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AN EXACT MINIMAX PENALTY FUNCTION APPROACH TO SOLVE
MULTITIME VARIATIONAL PROBLEMS

ANURAG JAYSWAL* AND PREETI

Abstract. This paper aims to examine an appropriateness of the exact minimax penalty function
method applied to solve the partial differential inequation (PDI) and partial differential equation (PDE)
constrained multitime variational problems. The criteria for equivalence between the optimal solutions
of a multitime variational problem with PDI and PDE constraints and its associated unconstrained
penalized multitime variational problem is studied in this work. We also present some examples to
validate the results derived in the paper.
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1. INTRODUCTION

Multitime variational problems find applications in various branches of mathematical, economical and engi-
neering sciences, especially in mechanical engineering due to the fact that the curvilinear integrals objectives
have a physical meaning of mechanical work. These integrals are also used in mathematical modeling of different
processes arising in the areas of engines, tribology, robotics, etc. Furthermore, various real world and application
oriented problems arising in diverse fields of science and engineering such as shape-optimization in fluid mechan-
ics and medicine, material inversion in geophysics, structural optimization, optimal control of processes, data
assimilation in regional weather prediction modeling, etc. require optimization problems with partial differential
inequations and equations (PDI and PDE) as constraints. Therefore, PDI and PDE constrained multitime varia-
tional problems, which present significant reasoning and computational challenges, have been given considerable
interest in the recent years.

Hanson [10], in 1964, observed that the scalar variational and control problems are continuous-time analogue
of finite dimensional mathematical programming problems. Since then, the fields of mathematical programming
and calculus of variations have merged together within optimization theory to some extent, hence enhancing the
potential for continued research in both fields. Udrigte and Tevy [20] have introduced an optimization problem
of path independent curvilinear integrals with PDI and PDE constraints. Some other interesting results related
to the variational and control problems with PDI and PDE constraints can refer to [16-19,21,22].
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Pitea et al. [18] stated and proved the necessary optimality conditions for the problem of minimizing a vector
of path independent curvilinear integral functionals with PDIs and PDEs as constraints. They also analyzed
the necessary efficiency conditions for a class of multitime multiobjective fractional variational problems. In
continuation to this work, Pitea and Postolache [17] studied the duals of Mond-Weir type and generalized
Mond-Weir-Zalmai type for multitime multiobjective variational problems under the assumptions of generalized
convexity. Recently, Pitea and Antczak [16] further continued the study of these kind of problems involving
univex functionals to establish the sufficient optimality conditions for efficiency and proper efficiency and duality
results in the sense of Mond-Weir and Wolfe.

However, PDI and PDE constrained optimization problems are generally infinite dimensional in nature, large
and complex. In spite of the above stated studies, there is still a need of finding an effective way to solve
these large and complex structured multitime variational problems. In the theory of global optimization, it is
well known that the penalty function method proves to be an effective way to solve constrained optimization
problem. In this method, the constrained optimization problem is transformed either into a single or a sequence
of unconstrained optimization problems by adding a so-called penalty function to the objective function which
reflects the measure of violation of constraints. An optimal solution of the unconstrained optimization problems
coincides with an optimal solution of the original constrained optimization problem for a penalty parameter,
which exceeds the threshold value.

Many authors (see e.g., [1,3-9, 11-14]) have studied the different types of penalty function approach to
solve the various kinds of constrained optimization problems. Antczak [4] used the exact minimax penalty
function method to solve a general nondifferentiable extremum problem with both inequality and equality
constraints using convexity assumptions. Thereafter, Jayswal and Choudhury [12] applied the exact minimax
penalty function and studied saddle point criteria for a class of nonsmooth convex vector optimization problems.
Recently, Antczak [2] characterized the exactness property of the exact minimax penalty function and used it
solve a nonconvex differentiable optimization problems involving both inequality and equality constraints.

Motivated from the ongoing research in this area, we test the appropriateness of the exact minimax penalty
function method for a class of multitime variational problems with PDIs and PDEs constraints by using the
concept of convexity for functionals. The paper is sectionally organized as follows: in Section 2, some preliminary
definitions and the necessary optimality conditions for a PDI and PDE constrained multitime variational problem
are presented, which will be used in the sequel of the paper. The equivalence between an optimal solutions of a
PDI and PDE constrained multitime variational problem and its associated unconstrained penalized variational
problem with the exact minimax penalty function are discussed in Section 3. Also, examples are provided to
elucidate the established results. Finally, the paper is concluded in Section 4 along with some future perspectives.

2. NOTATIONS AND PRELIMINARIES

Let (T;h) and (M;g) be the two Riemannian manifolds of dimensions p and n, respectively. The local

coordinates of the Riemannian manifolds 7" and M are denoted as t = (t%), a = 1,...,p and z = (z%), i =
1,...,n, respectively. Here, t = (t%) is known as the multitime. Throughout this paper, we shall use the following
convention for equalities and inequalities for any two vectors, z = (%), y = (y*), i =1...,n:

() r=yeai=y, Vi=1,...,n;

(i) z<yeat<y’, Vi=1,...,n;
(iii) z Sy e a* <y’ Vi=1,...,n; (product order relation)
(iv) e <yez<yand z #£y.

The hyperparallelepiped Q, ;, C T with diagonal opposite points to = (¢3,...,t5) and t; = (¢1,...,1}) can be
written as being the interval [to,t1] using the product order relation. Let -y, ¢, be a piecewise C'-class curve
joining the points ¢¢ and ¢1. We denote C°(§y,.+,, M) as the space of all functions x : £y, 4, — M of C*™-class
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with the norm

p
Izl = llzlloo + Y llz4lloo
y=1

0x(t)

o’

is denoted by J'(T, M), i.e. we consider J' (T, M) = Q4 1, x R™ x R".
Let us consider a closed Lagrange 1-form density of C'*°-class,

where z,(t) = v=1,...,p, are the partial velocities. The first order jet bundle associated to T" and M

f=(fa): J(T, M) — R,

)

which produces the following path-independent curvilinear functional, also known as “action”:

Fat)= [ haltat,o0)de.

tosty

The closedness conditions (complete integrability conditions) are given as D, f3 = Dgfa, o, = 1,...,p, a # [,
where D,, is the total derivative.

The purpose of this work is to apply an exact minimax penalty function method to solve the following PDI
and PDE constrained multitime variational problem:

(MVP)  min F(a ()

subject to
LE(tQ) = Zo, 1‘(t1) =T
g(tvx(t)am’y(t)) § Oa te Qto,t17 (21)
h(t7x(t)?x7(t)) = O? te Qto,tly

where

gz(gg):Jl(T,M)»—»Rms, a=1,...,8, j=1,...,m, m<n

and h = (hL) : JHT, M) —R* a=1,....s, 1=1,....k, k<n

are the Lagrange matrix densities of C*°-class which define the partial differential inequations (PDI) of evolution
(2.1) and partial differential equations (PDE) of evolution (2.2), respectively.
The set of all feasible solutions to (MVP), denoted by ¥, is given as

F(Quopy) =A{z(t) € CF(Quppy, M) 2 x(to) = w0, x(t1) =1, g(t,2(t),24(t)) =0,
h(t,z(t),z4(t) =0, t € Quyt, }-
Motivated by the definition of convexity for variational problems used in Mond and Hanson [15], we present the

following definition of convexity for a path-independent curvilinear functional which will be used to prove the
main results of the paper. Let S be any nonempty subset of C* (£, +,, M) and Z(-) € S be given.

Definition 2.1. A functional F'(z(-)) is said to be convex at Z(-) on S, if the following inequality

{<x“> — (), F2 0,200, w))>

# {200 =0, a0 2,00 | e

F(a()) — F((-) > /

Y

holds for all z(-) € S.
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Example 2.2. Let us consider the path independent curvilinear functional

Fla() = / Falts (), (£)) dt?,

to,t1

where f: J1(T, M) — R? is defined as:
Falts 2(8), 24(0)) = (£(0) + 21(8) + 22(6), 22() + 1).

Here, ,, v = 1,2 are the partial velocities with respect to ¢7, respectively. Then, we can easily verify that
F(z(+)) is convex on any nonempty subset S of C*(Qy, +,, R?).

The necessary conditions for optimality of a feasible solution in a multitime variational problem are given as
follows:

Theorem 2.3 ([18]). Let f = (fa) be a closed 1-form of C*-class. If Z(-) € F(Quy1,) is a normal optimal
solution to the multitime variational problem (MVP), then there exist Lagrange multiplier A € Rt and smooth
matriz functions i(t) = (fia(t)) : Qg = R™P and 0(t) = (Ua(t)) : Qug.py — R¥P such that

A2 120020 + (al0). 52(0.2(0.2:0) ) + (a0 57002, (0))
- p, (X?ﬁ(t@(tm(t» + (a0 52 02(0,3,0)) + (70 ;jy(f,z(w,mw)»
=0, t € Nysy, a=1,...,p (Euler-Lagrange PDEs), [\ = 1], (2.3)
(at), g(t, B(1), (1)) = 0, L€ Qurry a=1,....p,
fa(t) 20, t €, a=1,...,p. (2.5)

Remark 2.4. If A # 0, the optimal feasible solution Z(-) of the problem (MVP) is called normal. Further,
without loss of generality, if Z(-) is an optimal normal solution of the problem (MVP), we can assume that

A=1.

3. EXACT MINIMAX PENALTY FUNCTION METHOD FOR MULTITIME VARIATIONAL PROBLEM

It is well known that in the penalty function methods, a constrained optimization problem is transformed into
unconstrained ones by adding the constraints to the objective function together with a penalty parameter such
that it penalizes any violation of the constraints. In this section, we study the usefulness of the exact minimax
penalty function method for solving a PDI and PDE constrained multitime variational problem.

Now, we construct a penalized unconstrained multitime variational problem (MVP,(c)) involving the exact
minimax penalty function, associated with the PDI and PDE constrained multitime variational problem (MVP)
as follows:

(MVPoo(c))  min  Fuo(2(:), c(-)) :=/ fa(t, 2(t), z+(1))

Vto,t1

+ () max {(g)" (8, 2(0), 2, (1)), B (1, (8), 2 (0) | } e | e,

1<a<s
1<j<m
1<i<k
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wheree = (ey) = (1,...,1) € RPandc(t) > 0 is a penalty parameter. For a given constraint gJ (¢, z(t),
z4(t)) £0,t € Q4 4, , thefunction (ggf(t,x(t),xw(t))isdeﬁned as follows:

0, if gl (¢, 2(t), 2, (1) <0,

Gt 2(0), (1)), i g8, 2(t), 24 () > 0. (3.1)

(g3)" (t,x(t), 24 (1)) == {

We state the following lemma along the lines of Lemma 2.1 in Antczak [4] which will be helpful to prove the
subsequent results.

Lemma 3.1. Let ¢,.(t,z(t),z(t)), 7 =1,...,q be real-valued functionals defined on J'(T, M). For each z(-) €
C*®(Quyt,, M), we have

max d),(t x(t), maXZQ@ (t, 2(t), (1)),

1<r cez

where Z ={{ = (1,...,¢) € RY : Xijlg =1}.

Firstly, we shall prove that any feasible solution to (MVP) satisfying the necessary optimality conditions
is equivalent to a minimizer of the associated unconstrained penalized problem (MVP(c)) when the penalty
parameter exceeds a certain threshold value under the assumptions of convexity.

Theorem 3.2. Let Z(-) € F(Quy.t,) be a feasible solution in the PDI and PDE constrained multitime varia-

tional problem (MVP) at which the necessary optimality conditions (2.3)—(2.5) are satisfied with the Lagrange

multipliers A\ € RT, ji(-) and v(-). Assume that F(z(-)), fv (fai (8), @ (t, (b)), 2y (8))) dE™, 5 = 1,...,m
to,t1

and f (Daa (t), R (t, x(t), 24 (1)) dt*, 1 = 1,...,k are convez at Z(-) on C®°(Qyty,M). Furthermore, we
assume that the penalty parameter c(-) is sufficiently large (it is sufficient to set ¢(-) > (m + k)s 1213%{]0
{la; () 7)1 <a<s, 1 <j<m, 1<1<k}) then Z(-) is a minimizer of the penalized unconstrained
multitime variational problem (MVP (c)) involving the exact minimaz penalty function.

Proof. Since, by hypotheses, F(z(-)), f’7t0=t1 (faj (), ¢ (t,z(t), 2, (1)) dt™, 7 = 1l...,m and
fwtwl(Dal(t),hl(t,x(t),a:y(t)»dt“, I = 1,...,k are convex at Z(-) on C*(Qy,,M), we have for all
x € C®(Nyty, M),

/
/

falts 2(t), 2 (1)) dte — / Fa(t, (), (1)) dt°

to,t1

- [ y {2020, 2 020,200 ) + (2,0 - 2,0 o Cox0,3,00) f e, 2

to,t1

<ﬂaj(t)vgj(tvx(t)’x’y(t)» de® _/ <ﬂaj(t)7gj(tv'f(t)>§:7(t))> de®

to,t1 to,t1

> ) 50, (Fos (1), 20,50, 2,0)
[, {00

(a0 = 20, (g0, G2 0,202 ) ) ) | 7, 5= 1, (33)

and/ (Tar (), B (t, (), 2 (1)) dtaf/ (Zar(8), B (8, 2(t), T, (t))) dt

to,t1 to,t1
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> w(t) = 2(t),  Zar(£), (8, 2(), 74 (1))
[, {020 (ot 5 )
+ <mv(t) — 2. (), <Val(t), ggi(t,x(t),xw(t))>>} e, 1=1,... k. (3.4)

Taking summation over j = 1,..., mandl =1,..., k in the inequalities (3.3) and (3.4) and then adding the
obtained inequality with (3.2), we get

/ {falt, 2(t), 24(1)) = falt, 2(1), 24(1)) + (Ha(t), g(t, (), 2+(t)) = g(t, Z(t), T+ (1)))

{ {20~ 20, %2 0.000). 2,0

We denote

# (20 0. 322 0.3, 2,0), a0 700 ) | ™. (36)

It is obvious that the following relation

<xw<t> - 0 5 0,200 (0, ) va<t>>> - D, <w<t> a0, 22 (1, 3(0), 7 (1), (), va<t>>>

holds. Also, for a,v=1,..., p, we denote

QA1) = (x(t) — z(t) %(t’x(t)vx’v(t)a/ja(t)vf/a(t)» and [ =/ D,Q1(t) dt®.

b
Oz
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According to Udrigte et al. [21], a total divergence is equal to a total derivative. Therefore, there exists Q(¢),
with Q(tp) = 0 and Q(¢1) = 0 such that

D,Q4(t) = DaQ(t) and I = / D,Q(t) dt* = Q(t1) — Q(to) = 0. (3-8)

Yto,t1

On combining (3.6)—(3.8), we get

Since the necessary optimality conditions (2.3)—(2.5) are satisfied at Z(-), the above inequality together with
equality (2.3) yields

/ {fa(tv (1), 2y (1)) = falt, T(t), Ty (1) + (Ba(t), g(t, 2 (), 24 (1) — g(t, T(t), T4(1)))

+ (Da(t), h(t, z(t), z4(t)) — h(t,y’c(t),jn,(t)))} dt* > 0.

Again, using the necessary optimality condition (2.4) together with the feasibility of Z(:) in the PDI and PDE
constrained multitime variational problem (MVP), the above inequality implies

[ {faltatt)s ) + al0), (0210, 0)

tost1

+ (a0t a0, )}t = [ falta(0)3(0) de"

Vtg,ty

which can be rewritten as

/

{fa (8 x(t), 2 (6) + DD iy (0)ga (t 2 (t), 24 (¢)

to.t1

s k
+ ZZv&(t)hé(t,x(t),xw(t»} die > / Falt, 2(1), 2,()) 2

a=11=1 to,t1

On using the inequality (3.1) and the definition of absolute value function, it follows that

(
{fa S0)+ DD O9) (b, ()

k
2.2 Zz(t)lhi(tw(t),%(t))} de® 2/ fa(t,2(t), 7, (1)) At (3.9)

Now, we consider two cases:
Case (i): Let p(-) = max {fig;(-),[75 ()] : 1 <a<s, 1<j<m, 1 <I<k}>0and ()= (m+k)sp().

1<a<p
Then, ¢/(-) > 0.
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Therefore, from (3.9), it follows that

/ {fa(t x(t +€QZZP g2) t x(t), z(t))

a=1j=1
s k
Fey Zp<t>|h;<t,x(t>,%<t>>|} ate > / falt, 2(1), 34(1)) 2,
a=11=1 Vtg .t
which can be rewritten as

S

SN ol (¢ 2 (t), 2y (1)

a=1j=1

€a

/ {faw() 0 1)+ €0)

S

(talll

to,ty
We denote
oLt x(t), x4 (1)) := (g$)+( z(t), x4 (t), t € Qigty, T=1,...,8, ¢g=1,...,m,
I (t, (), 2 (1) == |RI(t, z(t), 2o (8)], t € Qi T=1,...,8, ¢q=1,...,k,
_;(~) = c’(())’ r=1,...,8, ¢=1,...,m+k.
Thus, it follows that
B s m+k7
§()>0,r=1,....8, ¢g=1,....,m+k, Z Zg;() =
r=1 g=1
Using (3.11)—(3.13), inequality (3.10) can be rewritten as
s m+k7
{fa Ly (1) + ¢ (ea DY fg(t)¢?(t,x(t),x7(t))} At
'Yto ty r=1 ¢g=1
> / Falt, 2(0), &4 (1)) de°.
Yto,t1
Furthermore, by Lemma 3.1, we have
s m+k
max PR, x(t), 24 (1) = maxz; Z; E (1)l (t, x(t), 7, (1)),
r=1gq

1<qg<m+k

where Z = {£ € R3(m+k) . 5~ Zm+k £ = 1}. Thus, the inequality (3.14) implies

/ fa(t,x(t), 2y (t)) + ¢ (t)e max  @I(t, z(t),z,(t)) p dt*

1<r<s
to,t1
1<g<m+k

> [ falta(o.m(0) e,

to,t1

e k
I CILAE ) <>>|}dt@z [ fatta.a @)

(3.10)

(3.14)
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which on using (3.11) and (3.12), can be rewritten as

/ foz(t71'(t)7x’y(t)) +C/(t)eoz 1123%(5 {(gg)+(t,x(t),1'»y(t)),|hé(t,1‘(t),l‘—y(t))|} de®
Zien

> / fa(t,Z(t), Z(t)) dt”.

to,t1

Since, by hypothesis, ¢(-) > ¢/(+), the above inequality yields

[ daltattron () + cactt) max {(a)" (6 ()., (0). [t 0(0) 2, ()]} o e
ik

> / Falt 2(8), 2, () At (3.15)

to,ty

The feasibility of Z(-) in the considered multitime variational problem (MVP) yields

max {(92)" (1, 8(6), 5, (6)), B (1, 5(6), 5, ()| } = 0, € Q.

1<a<s
1<j<m
1<i<k

So, from the inequality (3.15), we have

[ altia(0), 1) + cactt) max, {(a)” (ta(t), 2, () Lt (0), 2 (0]} e

T 1<a<s
0:t1 1<j<m
1<i<k

> [ L galta(t).3,(0) + cact) max, {(a)" (t2(0), 2 (0). 1 (t,2(0). 2, ()]} © e

1<a<s
to,ty -. =

1<j<m
1<i<k

Hence, by the definition of the penalized unconstrained multitime variational problem (MVPy(c)) with the
exact minimax penalty function, we conclude that

Foo(2(-),¢(1) 2 Foo(Z(), ()

holds for all 2(+) € Coo(Q4, 1, , M), which proves that Z(-) is a minimizer of the penalized unconstrained multitime

variational problem (MVP(c)).

Case (i): Let p(-) = max (j5,(). (74 () : 1 Sa < s 1< <m, 1<1< Ky =0. Then, ¢/() = (m+K)sp() =
a<p

0. Thus, from (3.9), it follows that

/

Faltyz(t), 2 (1)) dt™ > / Falt, 2(8), 2 () At

to,ty Vtg.t1
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Since, ¢/(-) = 0, the above inequality can be rewritten as

[ faltatt)zn(0) + cact) max {(62)" (t.(0) 1) ikt at), 2 0]} e

tg,t Sass
o 1<j<m
1<i<k

> [ paltaan0) + ead ) max {(6)" (6200, (@) L6 (0.2, ()]} | e

1<a<s
to.t1 .
1<j<m
1<I<k

Again, by hypothesis ¢(-) > ¢/(+) and from the feasibility of Z(-), it follows that

[ faltsalt)on(0) + cact) max, {()" (6 al0), (0. 1t 0(0). 2, ()]} o e

to,t
o 1<j<m

1<i<k

> / fa(ta i‘(t)v j’v(t)) + eac(t) 1?(‘3)(5 {(gg)+ (ta i‘(t)v j’v(t))) |hfz(t7 j(t)’ 'f’y(t))|} dee,

<
1<j<m
1<I<k

to.t1

which by the definition of the penalized unconstrained multitime variational problem (MVP . (c)) with the exact
minimax penalty function, yields

Foo(2(+),¢(1) 2 Foo(2(), ()

holds for all z(-) € Coo(Qy 1y, M). Hence, it follows that Z(-) is a minimizer of the penalized unconstrained
multitime variational problem (MVP.(c)) with the exact minimax penalty function. O

Since every normal optimal solution to the multitime variational problem (MVP) satisfies the necessary
optimality conditions (2.3)—(2.5), we reach to the following corollary:

Corollary 3.3. Let Z(-) € F(Quy,) be a normal optimal solution to the PDI and PDE constrained mul-

titime variational problem (MVP). Assume that F(x(-)), [, (fa;(t),/(t,2(t),z,(8))) dt*, j = 1,...,m,
0.1

f% APa(t), Ri(t,x(t), x4 (1)) dt*, 1 =1,...,k are convex at Z(-) on C*(Quy 4,, M). Furthermore, we assume

“0-t1
that the penalty parameter c(-) is sufficiently large (it is sufficient to set ¢(-) > (m + k)s max {h; ()5 [Pa ()] =
<a<p

1<a<s 1 <j<m 1< <k}, where p(-) and v(-) are Lagrange matriz functions associated with

the inequality and equality constraints, respectively), then Z(-) is a minimizer of the penalized unconstrained

multitime variational problem (MVP . (c)) involving the exact minimaz penalty function.

The following example is constructed to elucidate the results established in Theorem 3.2.
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Example 3.4. Let us consider the following PDI and PDE constrained multitime variational problem:

(MVPY) minFa() = [ falt.a(t)a () de°

() to,t1

subject to
x(to) =0=x(t1)
g(t,x(t),2,(1)) S0, t € Qyg p,,
h(t7$(t),$7(t)) =0, te Qto,t1>

where x(-) = (21(-),22()), to = (0,0), t; = (1,1) and f : JYT, M) — R? g : JYT,M) — R?® and
h:JYT, M) — R3 are defined as

fa) = (@i () + €O, 2a(t) + 223 (t) - 9),

g2) = (@1(t) = 1, —21(8), 23(t) — (1)),
h= (hy) = (21(t) — 22(t), 23 (1) — 23(t), 2(21(8) — 22(1))),
a=1,2 a=1,23, j=1,1=1.

Obviously, F(Quyty) = {x(t) € C°(Qy 4, R?) 1 2(tg) =0, 2(t;) =0, 0< z,(t) <1 A
0 <ao(t) <1AZ() = a2(t)}

is the set of all feasible solutions to (MVP1). Now, we construct the penalized unconstrained multitime varia-
tional problem (MVP1,(c)) involving the exact minimax penalty function as follows:

min  Fao(z(-),c(-) = / (22(t) + 2™ + ¢(t) max{max{0, z1 (t) — 1}, max{0, —z1(t)},
max{0, z3(t) — z2(t)}, |21 (t) — z2(t)], [27(2) — 23(1)], |2(1 (2) — 22(1))[},
xo(t) 4+ 223(t) — 9 + c(t) max{max{0, z; (t) — 1}, max{0, —z1(t)}, max{0,

w3(t) — w2()}, |1 () — 22|, [23(8) — 23 ()], [2(21.() — 22(8))[ D) (At dt?).

Clearly, Z(-) = (0,0) is a feasible solution to the considered PDI and PDE constrained multitime variational
problem (MVP1) and the necessary optimality conditions (2.3)-(2.5) are satisfied at Z(-), with Lagrange mul-

tipliers A\ = 1, fi11(t) = OEET’(t)— 01§T*(t)— EOOT d o (t) = lOOTIt'

1pliers =1, f11 - 727 2 y M21 - 747 4 , V11 - 21 5 and g1 - 47 9 . 18

easy to verify that F'(z()), [, (fa;(t), ¢’ (t,z(t), z4(t))) dt* and [ (Dot (t), R (t, 2(t), 24 (1)) At are con-
1 to»t1

Ttg,t
vex at Z(+) on C*°(Qyy4,,R?) for j = 1, | = 1. Hence, by Theorem 3.2, for ¢(t) > 3, Z(-) is a minimizer of
the unconstrained penalized multitime variational problem (MVP1,/(c)) involving the exact minimax penalty
function.

Now, we shall prove the converse result in which we show that a minimizer of the penalized unconstrained
multitime variational problem is also an optimal solution to the original PDI and PDE constrained multitime
variational problem, when the penalty parameter exceeds a certain threshold value under the assumptions of
convexity.

Theorem 3.5. Let Z(-) be a minimizer of the penalized unconstrained multitime variational problem
(MVP,(c)) with the exact minimaz penalty function. Assume that the penalty parameter is sufficiently large
(it is sufficient to assume c(-) > (m + k:)slr<na§ {Aa; () 17a() 1 <a<s, 1 <j<m, 1 <1<k}
<a<p
where [i(-) and v(-) are Lagrange multipliers satisfying the necessary optimality conditions (2.3)—(2.5) at any
optimal solution Z(-) € F(Quyt,)). Furthermore, we assume that F(x(-)), | (o (£), g7 (£, (L), T (1)) AE®,
1

Vto,t
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.

=1,...,m, and fwwl (Dot (t), R (t, 2(t), 2 (1)) A2, 1 =1,...,k are convex at Z(-) on C>(Qyy4,, M). Then,

Z(+) is also an optimal solution to the PDI and PDE constrained multitime variational problem (MVP ).

Proof. Since Z(+) is a minimizer of the penalized unconstrained multitime variational problem (MVP(c)) with
the exact minimax penalty function, the inequality

Foo(2(-), (1) = Foo(2(-), ¢())

holds for all z(-) € C*°(Qy, +,, M). By the definition of the penalized multitime variational problem, it follows
that the following inequality

/ falt,w(t), 2 (8)) + c(t) max {(g2)" (t,2(t), 2 (£)), Wl (t,w(t), 24 () Yea ¢ dt”

ot 1<a<s
o 1<j<m
1<i<k

Z/ Falt, B(1), 2(1)) + e(t) max {(g])" (t, 2(t), B (1)), B (£, 2(2), 2()) [Yea § dt® (3.16)

- 1<a<s
o 1<j<m
1<I<k

holds for all z(-) € C*°(Qyy+,, M). Thus, for all z(-) € F(Qu, 1, ), Wwe have

/

falts (1), (1)) dt® > / falt, 2(1), 2(1))

tost1 Tto,t1

+ oft) max {(g)" (8.2 (6), 2 (1)), Wl (£, 2(8), 2, (1)) [}ea p ™. (3.17)

1<a<s
1<j<m
1<i<k

From (3.1) and the definition of absolute value function, it is clear that

ggg{(gf;f(t’f(t),fw(t)), I (£, 2 (1), 24 (8))[} = 0.

1<j<m
1<i<k

Thus, inequality (3.17) yields

/

for all z(-) € F(Qyt,). I T € F (g4, ), then the result directly follows from (3.18).
Now, we consider the case when Z ¢ (44 ). By hypothesis, the necessary optimality condi-

tions (2.3)—(2.5) are satisfied at Z(-). Also, F(z(-)), f% ) {fiaj (1), ¢ (t, x(t), 2, (1)) dt>, 7 = 1,...,m and

0:%1

f7 (Dar (), W (t, (), 2 (¢))dt*, 1 = 1,...,k are convex at Z(-) on C*°(Q,,,M). Thus, for all z(-) €
tost1

C*®°(Q4g,t,, M), we have

Falty(t), 2 (8) dt™ > / Falt, 2(1), 24 (1)) dt°, (3.18)

to,t1 Yto,t1
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/ falt,z(t), x,y(t)) dt® — / falt, Z(t), Z, (t)) dt*
o7 i o f .
2 [ (e 30, G 20,300 + (520 = 2,0, G 0,30, 3,0 ) | e
/ (i (1), ¢ (1, (1), 2-.(1))) dt® — / (i (1), 4 (1, 2(1), (1)) dt°

2 [ {20, (0. G 50,500 )
# (a0 = 30, (o (0, 5 (0,503, ) ) | 5= 1,

and / (Pt (£), B (1, (), 2 (£))) e — / (Pt (£), B (1, 5(2), - (1))

to,t1

. [ e 50, (. 5 050.5,00))

+ <1:7(t) — i (1), <z7al(t), W(t,f(t),@(t))»} dte, 1=1,...,k

Oz

Since, z(-) € C*°(Qy,.+,, M), therefore, the above inequalities also hold for z(-) = Z(-). Hence, it follows that

/ Fult, 2(8), 2 () At — / Fult,2(0), 2 (8)) dt®

Ofa

2/%0 . <x(t)— z(t), 5, x(t),iv(t))>+<xw(t)—§:7(t)7afa

Oz

(.30, 3,(0) ) b @

Proceeding along the lines of Theorem 3.2, we obtain

/ {fa(t z +ZZ#W (t,2(t), 74(1))

a=1j=1

s k
22 ﬂzz<t>|hz<t,x<t>,x7<t>>} at = [ falt (0,5, (0) e (319)

a=11=1
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Now, we consider two cases:
Case (i): Let p(-) = max (i%().17%() 11 <a<s 1<j<m 1<I<k}>0amd ()= (m+k)sp().
<a<p

Then, ¢/(-) > 0.

Now, proceeding along the lines of Theorem 3.2, with the notations

9(t,2(t), 2, (1) = (99) (L, Z(1), Z4(1), t € Qugir, 7=1,....5, q=1,...,m,
AT, T(t), T (t) i= [RL(t, Z(), 24 ()], t € Qigty, T=1,...,8, ¢=1,...,k,
o p()
)= =1,... =1,... .
q() C/('),T ’ »Sy 4 ’ 7m+k

It follows that

[ saltattr o, 0) + ) max {(6)" (20,2, (0), 01,200, ()]} o {

- 1<a<s
0st1 1<j<m
1<i<k

v

[ alti(08,0) + e(0) max {(6)" (03(0), 5, () e300, 3, ()] e o e,

T 1<a<s
o 1<j<m
1<I<k

which contradicts (3.16). Hence, Z(-) € F(4,,) is an optimal solution to the PDI and PDE constrained
multitime variational problem (MVP).

Case (i): Let p() = max {8, (). [7%()| 11 Sa<s, 1<j<m, 1 <1<k} =0 Then, ¢(-) = (m -+ K)sp(-) =
sSaxp

0. Thus, from the necessary optimality condition (2.5) and (3.19), it follows that

/

Again proceeding along the lines of Theorem 3.2, we obtain

fa(t, Z2(t), 2, (2)) dt* > / fa(t, Z(t), 2,(t)) dt®.

to,t1 Vto,t1

[ saltattn o, 0) + ) max {(6)" (t2(0),2,(0), 01,200, ()]} o {

- 1<a<s
o 1<j<m
1<i<k

> [ falt3 (05 0) + clt) i { (0 (03(0), 5, () A8 00), 35 (0) e i,

T 1<a<s
ot 1<j<m
1<I<k

which contradicts (3.16). Thus, Z(-) € F(£,,¢, ). Hence, From (3.18), Z(-) is an optimal solution to the PDI and
PDE constrained multitime variational problem (MVP). This completes the proof of the theorem. |



AN EXACT MINIMAX PENALTY FUNCTION APPROACH 651

Example 3.6. Let us consider the following PDI and PDE constrained multitime variational problem:

(MVP2) ﬂgFum»=Lmhnawa»%a»wa

subject to
z(to) = 0 = z(t1)
g(t, x(t) (t)) S0, t€Qu,
( x(t),:cy(t)) - Oa le Qto,tu

where z(-) = (21(-),22(+)), to = (0,0), t; = (1,1) and f : JYT,M) — R? g : JY(T,M) — R? and h :
JYT, M) — R? are defined as

f = (fa) 1= (@ (0) + 2 (1), e O om0 4 2f(1)),
9= (g2) = (21(t) — 21(t),sin” w2(t) — cos® w2(1)),
h = (h}) := (cosz(t) — cosza(t), z2(t) — x3(t)),
a=12 a=1,2, 7=1,1=1.
Obviously, F(Quoty) = {x(t) € C"O(thtl, Hia(te) =0, x(ty) =0, 0< 2, (t) <1 A
zo(t) = a1 (t) A sin® zo(t) — cos® zo(t) < 0}

is the set of all feasible solutions to (MVP2). Now, we construct the penalized unconstrained multitime varia-
tional problem (MVP2.(c)) involving the exact minimax penalty function as follows:

min  F(z(-), (")) :/ (z2(t) + 23(t) + c(t) max{max{0, z%(t) — z1(t)}, max{0,

sin? 2o (t) — cos? xo(t)}, | cos 1 (t) — cos wa(t)|, |23 (t) — x2()|},
esin @i (t) teos (1) 4 x5(t) 4 c(t) max{max{0, z3(t) — 1 (t)}, max{0,
sin? x5 (t) — cos? xo(t)}, | cos 1 (t) — cosxa(t)], |22(t) — 23 (t)[})(dtt, dt?).

It can be verified that z(-) = (0,0) is a minimizer of the penalized unconstrained multitime variational
problem (MVP2,(c)). Also, the necessary optimality conditions (2.3)—(2.5) are satisfied at Z(-) = (0,0),

with Lagrange multipliers A = 1, ji;1(t) = (0,k)T, f21(t) = (0,k)T, v11(t) = v21(t) = (0,0)T for all
1 )
k, ¥ € RT. We take k = 1, k¥ = 7 It is easy to verify that F(z(-)), f,y (Baj(t), g7 (t, x(t), x4 (1)) At
to.t1
and f,y (Var (), (¢, x(t), 2 (t))) dt* are convex at & on C*(, +,,R?) for j = 1, | = 1. Hence, by Theorem
to.t1

3.5, for ¢(t) > 4, Z is an optimal solution to the multitime variational problem (MVP2).

Finally, based on the above established results, we can state the following result:

Corollary 3.7. If all the hypotheses of Corollary 3.3 and Theorem 3.5 are satisfied, then the set of optimal
solutions of the PDI and PDE constrained multitime variational problem (MVP) coincides with the set of
minimizers of the penalized unconstrained multitime variational problem (MVP(¢)) with the exact minimaz
penalty function.

4. CONCLUSIONS AND FUTURE PERSPECTIVES

In this paper, we have investigated the applicability of the exact minimax penalty function method to find
a minimizers of PDI and PDE constrained multitime variational problems under convexity assumptions of the
functions involved. We find that the solutions of the penalized unconstrained multitime variational problem
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are equivalent to the solutions of the original constrained multitime variational problems, when the functionals
under consideration are assumed to be convex and the penalty parameter exceeds a certain threshold value.
Furthermore, we have also constructed examples to validate the results derived in this paper. Thus, we conclude
that the exact minimax penalty function method also proves to be an effective way to solve PDI and PDE
constrained multitime variational problems.

For future research work, it would be interesting to test the effectiveness of the exact minimax penalty
function method to solve multiobjective multitime variational problems and related ones. Moreover, we could
prepare a numerical experimentation using the approach proposed in this paper.
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