ∈ J , then f is gH-differentiable on J . Here, in the metric space (I,M) the limits are considered and M is
defined as:

M(T, P ) = max
{

max
t∈T

d(t, P ),max
p∈P

d(T, p)
}
,

where d(t, P ) = minp∈P ||t− p||.

Chalco-Cano et al. [8] gave the concept of gH-differentiability for interval valued functions at a point. We
extend this concept for fractional interval valued functions.

Theorem 2.14. If fL

gU and fU

gL are differentiable at x0 ∈ J , then f
g is gH-differentiable at x0 and is defined as

(f
g

)′
(x0) =

[
min

{(fL

gU

)′
(x0),

(fU

gL

)′
(x0)

}
,max

{(fL

gU

)′
(x0),

(fU

gL

)′
(x0)

}]
.

Theorem 2.15. The fractional interval function f
g is gH-differentiable at x0 ∈ J iff the following conditions

hold:

(i) fL

gU and fU

gL are differentiable at x0.

(ii)
(

fL

gU

)′
−

(x0),
(

fL

gU

)′
+

(x0),
(

fU

gL

)′
−

(x0) and
(

fU

gL

)′
+

(x0) exist and(
fL

gU

)′
−

(x0) =
(

fU

gL

)′
+

(x0) and
(

fL

gU

)′
+

(x0) =
(

fU

gL

)′
−

(x0).

Theorem 2.16. [6] If f
g : J → I is gH-differentiable at x0 ∈ J , then fL

gU + fU

gL is also differentiable at x0.

Definition 2.17. [18] Let X ⊆ Rn and f
g , be a fractional interval valued function defined on X. For x0 =

(x0
1, x

0
2, . . . , x

0
n) ∈ X. Consider the fractional interval valued function Pi(x

0
i )

Qi(x0
i )

= f(x0
1,...,x0

i−1,x0
i ,x0

i+1,...,x0
n)

g(x0
1,...,x0

i−1,x0
i ,x0

i+1,...,x0
n)
. If Pi

Qi
is

gH-differentiable at x0
i , then f

g has the ith partial gH-derivative at x0, also denoted by
(

∂(f/g)
∂xi

)
g
(x0), where

(∂(f/g)
∂xi

)
g
(x0) =

( Pi

Qi

)′
(x0

i ).

Definition 2.18. A fractional interval valued function f
g is said to be continuously gH-differentiable at x0 if(

∂(f/g)
∂xi

)
g
(x0), i = 1, 2, . . . , n exist on some neighbourhood of x0 and are continuous at x0.

Proposition 2.19. [6] If f
g is continuously gH-differentiable at x0, then fL

gU + fU

gL is also continuously differ-
entiable at x0.

Definition 2.20. The function F
G in (FIVP) is continuously gH-differentiable at x0 ∈ X if fk

gk
, k = 1, 2, . . . , l

are continuously gH-differentiable at x0.

Proposition 2.21. The function F
G in (FIVP) is continuously gH-differentiable at x0 if fL

k

gU
k

+ fU
k

gL
k

, k = 1, 2, . . . , l

are continuously differentiable at x0.
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3. Optimality conditions

In this section, we study the Karush Kuhn Tucker optimality conditions using the gH-differentiability no-
tion for the fractional interval multivalued problem. Further, the concepts of LU-V -invex and LS-V -invex are
introduced, and the KKT conditions are established considering the functions involved as LU-V -invex and
LS-V -invex.

Consider the following fractional programming problem:

(FP) min
f(x)
g(x)

=
f(x1, x2, . . . , xn)
g(x1, x2, . . . , xn)

subject to hj(x) ≤ 0, j = 1, 2, . . . ,m,

where X0 = {x ∈ Rn : hj(x) ≤ 0, j = 1, 2, . . . ,m} is a nonempty compact convex feasible set and f, g : Rn → R
are continuously differentiable functions on X0 with g(x) > 0,∀ x ∈ X0.

Theorem 3.1. [19] Let x̂ ∈ X0 be a feasible solution of (FP) and the functions f, g : Rn → R be continuously
differentiable at x̂. Let a non-negative function f be convex at x̂ and a positive function g be concave at x̂. If
there exist Lagrange multipliers ηj ≥ 0, j = 1, 2, . . . ,m, such that

(i) ∇
(

f
g

)
(x̂) +

∑m
j=1 ηj∇hj(x̂) = 0,

(ii) ηjhj(x̂) = 0; j = 1, 2, . . . ,m.

Then, x̂ is optimal for the problem (FP).

In order to derive the KKT conditions for a single objective fractional interval valued problem, the following
problem is considered:

(SIFP) min
f(x)
g(x)

=
[fL(x)
gU (x)

,
fU (x)
gL(x)

]
subject to hj(x) ≤ 0, j = 1, 2, . . . ,m,

where f(x) = [fL(x), fU (x)], g(x) = [gL(x), gU (x)], k = 1, 2, . . . , l, gL > 0, are interval valued functions and
hi, i = 1, 2, . . . ,m are real valued functions.

Theorem 3.2. Let x̂ be a feasible solution of (SIFP). Suppose that

(i) f(x)
g(x) is continuously gH-differentiable at x̂ ∈ X0,

(ii) (fLgL + gUfU ) is non-negative and a convex function,
(iii) a positive function gLgU is concave.

Further, if there exist Lagrange multipliers 0 ≤ ηj ∈ R, j = 1, 2, . . . ,m such that the following conditions hold:

(a) ∇
((

fL

gU

)
+
(

fU

gL

))
(x̂) +

∑m
j=1 ηj∇hj(x̂) = 0.

(b) ηjhj(x̂) = 0, j = 1, 2, . . . ,m.

Then x̂ is LU-Pareto optimal and hence LS-Pareto optimal for (SIFP).

Proof. Let
f̄(x)
ḡ(x)

=
(fL

gU
+
fU

gL

)
(x). (3.1)

Now, fL

gU , fU

gL are real valued functions and fL

gU + fU

gL is continuously differentiable at x̂ ∈ X0, (from Prop. 2.19).
Therefore, we have

∇
( f̄(x)
ḡ(x)

)
= ∇

(fL

gU
+
fU

gL

)
(x) = ∇

(fLgL + fUgU

gLgU

)
(x). (3.2)
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By the hypotheses (ii) and (iii), there exist Lagrange multipliers 0 ≤ ηj ∈ R, j = 1, 2, . . . ,m, and using (a)
and (b), we obtain

∇
( f̄
ḡ

)
(x̂) +

m∑
j=1

ηj∇hj(x̂) = 0 and

ηjhj(x̂) = 0, j = 1, 2, . . . ,m.

Hence, from Theorem 3.1, x̂ is optimal for
(

f̄
ḡ

)
with the constraints of (SIFP).

Thus, for every x ∈ X0, we have ( f̄
ḡ

)
(x̂) ≤

( f̄
ḡ

)
(x). (3.3)

Now, we prove that x̂ is LU-Pareto optimal for (SIFP). Let x̂ be not LU-Pareto optimal.
Then, by definition, ∃ x ∈ X0 such that

f

g
(x) ≺LU

f

g
(x̂),

which yields {
fL

gU (x) < fL

gU (x̂)
fU

gL (x) ≤ fU

gL (x̂),
or

{
fL

gU (x) ≤ fL

gU (x̂)
fU

gL (x) < fU

gL (x̂),
or

{
fL

gU (x) < fL

gU (x̂)
fU

gL (x) < fU

gL (x̂),

Therefore, (3.1) implies ( f̄
ḡ

)
(x) <

( f̄
ḡ

)
(x̂),

which is a contradiction to (3.3).
Therefore, x̂ is LU-Pareto optimal and thus LS-Pareto optimal (by Thm. 2.10 (ii)). This completes the

proof. �

Verification of Theorem 3.2
In order to verify the Theorem 3.2, the following Examples 3.3 and 3.4 are illustrated.

Example 3.3. Suppose in (SIFP), f(x) = [x, x+ 1], g(x) = [−x, x+ 1] and X = [−0.5,−0.1].
Then the problem (SIFP) becomes:

(E1) Min
f(x)
g(x)

=
[ x

x+ 1
,
x+ 1
−x

]
,

subject to

−x− 0.5 ≤ 0,
x+ 0.1 ≤ 0.

Here, the fractional interval f
g is continuously differentiable for every feasible point.

Now, gLgU = −x(x+ 1), is clearly a concave function and positive ∀ x ∈ X.
Furthermore, fLgL + gUfU = 2x + 1 is a convex function ∀ x ∈ X and non-negative for all x ∈ X. Hence,

the suppositions given in Theorem 3.2 are satisfied.
Let there exist η1, η2 ≥ 0, such that



1174 I.P. DEBNATH AND S.K. GUPTA

(i) ∇
(

2x̂+1
−x̂2−x̂

)
+ η1

(
∇
(
− x̂− 0.5

))
+ η2

(
∇
(
x̂+ 0.1

))
= 0,

or(
2x̂2+2x̂+1
x̂2(x̂+1)2

)
− η1 + η2 = 0.

(ii) η1(−x̂− 0.5) = 0 = η2(x̂+ 0.1).

Now, x̂ = −0.5, η1 = 0 and η2 = 8 satisfy the above KKT-conditions.
Next, we will show that x̂ = −0.5 is an LU-Pareto optimal for the problem (E1).
We see that, there exists no −0.5 ≤ x ≤ −0.1 such that[ x

x+ 1
,
x+ 1
−x

]
≺LU

[
− 1, 1

]
,

which implies

{
x

x+1 ≤ −1
x+1
−x < 1,

or

{
x

x+1 < −1
x+1
−x ≤ 1,

or

{
x

x+1 < −1
x+1
−x < 1,

Therefore, x̂ = −0.5 is LU-Pareto optimal solution and hence LS-Pareto optimal solution to the
problem (E1).

Example 3.4. Consider f(x) = [fL, fU ], g(x) = [gL, gU ] where

fL(x) =
1

log x
, fU (x) = ex, gL(x) = log x, gU (x) = 1.

Then the fractional interval problem (SIFP) becomes:

(E2) Min
f(x)
g(x)

=
[1/ log x, ex]

[log x, 1]
=
[1/ log x

1
,
ex

log x

]
subject to

x− 1.4 ≤ 0,
−x+ 1.32 ≤ 0

Let X = {x ∈ R : 1.32 ≤ x ≤ 1.4}.
Now, gLgU = log x is a concave function and also gLgU = log x > 0, ∀ x ∈ X.
Also, fLgL + gUfU = 1 + ex > 0 is a convex function for all x.
Hence, the suppositions given in Theorem 3.2 holds. Suppose there exist multipliers η1, η2 ≥ 0, such that

(i)
(

x̂ex̂ log x̂−1−ex̂

x̂(log x̂)2

)
+ η1 − η2 = 0,

(ii) η1(x̂− 1.4) = 0 = η2(−x̂+ 1.32).

The above conditions (i) and (ii) are satisfied for x̂ = 1.4, η1 = 0.254 and η2 = 0.
Next, we will show that x̂ = 1.4 is an LU-Pareto optimal for the problem (E2).
We see that, there exists no 1.32 ≤ x ≤ 1.4 such that[1/ log x

1
,
ex

log x

]
≺LU

[
6.85, 27.78

]
,

which implies

{
1

log x ≤ 6.85
ex

log x < 27.78,
or

{
1

log x < 6.85
ex

log x ≤ 27.78,
or

{
1

log x < 6.85
ex

log x < 27.78,

Therefore, x̂ = 1.4 is LU-Pareto optimal, hence LS-Pareto optimal solution to the problem (E2).
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Before deriving the KKT conditions for the problem (FIVP), we introduce the following definitions which
will be needed in the sequel.

Definition 3.5. [9] A differentiable function f : Rn → R is V -invex (strictly V -invex) at the point y with
β(., y) : Rn ×Rn → R+ and η(., .) : Rn ×Rn → Rn, if

f(x)− f(y) ≥ (>)β(x, y)∇f(y)η(x, y), ∀ x ∈ Rn.

Definition 3.6. The function F
G in (FIVP) is said to be

(a) LU-V -invex iff fL
k

gU
k

and fU
k

gL
k

are V -invex for all k = 1, 2, . . . , l

(b) LS-V -invex iff fL
k

gU
k

and
(

fU
k

gL
k

− fL
k

gU
k

)
are V -invex for all k = 1, 2, . . . , l.

Next, we establish the KKT conditions for the problem (FIVP) using the LU-V -invex and LS-V -invex as-
sumptions.

Theorem 3.7. Suppose that the fractional interval multivalued function F
G , F ≥ 0, G > 0 is continuously

gH-differentiable, also LU-V -invex at x̂ ∈ X0 with respect to λ(x, x̂) > 0 and η(x, x̂). Further, assume that
hj(x), j = 1, 2, . . . ,m, are V -invex at x̂ ∈ X0 with respect to the same λ(x, x̂) and η(x, x̂). If there exist
Lagrange multipliers 0 < βk ∈ R, k = 1, 2, . . . , l and 0 ≤ ξj ∈ R, j = 1, 2, . . . ,m such that the conditions given
below are satisfied:

(i)
∑l

k=1 βk∇
((

fL
k

gU
k

)
+
(

fU
k

gL
k

))
(x̂) +

∑m
j=1 ξj∇hj(x̂) = 0.

(ii) ξjhj(x̂) = 0, j = 1, 2, . . . ,m.

Then x̂ is LU-Pareto optimal of (FIVP).

Proof. On the contrary, assume that x̂ is not an LU-Pareto optimal solution of the problem (FIVP). Then there
exists x ∈ X0, such that

F (x)
G(x)

≺LU
F (x̂)
G(x̂)

which gives
[fL

k (x)
gU

k (x)
,
fU

k (x)
gL

k (x)

]
≺LU

[fL
k (x̂)
gU

k (x̂)
,
fU

k (x̂)
gL

k (x̂)

]
, for all 1 ≤ k ≤ l.

This further implies
fL

k

gU
k

(x) < fL
k

gU
k

(x̂)
fU

k

gL
k

(x) ≤ fU
k

gL
k

(x̂),
or


fL

k

gU
k

(x) ≤ fL
k

gU
k

(x̂)
fU

k

gL
k

(x) < fU
k

gL
k

(x̂),
or


fL

k

gU
k

(x) < fL
k

gU
k

(x̂)
fU

k

gL
k

(x) < fU
k

gL
k

(x̂).

Since βk > 0, therefore, we obtain

l∑
k=1

βk

[(fL
k (x)
gU

k (x)
+
fU

k (x)
gL

k (x)

)
−
(fL

k (x̂)
gU

k (x̂)
+
fU

k (x̂)
gL

k (x̂)

)]
< 0. (3.4)

Using the LU-V -invexity of F
G with respect to λ(x, x̂) > 0 and η(x, x̂), we have(fL

k (x)
gU

k (x)
+
fU

k (x)
gL

k (x)

)
−
(fL

k (x̂)
gU

k (x̂)
+
fU

k (x̂)
gL

k (x̂)

)
≥ λ(x, x̂)∇

(fL
k (x̂)
gU

k (x̂)
+
fU

k (x̂)
gL

k (x̂)

)
η(x, x̂),
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which together with βk > 0 yields,

l∑
k=1

βk

[(fL
k (x)
gU

k (x)
+
fU

k (x)
gL

k (x)

)
−
(fL

k (x̂)
gU

k (x̂)
+
fU

k (x̂)
gL

k (x̂)

)]
≥ λ(x, x̂)

[ l∑
k

βk∇
(fL

k (x̂)
gU

k (x̂)
+
fU

k (x̂)
gL

k (x̂)

)]
η(x, x̂). (3.5)

Using the fact that all hj , j = 1, 2, . . . ,m are V -invex with respect to λ(x, x̂) > 0 and η(x, x̂), we get

hj(x)− hj(x̂) ≥ λ(x, x̂)∇hj(x̂)η(x, x̂).

Using hypothesis (ii) and ξj ≥ 0, j = 1, 2, . . . ,m, we obtain

m∑
j=1

ξjhj(x) ≥ λ(x, x̂)
( m∑

j=1

ξj∇hj(x̂)
)
η(x, x̂). (3.6)

Now, (3.5) and (3.6), together imply

l∑
k=1

βk

[(fL
k (x)
gU

k (x)
+
fU

k (x)
gL

k (x)

)
−
(fL

k (x̂)
gU

k (x̂)
+
fU

k (x̂)
gL

k (x̂)

)]
+

m∑
j=1

ξjhj(x)

≥ λ(x, x̂)
[ l∑

k

βk∇
(fL

k (x̂)
gU

k (x̂)
+
fU

k (x̂)
gL

k (x̂)

)
+

m∑
j=1

ξj∇hj(x̂)
]
η(x, x̂).

This using (i) yields

l∑
k=1

βk

[(fL
k (x)
gU

k (x)
+
fU

k (x)
gL

k (x)

)
−
(fL

k (x̂)
gU

k (x̂)
+
fU

k (x̂)
gL

k (x̂)

)]
≥ −

m∑
j=1

ξjhj(x)

≥ 0, (since ξj ≥ 0 and hj(x) ≤ 0),

which contradicts (3.4). Hence, x̂ is LU-Pareto optimal for (FIVP). �

Verification of Theorem 3.7

Example 3.8. Consider the fractional interval problem:

(E3) Min
f(x)
g(x)

=
[x2 + 1, x2 + 2]
[x+ 2, x+ 3]

=
[x2 + 1
x+ 3

,
x2 + 2
x+ 2

]
,

subject to

x− 2 ≤ 0,
−x+ 1 ≤ 0.

Let λ(x, y) = 1 and η(x, y) = x− y.
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Now, we first show that f(x)
g(x) is LU-V -invex at y = 1.

(fL

gU

)
(x)−

(fL

gU

)
(1)− λ(x, 1)∇

(fL

gU

)
(1)η(x, 1)

=
x2 + 1
x+ 3

− 1
2
− 3

8
(x− 1)

=
5(x− 1)2

8(x+ 3)
≥ 0, for all x ∈ [1, 2].

Also, (fU

gL

)
(x)−

(fU

gL

)
(1)− λ(x, 1)∇

(fU

gL

)
(1)η(x, 1)

=
x2 + 2
x+ 2

− 1− 1
3

(x− 1)

=
2(x− 1)2

3(x+ 2)
≥ 0, for all x ∈ [1, 2].

Next, we shall prove that hj , j = 1, 2, are V -invex.
For h1(x) = x− 2 ≤ 0,

h1(x)− h1(1)− λ(x, 1)∇h1(1)η(x, 1)
= (x− 2)− (1− 2)− (x− 1) = 0.

For h2(x) = −x+ 1 ≤ 0,

h2(x)− h2(1)− λ(x, 1)∇h2(1)η(x, 1)
= (−x+ 1)− (−1 + 1)− (−1)(x− 1) = 0.

Therefore, the hypotheses of the Theorem 3.7 are satisfied. Further, at x̂ = 1, there exist ξ1 = 0 and ξ2 = 17
24 ,

β = 1 such that

(i) β
(

2x̂4+20x̂3+58x̂2+44x̂−22
(x̂2+5x̂+6)2

)
+ ξ1 − ξ2 = 0,

(ii) ξ1(x̂− 2) = 0 = ξ2(−x̂+ 1).
Next, we will show that x̂ = 1 is an LU-Pareto optimal for the problem (E3).

We see that, there exists no 1 ≤ x ≤ 2 such that[x2 + 1
x+ 3

,
x2 + 2
x+ 2

]
≺LU

[1
2
, 1
]
,

which implies

{
x2+1
x+3 ≤

1
2

x2+2
x+2 < 1,

or

{
x2+1
x+3 < 1

2
x2+2
x+2 ≤ 1,

or

{
x2+1
x+3 < 1

2
x2+2
x+2 < 1,

Therefore, x̂ = 1 is LU-Pareto optimal solution to the problem (E3).

Theorem 3.9. Let x̂ ∈ X0 be a feasible solution of (FIVP). Suppose that
(i) the function F

G , F ≥ 0, G > 0 is continuously gH-differentiable at x̂ ∈ X0,
(ii) F

G is LS-V -invex at x̂ ∈ X0 with respect to λ(x, x̂) > 0 and η(x, x̂),
(iii) hj(x), j = 1, 2, . . . ,m, are V -invex at x̂ ∈ X0 with respect to the same λ(x, x̂) > 0 and η(x, x̂).
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Furthermore, let there exist Lagrange multipliers 0 < βL
k , β

S
k ∈ R, k = 1, 2, . . . , l and 0 ≤ ξj ∈ R, j =

1, 2, . . . ,m such that

(a)
∑l

k=1 β
L
k∇
(

fL
k

gU
k

)
(x̂) +

∑l
k=1 β

S
k∇
(

fU
k

gL
k

− fL
k

gU
k

)
(x̂) +

∑m
j=1 ξj∇hj(x̂) = 0.

(b) ξjhj(x̂) = 0, j = 1, 2, . . . ,m.

Then x̂ is LS-Pareto optimal for (FIVP).

Proof. We shall prove the result by contradiction. Let x̂ be not an LS-Pareto optimal solution for (FIVP). Then
there exists x ∈ X0 and 1 ≤ k ≤ l, such that

F (x)
G(x)

≺LS
F (x̂)
G(x̂)

which yields
[fL

k (x)
gU

k (x)
,
fU

k (x)
gL

k (x)

]
≺LS

[fL
k (x̂)
gU

k (x̂)
,
fU

k (x̂)
gL

k (x̂)

]
. Hence,

fL
k

gU
k

(x) < fL
k

gU
k

(x̂)(
fU

k

gL
k

− fL
k

gU
k

)
(x) ≤

(
fU

k

gL
k

− fL
k

gU
k

)
(x̂),

or


fL

k

gU
k

(x) ≤ fL
k

gU
k

(x̂)(
fU

k

gL
k

− fL
k

gU
k

)
(x) <

(
fU

k

gL
k

− fL
k

gU
k

)
(x̂),

or


fL

k

gU
k

(x) < fL
k

gU
k

(x̂)(
fU

k

gL
k

− fL
k

gU
k

)
(x) <

(
fU

k

gL
k

− fL
k

gU
k

)
(x̂).

From βL
k , β

S
k > 0, we obtain

[ l∑
k=1

βL
k

(fL
k (x)
gU

k (x)

)
+

l∑
k=1

βS
k

(fU
k (x)
gL

k (x)
− fL

k (x)
gU

k (x)

)]
−

[ l∑
k=1

βL
k

(fL
k (x̂)
gU

k (x̂)

)
+

l∑
k=1

βS
k

(fU
k (x̂)
gL

k (x̂)
− fL

k (x̂)
gU

k (x̂)

)]
< 0. (3.7)

Since F
G is LS-V -invex with respect to λ(x, x̂) > 0 and η(x, x̂), therefore fL

k

gU
k

is V -invex and fU
k

gL
k

− fL
k

gU
k

are
V -invex for same η(x, x̂) and λ(x, x̂).

Now, for βL
k , β

S
k > 0, we get∑l

k=1 β
L
k

(
fL

k (x)

gU
k (x)

)
+
∑l

k=1 β
S
k

(
fU

k (x)

gL
k (x)

− fL
k (x)

gU
k (x)

)
is V -invex. Therefore, we have

[ l∑
k=1

βL
k

(fL
k (x)
gU

k (x)

)
+

l∑
k=1

βS
k

(fU
k (x)
gL

k (x)
− fL

k (x)
gU

k (x)

)]
−
[ l∑

k=1

βL
k

(fL
k (x̂)
gU

k (x̂)

)
+

l∑
k=1

βS
k

(fU
k (x̂)
gL

k (x̂)
− fL

k (x̂)
gU

k (x̂)

)]
≥ λ(x, x̂)

[ l∑
k

βL
k∇
(fL

k (x̂)
gU

k (x̂)

)
(3.8)

+
l∑

k=1

βS
k∇
(fU

k (x̂)
gL

k (x̂)
− fL

k (x̂)
gU

k (x̂)

)]
η(x, x̂),
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Again using the fact that all hj , j = 1, 2, . . . ,m are V -invex with respect to λ(x, x̂) > 0 and η(x, x̂), we get

hj(x)− hj(x̂) ≥ λ(x, x̂)∇hj(x̂)η(x, x̂).

Further, it follows from hypothesis (ii) and ξj ≥ 0, j = 1, 2, . . . ,m, that

m∑
j=1

ξjhj(x) ≥ λ(x, x̂)
( m∑

j=1

ξj∇hj(x̂)
)
η(x, x̂). (3.9)

Now, using (3.8) and (3.9) and hypothesis (ii), ξj ≥ 0, hj(x) ≤ 0, j = 1, 2, . . . ,m, we finally obtain

[ l∑
k=1

βL
k

(fL
k (x)
gU

k (x)

)
+

l∑
k=1

βS
k

(fU
k (x)
gL

k (x)
− fL

k (x)
gU

k (x)

)]
−
[ l∑

k=1

βL
k

(fL
k (x̂)
gU

k (x̂)

)
+

l∑
k=1

βS
k

(fU
k (x̂)
gL

k (x̂)
− fL

k (x̂)
gU

k (x̂)

)]
≥ 0,

which contradicts (3.7). Hence, x̂ is an LS-Pareto optimal solution for (FIVP). �

Verification of Theorem 3.9

Example 3.10. Consider the following fractional interval problem:

(E4) Min
f(x)
g(x)

=
[x2 + x4, 2(x2 + x4)]

[x2 + 1, x2 + 2]
=
[x2 + x4

x2 + 2
, 2x2

]
,

subject to

1 ≤ x ≤ 2.

Let λ(x, y) = 1, η(x, y) = x− y2.

Now, we first prove that f(x)
g(x) is LS-V -invex at y = 1.

ψ11 =
(fL

gU

)
(x)−

(fL

gU

)
(1)− λ(x, 1)∇

(fL

gU

)
(1)η(x, 1)

=
x2 + x4

x2 + 2
− 2

3
− 14

9
(x− 1)

=
9x4 − 14x3 + 17x2 − 28x+ 16

9(x2 + 2)
≥ 0, (see Fig. 9).

Also, ψ12 =
(fU

gL
− fL

gU

)
(x)−

(fU

gL
− fL

gU

)
(1)− λ(x, 1)∇

(fU

gL
− fL

gU

)
(1)η(x, 1)

=
x6 + 4x4 + 3x2

x4 + 3x2 + 2
− 8

6
− 22

9
(x− 1)

=
18x6 − 44x5 + 92x4 − 132x3 + 114x2 − 88x+ 40

18(x4 + 3x2 + 2)
≥ 0, (see Fig. 10).
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Figure 9. The graph of ψ11 with respect to 1 ≤ x ≤ 2.

Figure 10. The graph of ψ12 with respect to 1 ≤ x ≤ 2.

Next, we show that hj , j = 1, 2, are V -invex.
For h1(x) = x− 2 ≤ 0,
h1(x)− h1(1)− λ(x, 1)∇h1(1)η(x, 1) = (x− 2)− (1− 2)− (x− 1) = 0.
For h2(x) = −x+ 1 ≤ 0,
h2(x)− h2(1)− λ(x, 1)∇h2(1)η(x, 1) = (−x+ 1)− (−1 + 1)− (−1)(x− 1) = 0.
Therefore, all the conditions of Theorem 3.9 are satisfied. Further, at x̂ = 1, there exist ξ1 = 0, ξ2 = 2, λL

1 =
9
14 and λS

1 = 9
22 such that

(i) λL
1

(
2x̂5+8x̂3+4x̂

(x̂2+2)2

)
+ λS

1

(
2x̂9+12x̂7+30x̂5+32x̂3+12x̂

(x̂4+3x̂2+2)2

)
+ ξ1 − ξ2 = 0,

(ii) ξ1(x̂− 2) = 0 = ξ2(−x̂+ 1),

hold.
Now, to show that x̂ = 1 is an LS-Pareto optimal solution to the problem.
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Figure 11. The graph of ψ21 with respect to x ∈ [1, 2].

Figure 12. The graph of ψ22 with respect to x ∈ [1, 2].

We see (Figs. 11 and 12) that, there exists no 1 ≤ x ≤ 2 such that

[x2 + x4

x2 + 2
,

2(x2 + x4)
x2 + 1

]
≺LS

[2
3
, 2
]
,

which yields

{
x2+x4

x2+2 ≤
2
3 ,

x6+4x4+3x2

x4+3x2+2 < 4
3 ,

or

{
x2+x4

x2+2 < 2
3 ,

x6+4x4+3x2

x4+3x2+2 ≤
4
3 ,

or

{
x2+x4

x2+2 < 2
3 ,

x6+4x4+3x2

x4+3x2+2 < 4
3 ,

Let ψ21 =
x2 + x4

x2 + 2
− 2

3
and ψ22 =

x6 + 4x4 + 3x2

x4 + 3x2 + 2
− 4

3
.

Therefore, Theorem 3.9 shows that x̂ = 1 is an LS-Pareto optimal solution to the problem (E4).
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4. Optimality conditions with gH-derivative

In this section, the Karush Kuhn Tucker conditions for (FIVP) are obtained using the idea of the gradient
of the fractional interval valued function via gH-derivative.

The gradient of a fractional interval valued function is defined as:

∇g

(f
g

)
(x̂) =

((∂(f/g)
∂x1

)
g
(x̂), . . . ,

(∂(f/g)
∂xn

)
g
(x̂)
)
,

where
(

∂(f/g)
∂xj

)
g
(x̂) is the gH-derivative of f

g at x̂ and is denoted by

(∂(f/g)
∂xj

)
g
(x̂) =

[
min

{(∂(fL/gU )
∂xj

)
(x̂),

(∂(fU/gL)
∂xj

)
(x̂)
}
,

max
{(∂(fL/gU )

∂xj

)
(x̂),

(∂(fU/gL)
∂xj

)
(x̂)
}]
,

if f
g is gH-differentiable.

The following example illustrates how to find the gH-derivative of a fractional interval valued function.

Example 4.1. Let the fractional interval valued function be given by

f(x)
g(x)

=
[−x2

1 − x2
2, 2(x2

1 + x2
2)]

[x2
2, x

2
1]

=
[−x2

1 − x2
2

x2
1

,
2(x2

1 + x2
2)

x2
2

]
, x = (x1, x2),

0 < x2 ≤ x1.

Here, (∂(f/g)
∂x1

)
(x) =

[
min

(2x2
2

x3
1

,
4x1

x2
2

)
,max

(2x2
2

x3
1

,
4x1

x2
2

)]
and (∂(f/g)

∂x2

)
(x) =

[
min

(−2x2

x2
1

,
−4x2

1

x3
2

)
,max

(−2x2

x2
1

,
−4x2

1

x3
2

)]
Thus, the gradient of f(x)

g(x) is given as:

∇g

(f
g

)
(x) =

([
min

(2x2
2

x3
1

,
4x1

x2
2

)
,max

(2x2
2

x3
1

,
4x1

x2
2

)]
,

[
min

(−2x2

x2
1

,
−4x2

1

x3
2

)
,max

(−2x2

x2
1

,
−4x2

1

x3
2

)])
.

Definition 4.2. [3] The cone of feasible directions of a non-empty feasible set X at x̂ is defined as:

τ =
{
t ∈ Rn : t 6= 0, ∃ κ > 0, such that x̂+ δt ∈ X, ∀ δ ∈ (0, κ)

}
,

where t ∈ τ is the feasible direction of X.
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Proposition 4.3. [3] Let J(x̂) = {i| hi(x̂) = 0} be the index set of the active constraints for the feasible set
X0 = {x ∈ Rn| hi(x) ≤ 0, i = 1, 2, . . . ,m} where x̂ ∈ X0. If hi(x), i = 1, 2, . . . ,m are differentiable functions,
then

τ ⊆ {t ∈ Rn| ∇hi(x̂)T t ≤ 0, i ∈ I}.

The following discussion is based on the fact that the KKT conditions for the fractional interval valued
function (FIVP) can also be obtained using the idea of the gradient of fractional interval valued function via
gH-derivative.

For the continuously differentiable functions fk(x)
gk(x) , k = 1, 2, . . . , l and the real valued functions hi, i =

1, 2, . . . ,m as in (FIVP), 0 < βk ∈ R, k = 1, 2, . . . , l, 0 ≤ ηj ∈ R, j = 1, 2, . . . ,m, consider

l∑
k=1

βk∇g

(fk

gk

)
(x̂) +

m∑
j=1

ηj∇hj(x̂) = 0. (4.1)

Since fL
k

gU
k

and fU
k

gL
k

are continuously differentiable at x̂, k = 1, 2, . . . , l (from Thm. 2.15), we have for j =
1, 2, . . . ,m,

l∑
k=1

βk∇
(fL

k

gU
k

)
(x̂) +

m∑
j=1

ηj∇hj(x̂) = 0 (4.2)

and
l∑

k=1

βk∇
(fU

k

gL
k

)
(x̂) +

m∑
j=1

ηj∇hj(x̂) = 0. (4.3)

Adding (4.2) and (4.3), we obtain

l∑
k=1

βk

[
∇
(fL

k

gU
k

)
(x̂) +∇

(fU
k

gL
k

)
(x̂)
]

+
m∑

j=1

η̂j∇hj(x̂) = 0, (4.4)

where η̂j = 2ηj .

Theorem 4.4. Let ẑ ∈ X0 be a feasible solution for (FIVP). Suppose that the function F
G , F ≥ 0, G > 0 is

continuously gH-differentiable, also LU-V -invex at ẑ ∈ X0 with respect to λ(z, ẑ) > 0 and η(z, ẑ). Moreover,
assume that hj(x), j = 1, 2, . . . ,m are V -invex at ẑ ∈ X0 with respect to the same λ(z, ẑ) and η(z, ẑ). If there
exist Lagrange multipliers 0 < βk ∈ R, k = 1, 2, . . . , l and 0 ≤ ξj ∈ R, j = 1, 2, . . . ,m in such a way that the
following conditions are satisfied:

(i)
∑l

k=1 βk∇g

(
fk

gk

)
(ẑ) +

∑m
j=1 ξj∇hj(ẑ) = 0,

(ii) ξjhj(ẑ) = 0, j = 1, 2, . . . ,m.

Then x̂ is LU-Pareto optimal for (FIVP).

Proof. Taking ẑ = x̂ and ξj = ηj , j = 1, 2, . . . ,m in (4.1), we get the condition (i). This is equivalent to (4.4),
where η̂j = 2ηj and then following the Theorem 3.7, we get the required result. �

In order to establish the KKT optimality conditions for the strongly LU-Pareto optimal solution for the
problem (FIVP), the Tucker’s theorem of alternative is required. It states that, for two matrices B and D,
exactly one of the following has a solution:

(I) Bx ≤ 0, Bx 6= 0, Dx ≤ 0 for some x ∈ Rn,
(II) BTu+DT v = 0 for some u > 0 and v ≥ 0,

but never both.
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Theorem 4.5. Let a strictly LU-V -invex fractional interval valued function fk

gk
be gH-differentiable at x̂ with

respect to β(x, x̂) > 0 and η(x, x̂). If there exist Lagrange multipliers ξj ≥ 0 ∈ R, j = 1, 2, . . . ,m and the
following KKT conditions are satisfied:

(i) ∇g

(
fL

k

gU
k

+ fU
k

gL
k

)
(x̂) +

∑m
j=1 ξj∇hj(x̂) = 0.

(ii) ξjhj(x̂) = 0, j = 1, 2, . . . ,m.

Then x̂ is strongly LU-Pareto optimal for the problem (FIVP).

Proof. On the contrary, let x̂ be not strongly LU-Pareto optimal for (FIVP). Then there exists x̄ ∈ X such that(fk(x̄)
gk(x̄)

)
�LU

(fk(x̂)
gk(x̂)

)
,

which implies (fL
k (x̄)
gU

k (x̄)

)
≤
(fL

k (x̂)
gU

k (x̂)

)
and

(fU
k (x̄)
gL

k (x̄)

)
≤
(fU

k (x̂)
gL

k (x̂)

)
. (4.5)

Since, fk

gk
is strictly LU-V -invex at x̂, we have

fL
k (x̄)
gU

k (x̄)
− fL

k (x̂)
gU

k (x̂)
> β(x̄, x̂)

(
∇
(fL

k

gU
k

)
(x̂)
)T

η(x̄, x̂). (4.6)

and
fU

k (x̄)
gL

k (x̄)
− fU

k (x̂)
gL

k (x̂)
> β(x̄, x̂)

(
∇
(fU

k

gL
k

)
(x̂)
)T

η(x̄, x̂). (4.7)

From (4.5) and (4.6), we obtain

β(x̄, x̂)
(
∇
(fL

k

gU
k

)
(x̂)
)T

η(x̄, x̂) < 0.

Again, (4.5) and (4.7) together give

β(x̄, x̂)
(
∇
(fU

k

gL
k

)
(x̂)
)T

η(x̄, x̂) < 0.

From the fact that β(x̄, x̂) > 0, we get(
∇
[(fL

k

gU
k

)
+
(fU

k

gL
k

)]
(x̂)
)T

η(x̄, x̂) < 0. (4.8)

Let d = η(x̄, x̂). Then, for sufficiently small δ > 0, x̂+ tη(x̄, x̂) ∈ X for all t ∈ (0, δ). Hence η(x̄, x̂) ∈ τ .
Therefore, from Proposition 4.3, for each i ∈ I (index set of active constraints of (FIVP)),

∇hj(x̂)T η(x̄, x̂) ≤ 0. (4.9)

Let B =
(
∇
(fL

k

gU
k

+
fU

k

gL
k

)
(x̂)
)T

and D =
(
∇hj(x̂)

)T

, j ∈ I

are two matrices. Then from (4.8) and (4.9), η(x̄, x̂) solves the system I (of Tucker’s condition), which in
turn imply that system II has no solution. That is, there does not exist any multiplier ρ ∈ R, ρ 6= 0 and
0 ≤ ϕj ∈ R, j ∈ I such that

ρ∇
(fL

k

gU
k

+
fU

k

gL
k

)
(x̂) +

∑
j∈I

ϕj∇hj(x̂) = 0
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or, equivalently, there does not exist any multiplier 0 ≤ ξj ∈ R, j ∈ I such that

∇
(fL

k

gU
k

+
fU

k

gL
k

)
(x̂) +

∑
j∈I

ξj∇hj(x̂) = 0, (4.10)

letting ξj = ϕj/ρ.
For the index set I of active constraints, we have hj(x̂) < 0, j 6∈ I. Thus, if j 6∈ I, (ii) yields ξj = 0.
As a result, (4.10) gives a contradiction to the conditions (i) of the theorem. This ends the proof of the

theorem. �

Verification of Theorems 4.4 and 4.5

Example 4.6. Consider the fractional interval problem:

(E5) Min
f(x)
g(x)

=
[x2, x2 + 1]

[x+ 1, x+ 2]
=
[ x2

x+ 2
,
x2 + 1
x+ 1

]
subject to

x− 2 ≤ 0,
−x+ 1 ≤ 0.

Let λ(x, y) = 1 and η(x, y) = x− y2.

Now, we first show that f(x)
g(x) is LU-V -invex at y = 1.

(fL

gU

)
(x)−

(fL

gU

)
(1)− λ(x, 1)∇

(fL

gU

)
(1)η(x, 1)

=
x2

x+ 2
− 1

3
− 5

9
(x− 1)

=
4(x− 1)2

9(x+ 2)
≥ 0, for all x ∈ [1, 2].

Also, (fU

gL

)
(x)−

(fU

gL

)
(1)− λ(x, 1)∇

(fU

gL

)
(1)η(x, 1)

=
x2 + 1
x+ 1

− 1− 1
2

(x− 1)

=
(x− 1)2

2(x+ 1)
≥ 0, for all x ∈ [1, 2].

Next, we shall prove that hj , j = 1, 2, are V -invex.
For h1(x) = x− 2 ≤ 0,

h1(x)− h1(1)− λ(x, 1)∇h1(1)η(x, 1)
= (x− 2)− (1− 2)− (x− 1) = 0.
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For h2(x) = −x+ 1 ≤ 0,

h2(x)− h2(1)− λ(x, 1)∇h2(1)η(x, 1)
= (−x+ 1)− (−1 + 1)− (−1)(x− 1) = 0.

Therefore, the hypotheses of the Theorem 4.4 are satisfied. Further, there exist β = 1, ξ1 = 0 and ξ2 = 19
36

such that the conditions

(i) β∇g

(
f
g

)
(x̂) + ξ1∇h1(x̂) + ξ2∇h2(x̂) = 0, and

(ii) ξ1h1(x̂) = 0 = ξ2h2(x̂).

hold.
Next, we will show that x̂ = 1 is an LU-Pareto optimal for the problem (E5).
We see that, there exists no 1 ≤ x ≤ 2 such that[ x2

x+ 2
,
x2 + 1
x+ 1

]
≺LU

[1
3
, 1
]

which implies

{
x2

x+2 ≤
1
3

x2+1
x+1 < 1,

or

{
x2

x+2 <
1
3

x2+1
x+1 ≤ 1,

or

{
x2

x+2 <
1
3

x2+1
x+1 < 1,

Therefore, x̂ = 1 is LU-Pareto optimal solution to the problem (E5). This verifies Theorem 4.4. 2

Further, we shall justify the Theorem 4.5 using (E5).
It follows on the similar steps shown above that f(x)

g(x) is strictly LU-V -invex at x̂ = 1 and h1(x), h2(x) are
V -invex at x̂ = 1.

Therefore, the hypotheses of the Theorem 4.5 are satisfied. Moreover, there exist ξ1 = 0 and ξ2 = 19
18 such

that

(v) ∇g

(
fL

gU + fU

gL

)
(x̂) + ξ1∇h1(x̂) + ξ2∇h2(x̂) = 0,

(vi) ξ1h1(x̂) = 0 = ξ2h2(x̂).

Lastly, it remains to show that x̂ = 1 is a strongly LU-Pareto optimal solution for the problem (E5). For this,
we need to show that there exists no x ∈ (1, 2] such that[ x2

x+ 2
,
x2 + 1
x+ 1

]
�LU

[1
3
, 1
]
.

Now, [ x2

x+ 2
,
x2 + 1
x+ 1

]
�LU

[1
3
, 1
]

imply,
x2

x+ 2
≤ 1

3
and

x2 + 1
x+ 1

≤ 1

or, 3x2 − x− 2 ≤ 0 and x2 − x ≤ 0,

which is not true simultaneously.
Consequently, x̂ = 1 is a strongly LU-Pareto optimal solution. This verifies Theorem 4.5. 2

5. Conclusions and future directions

To the best of our knowledge, the KKT conditions for multiobjective interval valued fractional optimization
problems have not appeared in the literature so far. In this article, we have developed the KKT optimality condi-
tions for the multivalued optimization problem having fractional interval objectives. We have presented the idea
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of LU-V -invex and LS-V -invex for fractional interval valued functions, which generalize the LU-convexity/LS-
convexity for interval valued functions. On the interval space, considering two-order relations, namely, LU and
LS-relations and using the gH-differentiability for fractional interval valued functions, we have established the
KKT conditions for the multivalued fractional interval problem under the LU-V -invex/LS-V -invex assump-
tions. Moreover, extending the idea of the gradient of the interval valued functions using gH-derivative to the
fractional interval valued functions, we have derived the sufficient KKT conditions.

It is to be noted that the constraint functions considered in this paper are inequality constraints and real-
valued functions. Using the approach discussed in this paper, one can develop theoretical results for fractional
interval valued constraints with inequality conditions. This may be the forthcoming research direction in this
area.
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