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CLOSED FORM OF THE RESPONSE FUNCTION IN FDH TECHNOLOGIES:
THEORY, COMPUTATION AND APPLICATION *

AMIN MOSTAFAEE' AND MAJID SOLEIMANI-DAMANEH?**

Abstract. Response function (RF), which gives the value of maximum feasible outputs in response to
changing the inputs, has a crucial role in performance analysis and scale elasticity measurement. In this
paper, a polynomial-time algorithm is provided which is able to obtain the closed form of the RF under
(nonconvex) FDH productions technologies. Finite convergence of the presented algorithm is proved;
and it is established that the algorithm is polynomial-time from a complexity standpoint. Moreover,
an application of the proposed procedure with real-world data accompanying some experiment-based
computational discussions are given.
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1. INTRODUCTION

Data Envelopment Analysis (DEA) is a non-parametric technique for evaluating Decision Making Units
(DMUs) based on the Production Possibility Set (PPS). An important class of DEA models is that of Free Dis-
posal Hull (FDH) models. These models, first presented by Deprins et al. [6], work under nonconvex technologies
and analyze the efficiency of Decision Making Units (DMUs) considering the closest inner approximation of the
true strongly disposable technology [5]. FDH models have been studied by many scholars, including Tulkens
[24], Kerstens and Vanden Eeckaut [10], Cherchye et al. [5], Podinovski [15], Leleu [13,14], Briec and Kerstens
[2], Soleimani-damaneh et al. [19], Soleimani-damaneh and Reshadi [22], Soleimani-damaneh and Mostafaee
[20, 21], Cesaroni and Giovannola [3], Cesaroni et al. [4], Diewert and Fox [7], Abdelsalam et al. [1]. See also
Kerstens and Van de Woestyne [11] and Emrouznejad and Yang [8] for some reviews.

Marginal productivity and average productivity are two important measures which play crucial roles in
performance analysis. In a problem with multiple-inputs and multiple-outputs, both aforementioned productivity
measures are defined utilizing a Response Function (RF) which gives maximal proportion of outputs for a given
proportion of inputs under feasibility; see Podinovski and Fgrsund [17]. Furthermore, Scale Elasticity (SE) at a
given efficient DMU is defined with respect to the derivative of RF; see ([18], p. 150) and ([17], p. 1745). Thanks
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to these important applications, RF is an important function in efficiency analysis, and a closed formula of this
function helps the Decision Maker (DM) to have a better perspective about the behaviour of the DMU under
assessment.

In the present work, we sketch a polynomial-time algorithm to obtain the RF in FDH models. The provided
algorithm seeks to identify the proportional response of outputs with respect to the proportional change of
inputs until reaching a unit with Most Productive Scale Size (MPSS). We establish the finite convergence of the
presented algorithm, and moreover we show that it is polynomial-time from a complexity standpoint. In addition
to the theoretical outcomes, we illustrate an application of the investigated procedure on real-world data derived
from TIMSS study in Iran [12,23]. Moreover, we address some experimental computational discussions.

The rest of the paper is organized as follows. Some preliminaries are given in Section 2. The main theoretical
results are presented in Section 3. Section 4 is devoted to practical and computational investigations. Section 5
concludes the paper.

2. PRELIMINARIES

Suppose that we have a set of n DMUs consisting of DMUj; j € J = {1,...,n}. Each DMU; consumes m
positive inputs @1, Zaj, . . ., Tm; to produce s positive outputs yi;,ya;, - - ., Ys;. Define x; := (z15, 225, .., Tmj)"
and y; = (y15,Y2j,---,Ys;)" as input and output vectors of DMUj, respectively. In this paper, the superscript
t stands for transpose. Also, define X := [x1,23,...,2,]) and Y := [y1,¥2,...,¥n] a8 m x n and s X n matrices
of inputs and outputs, respectively.

The FDH technologies under different Returns to Scale (RTS) assumptions can be represented as follows [10]:

TEPHA — {(z,y) | Y Nz <w, Y Njy; 2y >0, Aj=0uy; Vi€,
jeJ Jjed

S pi=1, pe{0,1})", §e A}

jeJ
where A, depending on the RTS assumption of the reference technology, is

AVES = (516 =1}, ARS={5]§>0},
ANIRS — f510<o <1}, ANPRS=1(5|5>1}.

Here, VRS, CRS, NIRS, and NDRS stand for variable, constant, non-increasing, and nondecreasing RTS,
respectively. Hereafter, for simplicity, we use notations FDHy,, FDH¢, FDHyp, and FDHyp, instead of FDHyRs,
FDHcrs, FDHNirs, and FDHNpRs, respectively.

Considering DMU,, = (z,,¥%,), 0 € J, as the unit under assessment, the input-oriented and output-oriented
FDH radial efficiency measures of DMU, are obtained by solving the following mixed-integer nonlinear pro-
gramming problems, respectively [10]:

62 = min ¢
s.t. Z)\jxj < fOx,,
jeJ
Z)‘jyj > Yoo (2.1)
jeJ _
Aj =0p;, py €{0,1}; Vj € J,
S pi=1,0€A,
jeJ
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ngA = max ¢
s.t. Z)\jxj < z,,
jEJ
Z)‘jyj 2 PYos (2.2)
jEJ
)‘j = 5/Lj, ,U,j S {0,1}, V] S J,

doup=10€A4,
jeJ

wherein A € {FDH\/, FDH¢, FDHyy, FDHND}

Definition 2.1. The DMU, = (x,,%,) is called A-efficient if there exists no (z,y) € T4 such that z < z,, y >
Yo and (z,y) # (x,,Yo), where the vector inequalities are understood componentwise.

Definition 2.2. The DMU, = (z,,¥,) is called an MPSS (i.e. a unit with Most Productive Scale Size) if
gFPHe = 1,

There are various papers in the DEA literature discussing the local RTS in A—technologies. In a local
sense, DMUs are categorized into three classes: the DMUs with Increasing RTS (IRS) status, the DMUs with
Decreasing RTS (DRS) status, and the DMUs with Constant RTS (CRS) status. Podinovski [15] pointed out
that local RTS is not a proper indicator of the direction in which MPSS in nonconvex Production Possibility
Sets (PPSs) is achieved. He defined Global RTS (GRS) by adding a fourth case called Global Sub-Constant
RTS (G-SCRS) under which MPSS can be achieved by both reducing and increasing the size of DMU.

Definition 2.3. [15,16] Let DMU, = (z,,y,) be a FDHy-efficient unit. Then we have,
(i) G-CRS prevails at DMU,, if #FPHe = gFDHNt — gFDHxp —

(i) G-SCRS prevails at DMU,, if #FPHe = gFDH~r — gFDHxp

(iii) G-IRS prevails at DMU,, if §¥PHyo > gFDHe — gFDH~r

(iv) G-DRS prevails at DMU,, if gFPHxt > gFDHe — gFDH~p,

3. THEORETICAL RESULTS

Let DMU, = (x,,y,) be the unit under consideration. The RF under FDHy PPS is defined as

Bo(a) := max{f | (ax,, By,) € TFDHV}7 (3.1)

and its domain is

A:={aeR|IFER s.t. (ax,,fy,) € TFPHV}, (3.2)

Hadjicostas and Soteriou [9] proved that A is a convex set under the convex-DEA technologies. See also ([15],
p. 245). They utilized the convexity postulate to prove it. Therefore, their proof does not work here in FDH
models. In the following lemma, we prove the convexity of A under nonconvex FDH technology. Our proof is
based upon the possibility (free disposability) axiom.

Lemma 3.1. The set A defined in (5.2) is a nonempty, closed, bounded below, unbounded above, and convex
set in R.

Proof. The set A is nonempty because 1 € A. This set is clearly bounded below due to the first constraints of
TYPHY “and unbounded above because of the possibility (free disposability) postulate. To prove the convexity,
assume that oy, e € A and 6 € (0,1). Then, there exist 31, 32 € R such that (a;z,, Biyo) € TFPHY for i =1,2.
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We should show that as := 0a; 4+ (1 —0)as € A. Without loss of generality, assume a; > a3. Then azz, > asz,

which leads to (3., B2y,) € TFPHY because of the possibility (free disposability) axiom. This implies a3 € A.
To prove the closedness of A, let {ax} be a sequence in A such that o, — ap as k — +o0o. We should show

that ag € A. As ay € A, there are two sequences \* C ({0,1})" and {B;} C [0, +0oc) such that, for each k,

> A =1, (3.3)

j€J
Z )\?xj < apx,, (3.4)
jeJ
> My > Bryo > 0. (3.5)
JjeJ

By (3.3) and (3.5), the sequence {fj} is bounded, and hence it has a convergent subsequence. For simplicity we
denote this subsequence by {8} again, and hence 3, — 3y for some 3y € [0, +-00). Thus, (arz,, Brye) € TFPHV
and (ag, Br) — (@0, Bo)- This leads to (oo, Boyo) € TFPHY due to the closedness of TFPHV. Therefore, oy € A,
and the proof is complete. O

According to Lemma 3.1, A = [a, +00) for some o € R. Since (,,%,) € T"PHV | we have a < 1.

Now, we are going to obtain the closed form of the RF §,(.), i.e. the maximum proportion of the output
vector /,, possible in technology TTPHV  for all feasible input vectors ax,. Toward this end, we have to solve
the following mixed-integer nonlinear programming problem for each « € A:

Bo(a) = max
s.t. Z)\jxj < ax,,
jeJ
> Ny = B, (3.6)
jeJ
Z A =1,
jeJ
A €{0,1}; je

Solving Problem (3.6) for all o values in A is impossible in practice. Hence, we provide an algorithm to
obtain the formula of §,(.) function. However, we use the structure of Problems (2.2) and (3.6) in sketching our
algorithm, it works without solving any mathematical programming problem.

Suppose that DMU, = (z,,y,) is the unit under consideration, it has G-IRS status, and it is FDHy-efficient.
Although we consider only G-IRS case, the remain cases can be analyzed analogously. Since G-IRS prevails,
increasing the input vector z, to az,, (o > 1), leads to a greater proportional increase in all outputs at some
moment for some a.

It is obvious that §,(a) is a non-decreasing function of a. Although Podinovski [15] proved that RF is a
concave continuous function under convex PPSs; it will be shown that it is a stepwise noncontinuous function
under FDH technologies.

Since, by possibility axiom (ax,,y,) € T PHV for each a > 1, we have 3,(a) > 1 for each a > 1. On the other
hand, since DMU, is an FDHy-efficient unit, 3,(1) = 1. At the beginning, we are going to find the interval of
a values on which §,(«) = 1. To this end, define

Lij Yrj

jp i= mMax —-, i i= min =—, 3.7

’ i Tio ﬁj ™ Yro ( )

Sti={jeJ:Bj > 1}, (3.8)
1 .

= i0s 3.9

@ i=mina, (3.9)

)

Fl:={jeS": z; <a'wz,}. (3.10
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Theorem 3.2. Assume that DMU, = (z,,Y,) is the unit under consideration, it is FDHy-efficient and G-IRS
prevails at this unit. Then
(i) S* # 0.
(ii) Bo(a) = 1 for each a € [1,al).
(iii) Bo(at) > 1 and Bo(at) = Hé%}gﬁjo-
J

Proof. (i): Since G-IRS prevails at DMU,,, we have §fPHc < 1 and gFPHyxo > gFDHe — gFDHNi - We claim
pEPHNE = pFDHe et % 1= (A, ANi=0; j#k, p= pFPHe) he a part of an optimal solution to (2.2) with
A =FDHc. Then A; > 0, Ajap <z, and Ajyi > eEPHey 1f A <1, then o* is a part of a feasible solution
to (2.2) with A FDHNI, and so, pfPHe < pFDHN < @EDHC. The desired equality is derived in this case. If

A; > 1and FDHC > 1, then the vector

AL . 1
(= ot =004k 0= )

is a part of a feasible solution to (2.1) with A = FDHND This leads to §5PH~xo < FéHC = ¢¥PHc . This
©o

FDHg
Lp

contradicts the assumption. The last caseis A}, > 1 and W < 1. This implies z < x, and y > Yo > Yo,
Yo
and contradicts FDHy-efficiency of DMU,,.

So far, we proved iPHNt = oFDHe > 1 Hence, there exists some j € J and some \; € (0, 1] satisfying

i > AjYrj > FPHN 5 10 v,

yTO y’l’O

This implies j € S!.
(ii): First notice that a! > 1 due to the FDHy-efficiency of DMU,. By contradiction, assume that 3,(&) > 1
for some & € [1,al). Then there exists some k € J such that z;, < ax, and y, > B,(&)y,. Therefore, k € S*,

and

1 < Lik ~ A 1
o —mlnajo_ako—max fa<a.

jes?t t Tio

This is an obvious contradiction, and the proof of this part is complete.

(iii): Assume that, the minimum in defining o' happens at index t. Then t € S! and z; < a'z,. Therefore,
F' is a nonempty set.

Due to (3.7), we have y; > Bjoy, for each j. Therefore, for each j € F! we derive (a'z,, Bjoy,) € THPHV.
This implies

Bolal) > max Hjo- (3.11)

From the above inequality, it is clear that 3,(a!) > 1. On the other hand, according to Problem (3.6), there
exists some p € J such that
D < alxm Yp > ﬂo(al)yo- (312)

Therefore, we have
Bpo = min 22 > §,(a1) > 1,

" Yro

which implies p € F!. So,

ﬂO(al)

Yrp
< = Bpo <maxfj, < Bolal).
~— T Yro JEF! v

(3.12) by (3.11)

This completes the proof. (I
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By Theorem 3.2, if the input vector x, changes to ax, for a € [1,a!), then the proportional maximum output
vector y, does not change in response to this input-change, i.e., 3,(a) = 1. At a = o, the matter is different.
If input vector z, changes to a'xz,, then the proportional maximum output vector y, changes to (ma>1( ﬂjo)yo.

JEF

In summary, so far, we showed
1, for a € [1,al)
Bo(a) = § max Bjo, for a=al.
jEF!

If (a'z,,B,(al)y,) is an MPSS, then the procedure is terminated; otherwise, we are going to obtain f3,(«)
formula for a > a!. To this end, define

§%:={jeS": 8, > Bo(a)}, (3.13)

a? := min Qjos 3.14)
jES?

F?.={jeS*: z; <a’z,}. (3.15)

Theorem 3.3 provides the a-interval on which 3,(a) = 3,(al).

Theorem 3.3. Assume that DMU, = (x,,Y,) is the unit under consideration, it is FDHy-efficient and G-IRS
prevails at this unit. If (atx,, B(at)y,) is not an MPSS, then
(i) S? # 0.
(i) Bo(a) = Bo(al) for each a € [al, a?).
(i) Bo(02) > 5p(a) and f(?) = ma .
J

Proof. (i): Set (2,9) := (a'z,, Bo(al)y,). Assume that (4 denotes the output-oriented efficiency score of (Z, 7).

It can be shown that pFPHe = @o‘(*;l)soEDHC and @FPIN = o ?;1)<P£DHNI

while in the proof of the second equality it should be noticed that Aja! < 1 when (A}, Ar=0; j# k) is a part
of an optimal solution to (2.2) with A = FDHyj.

. The first equality is easy to prove,

Since G-IRS prevails at DMU,, by a manner similar to the proof of Theorem 3.2, we have ¢fPHyt = oFDPHe >
1. Hence, ¢pFPHxt = 3FDHe  Fyrthermore, ¢FPHe > 1 because (&, 9) is not an MPSS. Therefore, there exists

some j € J and some \; € (0,1] satisfying
Ny
Yri 5 20910 5 GFDHNG (01) > B,(al), V.
y’l"O y”‘O

This implies j € S2.
The proof of parts (ii) and (iii) is similar to that of corresponding parts in Theorem 3.2, and is hence
omitted. ]

Now, by Theorems 3.2 and 3.3, we have

1, for a € [1,a!)
. 12
Bu(a) = | X Byor for ac€ [a',a?),
max f3;,, for a = a?.
JEF?

If (a?w,, Bo(a?)y,) is an MPSS, then the procedure is terminated; otherwise, it will be continued. In the kth
iteration of this procedure we have
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TABLE 1. Data in Example 3.4.

—
A .
B 5 2
C =
D 7 65
B »
F B |
G .

it

A

11

10

9

8

D

6 .

e

o 1 2 3 4 5 6 7 8 9 10 i1 [put

FiGURE 1. The FDH PPSs in Example 3.4.

Ski={je Sk 1.8, > B,(a* 1)},
a® = min Qjo,
jesk -
Fk:={jeSt: z; <ok}
By following this manner, until getting an MPSS, the RF £3,(.) is fully obtained. Algorithm 1 and Example 3.4
clarify this procedure more.

Example 3.4. Consider a set of seven DMUs consisting of DMU 4, ..., DMUyg, in which each DMU utilizes a
single-input to produce a single-output. The data of these DMUs are listed in Table 1.

The frontier of the PPS with various RTS assumptions can be seen in Figure 1. The frontier in VRS case has
been depicted by the dark line segments. The frontier under CRS assumption is the halfline starting from the
origin passing through two points C, E. The frontier in NIRS case is the union of the halfline {G+\(1,0)! : A > 0}
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TABLE 2. a4 and (4 values in Example 3.4.

j  aja Bja
A1 1
B 25 2
c 3 6
D 3.5 6.5
E 4 8
F 525 9
G 6.5 10

(recall that superscript “¢” stands for transpose) with OC UCE U ET U IG. Moreover, the frontier under NDRS
assumption is the union of the line segments JAU AH U HC and the halfline {C + A\(1,1)! : X > 0}.

Examining the GRS status of these DMUs by ([15], Thm. 3) shows that A, B have G-IRS status, C, E have
G-CRS status, D has G-SCRS status, and F, G have G-DRS status.

We calculate the RF for DMU4. The values of a4 and 8;4 have been listed in Table 2.

As mentioned above, G-IRS prevails at DMU 4. Therefore, a proportional increase in its input leads to a
greater increase in its output at some moment. The RF (response of outputs to increase in inputs) for this
DMU is calculated as follows. According to Table 2,

S'={B,C,D,E,F,G}, a'=25, F'={B},
and hence, by Theorem 3.2,
Bala) =1, Ya €[1,2.5), and [4(2.5)=2.

Setting (#,9) := (a'za, Balat)ya) = (5,2), we have §FPHc = 0.4, and hence this point is not an MPSS. So,
the procedure will be continued and we have

S?={C,D,E,F,G}, o*=3, F?={C}.
Thus, by Theorem 3.3,
Bala) =2, Ya € ]2.5,3), and [4(3)=06.
Setting (2,9) := (a?x4,Ba(a?)ya) = (6,6), we have 6FPHc — 1 and hence this point is an MPSS. Therefore,

the procedure will be terminated and we have

1, for o € [1,2.5)
Bala) =< 2, for a € [2.5,3)
6, fora =3

Algorithm 1 summarizes the above procedure for calculating the RF, 3,(.).
About Step 5 in Algorithm 1, this step is checking if ("o, 3,(a*)yo) is an MPSS or not. To this end, one

CCiino ﬁo(ak)yro

should check min{max{—-——}} is less than one or not, where M° = max 22— 27% Tt is not difficult to see
jel i akay, T Yrj
. K
that \° = %, and hence
o
.,/\10 ky q
max{ iy } = Bo(a”)

—F Q0.
¢ jo
7 akxio 6j0 Ozk
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Algorithm 1:
Step 0. Let FDHy-efficient DMU, = (%o, yo) with G-IRS status be given.
Step 1. For j = 1 to n set ajo = max —2 and 3;, = min Yri
t Lo T Yro
Step 2. Set a® =1, Bo(a®) =1, §° =J, and k=1.
Step 3. Set S* = {j € S*71: Bjo > Bo(aF N},

a® = min aj,, and F}C ={jes": z; <aFz,}.
jesk

Write “Bo(a) = Bo(a*™1) for a € [@*7F, a).”
Step 4. Set B,(a*) = max Bjo-
jEF

; EY o
Step 5. For j = 1 to n set §7° = Bela) %o,

ak Bjo

If mei?{éjo} =1, then STOP; else set k = k£ + 1 and go to Step 3.
J

Example 3.5 below clarifies Step 1 of Algorithm 1.

Example 3.5. Consider a set of three DMUs consisting of DMU 4, DMUpg, and DMUg, in which each DMU
consumes two inputs to produce a single constant output.

Let (z14,224,114) = (0.5,3,1), (z1B,228,v18) = (1,2,1), and (z1¢, 220, v10) = (2,1,1).

The frontier of the PPS with VRS assumption at level y = 1 has been depicted in Figure 2. Let o = B, 1i.e.,
DMUpg be under consideration. By running Step 1 of Algorithm 1 for this unit, we have

b=3

= 2.
1

aap = max{%2
ac B = max{ 2,

“V—’l\D\CAD

M\»—-u

In fact, acp = 2 is the minimum value of « such that axp > x¢. Precisely speaking, due to Algorithm 1, we

T
have o, = max —J and so, o, > x;. Furthermore, o, = min{o : az, > z;}.

iowy
In Figure 2, COIIIOSIdel" o = B and j = C. The shaded area denotes the vectors z (in input space) satisfying
x > xc. According to the above explanation, for obtaining acp we depict the ray starting from the origin in
direction B. The first point at which this ray intersects the shaded area is corresponding to acp. In Figure 2,
this point is (2,4), and so acp = 2.
A similar figure and discussion can be provided for 3;, in output space.

Theorem 3.6 shows that Algorithm 1 terminates in finite many iterations and it is polynomial-time from
complexity standpoint.

Theorem 3.6. (Convergence and complexity) Algorithm 1 terminates in finite many iterations and its com-
plexity is O(n3) (it is polynomial-time).

Proof. Convergence: It is clear that, in Algorithm 1, S* C J and S¥+! C S* for each k. Assume that max in
Step 4 happens at t € F¥ C S*. Then t ¢ S*+1. Hence, S¥*! C S* and S**! #£ S* for each k. Therefore, k
index will be at most equal to n. If (a*x,, 8,(a*)y,) is an MPSS for some k € {1,2,...,n— 1}, then due to Step
5, algorithm terminates at iteration k. Otherwise, (a*x,, B,(a*)y,) is not an MPSS for each k € {1,2,...,n —
1}; and we get S™ = @ which implies that (a" 'z, 3,(a" 1)y,) is an MPSS (see the proof of part (i) in
Theorem 3.3). This makes a contradiction and proves the finite convergence of the algorithm.

Complezity: The number of basic arithmetic operations in Step 1 is at most equal to (n — 1)(2m + 2s — 2),
and hence, taking into account that in performance analys1s n > m + s, the complexity of this step is O(n2)
Similarly, it is seen that the complexity of Step 3 is O(n?) as well. The complexity of Steps 4 and 5 is O(n).
Therefore, due to the maximum number of iterations (n), the complexity of Algorithm 1 is O(n?). O
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Input-2
A

0 1 2 3 Input-1

FIGURE 2. The FDHy PPS (in input space) in Example 3.5.

4. A REAL APPLICATION AND COMPUTATIONAL DISCUSSIONS

The current section reports a real application showing the usefulness of the proposed algorithm. Beside the
theoretical validity, this experimental study establishes the reasonability of the proposed algorithm from both
practical and computational points of view.

We use the data set of 80 Iranian secondary schools participating in the Third International Mathematics
and Science Study (TIMSS). The data is extracted from a project offered by Educational Organization of
Tehran and done by Soleimani-damaneh and Sangari [23]. We have analyzed this data set in [12] as well. Each
DMU has four input factors,

Input-1: the income level of the parents of the students,

Input-2: educational facilities of the students at home,

Input-3: contribution of the parents towards the school programs, and
Input-4: the education level of the teachers.

The single output is
Output: the school’s GPA based on individual students’ grades of each school in the TIMSS study.

The data have been listed in Table 3. See [23] for the manner of calculating the aforementioned input-output
factors. We wrote the codes of determining FDH efficiency and GRS status, based on the enumeration methods
investigated in [11,19,22,24], under the MATLAB2015 environment. As mentioned in the preceding section,
the current work focuses only on G-IRS case. Among the considered 80 DMUs (80 Iranian secondary schools
participated in TIMSS study), five DMUs #20, #40, #58, #72, and #79 are FHDvy-efficient and belong to the
G-IRS class.

First we implemented Algorithm 1 for aforementioned five units in MATLAB2015 environment, but we found
some errors (incompatibilities with theory) in the results. The reason is due to the precision of the numeric
calculations in MATLAB. Notice that the precision of the numeric calculation plays a crucial role in Steps 3
and 5 of Algorithm 1. By default, MATLAB uses 16 digits of precision. We used “vpa” function to increase
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TABLE 3. Data of the real-world illustration.

L L@y | @y [ sy [way | oy || 5 | 2y | 29j |25y |24y | vy |
111371165 7 | 7 | 3538 (41| 53 | 11 | 7 | 5 | 440.2
o 105|156 | 7 | 8 | 3533 42| 144|147 | 5 | 8 | 439
3 | 72 | 142| 6 | 12 | 3885 || 43| 5.7 | 154 | 8 | 8 | 4193
4 [ 156|153 10 | 8 | 3687 | 44| 13 |167| 5 | 9 | 4686
5 1 72 | 115| 3 | 6 | 4465 | 45| 97 | 159 | 5 | 6 | 433
6 |76 | 15 | 7 | 8 | 30946 46| a7 | 14 | o | 8 | 4307
71 81 | 161 8 | 4 | 3377 47 | 136 | 154 | 5 | 8 | 4692
8 123148 | 10| 6 [3322 48| 103|167 8 | 6 | 4448
9 | 42 | 14 | 4 | 4 |3924 49| 67 | 157 9 | 6 | 4027
10| 77 133 7 | 6 | 357850 91 | 173 4 | 8 | 4187
11| 67 |161] 6 | 6 | 4093 | 51| 51 | 157] 9 | 6 | 4229
12 59 [11a| 7 | 4 |a190 52| 55 [ 152 7 | 8 | 3339
13 57 [156] 9 | 6 | 419353 81 | 155 7 | 10 | 383
14| 57 |142] 9 | 8 | 4157 (54| 69 | 147 ] 6 | 6 | 3968
15| 37 [145| 7 | 10| 383 || 55| 87 | 147 | 8 | 8 | 3588
16| 77 | 145| 6 | 8 | 3483 || 56| 99 [ 161 | 5 | 3 | 4488
17 71| 15| 6 | 6 | 421 |57 | 113|117 | 5 | 4 | 4392
18124 | 136 | 7 | 9 | 4001 || 58 | 113|154 5 | 6 | 4479
19 42 | 14 | 7| 8 | 3624 59| 106 148| 7 | 8 | 4341
20 | 51 | 138 | 8 | 8 [3567| 60| 5 |163] 4 | 6 | 4116
o1 [ 107 | 16 | 4 | 10 | 4215 | 61| 125|162 | 6 | 5 | 4416
92 | 117 | 148 | 4 | o | 4355 | 62| 162|162 | 18 | 4 | 4715
93 | 115 | 148 | 4 | 6 | 379 63|103] 17 | 6 | 6 | 4614
24| 907 | 164| 6 | 6 |4375 | 64| 58 | 139 9 | 6 | 4188
25 | 79 | 151 5 | 6 |4139 | 65151 15 | 9 | 8 | 3748
2% | 123 | 157 | 3 | 5 |4822 | 66| 8 |145| 8 | 8 | 3477
27| 6 | 138 | 10| 6 [3816 | 67| 8 |149| 10 | 6 | 4387
98 | 15 | 149 7 | 8 | 4028 63| 92 | 156 | 7 | 8 | 4221
2 | 66 | 138 | 6 | 4 |4408 | 69| 79 | 152 5 | 6 | 4127
30| 65 | 156 | 10 | 4 |4111 | 70| 68| 15 | 9 | 6 | 4272
31 | 156 | 151 | 5 | 8 | 3057 | 71 | 132|144 | 6 | 6 | 4307
32 63 |149| 6 | 6 | 3744 72| 82 | 152] 6 | 6 | 450.8
33 1136 | 166 | 7 | 6 | 3815 73| 64 | 143 | 7 | 6 | 363.2
34 1192 | 165| 5 | 6 | 4608 | 74 | 6.8 | 156 | 9 | 6 | 364
35| 63 | 147 | 6 | 6 | 4415 | 75 [ 133|175 | 4 | 8 | 4948
36| 99 | 153 | 6 | 6 | 4666 | 76 | 126|185 | 3 | 6 | 5206
37 1105 | 159 | 8 | 8 |4493 | 77| 99 | 175 | 5 | 8 | 6103
38 | 71 | 167 | 6 | 6 | 3982 78| 125|138 | 3 | 8 | 542.3
30 | 151 | 145 | 6 | 8 | 413 || 79 | 146 | 177 | 3 | 7 | 506
40 | 113 | 148 | 5 | 6 | 4473 | 80| 173|171 | 4 | 6 | 5777

the precision. Although adding vpa function with a high degree of precision generated more proper results
(compatible with theory), it increased the running time of the implementations considerably. To avoid a big
running time, we implemented Algorithm 1 for five units #20, #40, #58, #72, and #79 in EXCEL, and derived
the results listed in Tables 4-8. The numbers reported in these tables are rounded by four digits. We derived
more precise outcomes in a reasonable running time (it takes about one minute for each DMU in our project,
on a PC with Intel Core i3-3220 processor (3.30-GHz) and 4GB of installed memory).

In Tables 4-8, the last column from left denotes the FDH¢-efficiency score of (a*x,, 3,(a*)y,) derived from
Step 5 of the algorithm. In fact, the algorithm stops when this score equals to one, i.e., the production point
(a*z4, B,(a¥)y,) is an MPSS.
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TABLE 4. Results of Algorithm 1 for DMUjy in real-world illustration.

] Tter. (k) ‘ o ‘ Bao () ‘ score ‘
0 1.000 1.0000 | 0.8421
1 1.0145 1.1001 0.9131
2 1.0392 1.2341 1.0000

TABLE 5. Results of Algorithm 1 for DMUyq in real-world illustration.

| Tter. (k) | o | Bao(@®) | score |

0 1.000 1.0000 | 0.9772
1 1.0405 | 1.0013 | 0.9404
2 1.0878 | 1.0034 | 0.9013
3 1.0885 | 1.0780 | 0.9678
4
5

1.2500 | 1.1840 | 0.9256
1.3333 | 1.3644 | 1.0000

TABLE 6. Results of Algorithm 1 for DMUj;g in real-world illustration.

‘ Tter. (k) ‘ o ‘ Bss () ‘ score ‘

0 1.000 1.0000 | 0.9785
1 1.0455 | 1.0020 | 0.9379
2 1.0885 | 1.0766 | 0.9678
3
4

1.2013 | 1.1824 | 0.9631
1.3333 | 1.3626 | 1.0000

Due to Algorithm 1 and Table 4, the closed form of the response function associated with DMUyq is

1, a € [1,1.0145)
Boo(cr) = { 1.1001, ov € [1.0145,1.0392)
1.2341, o = 1.0392.

Recall that the numbers have been rounded by four digits. This function for DMUyy is as follows (according to
Algorithm 1 and Tab. 5).

1, a € [1,1.0405)
1.0013, a € [1.0405, 1.0878)
1.0034 « € [1.0878,1.0885)

Bro(@) =3 110780, a € [1.0885, 1.2500)
1.1840, a € [1.2500, 1.3333)
1.3644, o = 1.3333.

The closed form of the RFs of remaining three DMUs can be written analogously (invoking Tabs. 6-8). These
five RFs have been illustrated in Figures 3 and 4.

From Figure 3a, it is seen that if the input of DM Uy increases from zog to axgg for o € [1,1.0145), then the
maximum proportion of feasible output, in 7V, will be 1. Furthermore, if the input of DMUsyq increases from
Tog to axag for a € [1.0145,1.0392), then the maximum proportion of feasible output, in TV, will be 1.1001.
Moreover, if the input of DMUsyq increases from xog to 1.0392z9g, then the maximum proportion of feasible
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TABLE 7. Results of Algorithm 1 for DMU75 in real-world illustration.

] Tter. (k) ‘ o ‘ Br2(a®) ‘ score ‘
0 1.000 1.0000 | 0.9849
1 1.2073 1.0350 0.8443
2 1.3333 1.3538 1.0000

TABLE 8. Results of Algorithm 1 for DMU7g in real-world illustration.

‘ Iter. (k) ‘ o ‘ Bro(a®) ‘ score ‘
0 1.000 1.0000 | 0.9986
1 1.0452 | 1.0466 | 1.0000

output, in TV, will be 1.2341. Radial increasing the inputs of DMUsyg as aaag for o > 1.0392 is not reasonable
because (1.0392x20, £20(1.0392)y20) is an MPSS (see the last column of Tab. 4). A similar interpretation can be
provided for other investigated units.

In depicting Figure 3b corresponding to DMU,, we have ignored the second a-interval, because o? is very
close to a®. It is seen that Bio(a’), Bio(al), and Bso(a?) are very close to each other. A similar situation
is observed for DMUgg and Figure 3¢ as well. In addition to this point, it is seen that the number of the
line segments constructing the RFs is different among investigated units. In fact, taking the topmost single
point (isolated black point in top of each figure) into account, the number of the line segments of each RF is
corresponding to the number of the iterations of the algorithm and so related to the running time. Although
this quantity is bounded above by n (the number of DMUs), we cannot say anything about its exact value.
Indeed, this quantity is related to the number of the observed units which will be in the way of DMU, in getting
MPSS position. When these units are so close to each other or so close to the unit under consideration, the line
segments generating RF might be close to each other (see Figs. 3b and 3c).

One of the interesting points is that the RF of DMUyg is very close to that of DMUjsg. Notice that the
input-output factors of these two units are very close to each other.

The information derived from the RF of the unit under investigation can be used for various practical purposes,
including resource allocation, budget planning, and deciding about contracting/expanding the activity of the
unit.

Although Algorithm 1 is polynomial-time, our computational experiments show that its running time strongly
depends on the number of the line segments which construct RF (the number of the units which are observed in
the way of DMU, to get MPSS position) and the precision of numeric calculation that DM is going to has. The
latter can be controlled by running the algorithm in MATLAB environment utilizing vpa function or EXCEL.

Although Podinovski [15] proved that RF is a concave continuous function under convex PPSs, from both
theoretical and applied parts of the paper, it is seen that RF is a stepwise discontinuous function under FDH
technologies. Scale Elasticity (SE) is one of the most important measures for performance analysis [17,18]. Under
convex technologies, SE of a given VRS-efficient DMU is defined with respect to the derivative of RF; see [17,18].
The outcomes of the present paper show that, in contrast to convex technologies, in FDH ones the derivative of
RF at a given FDHy-efficient DMU is either zero or infinity, and so it does not provide useful information about
the SE measure at the corresponding unit. This important point shows that in FDH production technologies
the SE measure should be redefined independent to the RF structure. It is worth studying from both theoretical
and applied points of view.
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Figure 3(a): RF of DMU,, Figure 3(b): RF of DMU
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Figure 3(c): RF of DMU,g Figure 3(d): RF of DMU,,

FicURE 3. RFs of DMUs #20, #40, #58, and #72 in real-world illustration.
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FIGURE 4. RF of DMU #79 in real-world illustration.

5. CONCLUSIONS

In this paper, a response function, which gives the radial maximum feasible output resulting from changes in
inputs, has been investigated. Some theorems have been established to calculate the response function. Resulting
from theoretical materials, a polynomial-time finitely convergent algorithm has been sketched which enables us
to provide the full formula of the response function. In addition to the theoretical results, we have illustrated
the applied and computational abilities of our approach.
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