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STOCHASTIC ANALYSIS OF A PREEMPTIVE RETRIAL QUEUE
WITH ORBITAL SEARCH AND MULTIPLE VACATIONS

Shan Gao1 and Jinting Wang2,∗

Abstract. This paper deals with a preemptive priority M/G/1 retrial queue with orbital search and
exhaustive multiple vacations. By using embedded Markov chain technique and the supplementary
variable method, we discuss the necessary and sufficient condition for the system to be stable and the
joint queue length distribution in steady state as well as some important performance measures and
the Laplace–Stieltjes transform of the busy period. Also, we establish a special case and the stochastic
decomposition laws for this preemptive retrial queueing system. Finally, some numerical examples and
cost optimization analysis are presented.
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1. Introduction

During last two decades, the study of retrial queueing systems has been reinvigorated due to the progresses
in computer and telecommunication networking technologies. The feature of retrial queueing systems is that
customers who find all servers unavailable will join the retrial orbit and retry for service after a random length
(called retrial time). Detailed overviews of the related literatures on retrial queues can be referred the books of
Falin and Templeton [1], Artalejo and Gómez-Corral [2], the survey papers of Artalejo [3, 4], Kim and Kim [5]
and recent papers, e.g. Dimitriou [6–8], Boxma and Resing [9] and Abidini et al. [10] and references therein.

Recently, preemptive retrial queueing systems have gained wide attention due to their applications in many
real world situations. For example, in the computer and communication networks with priority messages, an
arriving message of higher priority may push-out the job of lower priority whose service is ongoing, to the
orbit to commence its own service. Krishna Kumar et al. [11] considered an M/G/1 retrial queueing system
with two-phase service and possible preemptive resume at the first phase of service, Krishna Kumar et al. [12]
studied the busy period of a retrial queue, which generalized the retrial queue in Krishna Kumar et al. [11]
by considering that the service time of the second phase is generally distributed. Wu et al. [13] presented a
discrete-time Geo/G/1 retrial queue with preferred customers and impatient customers, where the arriving
customer may push out the customer in service to commence his own service with some probability. Dimitriou
[14] considered a retrial queueing model accepting two types of positive customers and negative arrivals, where
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an arriving P1 customer can preempt the service of a P2 customer and force the server to start his service.
Moreover, Artalejo et al. [15] considered a retrial queueing system where repeated customers have preemptive
priority over customers at the waiting line. To the authors’ best knowledge, there have been a little attention
on research in preemptive retrial queues with orbital search.

Most of the literature on retrial queues assumes that after completion of each service the server will remain
idle in the system until the arrival of the next primary or retrial customer. But in real life, we always want to
minimize the idle time of the server and minimize the holding costs. So it is necessary to study the retrial queue
with orbital search. That is, after completion of each service, the server may initiatively search the customer
from the orbit. Then a service is followed by another service if a search is made, otherwise a service is followed
by an idle period. So far seldom research work on retrial queue with orbital search has been done, readers are
referred to Artalejo et al. [16], Dudin et al. [17], Krishnamoorthy et al. [18], Chakravarthy et al. [19], Zhang
and Wang [20], Deepak et al. [21] and references therein. Besides introducing the orbital search policy into
the preemptive retrial queue, we will also consider exhaustive multiple vacation policy, which is different from
vacation policy in Arivudainambi and Dodhandaraman [22], in which the authors presented an M/G/1 retrial
queue with with balking, second optional service and single vacation. Under exhaustive multiple vacation and
orbital search protocol, the server takes a vacation with arbitrary random length whenever the system becomes
empty. After returning from that vacation, he keeps on taking vacations till he finds at least one customer in
the orbit (multiple vacations). If there are customers in the orbit at the completion epoch of a service or the
end of a vacation, the server searches for the customers in the orbit or remains idle (orbital search policy).

As an application of the retrial queueing system under investigation, let’s consider a call center with an interac-
tive voice response units (IVRUs) (see [23]) and without a waiting loop. Typically, callers arrive at the call center
following the Poisson stream. If the agent (server) is busy, an arriving caller may interrupt the customer in service
with probability α if he has urgent accident or has to hang up and retry to access to the server later with probability
1 − α. Such a retrying caller is said to be in orbit. If no callers in the system, the agent can pursuit secondary jobs
(e.g., outgoing calls) as long as callers are stored to be served (multiple vacation). Suppose if the agent is idle and
there are callers in the orbit, the agent is able to log the phone numbers of unserved customer in the orbit according to
the FCFS service discipline. In addition, each customer in the orbit either chooses to leave voice messages to explain
the business that he needs to be handled with probability p, or chooses to retry for his service later with probability
1− p. When the agent becomes idle, he can immediately rend the service to the customer in the orbit with probabil-
ity p according to his voice messages, or may need some time to contact the customer with probability 1− p, which
corresponds to the general retrial policy.

The rest of this paper is organized as follows. In Section 2, we give the description of the queueing system.
Section 3 presents the stable condition of the system, steady-state analysis including the joint distribution of
the orbit size and the server state at arbitrary epoch, some system characteristics and analysis of busy period.
In Section 4, we present a special case of our model and develop the stochastic decomposition property of the
system size distribution for our queueing model. In Section 5, some numerical examples and cost optimization
analysis are given.

2. Model descriptions

In this section, we consider a single server retrial queue with orbital search and preemptive priority under
multiple vacations policy. Assume that customers arrive at the system according to a Poisson process with
rate λ. If an arriving customer finds the server idle, the customer obtains service immediately and departs the
system after completion of his service. Otherwise, if the server is busy at the arrival epoch, the arriving customer
either interrupts the customer in service to commence his own service with probability α (the customer is called
preemptive customer) or enters into the orbit with probability α = 1 − α (according to FCFS discipline). The
interrupted customer enters into the orbit and his service resumes from the beginning. Because we only focus
on the distribution of the number of customers in the system and won’t consider the waiting and sojourn time
distributions, we have no need to specify what position the interrupted customer will occupy.
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We assume that the server always takes a vacation when the system becomes empty after a service completion.
If the server finds the system is still empty upon returning from his vacation, he will again take another vacation,
i.e., the exhaustive multiple vacation policy is adopted. Otherwise, if there are customers in the orbit at a service
or a vacation completion epoch, the server will search for the orbital customer with probability p or remains
idle with complementary probability p̄ (= 1− p). The search time is assumed to be negligible.

The service times of customers follow an arbitrary distribution with distribution function (d.f.) B(x), prob-
ability density function (p.d.f.) b(x), finite first two moments µ1, µ2. The vacation times of the server follow an
arbitrary distribution with d.f. V (x), p.d.f. v(x), finite first two moments ν1, ν2.

We assume that only the customer at the head of the orbit is allowed to access to the server, i.e., if there are
customers in the orbit at a service or a vacation completion epoch and no orbital search occurs, the customer
at the head of the orbit begins retrying to connect with the server, and the inter-retrial times have an arbitrary
distribution with d.f. R(x), p.d.f. r(x). This retrial policy is called general retrial and it was extensively studied
by Gómez-Corral [24].

All the random variables defined above are independent.
Throughout the rest of the paper, for a d.f. F (x), define F (x) := 1− F (x), F̃ (s) :=

∫∞
0
e−sxdF (x).

Define the functions β(x), η(x), γ(x) to be the conditional completion rates for service, for vacation and for
retrial attempt respectively, i.e.,

β(x) =
b(x)
B(x)

, η(x) =
v(x)
V (x)

, γ(x) =
r(x)
R(x)

·

The state of the system at time t can be described by the process Y (t) = {J(t), N(t), ξ0(t), ξ1(t), ξ2(t)},
(t ≥ 0), where J(t) is the indicator function of the server state: J(t) is equal to 0, 1 or 2 depending on whether
the server is idle, busy or on vacation at time t; N(t) is the number of customers in the orbit. The random
variable ξ0(t) represents the elapse retrial time of the customer at the head of the orbit at time t if J(t) = 0
and N(t) ≥ 1; ξ1(t) represents the elapse service time of the customer being served at time t if J(t) = 1; and
ξ2(t) represents the elapse vacation time at time t if J(t) = 2.

3. Analysis of the model

In this section, we will focus on the discussion of the stability condition of the system by using embedded
Markov chain technique and steady-state distribution of the system by using supplementary variable method.

3.1. Embedded Markov chain

For future use, we first introduce some notations.

ak =
∫ ∞

0

(λx)k

k!
e−λxαkdB(x), k ≥ 0,

bk =
∫ ∞

0

(λx)k−1

(k − 1)!
λe−λxαk−1αB(x)dx, k ≥ 1,

ck =
∫ ∞

0

(λx)k

k!
e−λxdV (x), k ≥ 0,

where ak is the probability that there are k new arrivals during the service of a customer and all arrivals
don’t interrupt the customer being served; bk is the probability that there are at least k new arrivals during a
customer’s service and the kth arrival preempts the customer; ck is the probability that there are k new arrivals
during the vacation time.

Evidently,
∑∞
k=0 ak = B̃(λα),

∑∞
k=1 bk = 1 − B̃(λα),

∑∞
k=0 ck = 1, which indicate that {ak, k ≥ 0} and

{bk, k ≥ 0} are two non-complete probability distributions, {ck, k ≥ 0} is a complete probability distribution.



234 S. GAO AND J. WANG

The generating functions of {ak, k ≥ 0}, {bk, k ≥ 0} and {ck, k ≥ 0} can be obtained as follows

A(z) =
∞∑
k=0

zkak = B̃(λ(1− αz)),

B(z) =
∞∑
k=1

zkbk =
αz

1− αz
(1−A(z)),

V (z) =
∞∑
k=0

zkck = Ṽ (λ(1− z)).

Note that we introduce the preemptive resume and multiple vacation policy into the retrial queue, to obtain
the stability condition of the system, we follow the argument of embedded Markov chain. Let {Tn, n ≥ 0} be the
sequence of epochs at which either a service is totally completed or a preemption occurs or a proper vacation
period ends. Then the sequence of random vectors {(N(T+

n ), I(Tn)), n ≥ 0} forms a Markov chain which is the
embedded Markov chain for our queuing system, where N(T+

n ) denotes the number of customers in the orbit
immediately after the embedded epoch Tn; I(Tn) denotes the factor which make the system’s state change at
time epoch Tn: I(Tn) = 0 represents that at epoch Tn a customer’s service is preempted by a new arrival and
then he enters into the orbit, I(Tn) = 1 denotes that at epoch Tn a customer’s service completely ends and
he departs the system, I(Tn) = 2 denotes that a proper vacation ends at epoch Tn. The state space of the
embedded Markov chain {(N(T+

n ), I(Tn)), n ≥ 0} is {(0, 1), (0, 2)} ∪ {(n, j), n ≥ 1; j = 0, 1, 2}.
Using the above notations and lexicographical sequence for the states, we can have the transition probability

matrix of {(N(T+
n ), I(Tn)), n ≥ 0} as follows:

P =


B0 B1 B2 B3 . . .
C0 A1 A2 A3 . . .

A0 A1 A2 . . .
A0 A1 . . .

...
...

 ,
where

B0 =
[

0 c0
0 c0

]
, Bn =

[
0 0 cn
0 0 cn

]
, n ≥ 1,

C0 =

 0 0
d0 0
d0 0

 , A0 =

 0 0 0
0 d0 0
0 d0 0

 ,
An =

 bn−1 an−1 0
en dn 0
en dn 0

 , n ≥ 1,

and
dn = (p+ pR̃(λ))an + (1− δ0,n)p(1− R̃(λ))an−1, n ≥ 0,

en = (p+ pR̃(λ))bn + p(1− R̃(λ))bn−1, n ≥ 1,

δ0,n is the Kronecker’s symbol, and b0 = 0. Obviously,
∑∞
n=0 dn +

∑∞
n=1 en = 1.

Theorem 3.1. The Markov chain {(N(T+
n ), I(Tn)), n ≥ 0} is ergodic if and only if

1− B̃(λα)

αB̃(λα)
< p+ pR̃(λ).



STOCHASTIC ANALYSIS OF A PREEMPTIVE RETRIAL QUEUE 235

Proof. From the expression of the transition matrix P, we know that

A =
∞∑
n=0

An =

1− B̃(λα) B̃(λα) 0
1− B̃(λα) B̃(λα) 0
1− B̃(λα) B̃(λα) 0

 =
[

A(1) O
T(1) T(0)

]
,

where

O =
[

0
0

]
, A(1) =

[
1− B̃(λα) B̃(λα)
1− B̃(λα) B̃(λα)

]
and

T(0) = 0, T(1) =
[

1− B̃(λα) B̃(λα)
]
.

Thus the matrix A is a reducible stochastic matrix. Evidently, the matrix A(1) is an irreducible stochastic

matrix and has invariant probability vector π(1) =
(

1− B̃(λα) B̃(λα)
)
. In addition, define the vector β(1) =∑∞

n=0 nAn(1)e, where

A0(1) =
[

0 0
0 d0

]
, An(1) =

[
bn−1 an−1

en dn

]
, n ≥ 1, e =

[
1
1

]
.

Then we can have that β(1) =

[
1 + 1−B̃(λα)

α
1−B̃(λα)

α + p(1− R̃(λ))

]
.

Hence by Theorem 2.3.3 in Neuts [25], the Markov chain {(N(T+
n ), I(Tn)), n ≥ 0} is positive recurrent if and

only if

π(1)β(1) = 1− B̃(λα) +
1− B̃(λα)

α
+ pB̃(λα)(1− R̃(λ)) < 1,

which leads to the inequality
1− B̃(λα)

αB̃(λα)
< p+ pR̃(λ).

�

3.2. Steady-state distribution of the system

In this section, we assume that the steady state condition 1−B̃(λα)

αB̃(λα)
< p+pR̃(λ) holds. We will use the method

of supplementary variable technique to derive the stationary distribution of the system.
Let Y = {N, J, ξ0, ξ1, ξ2} be the stationary limit of the Markov process Y (t) = {N(t), J(t), ξ0(t), ξ1(t), ξ2(t)}.
Define the following joint state probability densities at time t (t ≥ 0):

pk,j(t, x) = lim
h→0

P (N(t) = k, J(t) = 0, x < ξ0(t) ≤ x+ h)
h

, j = 0, k ≥ 1; j = 1, 2; k ≥ 0;x ≥ 0.

And denote

pk,j(x) = lim
t→∞

pk,j(t, x), j = 0, k ≥ 1; j = 1, 2; k ≥ 0;x ≥ 0.

By the method of the supplementary variable, we easily obtain the set of equilibrium equations:

d
dx
pk,0(x) = −(λ+ γ(x))pk,0(x), k ≥ 1, (3.1)

d
dx
pk,1(x) = −(λ+ β(x))pk,1(x) + (1− δk,0)λαpk−1,1(x), k ≥ 0, (3.2)

d
dx
pk,2(x) = −(λ+ η(x))pk,2(x) + (1− δk,0)λpk−1,2(x), k ≥ 0, (3.3)
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where δk,0 is the Kronecker’s symbol, and the set of equations (3.1)–(3.3) is a version of Kolmogorov’s equations.
The boundary conditions are

pk,0(0) = p

(∫ ∞
0

pk,1(x)β(x)dx+
∫ ∞

0

pk,2(x)η(x)dx

)
, k ≥ 1, (3.4)

pk,1(0) = (1− δk,0)λ
∫ ∞

0

pk,0(x)dx+
∫ ∞

0

pk+1,0(x)γ(x)dx+ (1− δk,0)λα
∫ ∞

0

pk−1,1(x)dx

+ p

(∫ ∞
0

pk+1,1(x)β(x)dx+
∫ ∞

0

pk+1,2(x)η(x)dx
)
, k ≥ 0, (3.5)

p0,2(0) =
∫ ∞

0

p0,1(x)β(x)dx+
∫ ∞

0

p0,2(x)η(x)dx, (3.6)

pk,2(0) = 0, k ≥ 1, (3.7)

and the normalization condition is
∞∑
k=1

∫ ∞
0

pk,0(x)dx+
∞∑
k=0

∫ ∞
0

(
pk,1(x) + pk,2(x)

)
dx = 1.

Define the following generating functions

P0(x, z) =
∞∑
k=1

zkpk,0(x),

and

Pj(x, z) =
∞∑
k=0

zkpk,j(x), j = 1, 2.

From equations (3.1)–(3.3), we have

P0(x, z) = P0(0, z) exp{−λx}R(x), (3.8)

P1(x, z) = P1(0, z) exp{−λ(1− αz)x}B(x), (3.9)

P2(x, z) = P2(0, z) exp{−λ(1− z)x}V (x). (3.10)

From (3.6) and (3.7), we can obtain

P2(0, z) = P2,0(0) := K. (3.11)

Then from (3.4)–(3.6) and (3.9)–(3.11), we can obtain

P0(0, z) = p
(
P1(0, z)A(z) +K

(
V (z)− 1

))
, (3.12)

P1(0, z) = P1(0, z)
(p
z
A(z) +B(z)

)
+
p

z
K(V (z)− 1) +

1
z
P0(0, z)

(
R̃(λ) + z(1− R̃(λ))

)
. (3.13)

Combining (3.12) and (3.13), we arrive at

P0(0, z) =
p̄z(1− V (z))(1−B(z))

D(z)
K, (3.14)

P1(0, z) =
(1− V (z))

(
p+ p(R̃(λ) + z(1− R̃(λ)))

)
D(z)

K, (3.15)
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where
D(z) = A(z)

(
p+ p(R̃(λ) + z(1− R̃(λ)))

)
− z(1−B(z)).

Here we should investigate the zeros of the equation D(z) = 0 in the range 0 ≤ z ≤ 1. For this point, we have
the following lemma.

Lemma 3.2. Under the stationary condition 1−B̃(λα)

αB̃(λα)
< p+ pR̃(λ), the equation

A(z)
(
p+ p(R̃(λ) + z(1− R̃(λ)))

)
− z(1−B(z)) = 0,

has no roots in the range 0 ≤ z ≤ 1 and has the minimal nonnegative root z = 1.

Proof. We only need to verify that u(z)
4
= A(z)

(
p+ p(R̃(λ) + z(1− R̃(λ)))

)
+ zB(z) is a probability generating

function of a nonnegative integer valued random variable.
Let U be the time period from the epoch a service begins to the next service begins given that the orbit is

non-empty, and let NU be the the change of the orbit size during U (Nu = −1, 0, 1, 2, . . .) and define

uk(t)dt = P (t < U ≤ t+ dt,NU = k).

Then,

uk(t) = I(k ≥ 1)bk(t) + pak+1(t) + p
(
ak+1(t) ? (e−λtr(t)) + I(k ≥ 0)ak(t) ? (λe−λtR(t))

)
, k = 0, 1, 2, . . . ,

where I(•) is an indicate function, ? means convolution,

ak(t) =
(λt)k

k!
e−λtαkb(t), k ≥ 0,

bk(t) =
(λt)k−1

(k − 1)!
λe−λtαk−1αB(t), k ≥ 0.

Denote by NU (z) the generating function of NU , after careful calculation, we have that

NU (z) = E[zNU ] =
∞∑

k=−1

zk
∫ ∞

0

uk(t)dt

= B(z) +
A(z)
z

(
p+ p(R̃(λ) + z(1− R̃(λ)))

)
,

which shows that u(z)
4
= A(z)

(
p+p(R̃(λ)+z(1−R̃(λ)))

)
+zB(z) = E[zNU+1] is exactly a probability generating

function of random variable NU + 1. From the condition the stationary condition 1−B̃(λα)

αB̃(λα)
< p + pR̃(λ), u(z)

has the following properties:

(1) u(0) = a0

(
p+ pR̃(λ)

)
> 0;

(2) u(1) = 1,
(3) u′(1) = d

dzu(z)|z=1 = 1−
(

(p+pR̃(λ))B̃(λα)− 1−B̃(λα)
α

)
< 1. Since the probability generating function u(z)

is a convex and monotonically increasing function of z for 0 ≤ z ≤ 1, we can easily prove the expected result
of Lemma 3.2.

�
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Applying the normalization condition, we obtain∫ ∞
0

P0(x, 1)dx+
∫ ∞

0

(
P1(x, 1) + P2(x, 1)

)
dx = 1,

and by using (3.8)–(3.10) and (3.14), (3.15), we can arrive at

K =
1
ν1

(
p+ pR̃(λ)− 1− B̃(λα)

αB̃(λα)

)
· (3.16)

Now we summarize the above results in the following theorem.

Theorem 3.3. Under the stationary condition 1−B̃(λα)

αB̃(λα)
< p+pR̃(λ), the generating functions of the stationary

joint distribution of the orbit size and the server state are given by:

P0(x, z) = K
p̄z(1− V (z))(1−B(z))

D(z)
exp{−λx}R(x),

P1(x, z) = K
(1− V (z))

(
p+ p(R̃(λ) + z(1− R̃(λ)))

)
D(z)

exp{−λ(1− αz)x}B(x),

P2(x, z) = K exp{−λ(1− z)x}V (x).

Next we focus on the marginal generating functions of the orbit size and the server states given in the following
corollary.

Corollary 3.4. (1) The marginal generating function of the orbit size when the server is idle is

P0(z) =
∫ ∞

0

P0(x, z)dx = K
p̄z(1− V (z))(1−B(z))

D(z)
1− R̃(λ)

λ
·

(2) The marginal generating function of the orbit size when the server is busy is

P1(z) =
∫ ∞

0

P1(x, z)dx = K
(1− V (z))

(
p+ p(R̃(λ) + z(1− R̃(λ)))

)
D(z)

1−A(z)
λ(1− αz)

·

(3) The marginal generating function of the orbit size when the server is on vacation is

P2(z) =
∫ ∞

0

P2(x, z)dx = K
1− V (z)
λ(1− z)

·

Corollary 3.5. (1) The generating function of the orbit size, P (z), is given by

P (z) = P0(z) + P1(z) + P2(z)

=
N (z)
D(z)

1− V (z)
λ(1− αz)

K,

where N (z) =
(
p+ p

(
R̃(λ) + z(1− R̃(λ))

))(
αzA(z) + 1− z

)
.

(2) The generating function of the system size, Φ(z), is given by

Φ(z) = P0(z) + zP1(z) + P2(z) = P (z) + (z − 1)P1(z)

= K
1− V (z)

λ

(
p+ p

(
R̃(λ) + z(1− R̃(λ))

))
A(z)

D(z)
· (3.17)
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Using the above results, we can obtain some performance measures of the system in steady state.

Corollary 3.6. (1) The probability that the server is idle, denoted by P0, is given by

P0 = P0(1) = p(1− R̃(λ)).

(2) The probability that the server is busy, denoted by P1, is given by

P1 = P1(1) =
1− B̃(λα)

αB̃(λα)
·

(3) The probability that the server is on vacation, denoted by P2, is given by

P2 = P2(1) = p+ pR̃(λ)− 1− B̃(λα)

αB̃(λα)
·

(4) The mean orbit size, E(Lq), is given by

E(Lq) = P ′(1) =
V ′′(1)
2V ′(1)

− D
′′(1)

2D′(1)
+
N ′(1) + αA(1)

N (1)
,

where

V ′(1) = λν1,

V ′′(1) = λ2ν2,

D′(1) =
1− B̃(λα)

α
− (p+ pR̃(λ))B̃(λα),

D′′(1) =
2(1− B̃(λα))

α2
+ 2λαB̃′(λα)

(
p+ pR̃(λ) +

1
α

)
,

N ′(1) + αA(1) = B̃(λα)
(

1 + pα(1− R̃(λ))
)
− λααB̃′(λα)− 1,

N (1) = αB̃(λα).

(5) The mean system size, E(Ls), is given by

E(Ls) = Φ′(1) = E(Lq) + P1(1).

(6) The mean sojourn time of an arbitrary customer in the system, E(Ws), is given by Little’s law:

E(Ws) =
E(Ls)
λ
·

Next, we consider a cycle of the system for the model under consideration. Let EV be the expected length
of the total vacation period that starts at the epoch when the server begins a vacation and ends at a vacation
completion epoch with customers being in the orbit, let EI be the expected length of the period that the server
is idle, and EB be the expected length of the period that the server is busy. Then the expected length of a cycle
Θ is given by E(Θ) = EV + EI + EB . Then we have the following theorem.
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Theorem 3.7. Under the steady-state, we have

E(Θ) =
ν1

1− Ṽ (λ)

(
p+ pR̃(λ)− 1− B̃(λα)

αB̃(λα)

)−1

,

EV =
ν1

1− Ṽ (λ)
,

EI =
ν1

1− Ṽ (λ)

(
p+ pR̃(λ)− 1− B̃(λα)

αB̃(λα)

)−1

p(1− R̃(λ)),

EB =
ν1

1− Ṽ (λ)

(
p+ pR̃(λ)− 1− B̃(λα)

αB̃(λα)

)−1
1− B̃(λα)

αB̃(λα)
·

Obviously, EV consists of some consecutive vacation times. Assume that NV is the number of vacations in
EV , then

P (NV = k) = (Ṽ (λ))k−1(1− Ṽ (λ)).

Then we have that
EV = E[NV ]ν1 =

ν1

1− Ṽ (λ)
·

By applying the argument of an alternating renewal process, we have

P2 =
EV
E(Θ)

,

which yields

E(Θ) =
EV
P2

=
ν1

1− Ṽ (λ)

(
p+ pR̃(λ)− 1− B̃(λα)

αB̃(λα)

)−1

.

Using the argument of an alternating renewal process once again, we have

P0 =
EI
E(Θ)

, P1 =
EB
E(Θ)

.

The we can obtain the expected results. �

3.3. Laplace–Stieltjes transform of the length of busy period

We define the server busy period of our retrial queue as the period that starts at the epoch when the server
returns from the vacation and finds an nonempty orbit and ends at the first departure epoch at which the system
is empty. Our interest is focused on the length of the busy period, denoted by L with distribution function π(t)
and the Laplace–Stieltjes transform Π̃(s) = E[e−sL].

Define the transient taboo probabilities of process Y (t) as follows:

qk,0(t, x) = lim
h→0

P (L > t,N(t) = k, J(t) = 0, ξ0(t) ∈ (x, x+ h))
h

, t ≥ 0, k ≥ 1, x ≥ 0,

qk,1(t, x) = lim
h→0

P (L > t,N(t) = k, J(t) = 1, ξ1(t) ∈ (x, x+ h))
h

, t ≥ 0, k ≥ 0, x ≥ 0.

Without loss of generality, we assume that at time 0, the server just ends his vacation and there are k (k ≥ 1)
customers in the orbit, and denote the corresponding distribution function of the length of busy period as πk(t)
with Laplace–Stieltjes transform Π̃k(s). Considering the orbital search schedule, at time 0, the system’s state
may be (k, 0, 0), or (k − 1, 1, 0).

First we assume k = 1, there are two possible cases at time 0:
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(1) One is the case that orbital search occurs at the end of vacation with one customer in the orbit, then the
system initial state is (0, 1, 0), corresponding distribution function of busy period is denoted to be π11(t)
with Laplace–Stieltjes transform Π̃11(s).
Using supplementary variable method, we obtain the following Kolmogorov equations that govern the dy-
namic of the system:

d
dt
π11(t) =

∫ ∞
0

q0,1(t, x)β(x)dx, (3.18)

∂

∂t
qk,0(t, x) +

∂

∂x
qk,0(t, x) = −(λ+ γ(x))qk,0(t, x), k ≥ 1, (3.19)

∂

∂t
qk,1(t, x) +

∂

∂x
qk,1(t, x) = −(λ+ β(x))qk,1(t, x) + (1− δk,0)λαqk−1,1(t, x), k ≥ 0, (3.20)

qk,0(t, 0) = p

∫ ∞
0

qk,1(t, x)β(x)dx, k ≥ 1, (3.21)

qk,1(t, 0) = (1− δk,0)λ
∫ ∞

0

qk,0(t, x)dx

+
∫ ∞

0

qk+1,0(t, x)γ(x)dx+ (1− δk,0)λα
∫ ∞

0

qk−1,1(t, x)dx

+ p

∫ ∞
0

qk+1,1(t, x)β(x)dx, k ≥ 0, (3.22)

then the boundary conditions are

qk,0(0, x) = 0, k ≥ 1, qk,1(0, x) = δk,0δ(x), k ≥ 0, (3.23)

where δ(x) is Dirac delta function.
Now, we introduce Laplace transforms and generating functions to solve the equations (3.18)–(3.22) with
boundary condition (3.23):

Q̃k,0(s, x) =
∫ ∞

0

e−stqk,0(t, x)dt, k ≥ 1, Q̃0(s, x, z) =
∞∑
k=1

zkQ̃k,0(s, x),

Q̃k,1(s, x) =
∫ ∞

0

e−stqk,1(t, x)dt, k ≥ 0, Q̃1(s, x, z) =
∞∑
k=0

zkQ̃k,1(s, x).

Then equations (3.18)–(3.22) become

Π̃11(s) =
∫ ∞

0

Q̃0,1(s, x)β(x)dx, (3.24)

∂

∂x
Q̃0(s, x, z) = −(s+ λ+ γ(x))Q0(s, x, z), (3.25)

∂

∂x
Q̃1(s, x, z) = −(s+ λ(1− αz) + β(x))Q̃1(s, x, z) + δ(x), (3.26)

Q̃0(s, 0, z) = p

∫ ∞
0

Q̃1(s, x, z)β(x)dx− pΠ̃11(s), (3.27)

Q̃1(s, 0, z) = λ

∫ ∞
0

Q̃0(s, x, z)dx+
1
z

∫ ∞
0

Q̃0(s, x, z)γ(x)dx+ λαz

∫ ∞
0

Q̃1(s, x, z)dx

+
p

z

(∫ ∞
0

Q̃1(s, x, z)β(x)dx− Π̃11(s)
)
. (3.28)
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Solving equations (3.25) and (3.26) leads to

Q̃0(s, x, z) = Q̃0(s, 0, z)e−(s+λ)xR(x), (3.29)

Q̃1(s, x, z) = (1 + Q̃1(s, 0, z))e−(s+λ(1−αz))xB(x). (3.30)

Combining (3.27) and (3.30) and after algebra manipulation, we obtain

Q̃0(s, 0, z) = p[(1 + Q̃1(s, 0, z))B̃(s+ λ(1− αz))− Π̃11(s)]. (3.31)

Now using equations (3.28)–(3.31), after rearrangement, we have

1+Q̃1(s, 0, z)

=
(s+ λ(1− αz))

(
z(s+ λ)− p(s+ λ)Π̃11(s) + Q̃0(s, 0, z)

(
λz + (s+ λ(1− z))R̃(s+ λ)

))
(s+ λ)

(
z(s+ λ(1− z)) +

(
λαz2 − p(s+ λ(1− αz))

)
B̃(s+ λ(1− αz))

) · (3.32)

Substituting (3.32) in (3.31) yields

f(s, z)Q̃0(s, 0, z) = pz(s+ λ)
[
B̃(s+ λ(1− αz))(s+ λ(1− αz))− Π̃11(s)

×
(

(s+ λ(1− z)) + λαzB̃(s+ λ(1− αz))
)]
, (3.33)

where

f(s, z) = z(s+ λ)
(
s+ λ(1− z) + λαzB̃(s+ λ(1− αz))

)
− B̃(s+ λ(1− αz))(s+ λ(1− αz))

[
p(s+ λ) + p

(
λz + (s+ λ(1− z))R̃(s+ λ)

)]
, (3.34)

for fixed s with Re(s) > 0, it’s easy to realize that the equation f(s, z) = 0 has a unique solution in 0 ≤ z ≤ 1,
denoted by z = φ(s)(0 ≤ φ(s) ≤ 1), and φ(s) satisfies: φ(0) = 1, and

φ′(0) =
1
λ

(
1− αB̃(λα)

B̃(λα)[1 + α(p+ pR̃(λ))]− 1

)
< 0.

Then, we can get Π̃11(s) by taking z = φ(s) in (3.33) as follows

Π̃11(s) =
B̃(s+ λ(1− αφ(s)))(s+ λ(1− αφ(s)))

(s+ λ(1− φ(s))) + λαφ(s)B̃(s+ λ(1− αφ(s)))
· (3.35)

(2) The other one is that no orbital search occurs at the end of vacation with one customer in the orbit, then
the system initial state is (1, 0, 0), corresponding distribution function of busy period is denoted to be π12(t)
with Laplace–Stieltjes transform Π̃12(s). Then the boundary conditions are

qk,0(0, x) = δk,1δ(x), k ≥ 1, qk,1(0, x) = 0, k ≥ 0, (3.36)

and (3.24) is replaced by

Π̃12(s) =
∫ ∞

0

Q̃0,1(s, x)β(x)dx,

By taking Laplace transforms and generating functions, equations (3.19) and (3.20) with above boundary
conditions become

∂

∂x
Q̃0(s, x, z) = −(s+ λ+ γ(x))Q0(s, x, z) + zδ(x), (3.37)

∂

∂x
Q̃1(s, x, z) = −(s+ λ(1− αz) + β(x))Q̃1(s, x, z), (3.38)
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and equations (3.27) and (3.28) still hold.
From (3.37) and (3.38), we get

Q̃0(s, x, z) = (Q0(s, 0, z) + z)e−(s+λ)xR(x), (3.39)

Q̃1(s, x, z) = Q1(s, 0, z)e−(s+λ(1−αz))xB(x). (3.40)

By using the above two equations and (3.27), (3.28), we obtain

Q̃0(s, 0, z) = p[Q̃1(s, 0, z)B̃(s+ λ(1− αz))− Π̃12(s)], (3.41)

Q̃1(s, 0, z)

=
(s+ λ(1− αz))

((
z + Q̃0(s, 0, z)

)(
λz + (s+ λ(1− z))R̃(s+ λ)

)
− p(s+ λ)Π̃12(s)

)
(s+ λ)

(
z(s+ λ(1− z)) +

(
λαz2 − p(s+ λ(1− αz))

)
B̃(s+ λ(1− αz))

) · (3.42)

Substituting (3.42) into (3.41) leads to

f(s, z)Q̃0(s, 0, z) = pz
[
B̃(s+ λ(1− αz))(s+ λ(1− αz))

(
λz + (s+ λ(1− z))R̃(s+ λ)

)
− Π̃12(s)(s+ λ)

(
(s+ λ(1− z)) + λαzB̃(s+ λ(1− αz))

)]
. (3.43)

Taking z = φ(s) in (3.43) yields

Π̃12(s) =
B̃(s+ λ(1− αφ(s)))(s+ λ(1− αφ(s)))

(
λφ(s) + (s+ λ(1− φ(s)))R̃(s+ λ)

)
(s+ λ)

(
(s+ λ(1− φ(s))) + λαφ(s)B̃(s+ λ(1− αφ(s)))

) · (3.44)

Combining the two cases (1) and (2), we have that

Π̃1(s) = pΠ̃11(s) + pΠ̃12(s)

=
B̃(s+ λ(1− αφ(s)))(s+ λ(1− αφ(s)))

(s+ λ(1− φ(s))) + λαφ(s)B̃(s+ λ(1− αφ(s)))

×

(
p+

p
(
λφ(s) + (s+ λ(1− φ(s)))R̃(s+ λ)

)
s+ λ

)
·

Using f(s, φ(s)) = 0, we can simplify the expression of Π̃1(s) to be the following

Π̃1(s) = φ(s).

Second, for k ≥ 2, we have that

Π̃k(s) = (Π̃1(s))k = φk(s). (3.45)

Therefore, conditioning on the numbers of customers in the orbit at the end of the vacation, we can get the
Laplace–Stieltjes transform Π̃(s) of the busy period L as

Π̃(s) =
1

1− c0

∞∑
k=1

ckΠ̃k(s)

=
1

1− Ṽ (λ)

(
Ṽ
(
λ(1− φ(s))

)
− Ṽ (λ)

)
. (3.46)
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Differentiating (3.46) with respective to s at s = 0 yields

E[L] = − d
ds

Π̃(s)
∣∣
s=0

=
ν1

1− Ṽ (λ)

(
αB̃(λα)

B̃(λα)[1 + α(p+ pR̃(λ))]− 1
− 1

)
. (3.47)

Obviously, E[L] = E(Θ)− EV .

4. A special case and stochastic decomposition laws

In this section, we present a special case of our model and use it to develop the stochastic decomposition law
of the system size distribution for our queueing model.

4.1. A special case and its stochastic decomposition

If p = 1 or R̃(λ) = 0, that is, no retrial occurs, then our model is reduced to the classical preemptive M/G/1
queue with multiple vacations, and denote the PGF of this system size by Φ0(z), then we have that

Φ0(z) =

(
1− 1− B̃(λα)

αB̃(λα)

)
1− V (z)
λν1

A(z)
A(z)− z(1−B(z))

=

(
1− 1− B̃(λα)

αB̃(λα)

)
(1− z)A(z)

A(z)− z(1−B(z))
1− V (z)
λν1(1− z)

= L∞(z)ζ(z), (4.1)

where

L∞(z) =

(
1− 1− B̃(λα)

αB̃(λα)

)
(1− z)A(z)

A(z)− z(1−B(z))
, (4.2)

denotes the PGF of the stationary system size distribution of the classical preemptive M/G/1 queue without
vacation, which can be obtained by letting φ∗(λ) = 0 and p = 0 in equation (37) of Krishna Kumar et al. [11]
and

ζ(z) =
1− V (z)
λν1(1− z)

,

denotes the PGF of the number of customers that arrive during the residual life of the vacation time.
From equation (4.1), we observe that the stationary system size of the preemptive M/G/1 queue with multiple

vacations is the sum of two independent random variables: one of which is the stationary system size (L∞) of
the classical preemptive M/G/1 queue without vacation and the other one is the number of customers (Lv) that
arrive during the residual vacation time.

4.2. Stochastic decomposition laws of our model

By using the above results, we show that stochastic decomposition law still holds for our model.
By Corollaries 3.4 and 3.6, we obtain the generating functions of the conditional system size given that the

server is idle or on vacation as follows

χ(z) =
P0(z) + P2(z)
P0(1) + P2(1)

=
p+ pR̃(λ)− 1−B̃(λα)

αB̃(λα)

1− 1−B̃(λα)

αB̃(λα)

(
A(z)− z(1−B(z))

)(
p+ p

(
R̃(λ) + z(1− R̃(λ))

))
D(z)

1− V (z)
λν1(1− z)

· (4.3)
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Comparing (3.17) and (4.2), (4.3), we have that

Φ(z) = L∞(z)χ(z),

which indicates that the the number of customers in the system under study (Ls) can be expressed as the sum
of two independent random variables, the first one of which is is the stationary system size (L∞) of the classical
preemptive M/G/1 queue without vacation, the second one is the number of customers (L1) in the orbit given
that the server is idle or on vacation. That is, Ls = L∞ + L1.

On the other hand, from (3.17) and (4.1), one can find that there exists another stochastic decomposition
law of our model as follows:

Φ(z) =

[(
p+ pR̃(λ)− 1− B̃(λα)

αB̃(λα)

)
(1− z)A(z)
D(z)

]
1− V (z)
λν1(1− z)

(
p+ pR̃(λ) + zp

(
1− R̃(λ)

))
= Ψ(z)ζ(z)ξ(z), (4.4)

where

Ψ(z) =

(
p+ pR̃(λ)− 1− B̃(λα)

αB̃(λα)

)
(1− z)A(z)
D(z)

,

represents the generating function of the system size L̃s of the preemptive M/G/1 retrial queue with orbital
search and general retrial times and without vacations, which can be obtained by using the similar method in
Section 3, and

ξ(z) = p+ pR̃(λ) + zp
(
1− R̃(λ)

)
,

which is the generation function of a discrete random variable ξ which follows Binomial distribution

P (ξ = 0) = p+ pR̃(λ), P (ξ = 1) = p(1− R̃(λ)).

Equation (4.4) indicates that the the number of customers in the system under study (Ls) can be expressed
as the sum of three independent random variables, the first one of which is is the stationary system size (L̃s) of
the preemptive M/G/1 retrial queue with orbital search and general retrial times, the second one is the number
of customers (Lv) that arrive during the residual vacation time and the third is the number of customers (ξ) in
the orbit given that the server is idle or on vacation. That is, Ls = L̃s + Lv + ξ.

5. Numerical examples and cost analysis

In this section, numerical examples deal with the case of exponential distributions for vacation time and
retrial time with p.d.f.s. v(x) = νe−νx and r(x) = re−rx, respectively.

The first set of numerical examples is devoted to Erlangian distribution of order 2 for service time with p.d.f.
b(x) = µ2xe−µx. We examine the effect of varying parameters on the expected length of a cycle (E[Θ]) and the
mean system size (E[Ls]), which are shown in Figure 1.

From Figure 1(a) and (b), we can see that E[Θ] and E[Ls] decrease with increasing the value of orbital search
probability p. The reason is that the bigger the value of orbital search probability p is, the smaller the server’s
idle period is, which leads to more customers get their service quickly and then the length of a cycle and the
system size decrease. Figure 1(a) and (b) also show that E[Θ] and E[Ls] increase monotonously with increasing
the value of preemptive probability α. That is because when the preemptive probability α increases, the time of
a customer spending in the system will possibly increase due to potentially being preempted by the last come
customer, which leads to the expected length of a cycle E[Θ] and the mean system size E[Ls] to increase.
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Fig.1 (a) The effect of p on the expectede cycle E[Θ]
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Figure 1. The effect of p on performance measures E[Θ] and E[Ls] with λ = 2, µ = 8, ν = 3, r = 4.
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Fig.2 (a) The effect of r on the expected length of a cycle E[Θ]
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Figure 2. The effect of p on performance measures E[Θ] and E[Ls] with λ = 1.5, µ = 8, α =
0.35, p = 0.55.

In Figure 2, we plot the expected length of a cycle E[Θ] and the mean system size E[Ls] versus retrial rate
r for different values of ν = 1, 1.5, 3, 5. As seen from Figure 2, as functions of retrial rate r, E[Θ] and E[Ls]
decrease monotonously, which agrees with intuitive expectations. However, as functions of vacation rate ν, E[Θ]
and E[Ls] increase monotonously. The reason is that the bigger the value of ν is, the longer the vacation time is,
and then the number of customers who enter into the orbit increases, which causes E[Θ] and E[Ls] to increase.

The second set of numerical examples deals with different distributions for service times with exponential
distribution with p.d.f. b(x) = µe−µx), Erlangian distribution of order 2 with p.d.f. b(x) = µ2xe−µx and hyper-
exponential distribution with p.d.f. b(x) = 0.4µe−µx + 0.6µ2xe−µx. The graphs illustrated in Figures 3 and 4
compare the behavior of E[Θ] and E[Ls] against the parameters (I) p, the probability of orbital search, (II)
α, preemptive probability, (III) r, retrial rate and (IV) ν, vacation rate. An interesting thing is that when the
service time follows exponential distribution, the effect of the preemptive probability α on the performance
measures E[Θ] and E[Ls] vanishes because of the memoryless property of the exponential distribution.

Finally, we focus on a steady state total expected cost function per unit time for the preemptive M/G/1
retrial queue with orbital search and multiple vacations, in which orbital search probability p is a decision
variable. With the cost structure being considered, the objective is to determine the optimum value of p, so as
to minimize the expected operating cost function per unit time.
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Fig.3 (a) The effect of p on the expectede cycle E[Θ] (λ=2, α=0.35, µ=8, ν=3, r=4)
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Fig.3 (b) The effect of α on the expectede cycle E[Θ] (λ=2, p=0.6, µ=8, ν=3, r=4)

Exponential

Erlangian

Hyper−exponential

1 2 3 4 5 6 7 8 9 10
0.5

1

1.5

2

2.5

3

3.5

4

4.5

ν

E
[Θ

]

Fig.3 (c) The effect of ν on the expectede cycle E[Θ] (λ=2, p=0.6, µ=8, α=0.35, r=4)
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Fig.3 (d) The effect of r on the expectede cycle E[Θ] (λ=2, p=0.6, µ=8, α=0.35, ν=3)
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Figure 3. E[Θ] versus different parameters.

Define the following cost elements:

Ch ≡ unit time holding cost of every customer in the system;
C0 ≡ unit time cost for keeping the server idle;
C1 ≡ unit time cost for keeping the server busy;
CS ≡ setup cost per cycle;
Rv ≡ unit time reward for the server being on vacation.

Based on the definitions of each cost element listed above, the total expected cost function per unit time is
given by

TC(p) = ChE[Ls] + C0P0 + C1P1 + CS
1

E(Θ)
−RvP2.

The cost minimization problem can be illustrated mathematically as minp TC(p) subject to the stationary

condition 1−B̃(λα)

αB̃(λα)
< p+ pR̃(λ) and 0 ≤ p ≤ 1. Because the total expected cost function per unit time is highly

non-linear and complex, we can’t easily get the derivatives of it. Hence we develop approximations by Matlab
program to find the optimum value of p, say p∗. With assumptions that Ch = 20, C0 = 30, C1 = 150, C2 =
80, CS = 200, b(x) = µ2xe−µx and λ = 2, α = 0.35, µ = 8, ν = 3, r = 4. In Figure 5, we plot the effect of p on
TC(p).

From Figure 5, we can see that there is an optimal orbital search probability p to make the cost minimize.
Implementing the computer software MATLAB by the parabolic method and the error is controlled by ε = 10−6,
we find the solution p∗ = 0.45303691 with TC(p∗) = 180.59771.
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