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CLOSED FORM OF THE RESPONSE FUNCTION IN FDH TECHNOLOGIES:
THEORY, COMPUTATION AND APPLICATION ∗

Amin Mostafaee1 and Majid Soleimani-damaneh2,∗∗

Abstract. Response function (RF), which gives the value of maximum feasible outputs in response to
changing the inputs, has a crucial role in performance analysis and scale elasticity measurement. In this
paper, a polynomial-time algorithm is provided which is able to obtain the closed form of the RF under
(nonconvex) FDH productions technologies. Finite convergence of the presented algorithm is proved;
and it is established that the algorithm is polynomial-time from a complexity standpoint. Moreover,
an application of the proposed procedure with real-world data accompanying some experiment-based
computational discussions are given.
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1. Introduction

Data Envelopment Analysis (DEA) is a non-parametric technique for evaluating Decision Making Units
(DMUs) based on the Production Possibility Set (PPS). An important class of DEA models is that of Free Dis-
posal Hull (FDH) models. These models, first presented by Deprins et al. [6], work under nonconvex technologies
and analyze the efficiency of Decision Making Units (DMUs) considering the closest inner approximation of the
true strongly disposable technology [5]. FDH models have been studied by many scholars, including Tulkens
[24], Kerstens and Vanden Eeckaut [10], Cherchye et al. [5], Podinovski [15], Leleu [13, 14], Briec and Kerstens
[2], Soleimani-damaneh et al. [19], Soleimani-damaneh and Reshadi [22], Soleimani-damaneh and Mostafaee
[20, 21], Cesaroni and Giovannola [3], Cesaroni et al. [4], Diewert and Fox [7], Abdelsalam et al. [1]. See also
Kerstens and Van de Woestyne [11] and Emrouznejad and Yang [8] for some reviews.

Marginal productivity and average productivity are two important measures which play crucial roles in
performance analysis. In a problem with multiple-inputs and multiple-outputs, both aforementioned productivity
measures are defined utilizing a Response Function (RF) which gives maximal proportion of outputs for a given
proportion of inputs under feasibility; see Podinovski and Førsund [17]. Furthermore, Scale Elasticity (SE) at a
given efficient DMU is defined with respect to the derivative of RF; see ([18], p. 150) and ([17], p. 1745). Thanks
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to these important applications, RF is an important function in efficiency analysis, and a closed formula of this
function helps the Decision Maker (DM) to have a better perspective about the behaviour of the DMU under
assessment.

In the present work, we sketch a polynomial-time algorithm to obtain the RF in FDH models. The provided
algorithm seeks to identify the proportional response of outputs with respect to the proportional change of
inputs until reaching a unit with Most Productive Scale Size (MPSS). We establish the finite convergence of the
presented algorithm, and moreover we show that it is polynomial-time from a complexity standpoint. In addition
to the theoretical outcomes, we illustrate an application of the investigated procedure on real-world data derived
from TIMSS study in Iran [12,23]. Moreover, we address some experimental computational discussions.

The rest of the paper is organized as follows. Some preliminaries are given in Section 2. The main theoretical
results are presented in Section 3. Section 4 is devoted to practical and computational investigations. Section 5
concludes the paper.

2. Preliminaries

Suppose that we have a set of n DMUs consisting of DMUj ; j ∈ J = {1, . . . , n}. Each DMUj consumes m
positive inputs x1j , x2j , . . . , xmj to produce s positive outputs y1j , y2j , . . . , ysj . Define xj := (x1j , x2j , . . . , xmj)t

and yj := (y1j , y2j , . . . , ysj)t as input and output vectors of DMUj , respectively. In this paper, the superscript
t stands for transpose. Also, define X := [x1, x2, . . . , xn] and Y := [y1, y2, . . . , yn] as m× n and s× n matrices
of inputs and outputs, respectively.

The FDH technologies under different Returns to Scale (RTS) assumptions can be represented as follows [10]:

TFDH∆ = {(x, y) |
∑
j∈J

λjxj ≤ x,
∑
j∈J

λjyj ≥ y ≥ 0, λj = δµj ; ∀j ∈ J,∑
j∈J

µj = 1, µ ∈ ({0, 1})n, δ ∈ ∆}

where ∆, depending on the RTS assumption of the reference technology, is

∆VRS ≡ {δ | δ = 1}, ∆CRS ≡ {δ | δ ≥ 0},

∆NIRS ≡ {δ | 0 ≤ δ ≤ 1}, ∆NDRS ≡ {δ | δ ≥ 1}.

Here, VRS, CRS, NIRS, and NDRS stand for variable, constant, non-increasing, and nondecreasing RTS,
respectively. Hereafter, for simplicity, we use notations FDHV, FDHC, FDHNI, and FDHND, instead of FDHVRS,
FDHCRS, FDHNIRS, and FDHNDRS, respectively.

Considering DMUo = (xo, yo), o ∈ J, as the unit under assessment, the input-oriented and output-oriented
FDH radial efficiency measures of DMUo are obtained by solving the following mixed-integer nonlinear pro-
gramming problems, respectively [10]:

θ∆o = min θ
s.t.

∑
j∈J

λjxj ≤ θxo,∑
j∈J

λjyj ≥ yo,

λj = δµj , µj ∈ {0, 1}; ∀j ∈ J,∑
j∈J

µj = 1, δ ∈ ∆,

(2.1)
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ϕ∆o = max ϕ
s.t.

∑
j∈J

λjxj ≤ xo,∑
j∈J

λjyj ≥ ϕyo,

λj = δµj , µj ∈ {0, 1}; ∀j ∈ J,∑
j∈J

µj = 1, δ ∈ ∆,

(2.2)

wherein ∆ ∈ {FDHV,FDHC,FDHNI,FDHND}.

Definition 2.1. The DMUo = (xo, yo) is called ∆-efficient if there exists no (x, y) ∈ T∆ such that x ≤ xo, y ≥
yo and (x, y) 6= (xo, yo), where the vector inequalities are understood componentwise.

Definition 2.2. The DMUo = (xo, yo) is called an MPSS (i.e. a unit with Most Productive Scale Size) if
θFDHC
o = 1.

There are various papers in the DEA literature discussing the local RTS in ∆−technologies. In a local
sense, DMUs are categorized into three classes: the DMUs with Increasing RTS (IRS) status, the DMUs with
Decreasing RTS (DRS) status, and the DMUs with Constant RTS (CRS) status. Podinovski [15] pointed out
that local RTS is not a proper indicator of the direction in which MPSS in nonconvex Production Possibility
Sets (PPSs) is achieved. He defined Global RTS (GRS) by adding a fourth case called Global Sub-Constant
RTS (G-SCRS) under which MPSS can be achieved by both reducing and increasing the size of DMU.

Definition 2.3. [15, 16] Let DMUo = (xo, yo) be a FDHV-efficient unit. Then we have,
(i) G-CRS prevails at DMUo if θFDHC

o = θFDHNI
o = θFDHND

o = 1.
(i) G-SCRS prevails at DMUo if θFDHC

o = θFDHNI
o = θFDHND

o < 1.
(iii) G-IRS prevails at DMUo if θFDHND

o > θFDHC
o = θFDHNI

o .
(iv) G-DRS prevails at DMUo if θFDHNI

o > θFDHC
o = θFDHND

o .

3. Theoretical Results

Let DMUo = (xo, yo) be the unit under consideration. The RF under FDHV PPS is defined as

βo(α) := max{β | (αxo, βyo) ∈ TFDHV}, (3.1)

and its domain is

Λ := {α ∈ R | ∃β ∈ R s.t. (αxo, βyo) ∈ TFDHV}. (3.2)

Hadjicostas and Soteriou [9] proved that Λ is a convex set under the convex-DEA technologies. See also ([15],
p. 245). They utilized the convexity postulate to prove it. Therefore, their proof does not work here in FDH
models. In the following lemma, we prove the convexity of Λ under nonconvex FDH technology. Our proof is
based upon the possibility (free disposability) axiom.

Lemma 3.1. The set Λ defined in (3.2) is a nonempty, closed, bounded below, unbounded above, and convex
set in R.

Proof. The set Λ is nonempty because 1 ∈ Λ. This set is clearly bounded below due to the first constraints of
TFDHV , and unbounded above because of the possibility (free disposability) postulate. To prove the convexity,
assume that α1, α2 ∈ Λ and θ ∈ (0, 1). Then, there exist β1, β2 ∈ R such that (αixo, βiyo) ∈ TFDHV for i = 1, 2.
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We should show that α3 := θα1 +(1−θ)α2 ∈ Λ. Without loss of generality, assume α1 ≥ α2. Then α3xo ≥ α2xo
which leads to (α3xo, β2yo) ∈ TFDHV because of the possibility (free disposability) axiom. This implies α3 ∈ Λ.

To prove the closedness of Λ, let {αk} be a sequence in Λ such that αk −→ α0 as k −→ +∞. We should show
that α0 ∈ Λ. As αk ∈ Λ, there are two sequences λk ⊆ ({0, 1})n and {βk} ⊆ [0,+∞) such that, for each k,∑

j∈J
λkj = 1, (3.3)

∑
j∈J

λkjxj ≤ αkxo, (3.4)

∑
j∈J

λkj yj ≥ βkyo ≥ 0. (3.5)

By (3.3) and (3.5), the sequence {βk} is bounded, and hence it has a convergent subsequence. For simplicity we
denote this subsequence by {βk} again, and hence βk −→ β0 for some β0 ∈ [0,+∞). Thus, (αkxo, βkyo) ∈ TFDHV

and (αk, βk) −→ (α0, β0). This leads to (α0xo, β0yo) ∈ TFDHV due to the closedness of TFDHV . Therefore, α0 ∈ Λ,
and the proof is complete. �

According to Lemma 3.1, Λ = [α,+∞) for some α ∈ R. Since (xo, yo) ∈ TFDHV , we have α ≤ 1.
Now, we are going to obtain the closed form of the RF βo(.), i.e. the maximum proportion of the output

vector yo, possible in technology TFDHV , for all feasible input vectors αxo. Toward this end, we have to solve
the following mixed-integer nonlinear programming problem for each α ∈ Λ:

βo(α) = max β
s.t.

∑
j∈J

λjxj ≤ αxo,∑
j∈J

λjyj ≥ βyo,∑
j∈J

λj = 1,

λj ∈ {0, 1}; j ∈ J.

(3.6)

Solving Problem (3.6) for all α values in Λ is impossible in practice. Hence, we provide an algorithm to
obtain the formula of βo(.) function. However, we use the structure of Problems (2.2) and (3.6) in sketching our
algorithm, it works without solving any mathematical programming problem.

Suppose that DMUo = (xo, yo) is the unit under consideration, it has G-IRS status, and it is FDHV-efficient.
Although we consider only G-IRS case, the remain cases can be analyzed analogously. Since G-IRS prevails,
increasing the input vector xo to αxo, (α > 1), leads to a greater proportional increase in all outputs at some
moment for some α.

It is obvious that βo(α) is a non-decreasing function of α. Although Podinovski [15] proved that RF is a
concave continuous function under convex PPSs, it will be shown that it is a stepwise noncontinuous function
under FDH technologies.

Since, by possibility axiom (αxo, yo) ∈ TFDHV for each α ≥ 1, we have βo(α) ≥ 1 for each α ≥ 1. On the other
hand, since DMUo is an FDHV-efficient unit, βo(1) = 1. At the beginning, we are going to find the interval of
α values on which βo(α) = 1. To this end, define

αjo := max
i

xij
xio

, βjo := min
r

yrj
yro

, (3.7)

S1 := {j ∈ J : βjo > 1}, (3.8)
α1 := min

j∈S1
αjo, (3.9)

F 1 := {j ∈ S1 : xj ≤ α1xo}. (3.10)
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Theorem 3.2. Assume that DMUo = (xo, yo) is the unit under consideration, it is FDHV-efficient and G-IRS
prevails at this unit. Then
(i) S1 6= ∅.
(ii) βo(α) = 1 for each α ∈ [1, α1).
(iii) βo(α1) > 1 and βo(α1) = max

j∈F 1
βjo.

Proof. (i): Since G-IRS prevails at DMUo, we have θFDHC
o < 1 and θFDHND

o > θFDHC
o = θFDHNI

o . We claim
ϕFDHNI
o = ϕFDHC

o . Let σ∗ := (λ∗k, λ
∗
j = 0; j 6= k, ϕ = ϕFDHC

o ) be a part of an optimal solution to (2.2) with
∆ = FDHC. Then λ∗k > 0, λ∗kxk ≤ xo, and λ∗kyk ≥ ϕFDHC

o yo. If λ∗k ≤ 1, then σ∗ is a part of a feasible solution
to (2.2) with ∆ = FDHNI, and so, ϕFDHC

o ≤ ϕFDHNI
o ≤ ϕFDHC

o . The desired equality is derived in this case. If
λ∗k > 1 and λ∗k

ϕ
FDHC
o

≥ 1, then the vector(
λk =

λ∗k
ϕFDHC
o

, λj = 0; j 6= k, θ =
1

ϕFDHC
o

)
is a part of a feasible solution to (2.1) with ∆ = FDHND. This leads to θFDHND

o ≤ 1

ϕ
FDHC
o

= θFDHC
o . This

contradicts the assumption. The last case is λ∗k > 1 and λ∗k
ϕ

FDHC
o

< 1. This implies xk ≤ xo and yk ≥ ϕ
FDHC
o

λ∗k
yo > yo,

and contradicts FDHV-efficiency of DMUo.
So far, we proved ϕFDHNI

o = ϕFDHC
o > 1. Hence, there exists some j ∈ J and some λj ∈ (0, 1] satisfying

yrj
yro
≥ λjyrj

yro
≥ ϕFDHNI

o > 1, ∀r.

This implies j ∈ S1.
(ii): First notice that α1 > 1 due to the FDHV-efficiency of DMUo. By contradiction, assume that βo(α̂) > 1

for some α̂ ∈ [1, α1). Then there exists some k ∈ J such that xk ≤ α̂xo and yk ≥ βo(α̂)yo. Therefore, k ∈ S1,
and

α1 = min
j∈S1

αjo ≤ αko = max
i

xik
xio
≤ α̂ < α1.

This is an obvious contradiction, and the proof of this part is complete.
(iii): Assume that, the minimum in defining α1 happens at index t. Then t ∈ S1 and xt ≤ α1xo. Therefore,

F 1 is a nonempty set.
Due to (3.7), we have yj ≥ βjoyo for each j. Therefore, for each j ∈ F 1 we derive (α1xo, βjoyo) ∈ TFDHV .

This implies

βo(α1) ≥ max
j∈F 1

βjo. (3.11)

From the above inequality, it is clear that βo(α1) > 1. On the other hand, according to Problem (3.6), there
exists some p ∈ J such that

xp ≤ α1xo, yp ≥ βo(α1)yo. (3.12)

Therefore, we have
βpo = min

r

yrp
yro
≥ βo(α1) > 1,

which implies p ∈ F 1. So,

βo(α1) ≤︸︷︷︸
by (3.12)

min
r

yrp
yro

= βpo ≤ max
j∈F 1

βjo ≤︸︷︷︸
by (3.11)

βo(α1).

This completes the proof. �
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By Theorem 3.2, if the input vector xo changes to αxo for α ∈ [1, α1), then the proportional maximum output
vector yo does not change in response to this input-change, i.e., βo(α) = 1. At α = α1, the matter is different.
If input vector xo changes to α1xo, then the proportional maximum output vector yo changes to

(
max
j∈F 1

βjo
)
yo.

In summary, so far, we showed

βo(α) =

{
1, for α ∈ [1, α1)
max
j∈F 1

βjo, for α = α1.

If (α1xo, βo(α1)yo) is an MPSS, then the procedure is terminated; otherwise, we are going to obtain βo(α)
formula for α > α1. To this end, define

S2 := {j ∈ S1 : βjo > βo(α1)}, (3.13)
α2 := min

j∈S2
αjo, (3.14)

F 2 := {j ∈ S2 : xj ≤ α2xo}. (3.15)

Theorem 3.3 provides the α-interval on which βo(α) = βo(α1).

Theorem 3.3. Assume that DMUo = (xo, yo) is the unit under consideration, it is FDHV-efficient and G-IRS
prevails at this unit. If (α1xo, βo(α1)yo) is not an MPSS, then
(i) S2 6= ∅.
(ii) βo(α) = βo(α1) for each α ∈ [α1, α2).
(iii) βo(α2) > βo(α1) and βo(α2) = max

j∈F 2
βjo.

Proof. (i): Set (x̂, ŷ) := (α1xo, βo(α1)yo). Assume that ϕ̂∆ denotes the output-oriented efficiency score of (x̂, ŷ).
It can be shown that ϕ̂FDHC = α1

βo(α1)ϕ
FDHC
o and ϕ̂FDHNI = α1

βo(α1)ϕ
FDHNI
o . The first equality is easy to prove,

while in the proof of the second equality it should be noticed that λ∗kα
1 ≤ 1 when (λ∗k, λ

∗
j = 0; j 6= k) is a part

of an optimal solution to (2.2) with ∆ = FDHNI.
Since G-IRS prevails at DMUo, by a manner similar to the proof of Theorem 3.2, we have ϕFDHNI

o = ϕFDHC
o >

1. Hence, ϕ̂FDHNI = ϕ̂FDHC . Furthermore, ϕ̂FDHC > 1 because (x̂, ŷ) is not an MPSS. Therefore, there exists
some j ∈ J and some λj ∈ (0, 1] satisfying

yrj
yro
≥ λjyrj

yro
≥ ϕ̂FDHNIβo(α1) > βo(α1), ∀r.

This implies j ∈ S2.
The proof of parts (ii) and (iii) is similar to that of corresponding parts in Theorem 3.2, and is hence

omitted. �

Now, by Theorems 3.2 and 3.3, we have

βo(α) =


1, for α ∈ [1, α1)
max
j∈F 1

βjo, for α ∈ [α1, α2),

max
j∈F 2

βjo, for α = α2.

If (α2xo, βo(α2)yo) is an MPSS, then the procedure is terminated; otherwise, it will be continued. In the kth
iteration of this procedure we have
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Table 1. Data in Example 3.4.

DMUs x y

A 2 1
B 5 2
C 6 6
D 7 6.5
E 8 8
F 10.5 9
G 11 10

Figure 1. The FDH PPSs in Example 3.4.

Sk := {j ∈ Sk−1 : βjo > βo(αk−1)},
αk = min

j∈Sk
αjo,

F k := {j ∈ Sk : xj ≤ αkxo}.

By following this manner, until getting an MPSS, the RF βo(.) is fully obtained. Algorithm 1 and Example 3.4
clarify this procedure more.

Example 3.4. Consider a set of seven DMUs consisting of DMUA, . . . , DMUG, in which each DMU utilizes a
single-input to produce a single-output. The data of these DMUs are listed in Table 1.

The frontier of the PPS with various RTS assumptions can be seen in Figure 1. The frontier in VRS case has
been depicted by the dark line segments. The frontier under CRS assumption is the halfline starting from the
origin passing through two points C,E. The frontier in NIRS case is the union of the halfline {G+λ(1, 0)t : λ ≥ 0}
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Table 2. αjA and βjA values in Example 3.4.

j αjA βjA

A 1 1
B 2.5 2
C 3 6
D 3.5 6.5
E 4 8
F 5.25 9
G 6.5 10

(recall that superscript “t” stands for transpose) with OC ∪CE ∪EI ∪ IG. Moreover, the frontier under NDRS
assumption is the union of the line segments JA ∪AH ∪HC and the halfline {C + λ(1, 1)t : λ ≥ 0}.

Examining the GRS status of these DMUs by ([15], Thm. 3) shows that A,B have G-IRS status, C,E have
G-CRS status, D has G-SCRS status, and F,G have G-DRS status.

We calculate the RF for DMUA. The values of αjA and βjA have been listed in Table 2.
As mentioned above, G-IRS prevails at DMUA. Therefore, a proportional increase in its input leads to a

greater increase in its output at some moment. The RF (response of outputs to increase in inputs) for this
DMU is calculated as follows. According to Table 2,

S1 = {B,C,D,E, F,G}, α1 = 2.5, F 1 = {B},

and hence, by Theorem 3.2,
βA(α) = 1, ∀α ∈ [1, 2.5), and βA(2.5) = 2.

Setting (x̂, ŷ) := (α1xA, βA(α1)yA) = (5, 2), we have θ̂FDHC = 0.4, and hence this point is not an MPSS. So,
the procedure will be continued and we have

S2 = {C,D,E, F,G}, α2 = 3, F 2 = {C}.

Thus, by Theorem 3.3,
βA(α) = 2, ∀α ∈ [2.5, 3), and βA(3) = 6.

Setting (x̂, ŷ) := (α2xA, βA(α2)yA) = (6, 6), we have θ̂FDHC = 1, and hence this point is an MPSS. Therefore,
the procedure will be terminated and we have

βA(α) =

1, for α ∈ [1, 2.5)
2, for α ∈ [2.5, 3)
6, for α = 3

Algorithm 1 summarizes the above procedure for calculating the RF, βo(.).
About Step 5 in Algorithm 1, this step is checking if (αkxo, βo(αk)yo) is an MPSS or not. To this end, one

should check min
j∈J
{max

i
{xijλ

jo
∗

αkxio
}} is less than one or not, where λjo∗ = max

r

βo(αk)yro
yrj

. It is not difficult to see

that λjo∗ = βo(α
k)

βjo
, and hence

max
i
{xijλ

jo
∗

αkxio
} =

βo(αk)
βjo

1
αk
αjo.
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Algorithm 1:
Step 0. Let FDHV-efficient DMUo = (xo, yo) with G-IRS status be given.

Step 1. For j = 1 to n set αjo = max
i

xij
xio

and βjo = min
r

yrj
yro
·

Step 2. Set α0 = 1, βo(α
0) = 1, S0 = J , and k = 1.

Step 3. Set Sk = {j ∈ Sk−1 : βjo > βo(α
k−1)},

αk = min
j∈Sk

αjo, and F k = {j ∈ Sk : xj ≤ αkxo}.

Write “βo(α) = βo(α
k−1) for α ∈ [αk−1, αk).”

Step 4. Set βo(α
k) = max

j∈Fk
βjo.

Step 5. For j = 1 to n set θjo = βo(α
k)

αk
αjo
βjo
·

If min
j∈J
{θjo} = 1, then STOP; else set k = k + 1 and go to Step 3.

Example 3.5 below clarifies Step 1 of Algorithm 1.

Example 3.5. Consider a set of three DMUs consisting of DMUA, DMUB , and DMUC, in which each DMU
consumes two inputs to produce a single constant output.

Let (x1A, x2A, y1A) = (0.5, 3, 1), (x1B , x2B , y1B) = (1, 2, 1), and (x1C , x2C , y1C) = (2, 1, 1).
The frontier of the PPS with VRS assumption at level y = 1 has been depicted in Figure 2. Let o = B, i.e.,

DMUB be under consideration. By running Step 1 of Algorithm 1 for this unit, we have

αAB = max{ 0.5
1 ,

3
2} = 3

2 ,
αCB = max{ 2

1 ,
1
2} = 2

1 ·

In fact, αCB = 2 is the minimum value of α such that αxB ≥ xC . Precisely speaking, due to Algorithm 1, we
have αjo = max

i

xij
xio

, and so, αjoxo ≥ xj . Furthermore, αjo = min{α : αxo ≥ xj}.

In Figure 2, consider o = B and j = C. The shaded area denotes the vectors x (in input space) satisfying
x ≥ xC . According to the above explanation, for obtaining αCB we depict the ray starting from the origin in
direction B. The first point at which this ray intersects the shaded area is corresponding to αCB . In Figure 2,
this point is (2, 4), and so αCB = 2.

A similar figure and discussion can be provided for βjo in output space.

Theorem 3.6 shows that Algorithm 1 terminates in finite many iterations and it is polynomial-time from
complexity standpoint.

Theorem 3.6. (Convergence and complexity) Algorithm 1 terminates in finite many iterations and its com-
plexity is O(n3) (it is polynomial-time).

Proof. Convergence: It is clear that, in Algorithm 1, S1 ⊆ J and Sk+1 ⊆ Sk for each k. Assume that max in
Step 4 happens at t ∈ F k ⊆ Sk. Then t /∈ Sk+1. Hence, Sk+1 ⊆ Sk and Sk+1 6= Sk for each k. Therefore, k
index will be at most equal to n. If (αkxo, βo(αk)yo) is an MPSS for some k ∈ {1, 2, . . . , n−1}, then due to Step
5, algorithm terminates at iteration k. Otherwise, (αkxo, βo(αk)yo) is not an MPSS for each k ∈ {1, 2, . . . , n−
1}; and we get Sn = ∅ which implies that (αn−1xo, βo(αn−1)yo) is an MPSS (see the proof of part (i) in
Theorem 3.3). This makes a contradiction and proves the finite convergence of the algorithm.

Complexity : The number of basic arithmetic operations in Step 1 is at most equal to (n − 1)(2m + 2s − 2),
and hence, taking into account that in performance analysis n � m + s, the complexity of this step is O(n2).
Similarly, it is seen that the complexity of Step 3 is O(n2) as well. The complexity of Steps 4 and 5 is O(n).
Therefore, due to the maximum number of iterations (n), the complexity of Algorithm 1 is O(n3). �
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Figure 2. The FDHV PPS (in input space) in Example 3.5.

4. A Real Application and Computational Discussions

The current section reports a real application showing the usefulness of the proposed algorithm. Beside the
theoretical validity, this experimental study establishes the reasonability of the proposed algorithm from both
practical and computational points of view.

We use the data set of 80 Iranian secondary schools participating in the Third International Mathematics
and Science Study (TIMSS). The data is extracted from a project offered by Educational Organization of
Tehran and done by Soleimani-damaneh and Sangari [23]. We have analyzed this data set in [12] as well. Each
DMU has four input factors,

Input-1 : the income level of the parents of the students,
Input-2: educational facilities of the students at home,
Input-3: contribution of the parents towards the school programs, and
Input-4: the education level of the teachers.

The single output is

Output: the school’s GPA based on individual students’ grades of each school in the TIMSS study.

The data have been listed in Table 3. See [23] for the manner of calculating the aforementioned input-output
factors. We wrote the codes of determining FDH efficiency and GRS status, based on the enumeration methods
investigated in [11, 19, 22, 24], under the MATLAB2015 environment. As mentioned in the preceding section,
the current work focuses only on G-IRS case. Among the considered 80 DMUs (80 Iranian secondary schools
participated in TIMSS study), five DMUs #20, #40, #58, #72, and #79 are FHDV-efficient and belong to the
G-IRS class.

First we implemented Algorithm 1 for aforementioned five units in MATLAB2015 environment, but we found
some errors (incompatibilities with theory) in the results. The reason is due to the precision of the numeric
calculations in MATLAB. Notice that the precision of the numeric calculation plays a crucial role in Steps 3
and 5 of Algorithm 1. By default, MATLAB uses 16 digits of precision. We used “vpa” function to increase
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Table 3. Data of the real-world illustration.

j x1j x2j x3j x4j yij j x1j x2j x3j x4j y1j

1 13.7 16.5 7 7 353.8 41 5.3 11 7 5 440.2
2 10.5 15.6 7 8 353.3 42 14.4 14.7 5 8 439
3 7.2 14.2 6 12 388.5 43 5.7 15.4 8 8 419.3
4 15.6 15.3 10 8 368.7 44 13 16.7 5 9 468.6
5 7.2 11.5 3 6 446.5 45 9.7 15.9 5 6 433
6 7.6 15 7 8 394.6 46 4.7 14 9 8 430.7
7 8.1 16.1 8 4 337.7 47 13.6 15.4 5 8 469.2
8 12.3 14.8 10 6 332.2 48 10.3 16.7 8 6 444.8
9 4.2 14 4 4 392.4 49 6.7 15.7 9 6 402.7
10 7.7 13.3 7 6 357.8 50 9.1 17.3 4 8 418.7
11 6.7 16.1 6 6 409.3 51 5.1 15.7 9 6 422.9
12 5.9 11.4 7 4 419.1 52 5.5 15.2 7 8 333.9
13 5.7 15.6 9 6 419.3 53 8.1 15.5 7 10 386.3
14 5.7 14.2 9 8 415.7 54 6.9 14.7 6 6 396.8
15 3.7 14.5 7 10 383 55 8.7 14.7 8 8 358.8
16 7.7 14.5 6 8 348.3 56 9.9 16.1 5 3 448.8
17 7.1 15 6 6 421 57 11.3 11.7 5 4 439.2
18 12.4 13.6 7 9 400.1 58 11.3 15.4 5 6 447.9
19 4.2 14 7 8 362.4 59 10.6 14.8 7 8 434.1
20 5.1 13.8 8 8 356.7 60 5 16.3 4 6 411.6
21 10.7 16 4 10 421.5 61 12.5 16.2 6 5 441.6
22 11.7 14.8 4 9 435.5 62 16.2 16.2 18 4 471.5
23 11.5 14.8 4 6 371.9 63 10.3 17 6 6 461.4
24 9.7 16.4 6 6 437.5 64 5.8 13.9 9 6 418.8
25 7.9 15.1 5 6 413.9 65 15.1 15 9 8 374.8
26 12.3 15.7 3 5 482.2 66 8 14.5 8 8 347.7
27 6 13.8 10 6 381.6 67 8 14.9 10 6 438.7
28 15 14.9 7 8 402.8 68 9.2 15.6 7 8 422.1
29 6.6 13.8 6 4 440.8 69 7.9 15.2 5 6 412.7
30 6.5 15.6 10 4 411.1 70 6.8 15 9 6 427.2
31 15.6 15.1 5 8 395.7 71 13.2 14.4 6 6 430.7
32 6.3 14.9 6 6 374.4 72 8.2 15.2 6 6 450.8
33 13.6 16.6 7 6 381.5 73 6.4 14.3 7 6 363.2
34 19.2 16.5 5 6 469.8 74 6.8 15.6 9 6 364
35 6.3 14.7 6 6 441.5 75 13.3 17.5 4 8 494.8
36 9.9 15.3 6 6 466.6 76 12.6 18.5 3 6 529.6
37 10.5 15.9 8 8 449.3 77 9.9 17.5 5 8 610.3
38 7.1 16.7 6 6 398.2 78 12.5 13.8 3 8 542.3
39 15.1 14.5 6 8 413 79 14.6 17.7 3 7 506
40 11.3 14.8 5 6 447.3 80 17.3 17.1 4 6 577.7

the precision. Although adding vpa function with a high degree of precision generated more proper results
(compatible with theory), it increased the running time of the implementations considerably. To avoid a big
running time, we implemented Algorithm 1 for five units #20, #40, #58, #72, and #79 in EXCEL, and derived
the results listed in Tables 4–8. The numbers reported in these tables are rounded by four digits. We derived
more precise outcomes in a reasonable running time (it takes about one minute for each DMU in our project,
on a PC with Intel Core i3-3220 processor (3.30-GHz) and 4GB of installed memory).

In Tables 4–8, the last column from left denotes the FDHC-efficiency score of (αkxo, βo(αk)yo) derived from
Step 5 of the algorithm. In fact, the algorithm stops when this score equals to one, i.e., the production point
(αkxo, βo(αk)yo) is an MPSS.
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Table 4. Results of Algorithm 1 for DMU20 in real-world illustration.

Iter. (k) αk β20(αk) score

0 1.000 1.0000 0.8421
1 1.0145 1.1001 0.9131
2 1.0392 1.2341 1.0000

Table 5. Results of Algorithm 1 for DMU40 in real-world illustration.

Iter. (k) αk β40(αk) score

0 1.000 1.0000 0.9772
1 1.0405 1.0013 0.9404
2 1.0878 1.0034 0.9013
3 1.0885 1.0780 0.9678
4 1.2500 1.1840 0.9256
5 1.3333 1.3644 1.0000

Table 6. Results of Algorithm 1 for DMU58 in real-world illustration.

Iter. (k) αk β58(αk) score

0 1.000 1.0000 0.9785
1 1.0455 1.0020 0.9379
2 1.0885 1.0766 0.9678
3 1.2013 1.1824 0.9631
4 1.3333 1.3626 1.0000

Due to Algorithm 1 and Table 4, the closed form of the response function associated with DMU20 is

β20(α) =

 1, α ∈ [1, 1.0145)
1.1001, α ∈ [1.0145, 1.0392)
1.2341, α = 1.0392.

Recall that the numbers have been rounded by four digits. This function for DMU40 is as follows (according to
Algorithm 1 and Tab. 5).

β40(α) =



1, α ∈ [1, 1.0405)
1.0013, α ∈ [1.0405, 1.0878)
1.0034 α ∈ [1.0878, 1.0885)
1.0780, α ∈ [1.0885, 1.2500)
1.1840, α ∈ [1.2500, 1.3333)
1.3644, α = 1.3333.

The closed form of the RFs of remaining three DMUs can be written analogously (invoking Tabs. 6–8). These
five RFs have been illustrated in Figures 3 and 4.

From Figure 3a, it is seen that if the input of DMU20 increases from x20 to αx20 for α ∈ [1, 1.0145), then the
maximum proportion of feasible output, in TV , will be 1. Furthermore, if the input of DMU20 increases from
x20 to αx20 for α ∈ [1.0145, 1.0392), then the maximum proportion of feasible output, in TV , will be 1.1001.
Moreover, if the input of DMU20 increases from x20 to 1.0392x20, then the maximum proportion of feasible
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Table 7. Results of Algorithm 1 for DMU72 in real-world illustration.

Iter. (k) αk β72(αk) score

0 1.000 1.0000 0.9849
1 1.2073 1.0350 0.8443
2 1.3333 1.3538 1.0000

Table 8. Results of Algorithm 1 for DMU79 in real-world illustration.

Iter. (k) αk β79(αk) score

0 1.000 1.0000 0.9986
1 1.0452 1.0466 1.0000

output, in TV , will be 1.2341. Radial increasing the inputs of DMU20 as αx20 for α > 1.0392 is not reasonable
because (1.0392x20, β20(1.0392)y20) is an MPSS (see the last column of Tab. 4). A similar interpretation can be
provided for other investigated units.

In depicting Figure 3b corresponding to DMU40, we have ignored the second α-interval, because α2 is very
close to α3. It is seen that β40(α0), β40(α1), and β40(α2) are very close to each other. A similar situation
is observed for DMU58 and Figure 3c as well. In addition to this point, it is seen that the number of the
line segments constructing the RFs is different among investigated units. In fact, taking the topmost single
point (isolated black point in top of each figure) into account, the number of the line segments of each RF is
corresponding to the number of the iterations of the algorithm and so related to the running time. Although
this quantity is bounded above by n (the number of DMUs), we cannot say anything about its exact value.
Indeed, this quantity is related to the number of the observed units which will be in the way of DMUo in getting
MPSS position. When these units are so close to each other or so close to the unit under consideration, the line
segments generating RF might be close to each other (see Figs. 3b and 3c).

One of the interesting points is that the RF of DMU40 is very close to that of DMU58. Notice that the
input-output factors of these two units are very close to each other.

The information derived from the RF of the unit under investigation can be used for various practical purposes,
including resource allocation, budget planning, and deciding about contracting/expanding the activity of the
unit.

Although Algorithm 1 is polynomial-time, our computational experiments show that its running time strongly
depends on the number of the line segments which construct RF (the number of the units which are observed in
the way of DMUo to get MPSS position) and the precision of numeric calculation that DM is going to has. The
latter can be controlled by running the algorithm in MATLAB environment utilizing vpa function or EXCEL.

Although Podinovski [15] proved that RF is a concave continuous function under convex PPSs, from both
theoretical and applied parts of the paper, it is seen that RF is a stepwise discontinuous function under FDH
technologies. Scale Elasticity (SE) is one of the most important measures for performance analysis [17,18]. Under
convex technologies, SE of a given VRS-efficient DMU is defined with respect to the derivative of RF; see [17,18].
The outcomes of the present paper show that, in contrast to convex technologies, in FDH ones the derivative of
RF at a given FDHV-efficient DMU is either zero or infinity, and so it does not provide useful information about
the SE measure at the corresponding unit. This important point shows that in FDH production technologies
the SE measure should be redefined independent to the RF structure. It is worth studying from both theoretical
and applied points of view.
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Figure 3. RFs of DMUs #20, #40, #58, and #72 in real-world illustration.
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Figure 4. RF of DMU #79 in real-world illustration.

5. Conclusions

In this paper, a response function, which gives the radial maximum feasible output resulting from changes in
inputs, has been investigated. Some theorems have been established to calculate the response function. Resulting
from theoretical materials, a polynomial-time finitely convergent algorithm has been sketched which enables us
to provide the full formula of the response function. In addition to the theoretical results, we have illustrated
the applied and computational abilities of our approach.
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