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AN INERTIAL MODIFIED ALGORITHM FOR SOLVING VARIATIONAL
INEQUALITIES

DANG VAN HIiEUuY* AND PHAM KiM QUY?

Abstract. The paper deals with an inertial-like algorithm for solving a class of variational inequality
problems involving Lipschitz continuous and strongly pseudomonotone operators in Hilbert spaces. The
presented algorithm can be considered a combination of the modified subgradient extragradient-like
algorithm and inertial effects. This is intended to speed up the convergence properties of the algorithm.
The main feature of the new algorithm is that it is done without the prior knowledge of the Lipschitz
constant and the modulus of strong pseudomonotonicity of the cost operator. Several experiments
are performed to illustrate the convergence and computational performance of the new algorithm in
comparison with others having similar features. The numerical results have confirmed that the proposed
algorithm has a competitive advantage over the existing methods.
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1. INTRODUCTION

The variational inequality problem (VIP) [11,13,25-27] can be considered a fundamental problem in non-
linear analysis, especially in optimization theory. This problem comes from numerous problems in science and
engineering including optimization problems, fixed point problems, transportation problems, financial equilib-
rium problems, migration equilibrium problems, see, e.g., [3,9,10,17]. This can be the main motivation for
many authors who devoted their works to studying theory of variational analysis and after that introducing
their iterative algorithms for approximating solutions of VIPs. Especially, problem (VIP) has been intensively
exploited after appearing the monographs [11,13,26,27]. Two notable solution approaches for solving problem
(VIP) can be the regularized method and the projection method. For the first direction, it often includes mono-
tone operator, and the regularized subproblem is thus strongly monotone. The regularized solution is unique
and can be found more easily than solutions of the original problem. The sequence of regularized solutions can
converge finitely or asymptotically to some solution of the original problem.

In this paper, we are interested in the second direction including projection methods. The methods of pro-
jection types are easier to solve numerically than the regularized methods. The simplest and oldest projection
is the projected gradient method. After that many projection-like methods were proposed as the extragradient
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method [28], the modified extragradient method [33], the subgradient extragradient method [6-8], the projected
reflected gradient method [29] and others [14, 15,23, 35, 37]. Recently, among kinds of generalized monotone
operators [22], the group of strongly pseudomonotone operators has been widely and intensively investigated by
several authors, for example, see [12,38-40]. Note that the class of strongly pseumonotone operators contains
properly the one of strongly monotone operators and the basic projection method is an efficient method for
strongly monotone VIPs. Then, a natural question arises: Can the projection methods work well for strongly
pseudomonotone VIPs? Several works proposed recently, for instance [18,19,24,36,38-41], have given positive
answers for the aforementioned question.

It is emphasized here that almost aformentioned methods use stepsizes which depend on the Lipschitz constant
or the modulus of strongly pseudomonotonicity. This can make several restrictions in applications because those
constants are often unknown or difficult to approximate. Very recently, the authors in [19] have considered
two extragradient — like algorithms for strongly pseudomonotone and Lipschitz VIPs. The main advantage
of two algorithms in [19] is that they are done without the prior knownledge of the Lipschitz and strongly
pseudomonotone constants. At this stage, it is worth mentioning that the second algorithm in Algorithm 2 of
[19] has advantages over each computational step and the complexity of it is almost equivalent to the classical
gradient method, i.e., over each iteration it only requires to compute one projection and one value of operator
at the current approximation.

Now, we wish to mention a kind of inertial-type algorithm which appears when we discretize a second order
dissipative dynamical system in time [1,2,34]. The main feature of inetial algorithms is that the next iterate is
constructed from the two previous iterates. Considering the algorithms with inertial efforts is intended to speed
up the convergence properties. In recent years, many algorithms with inertial effects have been proposed for
solving VIPs as well as some related problems, for instance, see in [4,5,30-32] and the references cited therein.

The main purpose of this paper is to speed up the convergence properties of the modified subgradient extra-
gradient method (MSEGM) in Algorithm 2 of [19]. As aforementioned, this algorithm has notable advantages
over each computational step. We will describe how to combine MSEGM with inertial effects where the com-
plexity of the resulting algorithm is still equivalent to the original one. The new algorithm also works well for the
class of Lipschitz and strongly pseudomonotone VIPs. The using a sequence of stepsizes, which is non-summable
and diminishing, permits the algorithm to be done without previously knowing any information of Lipschitz and
strongly pseudomonotone constants. Several numerical experiments are performed to support the theoretical
results, and also to compare with others. Our numerical results have shown its effectiveness and fast convergence
over some existing algorithms having the same features.

The organization of the rest of the paper is as follows: Section 2 recalls some definitions and preliminary results
used throughout the paper. Section 3 deals with proposing the new algorithm and analyzing the convergence of
it. Finally, in Section 4 we perform several experiments to show the numerical behavior of the new algorithm
in comparisons with others.

2. PRELIMINARIES

Let H denote a real Hilbert space with the inner product (-,-) and the induced norm || - ||. Let C be a
nonempty closed convex subset of H and A : H — H be an operator. The variational inequality problem (VIP)
for A on C is to find p € C such that

(A(p),z —p) >0, Vo € C. (VIP)

It is well-known that problem (VIP) is equivalent to the solving of the following fixed point problem,
x = Po(z — Mz),

where \ is some positive number and P is the metric projection from H onto C. Recall that the projection
Po : H — (' is defined, for each z € H, by

Po(z) =argmin{|ly — z|| : y € C}.
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Since C be a nonempty closed convex subset, Po(z) exists and is unique. Given z € H and v € H, v # 0 and
let T ={z€ H: (v,z—x) <0} be a half-space. Then, for all u € H, the projection Pr(u) is defined by

Pr(u) :u—max{QW}v, (2.1)

which gives us an explicit formula to find the projection of any point onto a half-space.
From the definition, it is easy to show that P has the following characteristic properties, see [16] for more
details.

Lemma 2.1. (i) (Po(x) — Pg(g),x —y) ZJ‘PQ(I‘) — Pc(y)||2, Vr,y € H.
(i) flz = Pc@)” + [[Pc(y) —ylI” < llz —yl|”, Vo € C,y € H.
(i) z=Po(z) e (z—2zy—2) <0, VyeC.

Lemma 2.2. For all x,y € H and o € R, the following equality holds,
llaz + (1 = a)yl]® = allz|* + (1 = &)[ly|* — a(l - a)l|z — yl|*.
Next, we present some concepts of monotonicity of an operator. An operator A : H — H is said to be:
(i) strongly monotone on C' if there exists v > 0 such that
(A(z) — A(y),x —y) > llz —y|I>, Va,y € C;

(ii) monotone on C if
<A($)—A(y),$—y> 207 V$7y€C§

(iii) strongly pseudomonotone on C' if there exists v > 0 such that
(Ax),y —2) 2 0= (A(y),y — z) 2 9lle —y|I*, Y2,y € C.
(iv) pseudomonotone on C' if
(A(z),y —x) 2 0= (A(y),y —x) 2 0, Va,y € C.
(v) L — Lipschitz continuous on C' if there exists L > 0 such that
1A(z) = Ayl < Lllz = yl|, Y,y € C.
From the aforementioned definitions, it is easy to see that the following implications hold,
(i) = (i) = (iv) and (i) = (iii)) = (iv).

3. INERTIAL MODIFIED ALGORITHM

Throughout this section, we consider the operator A : C' — H being strong pseudomonotone with some
constant v and Lipschitz continuous with some constant L, but these constants are not necessary to be known.
The unique solution of problem (VIP) for A on C will be denoted by p. By some aforementioned advantages
of the modified subgradient extragradient algorithm in Algorithm 2 of [19], we intend here to speed up the
convergence properties of this algorithm. In that purpose, we reconsider it in incorporating with inertial effects.
For designing the new algorithm, we take a sequence of stepsizes {\,} C (0,+00) satisfying the following
conditions,

n—oo

(CL): lim A, =0,  (C2): ) A, = oo,
n=1
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and a decreasing parameter sequence {6,} in [0, 1] satisfying the condition,

1
(C3):0<0, <0<

Unlike in Algorithm 2 of [19], the sequence of stepsize {\,} is not required to be decreasing. This can give
us a more flexibility in choosing a sequence {\,} in numerical computations. The following is the algorithm in
details.

Algorithm 3.1. (Inertial MSEGM for VIPs).

Initialization: Choose x_1,x0 € H, yo € C and two sequence {\,} and {6,,} such that conditions (C1)—(C3)
above hold. Set wg = xg + 0p(xg — x—1) and compute

1 = Po(wo — MoAyo), w1 =x1+61(z1 —x0), y1 = Po(wr —A\Ayo).

Iterative Steps: Assume that x,_1, ®,, w, € H and y,_1, y, € C are known, calculate 11, Yn+1, Wnt1
for each n > 1 as follows:

Step 1. Compute 2,11 = Pra(wy, — A\ Ayn),

where T" = {x € H : (w,, — \pAYn—1 — Yn, & — yn) < 0}.

Step 2. Set wy+1 = Tpt1 + Ont1(Tne1 — ) and compute

Yn+1 = PC(wn+1 - )\n+1Ayn)

Stopping Criterion: If y,,11 = w,+1 = y, then stop and y,, is the solution of problem (VIP).

Before the formulation of convergence of Algorithm 3.1, we present the following remarks.

Remark 3.2. Since T" is a half-space, the projection in Step 1 can be found explicitly by the formula (2.1).
The main tasks of Algorithm 3.1 over each iteration are to find one projection for y,+; on C' and compute one
value of operator A at y,. Then, in that sense, the complexity of Algorithm 3.1 is almost equivalent to the one
of the classical projected gradient algorithm.

Remark 3.3. In the case when 6,, = 0 then Algorithm 3.1 becomes the modified subgradient extragradient
algorithm in Algorithm 2 of [19]. The term 6,,11(zn+1 — x,) in Step 2 is called inertial effect. This term is
incorporated in the algorithm and also intended to speed up the convergence property. Comparing with the
inertial subgradient extragradient method (ISEGM) in Theorem 3.1 of [36], Algorithm 3.1 only requries to
compute one value of operator A at y, over each iteration, while the ISEGM needs to find two values of
operator A. Moreover, from condition (C3), we see that the interval in which the inertial parameter 6,, can be
chosen in Algorithm 3.1 is larger than that one in [36].

Remark 3.4. We remark that C C T™ for all n > 0. Indeed, from the definition of y,, and Lemma 2.1(iii) we
obtain (w, — A\ AYn—1 — Yn,& — yn) < 0 for all z € C. This together with the definition of 7™ implies that
C cT" for all n > 0.

Now, we will analyze the convergence of Algorithm 3.1. Since 0 < 6 < %, we get that };—gz > 0. Throughout
1-50

- +39> being fixed and enough small, and set 6 = 1 — e. Thus, we have that
0 < 0 < 1. Moreover, we also define A,,, M,,, N, for each n > 0 by

this section, let us take € € (O

Ap = ||xn —p||2 - 9n||wn71 —p||2 + 2)‘nLHyn71 - wnH27
M, = 2(1=0,) — 2X\1 L0y 1 (1 + 05 11), (3.1)
Np=0,(1+60,)+36,(1—6,).
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We begin with the following lemma which plays an important role in establishing the convergence of
Algorithm 3.1.

Lemma 3.5. There exists ng > 0 such that
Ang1 < Ap+ Nollzn — 2na|* = Mull#ng1 — zall® = 29Anllyn — plI°, YR > no.
Proof. From the definition of z,; and Lemma 2.1(iii), we obtain
(x — Tpg1, W — ApAyp — Tpy1) <0, Vo € T,

which follows that 2 (p — zp41, Wn — Tnt1) < 22X, (P — Tpt1, Ayn,) because of p € C C T™. Combining this with
the equality 2 (a,b) = ||a||> +||b]|* — ||a — b||?, we get

|#n1 = pI[* + [[wn = zngal]? = [[wn = plI? < 2X0 (0 = Zng1, Ayn) - (3.2)
Moreover, since z,41 € T", it follows from the definition of T that
<wn - )\nAyn—l —Yn, Tp41 — yn> S 07

which implies 2 (W, — Yn, Tnt1 — Yn) < 2An (AYn—1,Tnt1 — Yn). Therefore, also by using the equality 2 (a,b) =
l|al|?> + [|b]|> — ||a — b]|?, we come to the following estimate,

|Znt1 — yn||2 + [|wn — yn||2 —|[#nt1 — wnHQ < 2X (Tnt1 = Yn, AYn—1) - (3.3)
Adding both two sides of the inequalities (3.2) and (3.3), respectively, we get

i1 = plI? < lfwn = pl* = [lwn = yall? = |01 — ynll®
+2X0 [(P — Tpg15 AYn) + (Tng1 — Yns AYn—1)]
< Mwn = pl* = lfwn = ynl® = [[2n41 = ynl|?
20 [P = Yns AYn) + (Un — Ty, AYn — Ayn_1)] - (3.4)

Since p is the solution of problem (VIP), (Ap,y, —p) > 0. Thus, from the pseudomonotonicity of A, we
obtain that

(0= Y Ayn) < —lyn — plI*- (3.5)

Now, we will estimate the term (y,, — £y 41, Ayn, — Ayn—_1) in the righ-hand side of inequality (3.4). Using the
Lipschitz property of A, the Cauchy—Schwarz inequality and the Cauchy inequality, we get that

<yn - xn+17Ayn - Ayn—1> S Hyn - zn—&-lH”Ayn - Ayn—lH
< L||yn - xn+1||||yn - yn—lH

L L
< EHyn _l'n+1||2 + §||yn —yn—1\|2

L L
§||yn - $n+1||2 + 5(2||yn - wn”2 + 2Hwn - yn71||2)

IA

L
S 19n = @ngall® + Lllyn — wnl* + Lilwn = yna|l*). (3.6)
Using relation (3.4) and taking into acount relations (3.5) and (3.6), we come to

|21 = plI> < lfwn —plIP = (1 = 2A D) |[wn — yul> = (1 = AuL)[|2n 41 — yall?
+2\, L||wy, — yn,lH2 — 29|y — pHZ. (3.7)
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Adding the term 2X,,+1L||yn — wn11]|? to both two sides of relation (3.7), we obtain

znt1 =l + 2241 Llyn — wopa|I* < [Jwn = pl|* = (1 = 20, L) [[wy, — yal[®
— (= D)||Tns1 — yn||2 + 2\ L|jwn, — yanHQ
+ 2011 Ly — wnia 12 = 2920y — ol (3.8)

On the other hand, from the definiton of w,,, Lemma 2.2 and the fact 6,, < 6,41, we obtain

[[wn = pl* = [|(1 +8a) (20 — p) = (@01 — p)||?
= (1+0,)|[zn —p||2 — Opllzn-1 —p||2 + 00 (1 + 0p)|zn — xn—1||2
< (14 Ong1)2n —p||2 — Onllzn—1 —p||2
Similarly, we also have
w1 — yn‘|2 = (L4 Ons1)l|zn41 — yn||2 — Opta|lzn — ynHz

01 (14 Opg1)||ng1 — xn||2
< (L Opg)|[Tngr — Ynll? + On1 (1 + Opgr) || Tngr — @l

Substituting this and relation (3.9) into the right-hand side of relation (3.8), we come to the following estimate
znt1 =2l + 2041 Llyn — wosa || < (14 Opga) [z = pl|* = Onl|2n—1 — pl|?
+ 00 (14 0,) [z — 2na]]? = (1= 20 D)[[wp — gl = (1 = ML)l |2ng1 = yal[®

+ 2\ Ll[wn = yn-1]l* + 2Xn41L [(1 + ng)|[2ns1 — ynll?
FOnt1 (14 Ont)|[Tng1 — anQ} = 29An|Yn — p||2.

Thus
||xn+1 _p||2 - 9n+1||xn _p”2 + 2/\n+1LHyn - wn+1H2 < Hxn _pH2
- 9n||xn—1 - p||2 + 2)\nLHwn - yn—IHQ + en(l + en)”xn - an_1||2

- (1 - 2/\nL)||wn - yn||2 - (1 — AL — 2/\n-i-lL(1 + 9n+1))”xn+l - ynH2
+ 2041 L0, 1 (1 + Oy || nt1 — avn||2 =29y — p||2. (3.10)

Since \,, — 0 and 0 < § < 1, there exists ng > 0 such that
1-20,L>0>0and 1 — AL — 2Xy1 L(1 4 0py1) > 8 > 0. (3.11)
These together with relation (3.10) and the definition of A, in (3.1), we obtain

App1 < Ay — 5(Hwn - ynHZ + Hxn+1 - ynHQ) + en(l + en)Hxn - xanHQ
+ 2041 L0n 41 (1 + Ong1)||Tns1 — mn||2 = 29An|lyn — p||2. (3.12)
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Moreover, we have
2 2 1 2
[[wn = YulI* + [Tns1 — yul|” = §||wn — Tyl
1 2
= §||(mn — ZTnt1) + On(2n — xn—l)H
1
= 5”5571 - xn+1||2 + ieiuxn - xn—1||2 + 0, <xn — Tn+1,Tn — xn—1>
1
> §||xn - xn+1||2 + §9i\|xn - xn—1||2 = Onllzn — Ty |[l|on — 2n—1]|

1 0 0
> §||xn *xn+1||2 + §9i\|xn *xn—1||2 - ?n”xn *xn-l-l”z - ?onn *xn—1||2

1-6, 0,(1—06,
= ||$n—$n+1||2—%

2
This together with relation (3.12) and the definitions of M,,, N,, in (3.1) implies that

[|zn _xn—1||2-

Api1 < A+ Npllzn = 2nal]? = Mal[Znsr = 2l1? = 29Anllyn — pl[?, Y > no.
This completes the proof of Lemma 3.5. (]
Next, we define ¢,, for each n > 0 by ¢,, = A, + N, |7, — 7,_1]|?, i.e.,
on = |20 = plI* = Onllen-1 = plI* + 2\ Lllyn—1 — wal* + Nullen — 21|, (3.13)
We have the following lemma.

Lemma 3.6. The following estimates hold for all n > ng,

(1) Pn+l — Pn < _U||xn+l - xn||2 - 27)\n||yn _p||2}
(i) @n > 7||zn — p||?, where T >0, 0 > 0 are some positive real numbers.

Proof. (i) From the definition of ¢, and Lemma 3.5, we have

Pn+1 — Pn = An+1 + Nn+1‘|$n+1 - érnH2 - An - Nn”xn - xn71||2
< —Mp||Tns1 — xn||2 + Notal|Tnt1 — anz = 29|y _pHQ

= —(M,, — Npy1)||zn1 — xn”z =29 |Yn _pHQ' (3.14)

follows from the definition of M,, and N, that

Note that 6,, < 6,1, 9%+1 < 6n41, and the fact LA, 11 < 1%5 for all n > ng (see, relation (3.11)). Thus, it

)
M, — NnJrl = 5(1 - en) - 2>\n+1L9n+1(1 + 0n+1) - 0n+1(1 + 0n+1)
)
_§9n+1(1 - 0n+1)
)

vV

5(1 - 9n+1) - 2>\n+1L0n+1(1 + 0n+1) - 0n+1(1 + 0n+1)
)
_§€n+1(1 - 0n+1)

5 5
o (142 1 L+ 6)0ns1 — (1 + 20,41 L — 5)93+1

5 )
> o (I4+2X1 L+ 60)0pp1 — (1 +2M 1 L — 5)0n+1
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0 )
=-—24+4 L+ )bt

2 2
5 1-6 6
> (244" 4~
25 2+ 5 2)9

§—(8—30)0

Thus, since 6 =1 — ¢,

My Ny > o 1%*(8;3(1*6))9: (1759)?(1+39) o

due to € € (0, ﬁ—gz). This together with relation (3.14) implies conclusion (i).

From the definition of ¢,, in (3.13), we obtain

on > ||zn = plI? = Oullzn—1 — plI* + Nullwn — 21> (3.15)
Set k,, = ﬁ(l_“ > 0. This together with the definition of N,, implies that
N, — 0, (1+ ki) =0. (3.16)
Moreover, we have that
-1 = plI* = l[#n-1 = zall® + |20 = plI* + 2 (n—1 — Tp, 2 — D)

1

< ||wn—1 _xn‘|2 + [|zn _pH2 + F||xn—1 —anQ + k||, —p||2
n

1

AL =zl + (14 kn)l|2n — plI*. (3.17)

=1+
It follows from relations (3.15), (3.16) and (3.17) that

1
on > (1= 0,1+ kn))l|zn _pH2 + (Np = 0 (1 + =) [|zn — $n71||2

kr,
= (1= 0n (L + kn))llzn — plI. (3.18)
On the other hand, from the definition of k,,, we have
2 08, — ¢
1-—- 1 =1- 14— )=-0— ——. Nl
On (1 + kn) 9"( +29n+5(1—9n)> b = 2 =50, 10 (8.19)
We define the function f(t) = —t — %, t € [0,1]. We have that f'(t) = —1 — m < 0. Thus,
f(t) is decreasing monotone. Since 0, < 6, we come to the following estimate,
5(1 —0)% — 262
1-— 1 = > = = 2

in which the inequality 7 > 0 follows from the facts that 6§ < % and § = 1 — € is enough near to 1. Combining
relations (3.18) and (3.20), we obtain the conclusion (ii). Lemma 3.6 is proved.
(I
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Lemma 3.7. The following statements hold:

(i) The sequences {xy} is bounded.

(i) lim inf||y, —p|| =0 and lim ||z, — z,41]| = 0.
00 n—
n—oo n—oo

Proof. (i) It follows from Lemma 3.6(i) that {¢n},,, is non-increasing, i.e., pni1 < @, for all n > ng. On
the other hand, it follows from Lemma 3.6(ii) that ¢, > 0 for all n > ng. Thus, the limit of {¢,} exists.
This together with Lemma 3.6(ii) implies that the sequence {||z,, — p||*}, and therefore {z,,}, are bounded.
This completes the proof of (i).

(ii) In view of Lemma 3.6(i), we see that
0 < 0l|znr1 = @nl|* + 29Ny — plI” < 00 = @ns1, Y0 210,
Thus, since lim,—, @n+1 € R, we obtain
o0 o0
g Z |20 = Zna|* + 2y Z Aallyn = pII* < ¢ny — nlggo Pn+1 < +00. (3.21)
n=nogo n=nogo

Therefore

(S1): Z Ao |yn — p||? < oo, (S2) : Z l|[2n — Znia||? < +oo.

n=ngo n=no

It follows from (S1) and the fact 37 A, = +oo that lim inf ||y, — p|| = 0. From (S2), we also obtain

that ||z, — z41]]> — 0.

(iii) It follows from Lemma 3.7(ii) that N, ||z, — z,_1||> — 0 as n — oo because of the boundedness of {N,,}.
Also from the definition of ,,, we see that A,, = ¢, — Ny ||, — 2, _1]|?, and so the limit of {4, } also exists.
Thus, from relation (3.12), we come to

§(||wn — ynHQ +[|Tnt1 — ynHQ) <A = A +0,(1+0,)| |2, — xn—1||2
+2AL05 11 (1 + Ongr)|[Tn41 — xn‘|2 —0

as n — oo. This implies that ||w, — yn|| — 0 and ||zp+1 — yn|| — 0. Thus,
|zn = ynll < |l2n — Zpgall + [[En1 — ynll — 0.
It follows from the definition of w,, that

lwn = yn-all? = 1+ 0n)[J2n — yn-1l]* = Onllzn—1 — yn-a|l®
+05 (1 + )|z — xn71||27

which follows ||w, — yn—1|| — 00 as n — oo. This finishes the proof.

Now, we obtain the following main result.

Theorem 3.8. The sequences {x,}, {yn}, {wn} generated by Algorithm 3.1 converge strongly to the unique
solution p of problem (VIP).



172 D. VAN HIEU AND P. KIM QUY
Proof. From the definition of ,,, we obtain

On = ||z —p||2 = Onllzn—1 —p||2 + 22 L|Yyn-1 — wnH2 + Nollzn — xn71||2
=00 (|[rn-1 —p||2 —|zn —p||2) + 2\ Ll[yn—1 — wn‘|2 + Ny||zpn — $n71”2
(1= 6l — I (3.22)

Since the sequence {z,} is bounded and ||z, — z,—1|| — 0, we get

lzn—1 = pII? = llzn = pIIP| = [llen-1 = Il = llzn = plI| (lzn-1 = pll + [l2n = pl])
S n-1 = zalll (l#n—1 = pll + [l2n —pl]) — 0.

we obtain

lim inf g, = lim inf(1 —@,)||z, — p|[* < lim inf ||z, — p||?
n—oo n—oo

n—oo

= lim inf||y, — p||* = 0.
n—oo

Thus lim,,, inf ¢, = 0. Since the limit of {¢} exists, lim,_,o @, = 0. This together with Lemma 3.6(ii)
implies that ||z, — p||?> — 0, i.e., the sequence {x,} converges strongly to the solution p of problem (VIP). The
convergence of the sequences {y,}, {wy} to p follows from Lemma 3.7(iii). Theorem 3.8 is proved. O

Remark 3.9. Algorithm 3.1 has combined the positive features of the Popov’s extragradient algorithm in
[33], the subgradient extragradient method in [6-8], and inertial effects. The analyses in this paper seem more
complex and technical than the ones in Algorithm 2 of [19]. This is due to the inertial term in the algorithm.
We remark additionally that by combining the Popov’s extragradient algorithm in [33] with inertial effects, we
also obtain the following inertial algorithm.

Algorithm 3.10. (Inertial Modified Extragradient Algorithm for VIPs).

Initialization: Choose x_1, g, yo € C and two sequences {\,} C (0,400), {6,} C [0,400) such that
conditions (C1)—(C3) above hold. Set wg = x¢ + 0g(Tg — v_1).

Iterative steps: Assume that z,, y, € C and w,, € H are known. Calculate z,1, yn+1 and wyy1 as follows:

Tn+1 = PC(wn - )\nAyn)a
Wnp+1 = Tn+1 + 9n+1(xn+l - l'n),
Yn+1 = PC(wn-i-l - )\n-‘rlAyn)

Stopping criterion: If y, 11 = wy4+1 = Y, then stop and y,41 is the solution of problem (VIP).

As the previous algorithm, Algorithm 3.10 also only requires to compute a value of operator A at y,,. However,
it needs to compute two projections on the feasible set C'. The proof of convergence of Algorithm 3.10 is almost
similar to the one of Algorithm 3.1, but it is slightly different from obtaining relations (3.2) and (3.3) in the
proof of Lemma 3.5. We leave the proof for the reader to verify. Finally, we have the following result.

Theorem 3.11. The conclusion of Theorem 3.8 remains true for Algorithm 3.10.
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FIGURE 1. Example 1 in R'%°. Numbers of iterations respectively are 243, 82, 203, 170, 77,
178, 234.
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FIGURE 2. Example 1 in R2°°. Numbers of iterations respectively are 205, 86, 136, 193, 74,
206, 127.

4. COMPUTATIONAL EXPERIMENTS

In this section, we report some numerical results to illustrate the convergence of Algorithm 3.1 (shortly,
IMSEGM) and Algorithm 3.10 (IMEGM), and also to compare with other algorithms having the same features.
Five algorithms used to compare here are the subgradient extragradient method (SEGM) ([19], Algorithm 1), the
modified subgradient extragradient method (MSEGM) ([19], Algorithm 2), the extragradient method (EGM)
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FIGURE 3. Example 2 in R°°. Numbers of iterations respectively are 47, 40, 22, 40, 20, 45, 20.

([20], Cor. 3.3), the gradient method (GM) ([24], Algorithm 3.1 and Thm. 5.1) and the inertial subgradient
extragradient method (ISEGM) ([36], Thm. 3.1).

We use the function D(z) = ||z — Po(z — AAz)||? for some XA > 0 to compare the algorithms. Note that if
D(z) = 0 then x is the solution of problem (VIP). The convergence of D(x,) to 0 implies that the sequence
{z,} generated by each algorithm converges to the solution of the problem. The starting points are x_; = xo =
yo = (1,1,...,1) € R™, and the sequence of stepsizes is A\, = m, and the inertial parameter is 6,, = 0.1.
The feasible set is a polyhedral convex set given by

C’z{xGéRT:ExSf},

where F is a random matrix of size [ x m with [ = 10, and f € ERQ such that yo € C. All the programs are
written on Matlab 7.0 and computed on a PC Desktop Intel(R) Core(TM) i5-3210M CPU @ 2.50 GHz, RAM
2.00 GB.

Example 4.1. We first consider problem (VIP) for a linear operator A : R™ — R™ (m = 100, 200) of the
form A(z) = Mz + ¢ [19], where
M =NNT+S+D,

q is a vector in ™, N is a m X m matrix, S is a m x m skew-symmetric matrix with their entries being generated
in (=2,2) and D is a m x m diagonal matrix, whose diagonal entries are positive in (0,2) (so M is positive
symmetric definite). It is clear that A is strongly pseudomonotone and Lipschitz continuous. The numerical
results for this example are shown in Figures 1 and 2.

Example 4.2. Next, we consider our problem for the nonlinear operator A : R™ — R™ (m = 50, 100) of the
form A(z) = Mz + F(x) + q (see, [21]) and M is a m x m symmetric semidefinite matrix and F(x) is the
proximal mapping of the function g(z) = %||x|\4, i.e.,

[lyll*
1

1
F(x):argmin{ +2|y—x||2:y€§}%m}.
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FIGURE 4. Example 2 in R'%°. Numbers of iterations respectively are 26, 24, 10, 27, 10, 28, 12.

In this case, A is strongly pseudomonotone and Lipschitz continuous. For experiment, all the entries of M
and g are also generated randomly as in the previous example. The numerical results are described in Figures 3
and 4. It is clear that, for this example, the computation of value of operator is expensive, and the numbers of
iterations are thus smaller than the ones in the previous example.

Example 4.3. Finally, we consider the nonlinear operator A : #2™ — R2™ (m = 50, 100) defined by

x1 + T + sinzy

—T1 + X2 + sinxy T
xr3 + x4 +sinzs To
Ax = —x3 + x4 +8inxy , T =
. To2m—1
Toam—1 + Tom + SiN T2y, 1 Tom

—Zom—1 + Tam + SN Toy,

The behaviors of the sequences D(x,,) generated by all the algorithms are described in Figures 5 and 6.

From the results are presented above, we see that Algorithm 3.1 works well. It is not surprising that Algorithm
3.10 (IMEGM) is worse than Algorithm 3.1 (IMSEGM) because it requires to compute two projections on
the feasible set over each iteration. Algorithm 3.1 is developed from MSEGM in Algorithm 2 of [19] with
incorporating inertial terms, and the numerical results here have illustrated that the algorithm with inertial
efforts is better than the one without inertial terms.

5. CONCLUSIONS

In this paper, a new algorithm for solving a class of variational inequality problems in Hilbert spaces has been
presented. The paper has described how to incorporate inertial terms into the modified subgradient extragradient
method introduced recently in Algorithm 2 of [19]. The aim is to speed up the convergence property of the original
algorithm. The complexity of the resulting algorithm is almost equivalent to the classical gradient projection
method. It has been proved that the algorithm works well for Lipschitz and strongly pseudomonotone VIPs.
One advantage of the new algorithm is that it does not assume the prior knowledge of the Lipschitz constant
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FIGURE 5. Example 3 in R'%°. Numbers of iterations respectively are 207, 53, 134, 108, 35,
106, 145.
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FIGURE 6. Example 3 in R2°°. Numbers of iterations respectively are 227, 82, 234, 205, 67, 218.

and the modulus of strong pseudomonotonicity of the operator. Theoretical results have been confirmed by
several numerical experiments.

Acknowledgements. We would like to thank the Associate Editor and the referees for their useful suggestions
and comments that helped us very much in improving the original version of the paper.
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