RAIRO-Oper. Res. 53 (2019) 179-206 RAIRO Operations Research
https://doi.org/10.1051/ro/2019010 WWW.rairo-ro.org

OPTIMAL INVESTMENT-REINSURANCE PROBLEMS WITH COMMON
SHOCK DEPENDENT RISKS UNDER TWO KINDS OF PREMIUM
PRINCIPLES

JUNNA B1* AND KAILING CHEN

Abstract. This paper considers the optimal investment-reinsurance strategy in a risk model with two
dependent classes of insurance business under two kinds of premium principles, where the two claim
number processes are correlated through a common shock component. Under the criterion of maximizing
the expected exponential utility with the expected value premium principle and the variance premium
principle, we use the stochastic optimal control theory to derive the optimal strategy and the value
function for the compound Poisson risk model as well as for the Brownian motion diffusion risk model.
In particular, we find that the optimal investment strategy on the risky asset is independent to the
reinsurance strategy and the reinsurance strategy for the compound Poisson risk model are very different
from those for the diffusion model under both two kinds of premium principles, but the investment
strategies are the same in this two risk models. Finally, numerical examples are presented to show the
impact of model parameters in the optimal strategies.
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1. INTRODUCTION

In the past, people studied reinsurance and investment separately and both have achieved a lot of great con-
clusions. With the time going, more attention is paid to study the relation between reinsurance and investment,
which will let the insurance company get more profit and make sure the operation of them. In fact, there are
many techniques used to solve these problems, among which the stochastic control theory and HJB equations are
most widely used, for example, [3,13,18,20,22,23]. Other works about the optimal reinsurance and investment
problems can be found in [2,11,12,14,25] and the references therein.

Some kinds of objective functions are commonly seen in the literature. Browne [3], Schmidli [24], Luo
et al. [21], and Liang [15] consider the optimization problem of minimizing the ruin probability. Centeno [6, 7],
Hald and Schmidli [9] and Liang and Guo [16,17] use the objective function that maximizing the adjustment
coefficient by the martingale approach. Moreover, Cai and Tan [4], Bernard and Tian [1] and Cai et al. [5] adopt
the criteria of minimizing the tail risk measures. Besides, Liang and Yuen [19] and Yuen et al. [27] use different
premium principle, one is the variance principle, the other is the expected value principle. In [10,24], the insurer
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can invest in a risky asset to minimize the ruin probability.

Many literatures pay attention to just one class of insurance business or two independent classes of insurance
business to gain the optimal proportional reinsurance. However, the insurance businesses are usually dependent
in some way in practice. A typical example is that an earthquake (or hurricane, explosion, tsunami, and so on)
often leads to various kinds of insurance claims such as medical claims, death claims and household claims.
Common shock risk model is often used to describe the dependence between risks. This kind of model assumes
that there is a common shock affecting the claim numbers of all classes in addition to their underlying risks. In
reality, a common component can depict the effect of a natural disaster that causes various kinds of insurance
claims. In this paper, we consider two dependent classes of insurance businesses which have a common shock in
the claim number process.

Moreover, we study the optimal investment strategy in both risk-free asset and risky asset, and interest
in whether there are some relations between investment and reinsurance. Under the criterion of maximizing
the expected utility of terminal wealth, we compare the differences of the optimal strategy under two kinds
of premium principles: expected value premium principle and variance premium principle. By the theory of
stochastic optimal control, we get the closed-form expressions for the strategy and the value function for the
compound Poisson risk model as well as the diffusion risk model.

In this paper, we pay attention to the investment-reinsurance problem with two dependent kinds of insurance
contracts and investments under two premium principles. We get the expressions of the optimal strategies and
the value functions in each situation and find that the investment strategy is separated to the reinsurance
strategy under the criteria of maximizing the expected utility of terminal wealth. So the optimal investment
strategy is independent to the optimal reinsurance strategy. The optimal investment strategy depends on the
interest rate of the risk-free asset, the appreciation rate and the volatility coefficient of the risky asset. Besides,
the forms of optimal reinsurance are very different under the expected value premium principle and the variance
premium principle. The optimal reinsurance strategy of the compound Poisson risk model depends on the safety
loading, the time, the interest rate of the risk-free asset, claim size distribution and the counting process, which
is same under two different premium principles. While the optimal reinsurance strategy of the diffusion model
under variance premium principle depends on the safety loading, time and interest rate of the risk-free asset.
The optimal reinsurance strategy of the diffusion model under expected value premium principle depends on
not only the safety loading, the time, the interest rate of the risk-free asset, but also the claim size distribution.

The rest of the paper is organized as follows. In Section 2, the models and assumptions are presented.
In Sections 3 and 4, we discuss the optimal strategies in the compound Poisson model and diffusion model,
respectively, under the expected value premium principle, and derive closed-form expressions for the optimal
results. In Sections 5 and 6, we discuss the optimal problems in the compound Poisson model and diffusion
model, respectively, under variance premium principle, and derive the closed-form expressions for the optimal
results. In Section 7, numerical examples are carried out to assess the impact of some parameters. Finally, we
conclude the paper in Section 8.

2. THE MODEL

Let (2, F,P) be a probability space, with filtration {F;};>¢ containing all objects defined in the following.
We suppose that the insurer has two classes of insurance business, where the claim arrivals are assumed to be
dependent Poisson processes with common shocks. X; is the size of the ith claim for the first class and {X;,¢ > 1}
is assumed to be an independent and identically distributed (i.i.d.) sequence with common distribution Fx ().
Y; is the size of the ith claim for the second class and {Y;,i > 1} is assumed to be an ii.d. sequence with
common distribution Fy (-). Their means are denoted by p; = E(X;) and pe = E(Y;). Assume that Fx(z) =0
for x <0, Fy(y) =0for y < 0,0 < Fx(x) <1lforxz>0,0< Fy(y) <1 fory >0, and that their moment
generating functions My (z) = E(e*X) and My (z) = E(e*Y) exist. Then, the aggregate claim processes for the
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two classes are given by
Ni(t)

Si(t) =Y Xi,
i=1

and

l
v

D)
SQ(t) = Y7-,'7
1

i
where N; (t) is the claim number process for class i (i = 1,2). It is assumed that X; and Y; are independent

claim size random variables, and that they are independent of Ny (t) and Na(t).
The two claim number processes are correlated in the way that

Ni(t) = Ny (t) + N(t),

and N
Na(t) = Na(t) + N (1),

where Ni(t), No(t) and N(¢) are three independent Poisson processes with parameters A1, Ag, and A, respectively.
In other words, the dependence of the two classes of the business is due to a common shock governed by the
counting process {N(¢)}+>0. Then the aggregate claims process generated from the two classes of business has
the form

N1 (t)+N(t) N2 (t)+N(t)
Se= Y. Xi+ ). Y
=1 =1

Assume that both E(Xe*X) = M4 (2) and E(Ye*¥) = M (z) exist for 0 < 2z < (, and that both
lim, .. M%(z) and lim,_, M; (%) tend to oo for some ¢ € (0, +0o0].

We consider the financial market where the assets are traded continuously on a finite time horizon [0, T.
There are a risk-free asset (bond) and a risky asset (stock) in the financial market. The price of the risk-free
asset is given by

dpo(t) = ’I“Po(t)dt, te [0, T},
{ Po(0) =1,

where (> 0) is the interest rate of the bond.
The price of the risky asset (stock) is modeled by the following process

{dPl(t) = Pi(t) [bdt + o1 dW(2)], t € [0,T], o)

Py (0) = P,

where b(> ) is the appreciation rate and o1 > 0 is the volatility coefficient. We denote a := b—r > 0. {WW () }+>0
is a standard Brownian motion. We assume that r, b and o; are deterministic.
The reserve process of the insurer is modeled by

Rt:’UJ—FCt—St,

where u is the amount of initial surplus and c is the rate of premium. The insurance company is allowed to
continuously reinsure a fraction of its claim with the retention levels ¢;(¢) € [0,1] and ¢a2(¢t) € [0,1] for X;
and Y;, respectively. It means that the insurer pays ¢1(¢)X; (or g2(t)Y;) of a claim occurring at time ¢ and the
reinsurer pays (1 — q1(¢))X; (or (1 — g2(¢))Y;). Let the reinsurance premium rate at time ¢ be §(q1(t), g2()).
Furthermore, the company is allowed to invest p;(t) in the risky asset, and the rest is invested in the risk-free
asset. p1(t) > 0 means the prohibition of short-selling of the risky asset. Let { Y79 },5( denote the associated
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surplus process, i.e., REV%% is the wealth of the insurer at time t under the strategy (pi1(t), q1(t),q2(t)). This
process then evolves as

ARY-I% = [p RV 4apy (t) + (e — 0(qu(t), g2(t)))] dt + pr (H)ordW (2)

As most studies on the mean-variance optimal investment-reinsurance problem (see, e.g., [3,19]), we can
consider the problem under the diffusion approximation of the reserve process. We know that the Brownian
motion risk model given by R

Sl (t) = alt - 0'2B1t7

with a; = (A1 + M)E(X) and 02 = (A + A\)E(X?) can be seen as a diffusion approximation to the compound
Poisson process S1(t). Similarly,
Sg(t) = (IQt — 0'332157

with ag = (A2 + A)E(Y) and 03 = (A2 + A)E(Y2) can be seen as a diffusion approximation to the compound
Poisson process Sa(t). This diffusion approximation is widely used in the literature on the optimization problems
for insurers. By; and By are standard Brownian motions with the correlation coefficient
AE(X)E(Y)
p= :
V1 VNEX2) (A2 + ME(Y?)

So, E(B1:Bs¢) = pt. By and Bay; are independent to the standard Brownian motion W (t). Replacing S;(¢)(i =
1,2) of (2.2) by S;(¢)(i = 1,2), we obtain the following surplus process

AR = PR ap () + (0= 0(ar(8), 42(0)) — a1 (Dar = galt)as | dt
+ 1 (t)aldW(t) +q1 (t)O'QdBlt + g2 (t)O'gdBQt,
or equivalently,
R = PR api () + (e = 8@ (9, a2(1))) — @1 (Har — ax(t)az] dt (2.3)

+ p(t)ordW(t) + \/ 03(q1(1))* + 03 (q2(1))? + 2q1(t)g2(H) A1 p2d By,

where B; is a standard Brownian motion.

We assume now that the insurer’s objective is maximizing the expected utility of terminal wealth at the
terminal time T'. The utility function is u(x), which satisfies v’ > 0 and w” < 0. Then, the objective functions
we will consider are

JPrt (¢ gy = Elu(REI9?) | REVTT2 = g, (2.4)

and ~ ~
JPTaz (¢ o) = Bu(RED92) | RPrae = g). (2.5)

Since (2.4) and (2.5) will be discussed separately in the following sections, the use of the same notation
JP1a1:92(¢ 1) will not cause any confusion. The corresponding value function is then given by

V(t,x) = sup JPriv®e(¢ z). (2.6)
P1,91,92

We assume that the insurer has an exponential utility function

u(x) = == exp{-va},
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for m > 0 and v > 0. This utility has constant absolute risk aversion(CARA) parameter v. Such a utility
function plays an important role in insurance mathematics and actuarial practice, since this is the only function
under which the principle of “zero utility” gives a fair premium that is independent of the level of reserve for
an insurance company.

We use the theory of stochastic optimal control described in Fleming and Soner [8] to solve the problem
defined above. Let C12 denote the space of function ¢(t,z) such that ¢ and its partial derivatives ¢;, ¢r, Gz
are continuous on [0,7] x R. From the standard arguments, we see that if the value function V€ C%2, then V
satisfies the following HJB equation

sup APVI9V (¢ z) =0, (2.7)
P1,91,92
for t < T with the boundary condition

V(T,z) = u(x) (2.8)

where

1
APV () = Vi + [re 4+ apy + ¢ — 6(q1, ¢2)] Ve + iofprm

+MEV(t, e —qX) = V(t,z)] + RE[V(t,x — ¢Y) — V(L))
+AE[V (t,x — 1 X — q2Y) — V (¢, )], (2.9)

for the risk process (2.2), and

1
APLIRV(t x) = Vi + [re 4+ ap1 + ¢ — 3(q1, ¢2) — qrar — qea2] Va + §U%P%an:

1
+ i(agqf + 036 + 2q1q2 M fi2) Vi (2.10)
for the risk process (2.3).

Applying the standard methods of Fleming and Soner [8] and Yang and Zhang [26], we have the following
verification theorem:

Theorem 2.1. Let V € C'2 be a classical solution to (2.7) and satisfies (2.8). Then, the value function V
given by (2.6) coincides with V. That is,

V(t,z) =V(t ).

Furthermore, set (p%,q;,q5) such that
Apiqiqév(t’ z) =0,

holds for all (t,x) € [0,T) x R. Then, (pi(t,R}), ¢ (t, Ry),q5(t, R})) is the optimal strategy. Here, R} is the
surplus process under the optimal strategy.

In this paper, we assume that continuous trading is allowed and that all assets are infinitely divisible. We
work on a complete probability space (2, F, P) on which the process RY"'™% is well defined. The information
at time ¢ is given by the complete filtration F; generated by RY*7%. We call (p1(t), q1(t), ¢2(t)) an admissible
strategy if (p1(t),q1(t), q2(t)) is Fi-predictable and satisfies py(¢) > 0, ¢1(t) > 0, ¢2(t) > 0, E[fot p1(s)?ds] < o
and IE[fOt qi(5)%ds] < 00, i = 1,2 for all t > 0.

Next we will study the optimal investment-reinsurance strategies under the expected value premium principle
in the compound Poisson model and diffusion model in Sections 3 and 4, respectively. In Sections 5 and 6, we
discuss the optimal investment-reinsurance problems under variance premium principle in the compound Poisson
model and diffusion model, respectively.
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3. OPTIMAL RESULTS FOR THE COMPOUND POISSON RISK MODEL BY EXPECTED VALUE
PRINCIPLE

Throughout Sections 3 and 4, we assume that the reinsurance premium is calculated according to the expected
value principle. That is,
8(q1,92) = (1 +m)(1 = q1)ar + (1 +12)(1 — ga2)as, (3.1)
where 77 and 7y are the reinsurer’s safety loading of the insurance business.

In this section, we consider the optimization problem for the compound Poisson risk model (2.2). The corre-
sponding HJB equation is

1
sup {Vt + [rz + ap1 + ¢ — 0(q1,¢2)]Ve + 01D Via
P1,91,92 2

+MEV (it —qX) = V(t,z)] + RE[V(t,x—qY)— V(L)

+AE[V(t,x — 1 X — @2Y) — V (4, x)]} =0, (3.2)

with the boundary condition V (T, x) = u(z). To solve this equation, we apply the method of Browne [3] to fit
a solution of the form

V(t,z) = —%exp{ — vae" T 4 p(T — t)}, (3.3)

where m > 0, v > 0 are the constant absolute risk aversion(CARA) parameters, and h(-) is a suitable function
such that (3.3) is a solution to (3.2). The boundary condition V (T, z) = u(x) implies h(0) = 0.
From (3.3), we get

Vi =V(t,x) [uxrer(T_t) — BT —1)],
V, = V(t,nc)[—ue’“(T_t)]7
Via = V(t, x) 22T,

3.4
ElV(t,e — 1 X) =V (t,z)] =V (t,x) [Mx(uqler(T_t)) -1], (34
E[V(t,z — @Y) =V (t,x)] =V (t, ) [My(quer(T_t)) — 1],
E[V(t,z — 1 X — @Y)-V(t,z)] =V (t,x) [MX(l/qleT(T_t))My(queT(T_t)) — 1].
Substituting (3.4) into (3.2), we obtain
inf { —hW(T—t)— A=Ay — A — cve"(T—1) _ VapleT(T_t) +0(q1, qg)yeT(T_t)
P1,91,92
1
+ 5O,%pfy2e2r(T7t) + )\IMX(Vqlcr(Tft))
+ AgMy(VQQeT(T_t)) + MM x (I/qler(T_t))My(Z/QQGT(T_t))} =0, (3.5)

fort < T. Let

~ 1
filp1, q1,q2) = —vapie”™ TV £ 5(qr, go)ve" T 4 §U%p%l/2€2r(T_t) + A\ Mx (vgre" ™)

+)\2My(nger(T_t)) + )\MX(uqleT(T_t))My(quer(T_t)). (3.6)
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For any ¢ € [0,T], we have

Ofr(p1, a1, %) _
Op1

—1ae" T 4 g2 22 ()

8f1(p5,Q17Q2) _ _(1 +n1)alyer(T—t) +M§((Vqler(T_t)) [)\1 + )\My(UQQGT(T_t))} l/eT(T_t),
a1

afy .
f1(p1, a1, 42) - +n2)azyer(T—t) +M{/(quer(T—t)) {)\2 n )\MX<Vqle7"(T—t))} ver (M=t

94 (3.7)
P '
fl(l(;zz(IhCIz) _ Mg(yqler(T—t))VQQQT(T—t) {)\1 —l—)\My(I/CIQGT(T_t))} >0,
i
.
) fl(?;;;]la(h) = ML (gpen(T—0) )y 262 (T {)\2 +)\MX(uqleT(T*t))} >0,
2
.
0 fl(apqll,qq21,112) _ )\Mé((Vqler(Tft))Mé/(quer(Tft))V2€2r(T7t).
From (3.5) and (3.7), we firstly obtain the optimal p;
a

olver(T—1)

Next we calculate the optimal ¢; and ¢o according to (3.7). We know that ]71 is a convex function with respect
to ¢1 and go. The minimizer (¢1,¢g2) of f1(p1,4q1,q2) satisfies the following equation

{ — (1 +m)ar + My (n1) (M + AMy (n2)) =0,

(L4 ma)as + M (n2) (hs + AMx (n1)) = 0, (3.9)

where n; = VqleT(T_t) and ng = queT(T_t). The conclusion in Yuen et al. [27] can guarantee the existence and

the uniqueness of the solution to (3.9). In fact, let M; * and (M;_l) be the inverse function of M; and (M) for
i = X, Y. If the following inequations

_ A1
MY1<1+771+771>< >>M (14 m2)p2),

—1

14 nm2 +m2 X 1+771)H1)

A2
A
or

A

1+mn+mn x <MX 1+771),U1)

_ A
MY1<1+771+771>< 1> <MY 1-’-7]2)/12)
iz %)
hold, equation (3.9) has a unique positive root (71, fi2).

From the result above, we obtain 71; = vqy (T — t)e"T—1 and 7y = vgao(T — t)e" T, which in turn give

Q(T ) = Lo (T,
v (3.10)
n2 (17—

@(T —t) = —e"(T=1),
v

Let

1 nl
t1=T—fln(—1) for v<ng <wvel;
r v
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1 _
tngffln<@) for v <y <wvel.
r v

For iy <v (g <v),wesett; =T (to = T); and for ny > ve'l (ngy > ve'™l), we set t; = 0 (o = 0). To make
sure that ¢1(t), ¢2(t) € [0,1], we need to discuss the optimal values in the following two cases: Case 1: 1 < fig;
and Case 2: iy > 7io.

Case 1. In this case, we have t; > t. When t € [0, t2], we have (¢7(t),¢5(t)) = (1 (T —t), g2(T — t)). Denote
the function h in (3.5) by hy for t € [0, t2]. Substituting (g1 (T — t), ¢2(T — t)) into (3.5), we get

hi(T —t) = ha (T — t) + C4, (3.11)
where

= 1
ha (T —t) = ;[(1 +m)ar + (1 +n2)as — c]yeT(T*t)
—[(A1+ X+ A+ (1 +m)arng + (14 mo)azng] (T —1t)

2
a
+ |:)\1Mx(7_l1) + MMy (7g) + AMx (1) My (72) — 257 (T —1),
1
(3.12)
and C is a constant that will be determined later.
For t > ta, go(T — t) > 1, and thus ¢5 = 1. Substituting g5 = 1 into (3.5), we get
. oy e (T=t) v vy s (T=t) L 2 w2 2 an(T—p)
inf W(T —t) — cre A1 — A2 — A —vapie + SoiPT Ve
q1
+ (1 + 7)1 = q)arwe™ T 4 Ay My (vemT=1)
+ Mx (vgre" 1) [M + AMY(VGT(T_O)} } =0, (3.13)

for t < T'. Therefore, the minimum value of the inside of the curly brace in the left-hand side of (3.13) is attained
at

N _ 1+m)as 1 e
T—t)=My! ( —e (T, 3.14
(-0 =t [ L (3.14)

Since M (x) is an increasing function of z, it is not difficult to see that ¢ (T — t) is an increasing function
of t.

Denote by tg; the solution to the equation ¢1 (T —t) = 1, and by ho the function h in (3.5) for ¢ € [t2, to1].
For ¢ € [ta,t01], we have (¢} (¢), ¢5(t)) = (@1 (T —t),1). Substituting (g1 (T —t),1) into (3.5), we get

ho(T — t) = ho(T — t) + Cs, (3.15)

where

ho(T — t) =

S|

2
[(1+m)ar — ] v’ 0 — (Al et A 20) 1)
1

Tt T—t
—/ (1+171)a12]\1(s)uemd8+/ Ao My (ve”™)
0 0

+ Mx (q1(s)ve™) [\ + AMy (ve™)] ds, (3.16)

and (5 is also a constant that will be determined later.



OPTIMAL INVESTMENT-REINSURANCE PROBLEMS WITH COMMON SHOCK DEPENDENT RISKS 187

For ¢ € [to1,T], (¢} (t),q5(t)) = (1,1). Denote the function h in (3.5) by hs. Then, putting (1,1) into (3.5),
we get

1 a2
hs(T —t) = — —ev(e"T=D — 1) — </\ +A +>\> T—t
3( ) v ) 1+ A2 207 (T —1t)
T—t
+ / M Mx (ve™) + Ao My (ve™) + AMx (ve™) My (ve")] ds. (3.17)
0

According to the continuity of the value function V' and function h, we have C; = ho(T — t2) — El(T —t9)
and C’Q = hg(T — t()l) — hQ(T - t()l). Then

{hﬂT@)EﬂT@)HﬂhﬂT@)
hg(T - t()l) == hQ(T - t()l) + Cg == hQ(T - t01).

Case 2. In this case, we have t; < to. For t € [0,t1], (¢5(¢),¢5()) = (1 (T — t),q2(T — t)) from which the
function A in (3.5) can be written as

h4(T—t) Zhl(T—t)+C4. (318)

For t > t1, we have ¢; (T —t) > 1, and thus ¢ (¢) = 1. Then, similar to the derivation of (3.14), we get the
minimizer ( ) )
L+ m2)as —r(T—1)
- 3.19
Ao + AMx (ver(T—1)) e ’ (3.19)

(T —t) = M

which is an increasing function of .
Denote by to2 the solution to the equation gz(T —t) = 1, and by h; the function h in (3.5) for t € [t1, to2]. We
have (¢7(t),q5(t)) = (1,q2(T —t)) for t € [t1,to2]. It follows from (3.5) and (qj (¢), ¢5(t)) = (1,q2(T —t)) that

hs(T — t) = hs(T — t) + Cs, (3.20)
where
2

~ 1 a
hs(T' —t) = ;[(1 +1)ag — cJyer 0 — <)\1 +A+ A= %2) (T —1)
1

T—t T—t
- / (1 + m2)asqa(s)ve™ds + / M Mx(ve™)
0 0
+My (q2(s)ve"™) (A2 + AMx (ve™))ds.

For t € [to2, T, (¢5(t),q5(t)) = (1,1), and the corresponding function & in (3.5) is hs of (3.17).
According to the continuity of the value function V' and function h, we have Cy = hs(T —t1) — hi (T —t1)
and C5 = h3 (T — tog) — h5 (T - tog), which yields

{h5(T—t1) :El(T—t1)+C4=h4(T—t1)7 (3.21)

hQ(T — tog) = h5(T — t02) + Cs = h5(T — t02).
We summarize the above analysis in the following theorem.

Theorem 3.1. Let p} be given in (3.8), (n1,ne) be the unique positive root of (3.9), and (g1 (T —t), g2(T —t)),
@ (T —t), and G@=(T — t) be given in (3.10), (3.14), and (3.19) respectively. Recall the functions hy(T — t),
ho(T —t), hs(T —t), ha(T —t) and hs(T —t) defined in (3.11), (3.15), (3.17), (3.18), and (3.20), respectively.
Then, we have
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(i) If Case (1) holds, i.e., iy < g, for any t € [0,T], the optimal investment-reinsurance strategies pi(t), ¢ (t)
and ¢5(t) under the model (2.2) are

a
<J%Ver(Tt)»ql(T—t)7Q2(T—t)> , 0<t <ty

* * * a ~
(Pi1(t), i (t),q5(t)) = (Wv‘h(T - 1), 1) , ta <t <tp,

<cr%z/e:’l(Tt)’1’1> y tor <t <T,
and the value function V(t,z) is given by
- % exp{—vae" T~ 4 h (T — 1)}, 0 <t < ty,
Vt,z) = — % exp{—vae" T 4 ho(T — )}, ty <t <oy,
- % exp{—vae" T 4 hy(T —t)}, toy <t <T,
in which to1 s the solution to equation q1(T —t) = 1 with q1(-) given in (3.14).

(i) If Case (2) holds, i.e., iy > T, for any t € [0,T], the optimal investment-reinsurance strategies under the
model (2.2) are

a
<0’%V€T(Tt) 7q1<T - t)an(T - t)> ) 0 S t S tl,
* * * a ~
10,60 G0) =3 (g LB D) 0 <t <t

oiver(

a
_ <t <
(0’%V€T(Tt) y 17 1) ) t02 <t< T7

and the value function is given by
fgemqﬂm€”4%+matwﬂ,ogt§h,
Vit,z)={ — % exp{—vae" T 4 hs(T — )}, t; <t < toa,
- % exp{—vae" T 4 hg(T — 1)}, toa <t < T,

where toy s the solution to the equation G2(T —t) = 1 with ¢a2(-) given in (5.19).
Remark 3.2. Since

hi(T —t3) = ha(T — ta),
ho(T —t1) = ha(T — ty),
ha(T —t1) = hs(T — t1),
hs (T —t2) = ha(T — t2),
V(t,x) is continuous function on [0,T] x R. Furthermore, after calculation we have
Wi (T —t3) = hy(T — 1),
Ro(T —to1) = h5(T — to1),
hy(T' —t1) = hs(T — 1),
hE(T — to2) = hy(T — toz)

Therefore, we have V (t,z) € C*2. That is, V(t,x) is a classical solution to the HJB equation (3.2).
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4. OPTIMAL RESULTS FOR THE DIFFUSION MODEL BY EXPECTED VALUE PRINCIPLE

In this section, we discuss the optimization problem for the diffusion risk model (2.3) under the expected
value premium principle. The corresponding HJB equation is

1

sup {V;f + [T.’E +ap; +c— 5((]1a q2) —qi1a1 — q2a2]Vz + 50%]7%‘/;&0
P1,91,92 (4 1)
. .
+ 5(05615 + 03¢5 + 2q1Q2>\u1u2)Vm} =0,

for t < T, with the boundary condition V (T, z) = u(z). Again, we consider a solution with the form of (3.3).
After substituting (3.4) into (4.1) and some simple calculation, equation (4.1) becomes

inf { — I(T —t) — [ap1 + ¢ — (g1, 42) — qra1 — qeaa] ve" T

P1,d1,42
#3078 + odat + o3} + 2mar e 0 L o, (12)
Let
Fo(p1, a1, 42) = [6(q1, g2) + qrar + goas — apy] ve" =Y
+ % (o7p} + 0347 + 0345 + 2q1q2 1 12) p2e2r(T=t), (4.3)

Then for any ¢ € [0, T], we have

ajig(zgz;izuqz) = —vae" T 4 g2pp2e2r(T—1),
8{2(%&?17%) = —mave" ™ 4 (03q1 + qaAp pa)v2e® T,
g~ a0 s g A (4.4
—ag . = Oo3ve >0,
82f~2(g;§11,q2) _ 0§V2e2r(T7t) >0,
821?;521&421412) — A a2 (T=1) > .
From (4.2) and (4.4), we firstly obtain the optimal p;(¢)
Pit) = —— (4.5)

o2ver(T—1)

Next we calculate the optimal ¢; and g2 according to (4.4). We know that ]72 is a convex function with respect

to ¢1 and go. The minimizer (¢1,g2) of fa(p1,4q1,q2) satisfies the following equation
a

003 + M ps = LT,

v (4.6)

a
4205 + Q112 = ULVQG_T(T_”-

The conclusion in Yuen et al. [27] can guarantee the existence and the uniqueness of the solution to (4.6).
Actually, it is easy to see that the solution to equation (4.6) is

2
_ aimog — Auipieasne 1 oy
T —t) = X — 9
D= g W
§ )
_ agn205 — Muprgarm 1 oy
T-1) = X — .
T U A
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Let
Ay = (117710§ - >\M1M202772
A, — (1277205 — 1201 .
2 — )

0303 — Npip3
and tg,:T—%ln% for v<A <veT:t,=T-— %ln% for v <Ay <we'T.
For Ay <v (A3 <v),wesettg =T (ty = T); and for A; > ve'™ (Ay > ve'T), we set t3 = 0 (t4 = 0). To
make sure that the optimal reinsurance strategies satisfy g1 (t), ¢2(¢) € [0, 1], we need to investigate the optimal
results in the following four cases:

A a A as + o2a
Case 1: M12M2 2772<771§ l;1M2 2 202 )
o3a1 o341 -+ )\/Ll/l,g(ll
A as + o2a o2a
Case 2: Mng <m < 272772
o3a1 + A1 pi2ay A1 fi2aq
A
Case 3: 1 < w o)
o341
U%ag
Case 4: n; >

1 2
Auluzm

Case 1. In this case, we have §1 (T —t) > 0, @2(T —t) > 0, A; < As and then ¢3 > t4. Denote by hg the
function h in (4.2) for ¢ € [0,t4]. For ¢ € [0, 4], we have (¢} (t),q5(t)) = (@1(T — 1), @2(T —t)). Then, substituting
(@1 (T —t),q@2(T —t)) into (4.2), we obtain

h6(T — t) = h@(T — t) + Cs, (49)
where

~ 1
he(T —t) = r(T=t)

;[(1 + 771)a1 + (1 + 772)@2 — c]ye

1 1 a?
+ (20'%14% + 50'?2)143 — ﬁ + A1A2/\/,61u2 — 0,1771141 — a2’l72A2) (T — t),
1

and (Y is a constant that will be determined later.
For ¢t > t4, we have @o(T — t) > 1, and thus ¢;(¢) = 1. Inserting ¢;(¢) = 1 into (4.2) yields

inf { —W(T —t) —apive” T8 —cwe" T — N — Ny — A+ [6(q1,1) + qraa

q1

1
+ag]ve T + o (o1pi® + o3af +0f + 2q1Au1u2)v2e2“T‘”} =0, (4.10)

for t < T. Then the minimizer of (4.10) has the form

—r(T—t) _ A
q~1(T _ t) _ maie _ ,u1,u21/. (4.11)
o3V

Let to3 =T — 1 1n (%) Denote by hz the function h in (4.2) for ¢ € [tq, tos]. For ¢ € [ta, to3], it is easy

to see that (¢ (t),q5(t)) = (@1 (T —t),1). Putting (¢1(T —t),1) into (4.2) gives

h7(T—t) = h7(T—t)+C7, (4.12)



OPTIMAL INVESTMENT-REINSURANCE PROBLEMS WITH COMMON SHOCK DEPENDENT RISKS 191

where

2
1
(14 m1)ay + ag — ] ve"T=H — a—(T — 1) + —o22e? (T

he(T —t) =
(T=t) 2072 4r

S| =

T—t
- | N ‘
_ / mai(s)aive™ — 3 (0262 (5) + 21 (5) M1 p2) v2e* s,
0

Denote by hg the function h in (4.2) for t € [tos,T]. For t € [tos, T], it follows that (g7 (t),¢5(¢)) = (1,1).
Putting this into (4.2), we get

1 2
hs(T = t) = ~ (a1 +az — (e~ 1) - ;T%(T —4)
1
+ E(Jg + 02 4 22y po )2 (27T 1), (4.13)

According to the continuity of the value function V and function h, we know Cg = hr(T — t4) — he(T — t4)
and C7 = hg(T — to3) — h7(T — to3). Then, we have

{h7(T —ty) = EG(T —t4) + Cs = he(T — ta4),

4.14
hs(T — to3) = h7(T — tog) + C7 = h7(T — tos). (4.14)

Case 2. In this case, we still have ¢;(T —t) > 0 and ¢2(T —t) > 0, but A; > As. Thus, we obtain t3 < t4.
Denote by hg the function h in (4.2) for t € [0,t3]. For t € [0,t3], (¢7(t),q3(t)) = (@1 (T —t),q2(T — ¢)). This
together with (4.2) gives

ho(T — t) = hg(T — t) + C. (4.15)

For ¢ > t3, we have ¢1(T —t) > 1, and thus ¢j(¢t) = 1. By inserting ¢} (t) = 1 into (4.2) and mimicking the
derivation of (4.11), we obtain the minimizer

—r(T—t) _ A
QT —t) =220 ARy, (4.16)
o2v
Denote
1 N2a2
toa=T — -1 —_— |- 4.17
o r ((0’% + Amm)V) .17)

It is easy to see that tg4 > t5. Denote by hig the function h in (4.2) for t € [t3,toa]. For ¢ € [ts, to4], we have
(g1 (t),q5(t)) = (1,q2(T — t)). Substituting (1,q2(T —t)) into (4.2), we obtain

ho(T — t) = hio(T — t) + Cho, (4.18)

where

hio(T —t) = —[(1 - r(T—t) _ 2 (¢ 2.2 2r(T—t)
10( ) . (14 m2)as + a1 — clrve 20%( )+ 02V

T—t
_ e 1,
—/ |:HQQQ(S)O/21/€ —50'32)((]2(8))2/\/1,1,UQV2€2 ds.
0

For t € [tos, T], (¢5(t),q5(t)) = (1,1). Then, it can be shown that function h(-) in (4.2) is given by hg(-) of
(4.13).



192 J. BI AND K. CHEN

According to the continuity of the value function V' and function h, we have Cg = hqo(T — t3) — 7L6(T —t3)
and Cqg = hg(T - t04) - hlo(T - t04). Then, we get

{ hio(T — t3) = he(T — t3) + Cy = ho(T — t3),
hs(T — tos) = h1o(T — tos) + Cro = hio(T — tos).

Case 3. In this case, we have ¢ (T —t) < 0 and G2(T —t) > 0, and thus ¢j (¢t) = 0. Substituting ¢j(¢) = 0 into
(4.2) yields the minimizer

A Teaz _.(r_

G(T —t) = o2 (=1, (4.19)

Let tos =T — %ln (272). Denote by hq; the function h in (4.2) for ¢ € [0, tgs]. For t € [0, tos], it follows that

0'211

(g7 (t),q5(t)) = (1,G2(T — t)). Putting (1,G=(T —t)) into (4.2), we get
hi1(T — ) = hyy + C11, (4.20)

where

1 2
[(1+ n2)az + (1 +m)ar — ver T — LT — )

hiy (T —t) = =
n ) r 202

Denote by his the function h in (4.2) for t € [tos,T)]. For t € [tos, T], (¢7(t),q5(t)) = (0,1). Using these
optimal values and (4.2), we obtain

2

1 1
[ag + (1 +m)ay — u(e™™=D —1) e (T—-t)+ Eagzﬂ(e%(T_O —1). (4.21)

T _¢) = _ &
GE] ) 20%

T
According to the continuity of the value function V' and function h, we have C11 = h12(T —to5) fﬁu(Tftos).

Then, we derive hll(T — tos) = hll(T — tos) + 011 = hlg(T — t05).

Case 4. In this case, we have 1 (T —t) > 0 and g2(T — ) < 0, and thus ¢;(¢) = 0. Substituting ¢;(¢) = 0 into

(4.2) yields the minimizer

S mair _.r—
G(T —t) = pEnl (T=1), (4.22)
Denote tos = T—* In (4. Denote by hys the function h in (4.2) for ¢ € [0, tog]. For t € [0, to6], (¢5 (), g5 (t)) =

(@(T — t),0). This together with (4.2) yields

his(T —t) = hys(T — t) + Chs, (4.23)
where ) 5 o
~ 1 _ a 1 nia
T—1)==[1 1 — e _ = (7 — ) — — L7 _¢),
his( t) T[( +m2)as + (1 +m)ar — c]ve 20%( t) I o2 ( t)

Denote by hi4 the function h in (4.2) for ¢t € [tos, T]. For t € [tos, T, it follows that (¢} (t),q5(t)) = (1,0).
Putting this into (4.2), we get

1 (T— a 1 (T—
hia(T = 1) = ~ a1 + (1 +m2)az — v(erT=H _1) — 5z (T =1+ EU%UQ(e (Tt _ ), (4.24)

According to the continuity of the value function V' and function h, we have Ci3 = h14(T —to5) —%13(T—t06).
Then, we obtain hlg(T - t06) = hlg(T - t()ﬁ) + 013 = h14(T - tog,).
We summarize the results obtained above in the following theorem.
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Theorem 4.1. Let pi(t) be given in (4.5), (1(T —t),q(T —1)), (T —1),@2(T —t),G2(T —1), and (T —1t) be
given in (4.7), (4.11), (4.16), (4.19) and (4.22) respectively. Also, recall the functions h;(T—t) fori=6,7,...,14
gwen in (4.9), (4.12), (4.13), (4.15), (4.18), (4.20), (4.21), (4.23) and (4.24) respectively. Then, we have

(i) If Case 1 holds, the optimal investment-reinsurance strategies for model (2.3) are
a G(T—1),0(T—1)), 0<t<t
mafh ) 42 )], 0<t <ty

* * * a ~
(P1(1), i (t),q5(t)) = (Wﬂl(T - 1), 1) , tg <t < tps,

(Cr%vefm,m) toy <t<T,
and the value function is given by
— % exp{—vae" T~ 4 hg(T — 1)}, 0 <t < ty,
Vt,z) =< — % exp{—vae" T8 4 ho(T — 1)}, tag <t < to3,
- % exp{—vae" T 4 hg(T — )}, tos <t <T.

(ii) If Case 2 holds, the optimal investment-reinsurance strategies for model (2.3) are

a _ _
(W,QKT—W%(T—”) , 0<t<ts,

* * * _ a ~ o
(pl(t)7QI (t)7q2 (t)) - <O’%V€T(Tt) ) 1,(12(T t)) ) t3 S t S t04»

a
—_ <t <
<0’%V€T(T_t) ) ]-, 1) ) t04 = t = Ta

and the value function is given by
_m exp{—yweT(T*t) +ho(T—t)}, 0<t<ts,
v
V(t,.’L‘) = — @ exp{fyxeT(Tft) + hlo(T — t)}, t3 S t < t04,
v

_m exp{—vae" T 4 hg(T —t)}, tos <t <T.
v

(iii) If Case 3 holds, the optimal investment-reinsurance strategies for model (2.3) are

a A
* * * <O.%Ver(T—t)a07q2(Tt)), O§t§t05’
<pl(t)>q1(t),q2(t)) =

a
5 T <
<Ufue’“(T—t) 0, 1) s tos <t <T,

and the value function is given by

I exp{—vae™ T 4 by (T — 1)}, 0 <t < tos,
Vite)={
- exp{—vae" T 4 hyo(T — 1)}, to5 <t < T.
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(iv) If Case 4 holds, the optimal investment-reinsurance strategies for model (2.3) are

a
—5—7— (T — <t<
<a%yer(Tt) (T — ), 0) » 0=t = to,

(Pi(t), 41 (1), a5(t)) = <

a
J%W(Tt)’l’o)’ tos <t < T,

and the value function is given by

— " exp{—vae" TV 4 hyy(T — )}, 0 <t < tos,
Vt,x) = o

I explvae™ T L by (T — 1)), tog <t < T.
14

Remark 4.2. Since
he(T —ty) = he(T —t4), he(T —tog) = he(T — tos),
ho(T' —t3) = hio(T —t3), h1o(T — toa) = hs(T —toa),
hi1(T — tos) = h1o(T — tos), h13(T — tog) = h1a(T — toe),

V(t,x) is a continuous function for any (¢, z) € [0,T] x R. Furthermore,

he(T —t4) = hz(T —ta), hy(T — tos) = hs(T — to3),

ho(T —ts) = hio(T —t3), hyo(T — tos) = hg(T — toa),

P (T = tos) = hio(T — tos), his(T = tos) = A4 (T — tos),
which includes that, V (¢, ) is a classical solution to the HIB equation (2.7).

5. OPTIMAL RESULTS FOR THE COMPOUND POISSON RISK MODEL BY VARIANCE PRINCIPLE

Throughout Sections 5 and 6, we assume that the reinsurance premium is calculated according to the variance

principle. That is, B
0(q1,q2) = (1 — q1)ar + (1 — g2)az + Ah(q, q2), (5.1)

here A is the reinsurer’s safety loading of the insurer, and
hq1,q2) = (1= q1)%03 + (1 — 2)0F +2(1 — q1) (1 — g2) At .
In this section, we consider the optimization problem for the compound Poisson risk model (2.2). The corre-

sponding HJB equation is

1
sup {Vt + [rz + ap1 + ¢ — 6(q1,92)] Vi + =05 Vi
P1,91,92 2

+MEV(t, e —qX) = V(t,z)] + RE[V(,x—qY)— V()

+AE[V(t,x — 1 X — @2Y) = V(¢ x)]} =0, (5.2)
with the boundary condition V (T, z) = u(x), we apply the method of Browne [3] to fit a solution of the form
Vit,x) = —%exp[—l/ze’“(Tft) + h(T —1t)], (5.3)

where m > 0, v > 0 are constant absolute risk aversion (CARA) parameters. h(-) is a suitable function such
that (5.3) is a solution to (5.2). The boundary condition V (T, z) = u(z) implies h(0) = 0.
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From (5.3), we obtain the following derivatives

V, = V(t,z)[vere™ =Y — /(T —t)],
Ve = V(t,2)[-ve T,

Ve = V(t, z)[p2e?(T—0)],

E[V(t,x — 1 X) = V(t,2)] = V(t,2)[Mx (vqre" ") - 1],

E[V(t, — g2Y) = V(t,2)] = V(t,2)[My (vgze” ") — 1],

EV(t,x — X — @Y) = V(t,2)] = V(t,2) | Mx (vgre”"~D) My (vge” ™ 0) — 11

|4
v

Then using (5.2) and (5.4), we obtain

P1,91,92

inf { — (T —t) =M — Ay = A —cve™ T —vape"T=D 4 §(qq, go)ve" T
+ %Ufp%l/zeQT(T_t) + M Mx (vgre"™ T =) 4 My My (vgoe™T=1)
+ )\MX(VqleT(Tt))My(quer(Tt))} =0,t<T.

Let

- 1
f3(p1,q1,q2) = —vapie” =Y 4 6(qy, go)ve" T 4 §Ufp§v262’“(T‘t) + M\ Mx (vgre" ™)
+ Ao My (VQQGT(T_t)) + )\MX(Vqler(T_t))My(nger(T_t)).

For any ¢ € [0, 7], we have

o7

Ofspv a0, @) _ o)
om

dfs(p1,q1,q2)
oq

2 2 2r(T—t
+ oipp2e? T,

= { —ay; — A [2(1 — ql)O'g + 2(1 — QQ))\MUJ,Q}
+ M%(Vqler(T_t)) [)\1 + )\My(uqzeT(T_t))} } x ve'(T=t)

afé(pl?qla Q2)

5 = { —ay — A [2(1 — q2)03 + 2(1 — q1) Apsa o]
qz

+ M{/(ngeT(Tft)) [)\2 + )\Mx(uqleT(T*t))] } x ve(T=1),

.
9 fs(p1, 01, 42) = MY (vgre"T=1)2e2r(T—1) {)\1 + )\My(ngeT(T*t))} +2A02 x ve'T=1 > 0,

dq3
-
w = My (vgoe™ T =) 2e2 (T 1) [/\2 + AMX(Vqle'“(TJ))} +2A02 x ve"T=0 > 0,
a3
82~ p 7q 7q r _ - _ i - ) )
f3(3ql1q;2) = 2M\ iy pove”™ T L AMY (vgre”™ ) x MY (vgoe” T 1) x 122 (T,

From (5.5) and (5.7), we firstly obtain the optimal p;(t)

a

pi(t) = m‘

195

(5.4)

(5.5)

(5.6)
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Next we calculate the optimal g1 and g2 according to (5.7). We know that f;, is a convex function with respect
to ¢1 and go. The minimizer (q1,g2) of f3(p1,4q1,¢2) satisfies the following equation

a; + A [2(1 - ge_T(T_t))ag +2(1 - %G_T(T_t)))\,ullm} = M (n)(M + AMy (m)),
(5.9)
az + A [200 = DT T0)08 4 2(1 = ZeT T | = My (m) (ha + AMx (n),

where n = vgie” T and m = vge” T . Moreover, the conclusion in Liang and Yuen [19] can guarantee the
existence and the uniqueness of the solution to (5.9).
The following three lemmas come from Liang and Yuen [19].

Lemma 5.1. For any t € [0,T], there is a unique positive solution mq(t) (ni1(t)) to each of the following
equation

Ain My (m) = Ay + 2002 + 2A Ny pio (1 - @e*NT*Q) , (5.10)
v
and n
(A1 + AN My (n) = ay + 2A\u1 o + 2A03 (1 - fe*”<T*t>) : (5.11)
v
Lemma 5.2. For any t € [0,T], there is a unique positive solution ma(t) (n2(t)) to each of the following
equation
MiaMx (n) = Az + 2A05 + 2A\ 1 pio (1 - ﬁe_T(T_t)) , (5.12)
v
and m
(A2 + N M (m) = ap + 2A\u1 i + 2A02 (1 - —e_T(T_t)> . (5.13)
v

Lemma 5.3. Let mq(t), ni(t), ma(t), and na(t) be the unique positive roots of the equation (5.10)-(5.13),
respectively. If

{m1(t) > mg(t),
ny (t) < ng(t),

" {mm < mat),

ni (t) > ng(t),
hold for any t € [0,T], then the equation (5.9) has a unique positive root (7T — t), m(T —t)).

From the Lemmas above, we obtain 7 = vq (T — t)e" "=t and m = vqy(T — t)e" T~ which in turn give

n(T — t)e—r(T—t)

@(T—1t)= » (5.14)
_ 5.1
@(T —1t) = 7m(TV— t) e (T,

Assume that q1 (T — ) and ¢2(T — t) are the unique positive solutions to the following equations:
a1 + 201 — q1)o2 = MY (vge"TY) [)\1 + )\My(z/er(T*t))} , (5.15)

and
ag + 201 — q2)02 = M, (vgee™ ™) {)\2 + /\MX(VeT(T_t))} , (5.16)
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respectively. Let t1 (to1) and t2 (t92) be the time points at which ¢; (T —¢) =1 (g1 (T —t) = 1) and @(T —t) =

1 (@2(T —t) = 1), respectively. By the convexity of the function f3, we obtain that, when ¢; > to, the optimal
investment-reinsurance strategy is

a
()#71(T—t),(12(T—t)),O<t<t2,

olver(T—t

* * * a -~
(P1, 47, 43) = <W7Q1(T—t)71>, ta <t <to1,

a
_ > .
(O'%Z/GT(T_t) ) 1a 1) ) t = tOl

When t; < t5, the optimal investment-reinsurance strategy is

a _ _
(J%W(TWQKT—Q»(D(T—@) , 0 <t <ty,

a ~
(P, 41, 45) = (021/e’“(Tt)’1’q2(T_t)> , 1 <t <to2,
1

a
—_— >
(gfyer@t) 1, 1) Lt >t

Denote by his the function & in (5.5) for this section. Putting the optimal strategy back into (5.5) yields

1 T—t
his(T —t) = —;cz/(er(T_t) 1) =M+ A+ NT -1+ K (s)ds, (5.17)
0

where
1
Ki(s) = —vapi(s)e"™ + 6(qi (s), g5 (s))ve”™ + Sotpi(s)°ve®™ + M Mx (vgi (s)e”)
+Xo My (vg5(s)e®) + AMx (vqi (s)e®) My (vg; (s)e®). (5.18)
To summarize, we have

Theorem 5.4. Letpi(T—t), (1 (T—t),G2(T—t)) be given in equations (5.8) and (5.14), and (¢1(T'—t), @2(T—t))
be the unique solution to the equations (5.15) and (5.16), respectively. Then, when t; > to, the optimal strategy
for the risk model (2.2) is

a
(WaCh(T_t)a(JQ(T_t)) , 0 <t <ty

'
ive

* * * a ~
(p1(t), a1 (1), q3(t)) = (W(Tw’ql(T_t)7 1) , ta <t <o,

a
—_ >
(CT%Z/GT(T” ) ]-7 1> 9 t = tOl'

When t1 < ta, the optimal strategy for the risk model (2.2) is

a _ _
(W,Q1(T—t)aQQ(T—t)> , 0<t <y,

* * * a ~
(Pi(t),q1(t),q5(t)) = (cr%z/e’”(T—t)’ Lg(T — t)) , 11 <t <o,

a
- >
(U%VGT(T_t) ) 17 1> ) t = t02~
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Moreover, the value function is given by
. m r(T—t)
V(t,z) = ——exp{ —vzxe +hi5(T—1t)¢,
v
where hys5(T —t) is defined in (5.17).

6. OPTIMAL RESULTS FOR THE DIFFUSION MODEL BY VARIANCE PRINCIPLE

In this section, we discuss the optimization problem for the diffusion risk model (2.3). The corresponding
HJB equation is

1
sup {Vt + [re +ap1 + ¢ —6(q1,q2) — qra1 — qaaz]Vy + §U%P%Vm
P1,q1,02

(6.1)

+ (034 + 03¢5 + 2q1Q2>\u1u2)Vm} =0,

N |

for t < T, with the boundary condition V (T, z) = u(z). Again, we consider a solution with the form of (5.3).
After substituting (5.4) into (6.1) and some algebraic manipulation, the equation (6.1) becomes

inf { — W(T —t) — [apy + ¢ — 6(q1,q2) — qua1 — qaag] ve" T

P1,91:92
1
#3078 + odat + 036} + 2mar e 0 L o, (62
Denote
J?zx(ph%’ @) = [6(q1,q2) + qra1 + g2az — apy] ve" T
1 _
+ 5 (0P} + o3af + 033 + 2qap M o) P Y. (6.3)
Then for any t € [0,T], we have
6]21(11811;?17‘12) — _yaer(T-1) +0%ply2e2r(T—t),
2hlppnts) — A [(1—q1)03 + (1 = g2) A pa] ve" T + (qu0F + Agapr prz)v2e? 771,
78f4(1§§31’q2) = —2A [(1 = g2)03 + (1 — q1) A\ua oo ve" T 1+ (203 + Aqupa pa)v2e? (=0, (6.4)
82f4(g[11,2q1,q2) _ QAUgVeT(Tft) + Ugyzezr(Tﬂt) >0, :
— 1
82f4(g(11,§q1,q2) _ 2AU§VCT(T4) + O.§V262r(T7t) >0,
82f4(’(9§121<1217f12) _ QA)\uluzyer(T—t) + )\MIM2V2€2T(T—t) > 0.

From (6.1) and (6.4), we can firstly obtain the optimal p; (t)

a

Py (t) = U%Ver(Tft) : (65)

Next we calculate the optimal ¢; and g2 according to (6.4). We know that ﬁ; is a convex function with respect
to ¢1 and go. The minimizer (¢1,¢g2) of f1(p1,4q1,q2) satisfies the following equation

{ =20 [(1 = q1)o3 + (1 = g2) M paa] + (9105 + Agapnnpz)ve” =1 = 0, (6.6)

— 20 [(1 = g2)0f + (1 — q) M piz] + (4203 + Aqupap)ve™ "~ = 0.
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The conclusion in Liang and Yuen [19] can guarantee the existence and the uniqueness of the solution to
(6.6). In fact, It is easy to show that the solution to equation (6.6) is

2005 4+ 2A\p1 o

T—-t)=
all =0 =28 @ (6.7)
© ~ 2A +wer(T-1)
Since
2[\0’% + 2A)\,LL1/L2
€ (0,1),
2A + ver(T—1) 0.1)
we obtain the optimal strategy
v a
pi(t) = O’%I/er(T*t) )
¥ X 2003 + 2A Ny o
ql(T_t)_qQ(T_t)_ 2A+V6T(T7t)
Denote by hie the function h in (6.2) for this section. Inserting the solution into (6.2) yields
1 T—t
hig(T —t) = ——cv(e" T8 —1) + Ks(s)ds, (6.8)
r

0

where

2, %2 2 %2

1
K (s) = —api(s)?ve" + 5 [o3pi® + o34 + 03a5® + 247 (5)a5 (5) A 1a] 262",

To summarize, we have

Theorem 6.1. For any t € [0,T], the optimal strategy for the risk model (2.3) is

. a

pi(t) = e D)

2003 + 2A Ny o
2A + ver(T=t) 7’

G (T —t)=q(T—1) =

and the value function is

Vit,z) = —@exp {—mjer(T_t) + hig(T — t)} ,
v
where hig(T —t) is defined in (6.8).

Remark 6.2. From Sections 3 and 5, we can see that the optimal investment-reinsurance strategies in the
compound Poisson risk model under two kinds of premium principles both depend not only on the safety
loading, time, and interest rate, but also on the claim size distributions and the counting processes. But from
Sections 4 and 6, we see that the optimal investment-reinsurance strategies in the diffusion model under the
expected value premium principle and the variance principle depend on different parameters, the former depends
on the safety loading, time, interest rate, the claim size distributions and the counting processes, the later
depends on the safety loading, time, and interest rate only.
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FIGURE 1. The effect of a; on the optimal reinsurance strategies in Section 3.

ql

—*—q2

0.12 . . . . . .

F1GURE 2. The effect of A on the optimal reinsurance strategies in Section 3.

7. NUMERICAL EXAMPLES

Since we know that p; is independent to ¢; and g2, and it depends on a and o7 only, we will not consider the
effect of these two parameter to p; but pay more attention to g; and gs.

We assume that the claim sizes X; and Y; are exponential distribution with parameters cr; and as, respectively.
Then, we have
— aq
Mx(vger ™) = ———
x (v ) ay — vgrer@—1)
_ a2
My (vgoe™ Ty = =72 .
e ) p——— )

Firstly, we consider the impact of parameters on the optimal reinsurance strategies in the compound Poisson
risk model under expected value premium principle in Section 3. For computational convenience, we set 7, =
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FIGURE 3. The effect of A\; on the optimal reinsurance strategies in Section 3.
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FI1GURE 4. The effect of n on the optimal reinsurance strategies in Section 3.

N2 = 1. The minimizer (g1 (T —t),g2(T —t)) of (3.5) satisfies the following equations

(e%1 A
—(1 AL+ A AM————————| =0
(L+n)(A+A)/ a1+ (a1 — vgrer(T—1)2 { 1 Qs — l,q2er(T—t):| ’
Qo Aoy
-1 A A Ag— ———— | =0.
( + 77)( 2t )/042 + (042 _ Vq2eT(T7t))2 |: 2 o — VqleT(Tt):|

Example 7.1. In this example, we set n =2, r =03, T =10, t =25, \y =2, Aa =3, A = 2, as = 3 and
v = 0.5. Figure 1 shows the impact of a;. From Figure 1, we see that ¢; increases as the a; increases, but ay
has no impact on go. Along the same lines, ¢o increases as the g increases, but as has no impact on ¢;. The
optimal strategy is more sensitive to the claims size distribution than the counting process.

Example 7.2. In this example, we set n =2, 7 =03, T =10,¢t = 2.5, o1 =2, Ay = 3, ag = 3 and v = 0.5.
Figures 2 and 3 show the impact of A and A;. From Figure 2 with A\; = 2, we see that ¢; and ¢ decrease as the
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FIGURE 5. The effect of ¢ on the optimal reinsurance strategies in Section 5.

095} qt

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

FIGURE 6. The effect of v on the optimal reinsurance strategies in Section 5.

A increases. From Figure 3 with A = 2, we find that a greater value of A\; yields a greater value of the optimal
strategy ¢1 and a smaller value of go. But the changes of the optimal strategy are small, which shows that the

optimal reinsurance strategy are insensitive to the change of the counting process.

Example 7.3. In this example, we set A =2, r =0.3, T =10, ¢t = 2.5, a1 =2, Aa =3, ae = 3, A\; = 2 and
v = 0.5. Figure 4 shows the impact of 1. From Figure 4, we see that ¢; and ¢ increase as n increases.

Secondly, we consider the impact of parameters in the compound Poisson risk model under the variance
premium principle in Section 5. The minimizer (¢1(T — t), g2(T —t)) of (5.5) satisfies the following equation

(o751 Az

a1 + A [2(1 —q)os +2(1 - qg)/\ul,ug] = 5 [/\1 +

(a1 —vgren(T=1)
Qg Aay

(g — vgoem(T—1))2

as + A [2(1 = g2)o3 + 2(1 — q1)Apapie] = [Az +

az — vgoer (M1

oy — vy er(T—t)
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0.9 1

F1GURE 8. The effect of ay on the optimal reinsurance strategies in Section 5.

with g1 = 1/aq, g = 1/ag, 03 = 2(A1 + \)/a?, and 02 = 2(\a + \)/a3.

Example 7.4. In this example, we set \y =2, 7 =0.05,T7 =10, Ao =3, A =2, A =3, @1 = 2 and a3 = 3. The
results are showed in Figures 5 and 6. From Figure 5 with v = 0.5, we see that the optimal reinsurance strategies
increase as t increase. Note that v is the constant absolute risk aversion parameter of the utility function, a large
value of v means more risk averse. In Figure 6 with ¢ = 5, we observe that the optimal reinsurance strategies
decrease as v increase.

Example 7.5. In this example, we set Ay =2, 7 = 0.05, 7T =10, Ay =3, A =2, A =2t =5 and v = 0.5.
Figures 7 and 8 present the impact of a; and as. From Figure 7 with ag = 3, we see that a greater value of
o yields a greater ¢; and smaller ¢o. From Figure 8 with «; = 2, we see that a greater value of (as) yields
a greater go and smaller ¢;. Moreover, ¢; is always smaller than ¢» when a; < ay holds, and vice versa. This
implies that the values of optimal strategies are sensitive to the change in the claim size distributions.
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FI1GURE 10. The effect of Ay on the optimal strategies.

Example 7.6. In this example, we set \y =2, r =0.05, T =10, a1 =2, A =2, a3 =3, t =5 and v = 0.5.
Figures 9 and 10 present the impact of A and Ay. From Figure 9 with Ay = 3, we find that the optimal reinsurance
strategies decrease while the value of A increases. And in Figure 10 with A\ = 2, a greater value of Ay yields a
greater value of ¢; but a smaller value of g5, along the same lines, a greater value of \; yields a greater value
of g2 but a smaller value of ¢;. Besides, we also find that the changes of the optimal strategies are small, which
shows that the optimal strategies are kind of insensitive to the change in the counting process.

8. CONCLUSION

We first recap the main results of the paper. From an insurer’s point of view, we consider the optimal
investment and optimal proportional reinsurance in a risk model with two dependent classes of insurance
businesses, where the two claim sizes are correlated. By the theory of stochastic optimal control and under the
criterion of maximizing the expected exponential utility, we derive the closed-form expressions for the optimal
strategies and the value functions under two kinds of premium principles both for the compound Poisson risk
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model and for the diffusion model. Furthermore, we find that the optimal investment strategy is independent to
the optimal reinsurance strategy. Besides, the forms of optimal reinsurance are very different under the expected
value premium principle and the variance premium principle. We also give some numerical examples to assess
the impact of some parameters in the optimal strategies.

For a further extension, it is interesting to study the following problems: Firstly, we may consider the optimal
investment-reinsurance problem with dependent risk under the criterion of minimizing the probability ruin or
the mean-variance theory. Especially under the framework of mean-variance and the variance premium principle,
we find that the value function is no longer the quadratic function. We need to find the proper form of the
value function, which is a very challenging problem. Secondly, compared with the classical risk model or finance
model, the Markovian regime-switching model seems to provide a better fit to the reality data of insurance
and finance. In risk theory, the Markovian regime-switching risk model can capture the feature that insurance
policies may need to change if the environment, such as weather condition, economical or political environment,
etc., changes. We may consider the optimal investment-reinsurance problems with common shock dependent
risks in regime-switching financial market under the mean-variance criterion for insurers.
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