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THE ANALYSIS OF A DISCRETE TIME FINITE-BUFFER QUEUE WITH
WORKING VACATIONS UNDER MARKOVIAN ARRIVAL PROCESS AND
PH-SERVICE TIME

QINGQING YEY*, Liwer Liu?, TAo JIANG? AND BAOXIAN CHANG?

Abstract. In this paper, we study the discrete-time MAP/PH/1 queue with multiple working vaca-
tions and finite buffer N. Using the Matrix-Geometric Combination method, we obtain the stationary
probability vectors of this model, which can be expressed as a linear combination of two matrix-
geometric vectors. Furthermore, we obtain some performance measures including the loss probability
and give the limit of loss probability as finite buffer N goes to infinite. Waiting time distribution is
derived by using the absorbing Markov chain. Moreover, we obtain the number of customers served in
the busy period. At last, some numerical examples are presented to verify the results we obtained and
show the impact of parameter N on performance measures.
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1. INTRODUCTION

Vacation queues have been investigated by many authors for their wide applicability in the performance
analysis of the computer networks, production management, communication and so forth. The readers may
refer to surveys of Doshi [13] (prior to 1985) and to the book by Tian and Zhang [33] for works through 2006,
as well as references therein.

In the real life, we may see many situations where the server can still work when the system become empty, for
example, the escalators in the large supermarkets and metros, which are always designed to operate at a lower rate
when there are no customers in the system in order to save the cost, the computers and usually switch to Stand
By or sleep mode when there is no work to do to save the battery life. All the above behaviors can be viewed as the
working vacation, which is first introduced by Servi and Finn [32]. The working vacation is a class of semi-vacation
during which the customers are served at a lower rate rather than completely stopping the service, Servi and Finn
[32] studied an M/M/1 queue with working vacations and applied their results to analyze a WDM optical access
network using multiple wavelengths which can be reconfigured. Their model was generalized to the case of M/G/1
in Wu and Takagi [36], Kim et al. [19] and Li et al. [24], and to the case of GI/M/1 model in Baba [6] and Li and
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Tian [22]. A survey of working vacation models with emphasis on the use of matrix methods and some applications
in practice can be found in Tian et al. [35]. Similarly, for the discrete-time queues with working vacations, Tian
et al. [34] studied the Geom/Geom/1 queue with working vacations using quasi-birth-death process and matrix-
geometric solution method. Subsequently, extension to GI/Geom/1 type with working vacation is carried out in
Li et al. [22]. Recently, Gao et al. [16], Luo et al. [26], Yang and Wu [37] and others considered the working vacation
queueing systems with various features. More details and recent works related to working vacation, the readers
can refer to the survey of Chandrasekaran et al. [12].

A discrete MAP/PH/1 queue is a queue having the Markovian arrival process (MAP) and a single server
with phase-type (PH-type) distributed service time. The discrete Markovian arrival process (D-MAP), which is
introduced by Neuts [28], is convenient to capture the properties of both burstiness and correlation arising in
telecommunication networks based on the Asynchronous Transfer Mode (ATM) environment. The ATM has been
applied as the transport mechanism for the implementation of Broadband Integrated Services Digital Networks
(B-ISDN) and provides high flexibility of network access, dynamic bandwidth allocation on demand, and flexible
bearer capacity allocation. For further details on D-MAP and their applications in stochastic modeling, we refer
the readers to Bruneel and Kim [8] Lucantoni [25], Neuts [30,31] and for a review and recent works on MAP,
we can refer to Chakravarthy [9] and Artalejo and He [5]. The discrete PH distribution, which is introduced in
Neuts [27], is the generalization of geometric distribution, and the detail properties and applications related to
discrete PH distribution, we may refer to Neuts [29] and Latouche and Ramaswami [21].

For the MAP/PH/1 queue related to vacation policy, Alfa [1] first analyzed a discrete-time MAP/PH/1
queue with exhaustive and non-exhaustive service using the matrix-geometric procedure, where the vacation
time follows a phase-type distribution. Subsequently, Alfa [2] studied the discrete MAP/PH/1 queue with
gated time-limited service. In Gail et al. [15], the discrete time MAP/PH/1 with multiple working vacations
is analyzed. Recently, Chakravarthy and Ozkar [11]. By taking advantages of matrix-analytic method, all the
above papers develop computation methods for computing various performance measures.

Systems with finite buffer capacity are commonly seen in practical systems due to space or process con-
straints. Theoretically, all physical queues have finite-capacity buffers and the buffer sizes can be small in some
circumstances. From the point of view, there is a need to study the MAP/PH/1 queue with finite buffer and
working vacations. To the author’s knowledge, up to the present, no special works focused on this model have
appeared in open literatures. For the MAP/PH/1 queue with finite buffer capacity have been widely studied
by many authors, for example, Chakravarthy analyze the MAP/PH/1/K queue with service control, Heindl
and Telek [18] studied the Output models of MAP/PH/1/K queues for an efficient network decomposition,
Dudin et al. [14] analyzed the MAP/PH/1/N queue with feedback operating in a Markovian random environ-
ment. Kim et al. [20] studied the MAP/PH/1/N queue with flows of customers as a model for traffic control in
telecommunication networks.

This remainder is structured as follows. In Section 2, we provide a description of queueing model under study.
The steady-state analysis of the model is presented in Section 3. Specifically, in Section 3.1, we formulate the
model under study as a finite quasi-birth-death (QBD) process, and probability vectors in steady state are
provided in Section 3.2, furthermore, we analyze some properties about the two key matrixes which can be used
in obtaining the stationary probability vectors in Section 3.3, and give some decomposition results which are
useful to reduce the computation workload in Section 3.4. Section 4 obtains some useful performance measures
and gives the limit of loss probability as the buffer N goes to infinite. The waiting time distribution is derived in
Section 5, and the number of customers served in busy period is analyzed in Section 6. At last, a few numerical
examples are presented in Section 7.

2. MODEL DESCRIPTION

We consider a discrete-time single-server queue with working vacation and finite buffer. The queueing model
is defined explicitly as follows.
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Customers arrives at the system according to a discrete time Markovian arrival process, which can be described
by two n dimensional substochastic matrices Dy and D;. Here, Dy records the transition probability that phase
transits from ¢ to j without an arrival, and D; records the transition probability that phase transits from ¢ to
j with an arrival. We assume that the matrix D = Dy + D; is an irreducible stochastic matrix and has the
stationary distribution vector 6, i.e., 0D = 6 and fe = 1, where e is the column vector of ones of appropriate
dimension, then the stationary arrive rate can be given by A = 6De.

During the normal service period, the customers are served according to a phase type distribution with
representation (3, S;) of order m;. Let S{ = e — Sie and we assume that S; + S/ is irreducible and let &; be
the row vector satisfying &; (Sl + S?ﬁ) = ¢ and £1e = 1, then the service rate during the regular service period
can be expressed as pup = & (SgJ 6) e. When the system becomes empty, the server takes a working vacation that
follows a phase type distribution with representation («,T") of order r. During the working vacation period, the
server can still serve the arriving customers, but the service time is of a PH-distribution with representation
(6, S2) of order m;. We also let Sg = e — Sze and assume Sy + Sgﬂ is irreducible and let & be the row vector
satisfying & (52 + Sgﬁ) = & and &e = 1, then the service rate during the working vacation period can be
expressed as p, = & (Sgﬁ) e. Here, we assume pu, < pp. When the working vacation ends, if there are no
customers in the system, the sever proceeds for another working vacation until the server finds the customers
waiting in the system upon arrival, the server will then resume to the normal service period.

We assume the system has a finite buffer N, any customers who meets a full buffer is rejected and lost. And
the service order is first-come first served i.e., FCFS. Furthermore, the inter-arrival times, service times and
working vacation times are assumed mutually independent.

3. STATIONARY ANALYSIS

3.1. The finite quasi-birth-and-death process

In a discrete-time queueing system, the arrivals, the departures and the ends of vacations may happen at
the same time. We assume that the time axis is allotted into intervals of queue length with the length of a
slot being unity, to be more specific, we can let the time axis be marked by 0,1,2,...,n. In this paper, we
analyze the model for early arrival system (EAS), that is, the potential arrival occurs in (n,n"), where n™ is
the moment immediately after n, and the potential departure takes place in (n~,n), where n~ represents the
moment immediately before n, in addition, the beginning and ending of the working vacations also take places
at the instant nt.

For simplicity, we denote the finite buffer MAP/PH/1 queueing system with working vacations by F. Let Q,,
be the number of customers in the system at ¢t = n* and .J,, be the state of server at t = n™ with

J 0, the server is in working vacation period at time n*,
™7 11, the server is in regular busy period at time nT.

Denoted by V;, the phase of working vacation at time n™, K the phase of service in working vacation at time
nt, K? the phase of service in regular busy period at time n* and M, the phase of service at time n*, then,
F can be characterized by a multi-dimensional discrete-time Markov process

Zn = {Qus (Jns My, (Vi K) U (J, My, KD) on = 1,2,
with state space A = Ag U Ay, where
Ao ={(0,0,4,v),7=1,2,....mu=1,2,...,1},

Ay ={k,(0,5,0,k1) U(1,4,k2),1<kE<N,1<j<n1<v<r1<k <mp,1<k <my}.

Ag represents that the states where there are no customers in the system and the server is on working vacation,
the MAP is in phase j, and the vacation is in phase v, A; represents the case in which there are k£ customers
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in the system. The four tuple represents the case where the server is in working vacation with the MAP is in
phase j, the vacation is in phase v, and the service in working vacation is in phase k;. The three tuple represents
the case where the server is in regular busy period with the MAP is in phase j and the service in regular busy
period is in phase ko.

Using the lexicographical order of the state, we get the transition probability matrix P of the process F' as
follows.

By  Boi
By A1 A
P = : Ay Aq A 7 (3.1)
N-1 A A
N Ay, C
where
By =Dy ® (T +T%),By = [D1 ® T ®46, D; @ T°3]
_[Do® (T +T%) @S9
Blo__D0®S?a ’
4 D@ T®S;, Dy @T°® Ssef
o= 1o D ® S, :
A [Dy®@T®89 DyaT°®S93
2|0 Dy ® S9p ’
s (Do @T ® 8+ D1 @T®89 Dy@T°® Seeff+ Dy @T°® S93
o Dy® S+ Dy ® S8 )
C_—(D0+D1)®T®52+D1®T®Sg§ (D0+D1)®T0®5265+D1®TO®S§)5
~ o (Do + D1) ® S1+ D1 @ 893 '

The symbol ® is the Kronecker product, the block matrices Ay, A1, A2 and C are square matrices of dimensions
(nmq 4+ nrmg), the block matrix Byo is the square matrix with dimension nr, the block matrix By is of
dimension nr x (nmy + nrms), the block matrix Bjg is of the dimension (nmj + nrms) x nr. The structure of
the transition probability matrix P is a finite quasi-birth-and-death process (QBD).

We define the traffic intensity

p o (3.2)

and assume p # 1.

We now show that p < 1 makes the variant of (3.1) with infinite number of buffer positive recurrent. In fact,
since A;,i = 0,1, 2, are upper triangular so that the matrix A = Ay + A; + As is reducible, stochastic matrix
and

Y [D®T®(52+585) D®TO®(526ﬁ+535)} _ (3.3)

0 D® (51 + S?ﬁ)
For simplicity and ease of notations, we let s represent the service stage and v the working vacation stage, and
we can write A = (A7) and Aj, = (A;j) , 4,5 =s,0,k=0,1,2, i.c.,

. A’U’U A’US . A’L]::’U A’L]::S .
A_[ Ass}, Ak_{ 5 A‘}Zs]’ k=0,1,2. (3.4)

Based on Theorem 7.3.1 in Latouche and Ramaswami [21], we know the corresponding infinite QBD process

is positive recurrent if and only if
TAS e > A e, (3.5)
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where 7 = 0 ® & such that 7A%® = & and e = 1. From (3.5), we know
(9 ® fl) (DO ® S?ﬁ) e > (9 ® El) (D1 ® Sl) e,

then
(0Dg) ® (£1578) e > (6D1) ® (£151) e,

adding term (D7) ® (515’?6) e on both sides of the above inequality gives
(0D) @ (£1578) e > (0D1) @ (&1 (S1 + S78)) e,

then
(0De) ® (£159Be) > (0D1e) @ (&1 (S1+S7B8)e),

which implies pp > A, then p < 1.
3.2. The stationary probability vectors

Since the process F' is a finite QBD process, so we can analyze it by the Matrix-geometric Combination
method (see Chapt. 10 of Latouche and Ramaswami [21]). To this end, we should solve the minimum non-
negative solution R; to the matrix equation

Ay + RA; + R*Ay = R, (3.6)
and the minimum non-negative solution Ry to the matrix equation
Ay + RA; + R?Ag = R. (3.7)

The computation of R; and Ry can be carried out by a number of well known methods, for example, we provide
the following stepwise procedure to calculate Ry and Rs, recursively.

Algorithm 1. Linear algorithm to compute the R; and Rs.

Input: transition blocks {Ag, A1, A2} and the tolerance e.

Output: R; and Ra.

. Let R1]0] = 0, and Ro[0] = 0.

Let Ro [1] = Ao+ R> [0] Al + Ro [0}2 As, Ro [1] = As + R [O} A1+ Ro [0]2 Aop.

If ||R1[1] — R1[0]]| > € or ||R2[1] — R2[0]|| > €, go to Step 4, else R1[1] « R1[0], R2[1] < R2[0], then return Step 2.
Set R1 = Ry [0] and Ry = Ry [0}

return R;, Rs.

Note: for a matrix A = (ai,j),, v, ||A|| = maxi<j<n {Z \ai7j|}.
=1
Let 7w be the stationary probability vector associated with transition matrix P such that
7P =m, me=1. (3.8)

We partition the vector « into © = [mg, 71,72, ... 7N], where 7o is a row nr-vector representing the state that
there is no customers in the system, m (k = 1,2,...,N) is a row (nrms + nms)-vector representing the there
are k customers in system. Based on the Theorem 10.3.2 of Latouche and Ramaswami [21], we can have that if
p # 1, the stationary probabilities expression can be given as follows:

T = RN R TP 1<k <N, (3.9)
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and [mg, v1, v2] is the left invariant eigenvector of B[Ry, Ra], i.e.,

[m0,v1,v2] B[Ry, Ry) = [mo, v1,v2], (3.10)
normalized so that
Toe + (’UlSi + 'UQSé) € = ]., (311)
where
By By 0
B [Rl, RQ] = | Byo Ai + Ri{As R¥72 (AQ + R1C — Rl) s (3.12)
Rév_lBlo Rév_Q (A2 + Ry Ay — RQ) RyAg + C
and

N-1 N—-1
Si=> RF, Sy=> RS (3.13)
k=0 k=0

3.3. Spectrum properties of R; and R

In order to simplify the computation procedure for computing the stationary probability vectors of our model,
we follow the analysis in Akar et al. [4] to discuss some spectrum properties for Ry and R, under the condition
p <1 and p > 1, respectively.

3.5.1. p<1

If p < 1, it can be shown that the eigenvalues of R; is a power-summable matrix and all its eigenvalues lie in
the open unit disk. Ry is a power-bounded matrix, all its eigenvalues lie in the closed unit disk, one of which is
1, all other lie in the open unit disk. Because R; is power-summable, we can know that (I — R;) is nonsingular,
where I refers to an identity matrix, then

N-1
Si=> Ri=(I-RY)(I-R)"". (3.14)
k=0

However, since one of eigenvalues of Ry is 1, so a simplification form for S} as (3.14) is impossible. Let

y1 = (A2 — Rz Ag) e, (3.15)

and .
M, =1L (3.16)

Y1

where z is the we can show that left invariant vector of A, which is also a left invariant eigenvector of Ry, i.e.,
xRy = x. It is also readily to show that y; is a right invariant eigenvector of Ra, i.e., Roy; = y;. in fact,

Royr = (RoAs — R3Ap) e
= (RaAs — Ry + Ao + RoAj) e
=Ry (A + A1 — 1)+ As)e
= (A3 — RyAp)e
=Y,

then we can find the rank of M; is one, and the matrix (I — R2> is invertible, where Ry = Ry — M. By

induction, we can obtain

RQZ{RIQC—I—M,

7 (3.17)
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Then S} can be explicitly expressed as follows:

N-1 N-1 —
Sh=> Bh=3 RE+(N-1)M = (1-RY) (1 - &) R (3.18)
k=0 k=0

3.3.2. p>1

When p > 1, the form of the stationary probability vectors are still same as in (3.9), but there is a little
difference on the properties of the matrix geometric factors R; and Rs. Following the analysis in Akar et al.
[4], under the condition p > 1, R; becomes a power-bounded matrix and has a simple eigenvalue one, and
Ry become a power-summable matrix and has all its eigenvalues inside the unit disk. Therefore the expression
(3.14) is not valid for R; under the condition p > 1 for the reason that R; is not invertible. We now let

Yo = (AO — R1A2) e, (319)

and .
My =222 (3.20)

TY2

where z is the left and right invariant eigenvector of A and we can verify that yo are the is a right invariant
eigenvector of Rj, and

k_ [ RE4+ M, k>1,
Rt — { ’ s (3.21)

where Ry = Ry — M,. Furthermore, we can write S as follows:

N-1
Si=> Ri=
k=0

On the other hand, because R; is invertible, we can know

N-1 . ) o e ) 2
kZ:OR1+(N 1) My (I R1>(I Rl) LN 1) My, 5.22)

N-1
Sy=> RE=(I-R))(I-Ry)". (3.23)
k=0

3.4. Some decomposition results for R; and Ry

From the analysis in the Section 3.2, we know that the computation of the rate matrices R; and R is the
key to analyze the stationary probability vectors. However, we can find that computing these two matrices Ry
and Ry of order (nmy + nrms) X (nmq + nrms) are usually the heaviest computation load associated with our
model, Alfa [3] presented some decomposition results for MAP/PH/1 vacation queueing system, which can be
used to reduce the computation load. Following the analysis in Alfa [3], we also develop decomposition-based
results that can further assist in improving on the methods for computing R; and Rs. Since R; and Ry have
similar decomposition results, here, we just analyze the decomposition of R;.

From the structures of A;,7 = 0,1,2, we immediately see the R; satisfies the form of

Ry = [R(;{” };ﬂ (3.24)
which leads to the following proposition.
Proposition 3.1.
AY’ + R{"AY + (RY")" A3" = RY", (3.25)
AY® + RVVAYS + RV AT + (RYY)? AY + (RYWRY® + RV RS®) AS® = RY?, (3.26)

A+ R{SAS + (R3®)? A5® = Ry (3.27)
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Proof. From (3.24), we know that

vU 2 VU VS VS SS
(R{")" R{"R{* + R{*R3

R} =
1 0 ( 1515)2 ’

(3.28)

we rewrite equation (3.6) in blocks, we can obtain (3.25)—(3.27) directly. O

It is immediately clear that R$® is the rate matrix associated with the MAP/PH/1 queue with no vacation,
RY" corresponds to the rate matrix during the working vacation period, and the remaining third non-zero block
matrix of Rj" is R{® which connects matrices R{" and R}".

Let Uy = RYY, Uy = A}* + R{°A5°, Us = AY® + R{VAY® + (Ri”’)2 9%, we can write (3.26) as

RY* = Uy + RYU; + UyRY A3, (3.29)

Let U, = — (I —Uy) (A5")"" and with the assumption that the inverse of A3® exists, we have the following
proposition.

Proposition 3.2. If the inverse of A5° exists, then we can get the following equation
RYU, + UgRY® = Us. (3.30)

This is a Sylvester function, numerous of algorithms can be used to solve this function, for example Bartels—
Stewart’s algorithm (see [7]).

We should note that it is necessary that the inverse of A3° is required to be existed when we apply Bartels—
Stewarts algorithm to carried out some operations. Alfa [3] proposed an alternative approach to solve this
problem. For an n x m matrix B, we let

vecB =[Bi1,...,Bn1,B12,...Bna ... Bim; Bnm]" (3.31)

be termed the vectorized version of B, where B; ; is the (4, j)th element of matrix B, and T is reserved for
transpose of a matrix. Using vectorization idea and properties of Kronecker products for (3.29), we can get the
following proposition directly.

Proposition 3.3.
-1
vec RY® = [I — (A7 + R‘{SA?)T ®I— (A;S)T ® Ri”’] vec Us. (3.32)
The proof is direct, so we omit it, during the proof process of this proposition, we use the following property

[17]: For three matrices W, X and Y, if Z = WXY, then vec Z = (YT ® W) vec X.
Based on the decomposition results, we can give another algorithm to compute R;.

Algorithm 2. Compute R; by decomposition results.
Input: transition blocks Ay, A}°, A;°, k=0, 1, 2, and the tolerance €.
Output: R;.
1: Let RYV[1] = A3 + RYV [0] AYY + Ry [0]° A%” and R$® [1] = A§® + R$® [0] A® + R§® [0]% A5°.
2: If ||RYV [1] — RYV[0]|| > € or ||Ri°[1] — Ri*[0]]| > €, go to Step 4, else R{" [1] <« R7"[0], R:®[1] <« R3°[0], then
return Step 2.
3: Set RYY = RY"[1] and R{® = Ri*[0].
4: Get RY® by solving Sylvester function (3.30) using Barttel-Stewart’s algorithm or through (3.32) by using vectoriza-
tion idea. Then use (3.24) to get R;.
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Clearly, we can obtain the Ry by the similar algorithm. From the Algorithm 1, we know that the complexity
of computing the Ry and Ry will involve a complexity of O ((nm1 + m“mg)?’), however, using the decomposition
results, the heaviest workload of the computation of R; and Rj is in computing R}¥ or R;®, and the complexity
is max {O ((nm1)3) , O ((nrmg))3}.

Based on the analysis above, we give a computational procedure that can be used for computing the stationary
probability vectors of our model.

Algorithm 3. Computational procedure for the stationary probability vectors.
Input: Boo, Bo1, B10, A(), Al, AQ, C.
Output: Approximate solution for 7o, 71,...,7TN.
1: Use the Algorithm 1 or Algorithm 2 to compute R; and Ra.
2: Compute p, if p < 1, compute S] and S5 by (3.14) and (3.18), respectively, if p > 1, compute S] and S5 by (3.22)
and (3.23), respectively.
3: Obtain moo,v1 and ve by solving [mo,v1,v2] B [R1, R2] = [mo, v1,v2] and moe + v1.57e + v2Sse = 1.
4: For 1 <k < N, set m = le’f_l +v2R§_k.

4. PERFORMANCE MEASURES

In this section, some performance measures are obtained as follows.
We first provide the probability that the queue is empty and full.

Pempty = To€, (41)
Prap = e = (Ug + leivfl) e. (4.2)
Using the analysis in Section 3.3 and identities
K
> kB =(1-B*")(I-B) - (I+KB*")(I-B)", (4.3)
k=0
and
K
d kB*'=(I1-BX)(I-B)*-KBX(I-B)"", (4.4)
k=1

which hold for an arbitrary matrix B when (I — B) is invertible and, we can obtain the mean queue length
E (L) as follows.

(i) If p < 1, note here (I — Ry) is invertible, but (I — Rz) is not invertible, we can obtain the mean queue length
as follows.

N N

E(L)=> kme=Y k(viRf™" +vRY *)e
k=0 k=1

N N
= Z ERE e 4wy Z kR Fe
k=1 k=1

N N-1
= ZkR’f‘le—sz Z (N —n) (RQ +M1> e
k=1 n=0
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N N-1
R N -1
:'Ule'le_le—F’U2 <NZR§+( —1 M1 Zan )M1>6
k=1 n=0

= (1= BY) (1= B - NRY (1= RO e kv, (N (- RQN) (1-f) "

+ N2M, — (I - Rgv) (I - 1%2) L NRY (1 - Rg) L N(N2_1)M1> . (4.5)
(ii) If p > 1, note (I — Ry) is not invertible, but (I — Rs) is invertible, we can obtain the mean queue length as
follows.
N N
E(L)=) kmy=> k(R +uR) *)e
k=0 k=1
N

= Y kRE™ 1e—|—v22kR

kNl N—-1
:’Ulzk(le_1+M2)€+’U2 (N*Tl) 36
k=1 n=0
o (1= AY) (1= fu) - NAY (1-Ra) o TR

+ vy (N (I=RY)(I=Ry) ™ = (I=RY)(I—Ra) 2+ (I + (N = 1)RY) (I - Rz)*l) e.  (4.6)

Now, we study the loss probability P,ss representimg the probability that an arbitrary customer is lost in
front of system when he/she arrives. Let partition 7; as follows: m; = [m;,0,7;:.1] ,1 <@ < N, where m; ¢ represents
the probability vector that there are i customers in the system with the server is in working vacation period
and m; 1 represents the probability vector that there are ¢ customers in the system with the server is in normal
busy period.

Proposition 4.1. If p # 1, the loss probability is given by

F)loss = )\7171']\/70 (D1 (9 T X 52) e+ )\71 [71'1\/71 (D1 ® Sl) + TN,0 (D1 & TO X Szeﬁ)} €, (47)
1

lim Poss = max {O, 1-— } . (4.8)
N—o0 1%

Proof. Since the system capacity is N, when the customer finds N customers staying in the system when it
arrives, it will leave the system at its arrival without the service, thus, the loss probability is Pioss = A~ 'y Age
from which we can obtain the expression of (4.7) directly. Intuitively, the first item of right-hand size of (4.7)
is the probability that the new customer finds that the system in working vacation period and there are N
customers stayed in the system when it arrives, the second item is the probability that the new customer finds
that the system is in vacation period and there are N customers in the system when it arrives and the last
item is the probability that the new customer finds that the system is in regular busy period and there are N
customers in the system. For the limit of P, note that if p < 1, 7y — 0, when N — 00, by Poss = A ' Age,
we can directly derive that ngnoo Pioss = 0. On the other hand, applying Little’s law to the server, we can know

1—7‘(’06
P

The right-hand side of (4.9) represents the ratio of the amount per time unit of processed workload 1 — mg

and that of offered workload p. If p > 1, we know that 79 — 0, when N — oo, from (4.9), we can derive that

Nlim Poss =1—1/p. O
—00

1- Ploss =

(4.9)
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5. WAITING TIME ANALYSIS

In this section, we consider the waiting time of a successful customer, i.e., a customer who is not lost due to
the full buffer. Define z;, (0 < i < N — 1), as the stationary vector corresponding to state of finding ¢ customers
in the system by a successful customer when he /she arrives, and the vector z;, for 1 <4 < N — 1, can be
partitioned into z; = [z;0, 2i1], where z;p represents the probability vector that a successful customer observe i
customers in the system and the system is in working vacation period when he/she arrive, z;; represents the
probability vector that a successful customer observe i customers in the system and the system is in normal
service period when he/she arrive, then

7T()D1 ® (T+TOO[) —+ 10 (D1 X <T+ Toa) ® Sg) + 711 (Dl ® S?OZ)

= 5.1
20 2\ (1 — Ploss) ) ( )
for1<i< N —1,
mio (D1 ®@T ® S2) + Tit10 (Dl T ® 585)
Zi0 = 5 (52)
)\ (1 - Ploss)
Ti1 (D1 ® S1) 4 mip11 (D1 ® S9B) + mi0 (D1 @ TO ® Saef) + mig1,0 (D1 @ T ® S93)
Zi1 = . (53)
)\ (1 - ]Dloss)
We can readily show that
N-1 N-1
zo€ + Z Zioe+ Z Zil€ = 1. (54)
i=1 i=1
In order to analyze the waiting time, we define another transition probability matrix
O [Bw
% B A1
P= Az A , (5.5)
NDa A
N-1 Ay Ay
where
Boo = (T + T%), Bio = [(T+T%) 59, 5%6]"
i_|Tes T ® Sqef3 i — T®SY% T°® 893
7o S1 ’ 2 0 S93
Define 2° = [2,20,23,...,2%_,], where 2] = 20 (e ® I (1)), 22 = [£%,29] for i =1,2,...,N — 1, and 2 =
zio (e ® I (rmg)), 2% = 20 (e ® I (rmy)), where I (r) refers to an identity matrix I of dlmensmn 7, also let
= z"p on > 0. (5.6)
Further partition 2" as z° is partitioned, so that 2" = [2§,,27,25,..., 2% ], 2" = [24, 2], let W; be the
probability that a successful customers waiting time is less than or equal to j units, then
W = ze, >0, (5.7)

and zgo can be calculated recursively as follows
z&;”l = 20 (T + Toa) + 27% (T + Toa) ® S9 + 27,896,
zip =2y (T ® S) + 2y (T @ S39) 1<i<N-1,
2t =20 (T° ® SaeB) + 21 + 210 (T° @ S9B) + 2741 1508, 1<i<N-1.
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The mean waiting time can be obtained by Little’ law
E(W)=E(N) /A1 - Poss) - (5.8)

6. THE NUMBER OF CUSTOMERS SERVED IN THE BUSY PERIOD

In this section, we concentrate on the analysis of the number of customers served in a busy period which is the
consecutive duration from the server begins to serve the first arriving customer after the system becomes empty

until the system becomes empty again. We define f;; (n) = P { N =mn, Z7<1,7:> =(0,5)|Zo = (1,4),A = k}, and
0

matrix F (n, k) = {fi; (n)} (1 < i,7 < nmy + nrmg), where Z, represents the state of DTMC in term of a level
number and a block matrix index, the stopping time 'y(()l’i) specifies the occurrence of transition that ends the
busy period which starts in Zy = (1,4), the variable A reckons the number of customers which counts from the
current number to the greatest capacity of the system. The conditional generating function F (z) of the number

of customers that served in a busy period can be given by

e - k[ 2As+ CF (z,k), k=1,
F(ka)—Z_%F(”’k)z _{zAg—i-AlF(z,k)+A0F(z,kz—1)F(z,k), k> 1 (6.1)
with £\ = (d"/dz") F (2, k) .1, n > 0, the derivatives are (I > 0)
l LicqoyAs + CF, k=1,
FV = (6.2)

l l i )
Diego1342 + A1F,§l) + Ay 'Z:o (Z.)F,gll)F,z, k> 1.

We focus on the conditional factorial moment vectors ¢; = e’ F ,gi)e (i =1,2,3) for the subscript k = N, we may

compute all matrices F](\?), F](Vl), FJ(\,z) and FJ(\?) explicitly from

-1
B = (1= a1 40F%,) 4, (6.3)
-1 =1 l . .
B = (1- 41— 4F%) (Le{o,l}A2 +40Y (Z> Flg_lnpéz)> L 1=1,2,3, (6.4)
=0

starting from the initial values F\*) = F\") = (I — C) ™' Ay, F{* = F®) = 0. Finally, ¢; = eTFe (i = 1,2,3),
where e’ is transpose of the column vector e.

7. NUMERICAL ILLUSTRATION

Through the aforementioned analysis, some stationary system characteristics are derived, in this section, we
explore the relationship between system parameter such as the buffer N and the system performance measures
such as the loss probability, mean queue length, and the number of customers served in the busy period. We
provide two examples which are under condition p < 1 and p > 1, separately.

Example 7.1. The situation under p < 1.
In this example, we give the following assumptions

— The arrival is a discrete the Markov arrival process which has representation as

0.25 0.25 03 02
DO—{0.15 0.55}’ Dl—[m 0.2]'
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The mean queue length

0 10 20 30 40 50
The system buffer capacity N

FIGURE 1. The mean queue length for changing N under p < 1.

— The working vacation time has a phase-type distribution («,T), where

0.2 0.6
a=1[0.1,09], T= {0,7 0.1]'

— The service time during the normal service period has a phase-type (3, S1), where

B =103, 0.7, 51:[0.1 0.3]

0.5 0.2

— The service time during the working vacation period has a phase-type (4, .52), where
0.6 0.1
6 =1[0.5, 0.5], So= [0.3 0.2} .

From the assumptions above, we can calculate the arrive rate A = 0.3714, the service rate in normal service period
wy = 0.4351, the service rate in working vacation period p, = 0.3625, then traffic intensity p = 0.8536 < 1. From
Figure 1, we can observe that the mean queue length increase and converge to a constant which is obviously
the corresponding the mean queue length of MAP/PH/1 queue with working vacation (without finite buffer),
and the loss probability decrease to 0. Furthermore, we plot log;, (Ploss) in Figure 2 with the changing of N,
from which, we can observe that log;, (Ploss) ~ C1 behaves in a straight line with N varying, therefore, Pjogs
is asymptotically exponential under the condition p < 1, that is Ploss ~ we®™, Here o is a negative constant
called the asymptotic decay rate and C' is a positive constant called the asymptotic constant. For the tend for
the loss probability with NV varying, we can observe, from Figure 3, the loss probability approaches to zero when
N goes to infinity, the result is consistent with that in Proposition 4.1.

For this queue, we derive the first three conditional factorial moments ¢y, ¢o and ¢3, which are given in
Table 1.

Example 7.2. The situation under p > 1. In this example, we give the following assumptions:

— The arrival is a discrete the Markov arrival process which has representation as

03 02 025 025
DO_{O.l 0.2]’ Dl—[o.w 0.55]'
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FIGURE 2. The log;, (Poss) for changing N under p < 1.
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The system buffer capacity N

F1GURE 3. The loss probability for changing N under p < 1.

— The working vacation time has a phase-type distribution («,T'), where

a=[0.1,09], T:PM “ﬂ.

0.7 0.1
— The service time during the normal service period has a phase-type (3, S1), where

[0.1 03]
F=103.07, Si=1lo5 02

— The service time during the working vacation period has a phase-type (9, S2), where

(0.6 0.1]

§=1[0.5, 05, Sy= 03 02|

For this queue, we can calculate the arrive rate A = 0.6286, the service rate in normal service period up = 0.4351,
the service rate in working vacation period p, = 0.3625, then traffic intensity p = 1.4446 > 1. We plot mean
queue length and loss probability as functions of N in Figures 4 and 5, from which we can observe that the
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TABLE 1. The first three conditional factorial moments ¢1, ¢o and ¢3.

N 2 3 4 5 6 7
¢1 223124 30.682  37.2907 42.4318 46.4003 494510
¢2  37.0770 119.44  239.1546 383.0002 538.0982 694.1112

¢3 8803652 77779 2.7241e+003 6.4000e4+003 1.1964e4+-004  1.9285e+004

fou
o

The mean queue length
- - N N w w B »
o (4 o (4] o (9] o (4]
T T T T T T T

o
T

0 10 20 30 40 50
The system buffer capacity N

FIGURE 4. The mean queue length for changing N under p > 1.

0.55

0.5r

0.45r

I
~
T

The loss probability

0.35r

0 10 20 30 40 50
The system buffer capacity N

FI1GURE 5. The loss probability for changing N under p > 1.

mean queue length increase to infinity as N goes to infinity, and the loss probability approaches to a constant
0.3078 = 1 — 1/p, which verifies the results in Proposition 4.1.

For this queue, we derive the first three conditional factorial moments ¢1, ¢o and ¢3, which are given in
Table 2.
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TABLE 2. The first three conditional factorial moments ¢, ¢o and ¢3.

N 2 3 4 5 6
¢1 39.5122 101.3846 239.4525 546.7940 1.2304e4-003
¢2 181.6158 1.9017e4-003  1.3155e4-004  7.6946e4004  4.1498e+005

¢3  1.2524e+003 5.4911e+004 1.1043e+006 1.6418e+4007 2.1114e+4-008

8. CONCLUSION AND FUTURE WORKS

In this paper, we study a discrete-time MAP/PH/1 queue with multiple working vacations and finite buffer N.
Using the Matrix-Geometric Combination method, we obtain the stationary probability vectors of this model,
which can be expressed as a linear combination of two matrix-geometric vectors R; and Rs under the condition
that traffic intensity p # 1. Furthermore, we discuss some properties of Ry and Ry that are useful to obtain
the stationary probability vectors and mean queue length, and give some decomposition results of R; and Rs
that can be used to reduce the computation load. We also obtain the loss probability and give its limit of
loss probability as finite buffer N goes to infinite. Waiting time distribution is derived by using the absorbing
Markov chain. Moreover, we obtain the number of customers served in the busy period.

It is clearly that if p = 1, the stationary probability vectors of this model can be obtained by Matrix-Geometric
Combination method, so it would be interesting to find an effective method to deal with MAP/PH/1 queue
with finite buffer under the condition.
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