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NEW SECOND-ORDER RADIAL EPIDERIVATIVES AND APPLICATIONS TO
OPTIMALITY CONDITIONS*

XIAOYAN ZHANG* AND QILIN WANG*

Abstract. In this paper, we introduce the second-order weakly composed radial epiderivative of set-
valued maps, discuss its relationship to the second-order weakly composed contingent epiderivative, and
obtain some of its properties. Then we establish the necessary optimality conditions and sufficient opti-
mality conditions of Benson proper efficient solutions of constrained set-valued optimization problems
by means of the second-order epiderivative. Some of our results improve and imply the corresponding
ones in recent literature.
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1. INTRODUCTION

Optimality conditions are an important topic in optimization theory. To study this topic, the concept of
derivative plays the most fundamental role in formulating optimality conditions for set-valued optimization
problems. In the last few decades, many kinds of (higher-order) derivatives or epiderivatives for set-valued maps
have been proposed and used for the formulation of optimality conditions in set-valued optimization problems,
see e.g. [1-5,7,8,10,11,14,17,20, 23, 24,26-28] and references therein.

In recent years, second-order optimality conditions have been studied for set-valued optimization problems
since this is very helpful for recognizing optimal solutions as well as for designing numerical algorithms for
computing them. By second-order tangent (or contingent) set, Jiménez and Novo [16] derived the necessary
conditions of efficient solutions for vector optimization problems. Since the epigraph of a set-valued mapping
has better properties than the graph of a set-valued mapping in general, it is advantageous to employ the
epiderivatives in set-valued optimization, Jahn et al. [15] introduced the second-order contingent epiderivatives
for set-valued maps and applied these concepts to establish second-order optimality conditions for set-valued
optimization problems. It is worth noting that the second-order contingent set is only a closed set and may not
be a cone in general cases, and the second-order contingent set may not be a convex set even though the set
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is a convex set. Thus, comparing with the (generalized) contingent epiderivative introduced by Chen and Jahn
[8], the (generalized) second-order contingent epiderivative does not have the strictly positive homogeneity and
subadditivity. To solve this problem, Li et al. [18] introduced the concept of generalized second-order composed
contingent epiderivatives for set-valued mappings and obtained a unified second-order sufficient and necessary
optimality condition of weak minimizers for set-valued optimization problems. Wang et al. [27] introduced the
concept of second-order weak composed contingent epiderivative for set-valued mappings and established the
second-order sufficient optimality conditions and the necessary optimality conditions of weak minimizers for set-
valued optimization problems by virtue of the second-order epiderivative. Peng and Xu [22] introduced a new
second-order tangent epiderivative for a set-valued mapping and obtained second-order Fritz John and Kuhn-
Tucker necessary optimality conditions and a second-order Kuhn-Tucker sufficient optimality condition for a
weak minimizer of set-valued optimization problems. It is worth noting that the second-order sufficient optimality
conditions are obtained under the assumption conditions of cone-convex set-valued mappings in [15, 18,22, 27].
All these (higher-order) generalized contingent (tangent) epiderivatives capture local information of concerning
maps (using h, — 07 in their formulations). To reflect global information, Flores-Bazan introduced the radial
epiderivative in [12]. Thus the second-order optimality conditions for set-valued optimization problems still need
to be addressed.

Our aim is to weaken the hypotheses of some results of [18,24,27]. Motivated by the above views and the work
reported in [2,4,12,18,20,27], we first introduce the second-order weakly composed radial epiderivative of set-
valued mappings and discuss some of its properties. Then, by virtue of the second-order weakly composed radial
epiderivative, we investigate second-order necessary optimality conditions and sufficient optimality conditions
to set-valued optimization problems. Some results obtained improve and imply the corresponding ones in recent
literature.

The organization of this paper is as follows. In Section 2, we recall some basic concepts and introduce a kind
of set-valued optimization problem model. In Section 3, we introduce the second-order weakly composed radial
epiderivative for set-valued mappings and discuss some of its properties. In Section 4, we establish the necessary
optimality conditions and sufficient optimality conditions of Benson proper efficient solutions for constrained
set-valued optimization problems.

2. PRELIMINARIES AND NOTATIONS

Throughout this paper, let X,Y and Z be three real normed spaces, C C Y be a closed convex pointed cone
with a nonempty interior and D C Z be a closed convex pointed cone. Let Y and Z be partially ordered by C'
and D, respectively. Ox and Oy denote the origins of X and Y, respectively. Y* denotes the topological dual
space of Y. Let clC' and C" denote the closure and the topological dual cone of C, respectively. Let M be a
nonempty subset of Y. The cone hull of M is defined by

coneM = {ty:y € M,t > 0}.

The quasi-interior CT¢ of C* is defined by C+* = {f € Y*|f(c) > 0,Ve € C'\ {Oy }}. A base of a cone C is a
convex subset B of C' which satisfies Oy ¢ clB and C' = coneB. Suppose that C is a closed convex pointed cone
in Y. Then C*? # () if and only if C has a base.

Let E be a nonempty subset of X and let F': E — 2 be a set-valued mapping. The domain, graph, epigraph
of F' are defined by, respectively,

dom(F) :={x € E|F(x) #0}, graph(F):={(z,y) € X xY|z € E,y € F(x)},

epi(F) :={(z,y) e X xY|zr € E,y € F(z) + C}.

Let yo € Y. Denote
F(E)= | F(z), and (F—yo)(z)=F(z)—{yo}.
zel
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Definition 2.1. (See [13,21]) Let C C Y be a convex cone and F : E — 2Y be a set-valued mapping. F is
said to be C-convex (C-function) on E if for every z,y € E and every A € (0, 1),

AF(z)+ (1=XNF(y) C F( Az + (1 - Ny) +C.
Clearly, F' is C-convex (C-function) on a convex set E if and only if epi(F) is a convex subset in X x Y.

Definition 2.2. (See [21]) Let M be a nonempty subset of Y. A point y € M is said to be a minimal point
(resp. a weakly minimal point) of M if

My} = ©) = {y}resp-M (({y} — intC) = 0).

As usual, the set of all minimal points (resp. weakly minimal points) of M is denoted by MingM (resp.
WMine M). Specially, we set MingM = (§ (resp. WMingM = ) if M = .

Definition 2.3. (See [6]) Let M be a nonempty subset in Y. A point y € M is said to be a Benson proper
efficient point of M if clcone(M + C — {y})[((—C) = {0y }. The set of all Benson proper efficient points of M
is denoted by PrMingc M.

Definition 2.4. (See [28]) Let £ C Y be a nonempty subset, F' : E — 2Y be a set-valued mapping, 7o € E
and yo € F(zo). F' is called generalized C-convex at (zo,yo) on E if cone(epi(F') — {(xo,yo)}) is convex.

Remark 2.1. Obviously, if F' is C-convex on a convex set E, then F' is generalized C-convex at (xg,yo) €
graph(F') on E. But the converse may not hold, the following example shows the case.

Example 2.1. Let X =R )Y =R,C =R, = {y:y>0},E ={0,1}. F: E — 2Y is defined by
F(z)={y:y>a?},Vz € E.

Take (x0,%0) = (0,0) € graph(F). Then F is generalized C-convex at (xg,yo) on E, but F isn’t C-convex on
LI since E is not a convex set.

Now, we recall notions of the contingent cone and the radial cone.

Definition 2.5. (see [4]) Let K be a nonempty subset of X and z¢ € clK. The contingent cone T'(K, ) to
K at xg is defined by

K —
T(K,xg) := limsup .
h—0t

Definition 2.6. (see [12,26]) Let K C X be a nonempty subset of X and xz¢ € clK. The closed radial cone
R(K,xq) to K at zq is the set of all v € X for which there exist a sequence {h,} of positive real numbers and
a sequence {z,} in K such that

lim hy, (2, —x9) = 0.

n—oo

Note that the closed radial cone R(K,xg) to K at 2y can be defined as follows.

Definition 2.7. (see [20]) Let K C X be a nonempty subset of X and zp € clK. The closed radial cone
R(K,zp) to K at xg is the set of all v € X for which there exist a sequence {A,} of positive real numbers and a
sequence {z,} in X with lim,_,o 2, = v such that zg + \,z, € K, for all n € N, where N denotes the natural
number set.

By Definitions 2.5 and 2.6, the following two results hold.

Theorem 2.1. Let K C X and x € clK. Then R(K,x) is a closed cone and R(K,z) = clcone(K — {z}).
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From [16, Prop. 2.3] and [17, Prop. 3.1], we can obtain the following result.

Theorem 2.2. If K is a convex subset of X and x € K, then
T(K,z) = R(K,z) = clecone(K — {z}).

Definition 2.8. (see [8]) Let X be a real linear space, and let Y be a real linear space and partially ordered by
a convex cone C' C Y with apex at the origin. A set-valued map H : X — 2V is said to be

(i) strictly positive homogeneous if
H(ax) = aH(z),Ya > 0,Vz € X.

(ii) subadditive if
H(ZL’l) + H(xg) g H($1 + $2) + C.

Iff the property (i) holds with o > 0 and (ii) holds, H is said to be sublinear.

Definition 2.9. (See [13,21] ) Let Y be a topological linear space and be partially ordered by a convex cone
C C Y with apex at the origin.

(i) A sequence {y,} CY is said to be C-decreasing iff Vi,j € N,i < j implies y; <¢ v;.

(ii) A subset D C Y is said to be C-lower bounded iff there exists a y € Y such that D C {y} + C.

(iii) The cone C is called Daniell iff every C-decreasing and C-lower bounded sequence in Y converges to its
infimum.

(iv) The weak domination property is said to be held for a subset M of Y iff M C WMincM + intC [J{0y }.
In this paper, we consider the following constrained set-valued optimization problem:

Ming Fl(x
(SP) {s.t. ¢ GEI% N(-D)#0,z €E,

where E C X, F: E — 2Y and G : E — 27 are set-valued maps. The set U := {z € E|G(z) N (=D) # 0} is a
feasible set of (SP). A pair (z9,yo) € graph(F) is said to be a Benson proper efficient solution of (SP) iff g € U
and yo € PrMincF(U).

3. NEW SECOND-ORDER RADIAL EPIDERIVATIVES

In this section, we propose a new notion of second-order epiderivatives for set-valued mappings, and then
investigate some properties of the derivative.

Definition 3.1. Let (zq, o) € graph(F'), (u,v) € X x Y. The second-order weakly composed radial epideriva-
tive D! F(zg,y0,u,v) of F at (zg,yo) in the direction (u,v) is the set-valued map from X to Y defined
by

D:,{ICTF(J;O7 Yo, u, ’U)(Q’J) = WMinC{y € Y|(x’ y) € R(R(epi(F)’ (.To, yo))7 (ua U))}

To compare our epiderivative with other second-order epiderivatives, we recall some notions in [18,27].

Definition 3.2. (see [27]) Let (xo,y0) € graph(F) and (u,v) € X x Y. The second-order weakly composed

contingent epiderivative D! F(xg,yo,u,v) of F at (zg,yo) in the direction (u,v) is a set-valued map from X to
Y defined by

Dy F(xo, yo, u,v)(x) = WMing{y € Y|(z,y) € T(T(epi(F), (z0, y0)), (u,v))}-
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Definition 3.3. (see [18]) Let (zg, yo) € graph(F) and (u,v) € X x Y. The generalized second-order composed

contingent epiderivative Dy F'(xo, Yo, u,v) of F' at (z9,yo) in the direction (u,v) is a set-valued map from X to
Y defined by
DgF(mo,yO,um)(as) = Ming{y € Y|(z,y) € T(T(epi(F), (z0,y0)), (u,v))}.

By Definitions 3.1, 3.2 and 3.3 and Theorem 2.1, we can obtain the following result.

Theorem 3.1. Let E be a nonempty subset of X, F : E — 2Y be a set-valued map, (zo,yo) € graph(F), and
(u,v) € R(epi(F), (x0,y0)). Suppose that the set

P(x) :={y € Y|(z,y) € R(R(epi(F), (x0,%0)) (u,v))},
fulfills the weak domination property for all x € M := dom(P). Then
D! F(xo,y0,u,v)(z) C D! . F(xo,yo,u,v)(z) + C,Vor € M.
Now we establish an existence theorem of D! F(zo,yo,u,v).

Theorem 3.2. Let C be a closed convex pointed cone and let C' be Daniell and (u,v) € clR(epi(F), (zo,%0))-

If the set
Q) :={y € Y|(z,y) € R(R(epi(F), (z0,%0)), (u,v))},
is C-lower bounded for every x € dom(Q), then D! . F(xo,yo,u,v)(x) exists for all x € dom(Q).

wer

Proof. From Theorem 2.1, R(R(epi(F), (xo,%0)), (u,v)) is a closed cone. Since Q(z) is C-lower bounded for
every ¢ € dom(Q), from the existence theorem of minimal points (see [18]), MincQ(z) is nonempty. Since
MincQ(x) € WMincQ(x), for every x € dom(Q), D, .. F(zo, yo, u,v)(x) = WMincQ(z) is nonempty, and the
proof is complete. (I

Now we establish a few important properties of the second-order weakly composed radial epiderivatives.

Theorem 3.3. Let E be a nonempty subset of X, (xo,y0) € graph(F'), and (u,v) € clR(epi(F), (zo,yo0)). If the
set Q(z) :={y €Y :(x—1x9—u,y) € R(R(epi(F), (z0,y0)), (u,v))} fulfills the weak domination property for all
z € E, then

(F(2) = {yo} = {v) [V \ (Dyer F (0, yo, u, v) (w — 0o — u) + C)) = 0,z € E.
Proof. By virtue of Theorem 2.1, we have
R(R(epi(F), (x0,¥0)), (u,v)) = clcone(cone(epi(F) — {(z0,40)}) — {(u, v)}). (3.1)
Since for every « € E and y € F(x), it is obvious that
(z =20 —u,y —yo —v) € {z} x (F(z) + C) = {(z0,90)} — {(u, )}
Then it follows from (3.1) that
(z — 20 —u,y — yo — v) € R(R(epi(F), (w0, y0)), (u,v))-
Therefore, from Definition 3.1 and the weak domination property of Q(z), we get
y—1yo—v € DI . F(xo,y0,u,v)(x — 20 — )+ C.

Therefore
(F(@) = {yo} — o) (Y \ (Dl F (0, Yo, u, v)(x — 0 — u) + C)) = B, Va € B,
and this completes the proof. (I
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Remark 3.1. Tt is under the assumption of cone-convexity that authors established ([27], Prop. 5), however,
Theorem 3.3 is obtained without the assumption of cone-convexity. Thus, combining with Theorem 2.2, we
know that Theorem 3.3 improves and implies ([27], Prop. 5).

Now we provide an example to show Theorem 3.3 and Remark 3.1.

Example 3.1. Let X = R,Y =R*> E =R;,C =R2, F(z) = {(y1,¥2) € R?*|y1 > x%,yg > 0},Vz € E. Let
(0,90) = (0,(0,0)), and (u,v) = (1,(0,0)). Then

R(epi(F), (z0,%0)) =Ry x C

and
R(R(epi(FL (x07y0))7 (um)) =R xC.

Therefore,
D,Z)CTF(I(),:L](),U,’U)(JC) = {(ylay2) € C|y1y2 = O},Vl‘ € R:

and then, for any = € R, we have
(F(z) = {yo} = {v}) (Y \ (D), F (o, yo, u, v) (@ — xg — u) + C)) = 0.

So Theorem 3.3 holds here.
Since F is not cone-convex, ([27], Prop. 5) does not hold here.

By Theorem 3.3, we have the following corollary.

Corollary 3.1. Let E C X and (z9,y0) € graph(F'), (u,v) € clR(epi(F), (zo,y0)) with v € C. If the set
Q(z) ={yeY:(x—1x0,y) € R(R(epi(F), (z0,%0)), (u,v))} fulfills the weak domination property for all x € E,
then for all x € F,

(F (@) = {yo}) (Y \ (Dlher F (w0, y0, 1, v) (& — w0 — u) + C)) = 0.

Theorem 3.4. Let (z9,yo) € graph(F), (u,v) € clR(epi(F), (zo,y0)). Suppose that the second-order weakly
composed radial epiderivative D, F(xo,1o,u,v)(x) # 0 for every x € X. Then

(i) D, .. F(xo,y0,u,v) is strictly positive homogeneous.

Moreover, if F is generalized C-conver at (xzo,y0) on E, and Qz) = {y € Y : (x,y) €
R(R(epi(F), (z0,Y0)), (u,v))} satisfies the weak domination property for each x € X, then

(is) DI ..F(xo,y0,u,v) is subadditive.

Proof. (i) Take A\ > 0 and 2 € X. Let y € D, . F(zo,y0,u,v)(x) = WMinc{y € Y|(z,y) €
R(R(epi(F), (z0,40)), (u,v))}. Then

(2127 y) € R(R(epi(F), (1‘0, yO))ﬂ (u’ ’U))
It follows from Theorem 2.1 that
(Ax, \y) € R(R(epi(F), (x0,%0)), (u,v)).

We shall prove that
Ay € D,,..F(zo, yo, u,v)(Ax). (3.2)
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To prove the result (3.2) by contradiction, suppose that there exists some § € Y such that (Az,g) €
R(R(epi(F), (z0,y0)), (u,v)) and § — Ay € —intC. Since intC | J{0y } is a cone, it follows from Theorem 2.1
that

(z, %Q) € R(R(epi(F), (zo,y0)), (u,v)) and %g —y € —intC,

which contradicts that y € D,, . F(zo, yo, u,v)(x). Hence
)\D;CTF(.Z‘Q, Yo, u,v)(x) C D;CTF(.T(), Yo, u, v)(Az). (3.3)
The inclusion relationship of

D” F(gso,yo,u,v)(oz:c) g OLD” F(xovy()aua U)(x)7

wcer wer

is established in a similar fashion to (3.3). Thus D, ., F(xo,yo,u,v) is strictly positive homogeneous.

(i) Let 21,29 € X, yy € D, . F(x0,y0,u,v)(21), Y2 € D, .. F (20, Yo, u,v)(22). Then we have

(1‘1, yl) € R(R(epl(F), (1‘0, yO))’ (uvv)) and (Ig,yg) € R(R(epl(F), (Io,yo)), (U,U)).

Since F' is generalized C-convex at (xo, yo) on E, cone(epiF' — {(zo, yo)}) is convex. Then, from Theorem 2.2,
R(R(epi(F), (z0,Y0)), (u,v)) is a closed convex cone. Thus we have

('7;1 + T2, Y1 + 92) € R(R(epl(F), (.1307 yO))7 (’LL, U))a

which implies that
Y1+ Y2 € Q21 + x2).

So, from the weak domination property of Q(z) and the definition of D:}CTF(I(), Yo, U, v), we have

Y1+ Y2 € D;;ch(x()ayOauvv)(‘Tl + xQ) +C.

Hence

Dy (0, Y0, u,0) (1) + Doy F (20, Yo, 1, 0) (€2) C Doy F (20, Yo, u, v) (21 + 2) + C.

This completes the proof. O

Remark 3.2. In Theorem 3.4, we obtain the subadditivity of the second-order weakly composed radial
epiderivative under the assumption of generalized cone-convexity. However, it is under the assumption of cone-
convexity that authors established the subadditivity of generalized second-order composed contingent epideriva-
tive in Theorem 3.2 of [18]. Since the generalized cone-convex set-valued mapping may not be cone-convex, and
the cone-convex set-valued mapping must be generalized cone-convex, Theorem 3.4 improves ([18], Thm. 3.2).

By Theorem 3.4, we can get the following result.

Theorem 3.5. Let (zg,yo) € graph(F), (u,v) € clR(epi(F), (zo,yo)). Suppose that F is generalized C-convex
at (zo,y0) on E, and W(z) ={y € Y : (x,y) € R(R(epi(F), (xo,v0)), (u,v))} fulfills the weakly domination
property for each € dom(W). Then D! . F(xo, yo,u,v)(2)+ C is a convex cone, where 2 = dom(D? .. F(xq,
Yo, U, U))
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4. OPTIMALITY CONDITIONS OF PROBLEM (SP)

In this section, we investigate the necessary optimality conditions and sufficient optimality conditions of
Benson proper efficient solutions for (SP) by means of the second-order weakly composed radial epiderivatives.
According to [9, Thm. 4.1], we can obtain the following lemma.

Lemma 4.1. Let mg € U, yo € F(x0). If there exists ¢ € CT such that

(y) = d(vo), Yy € F(U),

then (xo,yo) is a Benson proper efficient solution of (SP).

Theorem 4.1. Let zg € U, yo € F(xg), 20 € G(xo)((—D) and (u,v,w) € R(epi(F,G), (xo,Y0,20)) with
(v,w) € (—C) x (—D). Suppose that (xg,yo) is a Benson proper efficient element of (SP). Then

"

chr(F7 G)(9007?J07 205 u,v,w)(x) - ((Y X Z) \ (_((C \ {OY}) X 11'113D)))7 (41)
for all z € A := dom|[D,, . (F,G)(xo, Yo, 20, u, v, w)].
Proof. Since (xq,yo) is a Benson proper efficient element of (SP),

cleone(F(U) +C — {yo}) ﬂ —C ={0y}. (4.2)

To prove the result (4.1) by contradiction, suppose that there exist some Z € A and

(g,?) € D;zl;cr(Fv G)(‘TOvyOvZOauaU’w)(f)v (4'3)
such that
ye—C\ {0y}, (4.4)
and
zZ € —intD. (4.5)

According to (4.3), there exist sequences {\,} with A, > 0 and {(zn, yn, 2n)} with

(xna Yns Zn) € R(epi(F, G)’ (‘T(Jv Yo, Zo)), (46)

such that
M (T, Ynsy 2n) — (w,v,w)) — (Z,7, Z), as n — oo. (4.7)

It follows from (4.6) that, for any n, there exist sequences {t,, } with t,, > 0 and {(zn,,Yn,,2n,)} Wwith
(Tngs Yng» Zny) € €pi(F, G) such that

i (T, Yni s 2ni) — (205905 20)) = (T Yn, 20), as k — oo. (4.8)
Then Xy {tn, ((Zn, s Yni» 2ni) — (o, Yo, 20)) — (u,v,w)}
= M [(Tny Yn,y 2n) — (u,v,w)], as k — oo.
Combining this with (4.7), we have
An(tny, (Yn, — Y0) —v) — T, as k — oo, n — 0. (4.9)

It follows from (%n, , Yn,, 2n, ) € epi(F, G) and (v,w) € —(C x D) that
)\ntnk[(ynk7znk> - (y07 ZO) - tl (uw)]

nE



NEW SECOND-ORDER RADIAL EPIDERIVATIVES AND APPLICATIONS 957
€ Antny[(F,G)(wn,) + C x D = {(30, 20)} — 7= (v, w)]

C )\ntnk[(Fa G)(xnk) +CxD— {(yOaZO)}]

Then
An (o, (Y = Yo) = v) € Antn [F(@n,) + C = {yo}]. (4.10)

From (4.5) and (4.7), there exists a sufficiently large natural number N such that
An(zn —w) € —intD,Vn > N.
Since A, > 0, w € —D and intD J{0z} is a cone,
zp € —intD,Vn > N.

Then, from (4.8), for any n with n > N, there exists a sufficiently large natural number K(n) such that
Zn,, € —intD,Vk > K(n). Thus

T, € U,Vk > K(n),n > N. (4.11)
By (4.9), (4.10) and (4.11), we get

g € cleone(F(U) + C = {yo})-

Then it follows from (4.4) that

§ € cleone(F(U) +C = {yo}) (] ~(C\ {0y }),
which contradicts (4.2). Thus (4.1) holds and this completes the proof. O

Theorem 4.2. Let g € U, yo € F(xo), 20 € G(zo)((=D) and (u,v,w) € clR(epi(F,G), (o, Yo, 20)) with
(v,w) € (=C) x (=D). Suppose that the following conditions are satisfied:

(i) (F,G) is generalized C x D-convez at (zo,Yyo,20) on E;

(ii) the set V(x) = {(y,2) € Y x Z|(x,y, 2) € R(R(epi(F,G), (x0, Yo, 20)), (u,v,w))} fulfills the weak domination
property for all x € dom(V');

(i1) (x0,y0) is a Benson proper efficient solution of (SP);

(iv) C has a compact base.

Then there exist ¢ € Ct" and ¢ € D* such that

inf{o(y) +¥(2)|(y, 2) € 9} =0,

where © = Dwu (F,G)(x0, Y0, 20, u, v, w)(A) and A := dom[ wer (Fs G) (Zo, Yo, 20, u, v, w)].

Proof. Define
M = D (F,G)(.]fo,y(),ZO,u,’U,’lU)(A)+CXD-

wcer

Then it follows from Theorem 3.5 and conditions (i) and (ii) that M is a convex set. It follows from Theorem
4.1 that

.M(] ((C\ {0y}) x intD)) = 0.

Thus, it follows from a standard separation theorem of convex sets and the similar proof method of Theorem 1
from [24] that there exist ¢ € C™ and ) € D* such that

inf{p(y) +¥(2)|(y,2) € O} = 0.

The proof is complete. O
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Remark 4.1. Since cone-convex set-valued mappings must be generalized cone-convex ones and the converse
may not hold, Theorem 4.2 improves Theorem 1 of [24].

Now, we provide an example to illustrate Theorem 4.2 and Remark 4.1.

Example 4.1. Suppose that X = Z = F =R, Y = R2, C = ]R%_, D = R,. Consider problem (SP) with
F:E — 2Y be a set-valued map and G : E — 27 defined by, respectively,

3
F(LL') = {(yl7y2) € R2|y2 Z yfayl 2 O}7Vx S E7
and
G(z) = {z € R|z > 2*},Vxr € E.

Let (xo,¥0,20) = (0,0,0) and (u,v,w) = (1,(0,0),—1) € X x (—C) x (—D). Naturally, (F,G) is generalized
C x D-convex at (zo,y0,20) on E, and (z9,yo) is a Benson proper efficient solution of (SP). By directly
calculating, we get that A = R and

1"

D,oer (F, G) (0, Y0, 20, u, v, w)(x) = {((y1,y2),2) € C X Z|y1y2 =0,z € R}, Vx € R.
Set ¢ = (1,1) and ¢ = 0. Then, for any = € A and ((y1,y2),2) € ©, we have

o(y) +(z) =1 +y2 > 0.
Since ((0,0),z2) € O,
¢((0,0)) +¢(z) = 0.
Therefore
inf{o(y) +¥(2)(y, 2) € O} =0,

and Theorem 4.2 holds here.
Since (F,G) is not C' x D-convex on E, Theorem of [24] is unusable here.

Theorem 4.3. Let g € U, yo € F(x0), 20 € G(xo) ((—D) and (u,v,w) € clR(epi(F,G), (x0, Yo, 20)) with
(u,v,w) € {0x} x C x D. If the set {(y,2) € Y x Z : (x — xo,y,2) € R(R(epi(F,G), (zo, Yo, 20)), (u,v,w))}
fulfills the weak domination property for all x € U, and there exist ¢ € Ct? and ) € D* such that

inf{o(y) +¢¥(2)|(y, 2) € O} = 0 and ¢(z) = 0, (4.12)

where © = J,ciy Dyer (F, G) (20, Y0, 20, u, v, w)(x — o), then (wo,y0) is a Benson proper efficient solution of

(SP).
Proof. By Corollary 3.1, it is obvious that
(5 = 0,2 = 20) € Doy (F.G) (0,40, 20,u, v, w) (z = ) + C x D,
for all y € F(x),z € G(x),x € U. Then, it follows from (4.12) that
o(y — o) +¥(z — 20) 2 0,¥(y,2) € (F,G)(U). (4.13)

Since, for any « € U, there exists a Z € G(z) [)(—D) such that ¢(z) < 0, it follows from (z9) = 0 and (4.13)
that

?(y) > ¢(wo), Yy € F(U).

Therefore, it follows from Lemma 4.1 that (zg, ) is a Benson proper efficient solution of (SP) and the proof
of the theorem is complete. a

Remark 4.2. Since Theorem 4.3 does not involve the assumption of convexity, it improves and generalizes
([24], Thm. 2).
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5. CONCLUDING REMARKS

In this paper, we propose a new concept of a second-order derivative for set-valued mappings, which is called
the second-order weakly composed radial epiderivative, and then investigate some of its properties. Finally, by
virtue of the epiderivative, we establish second-order sufficient and necessary optimality conditions of Benson
proper efficient solutions for constrained set-valued optimization problems. Some obtained results improve and
imply the corresponding results in literature.
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