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THE CYCLE SHOP SCHEDULING: MATHEMATICAL MODEL,

PROPERTIES AND SOLUTION ALGORITHMS

Bahman Naderia1,2,* and Sheida Goharib3

Abstract. Conventionally, in scheduling problems it is assumed that each job visits each machine
once. This paper studies a novel shop scheduling called cycle shop problems where jobs might return to
each machine more than once. The problem is first formulated by two mixed integer linear programming
models. The characteristics of the problem are analyzed, and it is realized that the problem suffers
from a shortcoming called redundancy, i.e., several sequences represents the same schedule. In this
regard, some properties are introduced by which the redundant sequences can be recognized before
scheduling. Three constructive heuristics are developed. They are based on the shortest processing
time first, insertion neighborhood search and non-delay schedules. Then, a metaheuristic based on
scatter search is proposed. The algorithms are equipped with the redundancy prevention properties
that greatly reduce the computational time of the algorithms. Two sets of experiments are conducted.
The proposed model and algorithms are evaluated. The results show the high performance of model
and algorithms.
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1. Introduction

Scheduling involves utilizing of some limited resources to perform some jobs. Traditionally it is assumed that
the resources are some machines that can process only one job at a time. Each job needs some operations for
completion and each machine performs one operation type. If all jobs have the same processing route among
the machines, the production system is called flowshops. If each job has its own processing route among the
machines, the production system is job shops. If the processing route of jobs is not fixed in advance and can be
determined by the scheduler, the system is open shops [18]. For more information, the reader is referred to [1, 2].

Note that in all the three abovementioned shop scheduling systems, each job needs a set of operations for
completion and for each operation, there is one dedicated machine. Thus, each job visits each machine once. This
paper considers a special class of scheduling problems where jobs might have to return to the same machine one
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or more times before completion [4, 21]. For example, assume one job with 6 operations and this processing route:

{1 2 4 3 2 4}

That is, this job requires operation type 1 once, operation type 2 twice, operation type 3 once and operation
type 4 twice. We assume machines are dedicated. That is, each machine can process only one operation type.
Therefore, this job visit machine 1 once, machine 2 twice and so on. The applications of such shops can be found
in any industry that requires capital-intensive machines. In such an industry, rather than employing a machine
to a particular operation, the manufacturer logically prefer that jobs make multiple visits to a machine for
multiple-operation processing. One can refer the reader to a semiconductor manufacturing and printed circuit
boards [20].

Let us describe the difference between the problem under consideration and two other well-known problems
where jobs may visit each machine more than once (flexible job shops and reentrant flow shop). In the flexible
job shops, machines are flexible; that is, a machine can carry our different operation types. Hence, one job might
visit a machine more than once (i.e., the same machine to process another operation type). This problem also
differs from the reentrant flowshop in which jobs might visit machine more than once; yet, the processing route
of jobs are all the same.

In the literature with emphasizing on multiple visits of a machine by a job, the problem of the reentrant
flowshop scheduling is considered by Kang et al. [11], Hekmatfar et al. [10], Chen et al. [5], Cho et al. [7] and
Dugardin et al. [8]. The reentrant job shop scheduling is also studied by Topaloglu and Kilincli [20] and Xie
et al. [22].

As just reviewed, there is almost no paper studying the cycle shop. The first systematic step to study an
operations research problem is to formulate it by the mathematical programming. Thus, this paper first develops
two mathematical models in form of mixed integer linear programs. Using the model and the branch and bound
algorithm of specified software CPLEX, the small-sized instances of the problem are solved to optimality. Yet,
this approach is not effective for all instance sizes. Since the reentrant flow shop, a special case of the problem
under consideration, is NP-hard [6], we can conclude this problem is also NP-hard. In this case, a metaheuristic
based on scatter search is developed. This algorithm includes five mechanisms of diversification generation,
improvement, reference set update, subset generation and solution combination. To design this algorithm, we use
permutation encoding scheme of operations. We analyze this scheme to overcome its shortcoming of redundancy
(different permutations represent the same solution). In the diversification generation mechanism, an insertion
heuristic is developed to initiate the algorithm from quality solutions. The subset generation mechanism is
designed so as to have both diversification and intensification capabilities. A fast and simple, but effective local
search is applied as the improvement mechanism.

The rest of the paper is organized as follows. Section 2 develops the mathematical model of the problem.
Section 3 introduces the properties of the problem. Section 4 proposes solution algorithms. Section 5 conducts
the experiment to tune and evaluate the model and algorithms for performance. Section 7 concludes the paper
and suggests some leads for future research.

2. Problem definition and formulations

In the cycle shop, there is a set of n jobs each of which requires nj operations for completion. On the other
hand, there is a set of m machines each of which performs one operation type. The different operations of a
job might be the same operation type. Thus, the job might need to be processed by the same machine more
than once. Each job has its own processing route (i.e., the sequence in which a job visits machines) that can be
different from the others. The objective is to sequence jobs on machines so as to minimize the completion time
of the last job, or makespan.

To better illustrate the problem, one numerical example is presented. Consider an instance with n = 4 and
m = 3 where nj = {4, 3, 5, 5}. Table 1 shows the processing routes and processing times of the jobs. It means
that job 1 must visit machine 2, and machine 3, then machine 1. After that it is again processed by machine 3.
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Table 1. The processing route of the jobs.

Job Processing route Processing times

1 2-3-1-3 4-6-3-5
2 1-2-1 5-7-3
3 2-3-2-1-2 3-2-4-8-2
4 1-3-2-3-2 7-5-6-3-4

Table 2. The sequence of the jobs on machines.

Machine Sequence

1 4-2-3-1-2
2 3-1-3-4-2-4-3
3 3-4-1-4-1
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Figure 1. The Gantt chart of schedule of the solution. (Color online.)

Table 2 presents one possible solution to this instance. In this solution, machine 1 processes jobs 4, 2, 3, 1
and 2, respectively. Figure 1 shows the Gantt chart of the schedule obtained by this solution. The completion
of jobs 1, 2, 3 and 4 are 28, 28, 31 and 29, respectively. Therefore, makespan of this schedule becomes 31. As it
could be seen, job 3 visits machine 2 three times while it visits machines 1 and 3 once.

The cycle shop problem is now mathematically formulated. The construction of mathematical models for an
operations research problem is the first key step. This is so because the mathematical model can express the all
aspects of a problem explicitly [17]. It also can be used as an input for many solution algorithms like branch and
bound [13]. More effective the model is constructed, more efficient the algorithm becomes. Moreover, regarding
the great advances obtained in computers’ capacity and specified software, the model can be used to solve the
small or even medium size problems. The mathematical model of scheduling problem is commonly in form of
mixed integer linear programming (MILP). For this problem, two MILP models are developed.

The following parameters and indices are used in the model.

n Number of jobs.
j, k Indices for jobs where {1, 2, . . . , n}.
m Number of machines.
nj Number of operations of job j.
l, i Indices for operations of job j {1, 2, . . . , nj}.
Oj,l lth operation of job j.
pj,l Processing time of Oj,l.

The following sets are also defined.

Ej,l The set including all the operations of the other jobs being processed on the same machine with Oj,l.
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Oj,l′ The last operation before operation Oj,l in processing route of job j being processed on the same machine.
O′j,l′ The first operation after operation Oj,l in processing route of job j being processed on the same machine.

Fi The set of the first operations of all jobs if this operation is processed on machine i.

Note that we define a dummy job 0. It has m operations where each one is processed by one machine (i.e.,
O0,i is processed on machine i). These operations are the first operation being processed on its corresponding
machine. Each set Ej,l includes the dummy operation of this job. Note that for the first operation of each job
on each machine, there is no Oj,l′ ; and also for the last operation of each job on each machine, there is no O′j,l′ .
The decision variables of the model are as such.

Xj,l,k,i Binary variable taking value 1 if Oj,l is processed immediately after Ok,i, and 0 otherwise (where
Ok,i ∈ Ej,l).

Yj,l Binary variable taking value 1 if Oj,l is processed immediately after Oj,l′ , and 0 otherwise.
Zj,l Binary variable taking value 1 if O′ j,l′ is processed immediately after Oj,l, and 0 otherwise.
Cj,l The completion time of Oj,l.

Let us remind that for the first operation of each job on each machine, we have no Yj,l and also for the last
operation of each job on each machine, we have no Zj,l.

The MILP model is as follows.

MinCmax (2.1)

Subject to: ∑
Ok,i∈Ej,l

Xj,l,k,i + Yj,i = 1 ∀Oj,l
(2.2)

∑
Oj,l∈Ek.i |j>0

Xj,l,k,i + Zk,l ≤ 1 ∀Ok,i
(2.3)

∑
Oj,l∈Fi

Xj,l,0,i = 1 ∀i={1,2,...,m} (2.4)

Cj,l ≥ Cj,l−1 + pj,l ∀Oj,l
(2.5)

Cj,l ≥ Ck,i + pj,l −M (1−Xj,l,k,i) ∀Oj,l,Ok,i∈Ej,l
(2.6)

Cmax ≥ Cj,nj ∀j (2.7)

Cj,l ≥ 0 ∀Oj,l
(2.8)

Xj,l,k,i ∈ {0, 1} ∀Oj,l,Ok,i∈Ej,l
(2.9)

Yj,l, Zj,l ∈ {0, 1} ∀Oj,l
(2.10)

Equation (2.1) is the objective function. Constraint set (2.2) ensures that each operation is performed.
Constraint set (2.3) assures that each operation has at most one succeeding operation. Constraint set (2.4)
specifies that each operation of the dummy job 0 has one succeeding operation (since it is the first operation
on the corresponding machine). Constraint set (2.5) ensures that a job cannot be processed by more than one
machine at a time. Constraint set (2.6) specifies that a machine cannot process more than one operation at a
time. Constraint set (2.7) calculates the makespan. Constraint sets (2.8), (2.9) and (2.10) define the decision
variables.

The second model views the problem as series of sequencing decisions, not necessarily immediately. In this
case, the dummy job 0 is not required. The decision variables of the second model are as follows.

Xj,l,k,i Binary variable taking value 1 if Oj,l is processed after Ok,i, and 0 otherwise (where Ok,i ∈ Ej,l and
j<n, k>j).
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Cj,l The completion time of Oj,l.

The second MILP model is as follows.

MinCmax (2.11)

Subject to:

Cj,l ≥ Cj,l−1 + pj,l ∀Oj,l
(2.12)

Cj,l ≥ Ck,i + pj,l −M (1−Xj,l,k,i) ∀Oj,l,Ok,i∈Ej,l,j<n,k>j (2.13)

Ck,i ≥ Cj,l + pk,i −M (Xj,l,k,i) ∀Oj,l,Ok,i∈Ej,l,j<n,k>j (2.14)

Cmax ≥ Cj,nj ∀j (2.15)

Cj,l ≥ 0 ∀Oj,l
(2.16)

Xj,l,k,i ∈ {0, 1} ∀Oj,l,Ok,i∈Ej,l
(2.17)

where Cj,0 = 0.
Equation (2.11) is the objective function. Constraint set (2.12) assures that a job cannot be processed by

more than one machine at a time. Constraint sets (2.13) and (2.14) ensure that a machine cannot process more
than one operation at a time. Constraint set (2.15) calculates the makespan. Constraint sets (2.16) and (2.17)
define the decision variables.

3. The encoding scheme and its properties

The first step to solve a problem is to encode the problem, i.e., making a solution recognizable for algorithms.
The scheme to encode the problem remarkably influences the performance of any algorithm [14]. The most
commonly used encoding scheme in scheduling problems is the permutation representation.

As discussed earlier, the objective of this problem is to schedule the operations of all jobs. Thus, a solution
includes a permutation of operations. The encoding scheme used here can be described as follows. There are a
set of n jobs and each job j has a set of nj operations that must be processed on m machines. Each job number
appears in the permutation as the number of its operations. By scanning the permutation from left to right,
the k-th appearance of a job number represents the k-th operation of that job. As long as a job number repeats
as the number of its operations, the solution is always feasible.

For example, consider a problem with 3 jobs where jobs 1, 2 and 3 have 3, 5 and 4 operations, respectively.
The job number 2 repeats five times. For this problem, there are 12 operations including {1 1 1 2 2 2 2 2 3 3 3 3}.
One possible solution is as follows.

{3 2 1 3 2 1 3 2 3 1 2 3}

According to this solution, the first operation of job 3 is scheduled. Then the first operation of job 2 is scheduled
at the earliest possible time and so on.

This type of encoding scheme suffers from a noticeable shortcoming, called redundancy. It means that the
same solution might be obtained despite the change in the positions of the operations in the permutation. In
other words, different permutations might represent the same solution. The paper studies the redundancy in
permutation list to overcome this serious disadvantage. For example, the algorithm exchanges two operations
of the same job, no new permutation is generated since we use job numbers in the permutation.

Theorem 3.1. Let S′ be a permutation produced by the swap of two adjacent operations in permutation S. Two
permutations S′ and S are redundant if and only if the same machine does not process the swapped operations.
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Proof. Let two permutations S and S′ be

S = {A,Oj,l, Ok,i, B} S′ = {A,Ok,i, Oj,l, B}

A and B are the sets of all the other operations and the same for both S and S′. If the jobs of two operations
Oj,l and Ok,i are the same (i.e., j = k), the two permutations are the same. Suppose the case the jobs are
different (i.e., j 6= k). Considering the encoded versions, we have

S = {A, j, k,B} S′ = {A, k, j, B}

Therefore, S 6= S′ and we have two different permutations (i.e., encoded solutions). We now show that they
both represent the same schedule. Without loss of generality, assume that machines l and i process operations
Oj,l and Ok,i, respectively. Thus, we have two cases. Assume Oj,l and Ok,i are processed by machines : l′ and
i′.
Case 1: l′ 6= i′

Let us suppose after scheduling the operations of Part A, the completion time of machines (cm) and jobs
(ct) are

cm : (cm1, . . . , cml′ , . . . , cmi′ , . . . , cmm)

ct : (ct1, . . . , ctj , . . . , ctk, . . . , ctn)

Note that cm is a vector showing the time that machines are available to process the next operatio and ct
is a vector showing when jobs are available for next operation. It is clear that cm and ct of S and S′ are the
same. After scheduling Oj,l and Ok,i according to both S and S′, we have the same

cm : (cm1, . . . , cml′ + pj,l, . . . , cmi′ + pk,i, · · · , cmm)

ct : (ct1, . . . , ctj + pj,l, . . . , ctk + pk,i, . . . , ctn)

Since partial permutation B is the same for both S and S′, the remaining operations yield the same schedule.
Case 2: l = i

After scheduling Oj,l and Ok,i according to S, we have

cm : (cm1, . . . , cml′ + pj,l + pk,l, . . . , cmm)

ct : (ct1, . . . , ctj + pj,l, . . . , ctk + pj,l + pk,l, . . . , ctn)

according to S′, we have

cm : (cm1, . . . , cml′ + pk,l + pj,l, . . . , cmm)

ct : (ct1, . . . , ctj + pk,l + pj,l, . . . , ctk + pk,l, . . . , ctn) .

Therefore, they end up with different cm and c. As a result, S and S′ are two different schedule. Finally, two
permutations S and S′ are redundant if and only if the same machine does not process the swapped operations.
This completes the proof.

Theorem 3.2. Let S′ be a permutation produced by the swap of two non-adjacent operations in permutation
S. Two permutations S′ and S are redundant if it holds:

1. The same machine does not process the two operations.
2. The intermediate operations neither belong to the two jobs of the operations nor the two machines process

them.
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Proof. It is clear that if the two swapped operation belong to the same job, no new permutation is generated.
Hence, we only consider the case where the jobs are different. The proof of condition 1 is similar to Theorem 3.1.
Therefore, only the second condition needs to be proved. Due to the more conceptual simplicity and easier com-
prehensibility, we prove this theorem for the case of two intermediate operations. The proof can be generalized
to multiple intermediate operations as well.

Consider two different permutations S and S′

S = {A,Oj,l, Oz,h, Ox,y, Ok,i, B} S′ = {A,Ok,i, Oz,h, Ox,y, Oj,l, B}

The positions of two non-adjacent operations Oj,l and Ok,i are exchanged, while two operations Oz,h and
Ox,y are intermediate operations. We know that jobs j and k are the same with job z and x. That is,

j 6= k, z 6= j, z 6= k, x 6= j, x 6= k

Without loss of generality, assume machines l′, h′, y′ and i′ process operations Oj,l, Oz,h, Ox,y and Ok,i,

respectively. For machines of these operations, we know that machines l′ and i
′

are not the same with machine
h′ and y′. That is,

l′ 6= i′, h′ 6= l′, h′ 6= i′, y′ 6= l′, y′ 6= i′

Note that we might also have either z = x or h = y. After scheduling the operations in Part A, we have

cm : (cm1, . . . , cml′ , cmh′ , cmy′ , cmi′ , . . . , cmm)

ct : (ct1, . . . , ctj , ctz, ctx, ctk, . . . ctn)

Now, if four operations of Oj,l, Oz,h, Ox,y, Ok,i are processed according to both S and S′, we have the same
results as follows.

cm : (cm1, . . . , cml′ + pj,l, cmh′ + pz,h, cmy′ + px,y, cmi′ + pk,i, . . . , cmm)

ct : (ct1, . . . , ctj + pj,l, ctz + pz,h, ctx + px,y, ctk + pk,i, . . . ctn)

Since the permutation of the operations in Part B are the same for both S and S′, they become the same
schedule. These results indicate that if conditions 1 and 2 are met; a redundant solution is obtained. This
completes the proof for two intermediate operations. This procedure can be similarly generalized to the case of
multiple intermediate operations.

4. The proposed scatter search

Scatter search is a well-known evolutionary metaheuristic including effective features for both search diversi-
fication and intensification. Comparing with other evolutionary metaheuristics, SS more systematically generate
new solutions. SS is inspired from this fact that combination of desirable solutions with diverse solutions can
search the solution space more effectively. This strategy of combination obtains better empirical results. SS has
been successfully applied to solve different combinatorial optimization problems [12].

Scatter search works with a set of solutions, called the reference set, and explores the solution space through
this set. The reference set is, indeed, the collection of the quality solutions obtained during the search. Notice
that the quality of a solution depends on not only its objective function value but also its diversification (i.e.,
its difference with other solutions in the reference set). The solutions in the reference set are updated by new
solutions generated by combining the solutions previously available in this set.
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Procedure: Scatter search 

Diversification generation mechanism 
While stopping criterion is not met do 

Subset generation mechanism 
Solution combination mechanism 
Improvement mechanism 
Reference set update mechanism 

Endwhile 

Figure 2. The general outline of scatter search.

The basic structure of SS consists of five mechanisms, and the novelty of a SS is related to the way these
mechanisms are designed and implemented. The mechanisms are diversification generation, improvement, ref-
erence set update, subset generation and solution combination. The diversification generation mechanism is
to generate both good and diverse solutions. The purpose of the improvement mechanism is to enhance the
solutions of the reference set. The reference set update mechanism is to manage the solutions that enter and
exit from the reference set to keep both good and diverse solutions. The subset generation mechanism is to
define a subset of solutions as a basis for combining solutions. Finally, the solution combination mechanism to
combine the solutions determined in previous mechanism. Figure 2 shows the general outline of basic SS.

Since the above-mentioned mechanisms are not restricted to a single uniform design, the structure of SS can
be highly flexible and there are a variety of SSs designed in different way in the literature.

4.1. Diversification generation mechanism

In this mechanism, the initial solutions of the reference set are generated. It should be done in such a way
to have both good and diverse solutions. To this end, we develop a heuristic, called iterative insertion heuristic
(IH) as the generator of good solutions. IH is based on the well-known heuristic proposed by Nawaz et al.
[15] for flowshop problems. In IH, there are two sets O and S including unscheduled operations and scheduled
operations. IH can be explained as follows.

Step 1. Sort operations according to the longest processing time first in a set O.
Step 2. Replace each operation with the job number it belongs to.
Step 3. Take the first job number from set O into set S and remove it from set O.
Step 4. Take the first job number in set O and insert it into all possible positions in set S. To insert kth
job number there are k possible positions among the scheduled operations. Consider lth occurrence of
each job number as its lth operation and schedule operations according to k possible operation sequences
of the previous step.
Step 5. Select the sequence with the lowest makespan and update set S accordingly. Remove the job
number from set O.
Step 6. If |O| = 0, then stop; otherwise, go to Step 4.

Table 3. The data of the example with n = 3 and m = 3.

Job The number of operations Processing route Processing times

1 3 1-3-2 3-8-6
2 4 1-2-3-2 6-2-3-5
3 3 2-3-1 2-4-7
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The following example is provided to numerically clarify the procedure. Consider a problem with 3 jobs and
3 machines. Table 3 shows the data of this example including the number of operations, processing route and
processing times.

The procedure:

Step 1. O = {O12, O33, O21, O13, O24, O32, O23, O11, O31, O22}
Step 2. O = {1, 3, 2, 1, 2, 3, 2, 1, 3, 2}
Step 3. O = {3, 2, 1, 2, 3, 2, 1, 3, 2} and S = {1}

Iteration 1.

Step 4. Job = 3, S′1 = {3, 1} and S′2 = {1, 3}

Step 5.

{
Cmax (S′1) = 3

Cmax (S′2) = 3
→ S = S′1 and O = {2, 1, 2, 3, 2, 1, 3, 2}

Step 6. |O| 6= 0

Iteration 2.

Step 4. Job = 2, S′1 = {2, 3, 1}, S′2 = {3, 2, 1} and S′3 = {3, 1, 2}

Step 5.


Cmax (S′1) = 9

Cmax (S′2) = 9

Cmax (S′3) = 9

→ S = S′1 S = S′1 and O = {1, 2, 3, 2, 1, 3, 2}

Step 6. |O| 6= 0

Iteration 3.

Step 4. Job = 1, S′1 = {1, 2, 3, 1}, S′2 = {3, 1, 2, 1}, S′3 = S′4 = {3, 2, 1, 1}

Step 5.


Cmax (S′1) = 11

Cmax (S′2) = 17

Cmax (S′3) = 17

Cmax (S′4) = 17

→ S = S′1 and O = {2, 3, 2, 1, 3, 2}

Step 6. |O| 6= 0

Iteration 4.
...
Iteration 9.

Step 4. Job = 2, S′1 = {2, 3, 1, 3, 1, 2, 3, 2, 1, 2}, S′2 = {3, 2, 1, 3, 1, 2, 3, 2, 1, 2}, S′3 = {3, 1, 2, 3, 1, 2, 3, 2, 1, 2},
S

′

4 = {3, 1, 3, 2, 1, 2, 3, 2, 1, 2}, S′5 = S′6 = {3, 1, 3, 1, 2, 2, 3, 2, 1, 2}, S′7 = S′8 = {3, 1, 3, 1, 2, 3, 2, 2, 1, 2}, S′9 =
S′10 = {3, 1, 3, 1, 2, 3, 2, 1, 2, 2}

Step 5.



Cmax (S′1) = 28

Cmax (S′2) = 28

Cmax (S′3) = 25

Cmax (S′4) = 25

Cmax (S′5) = 25

Cmax (S′7) = 25

Cmax (S′9) = 25

→ S = S′3 and O = ∅

Step 6. |O| 6= 0 and Stop.

The final solution becomes {3,1,2,3,1,2,3,2,1,2}. Figure 3 shows the Gantt chart of the final schedule.
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Figure 3. The resultant schedule of the example with 5 jobs and 3 machines. (Color online.)

As it can be seen in this example, one important shortcoming is the redundancy of sequences produced. By
use of the research findings introduced in the previous section, the redundant sequences can be easily recognized
before scheduling and then prevented. The research findings are utilized to diagnose the conditions under which
the redundancy occurs. They enable algorithms to prevent form moving aimlessly from one sequence to another
redundant sequence.

In the above mentioned example, in the last iteration 10 sequences are obtained by inserting job number
2 into the partial sequence. All the 10 sequences belong to two clusters of redundant schedules. {S′1, S′2} and
{S′3, S′4, . . . , S′10} are redundant schedule. One can easily see trend from the makespan obtained in iteration 9.
Therefore, only two sequences need to be checked. S′1 and S′3 are only evaluated using the redundancy prevention.

The half of solutions in the reference set is generated by this heuristic. The other half are generated randomly.
Different initial solutions can be generated by this heuristic by sorting operations randomly in Step 1. The
remaining solutions are generated randomly from feasible space.

4.2. Subset generation mechanism

In this mechanism, a basis for combining solutions of reference set is generated. That is, solutions are divided
into some subsets, and solutions in each subset are combined. To implement this idea, we develop a procedure
as follows. At each iteration, the solutions are partitioned into k groups with the same number of solutions.
To make sure that each group includes at least a good solution, the k best solutions in the reference set are
selected as the head for each group. Then, the remaining solutions are partitioned among the groups randomly.
The following subsets are then considered for combining in each group.

– The first two best solutions
– The best and worst solutions
– The second best and worst solutions
– The combined solution of the first two best and the worst solution
– One randomly selected solution and the best solution (O1 times)
– One randomly selected solution and the best second solution (O2 times)

Therefore, in each group, a total of 2 ∗ (4 + O1 + O2) new solutions are generated regarding abovementioned
subsets.

4.3. Solution combination mechanism

In this mechanism, two solutions of each subset defined by the subset generation mechanism are combined.
To this end, two-point crossover is used. This mechanism works as follows.

Step 1. Two cut points are randomly selected.
Step 2. The permutation of the better solution between these two cut points are copied into the same
positions of the new solution.
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Step 3. The empty positions are filled with remaining job numbers of the other solution.

Let us further describe the procedure by an example. Consider a problem with 3 jobs and 3 machines.
Consider the following two solutions.

{3, 1, 1, 3, 2, 2, 3, 1, 2, 1} and {1, 2, 3, 1, 3, 3, 2, 2, 1, 1}

The first two best are combined. Suppose the cut points are 3 and 7. In this case, the resultant solution becomes

{1, 3, 1, 3, 2, 2, 3, 2, 1, 1}

4.4. Improvement mechanism

The new solutions, generated by the solution combination mechanism, undergo an improvement mechanism.
In this mechanism, a neighboring solution is generated by swapping the positions of two randomly selected
operations. If this new neighboring solution is better that the incumbent solution is accepted. Otherwise, it is
rejected. This procedure repeats vb times over each new solution.

4.5. Reference set update mechanism

All the solutions including both newly generated solutions and the incumbent solutions, grouped into k
clusters, are considered. There already exist popsize solutions in the incumbent population. Moreover, there are
2 ∗ (4 +O1 +O2) newly generated solutions. Among these popsize+ 2 ∗ (4 +O1 +O2) solutions, the first popsize
best solutions constitute the individuals of the next population, and they are divided again into k groups. The
remaining solutions are also deleted.

5. The numerical experiments

This section evaluates the performance of the proposed models and algorithms (i.e., IH, SS and SSR). Note
that SS is SSR equipped with redundant prevention rules. In this regard, the proposed algorithms are compared
with adaptations of two available algorithms in the relevant literature. The algorithms are tabu search (TS)
proposed by Bruker and Kampmeyer [3] and genetic algorithm (GA) proposed by Nose et al. [16]. The algorithms
are coded in Borland C++. The stopping criterion is set to a time limit of 0.2 nm seconds. It is noteworthy to
indicate that all the algorithms are equipped with redundancy prevention. That is, according to the introduced
properties they can recognize redundant sequences before scheduling; hence they can avoid checking them. The
efficiency of this improvement is evaluated later.

At first, an experiment is designed based on Taguchi method to tune the parameters and operators of the
proposed metaheuristic algorithm. Then, a set of small instances are generated and the model is evaluated
for its computational time complexity. On the same small instance, the general performances of algorithms
are compared with the optimal solution of the model. Another set of large instances is generated and the
performances of the algorithms are compared.

6. The parameter tuning

Since appropriate designing of parameters has significant impact on performance of algorithms, the proposed
algorithm is evaluated using different parameters. This section elaborates the parameter setting of SS algo-
rithm. There are many techniques to statistically design an experimental investigation. Although a full factorial
experiment is the most frequently used, this approach is not effective when the number of factors significantly
increases. Taguchi method is, a type of a fractional factorial experiment, proper for experiments with several
factors. The performance measure is the signal to-noise (S/N) ratio and the purpose is to maximize the signal-to
noise ratio [19]. The term “signal” represents the mean response variable and “noise” represents the standard
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Table 4. The levels of parameters of PSO algorithms.

Level Parameter
popsize O1 O2 vb

1 200 popsize/2 popsize/5 10
2 250 popsize/4 popsize/6 15
3 300 popsize/6 popsize/7 20

Table 5. The modified orthogonal array L9.

Trial Levels of control factors
A B C D

1 A(1) B(1) C (1) D(1)
2 A(1) B(2) C (3) D(2)
3 A(1) B(3) C (2) D(3)
4 A(2) B(1) C (3) D(3)
5 A(2) B(2) C (2) D(1)
6 A(2) B(3) C (1) D(2)
7 A(3) B(1) C (2) D(2)
8 A(3) B(2) C (1) D(3)
9 A(3) B(3) C (3) D(1)

deviation. This ratio is calculated as follows.

S/N ratio = −10 log10

1

n

[
n∑

i=1

RPD2
i

]

where RPD (i.e., relative percentage deviation) is

RPDi =
OFi −Mini

Mini
∗ 100

where OFij is the objective function value achieved by the algorithm and Mini is the best solution obtained for
test problem i.

The proposed SS has four three-level parameters of popsize, O1, O2 and vb. The levels of parameters are
represented in Table 4. Thus, our experiment is 34 one. Regarding to these levels, Taguchi design suggests L9

as the fittest orthogonal array since it is designed for such an experiment with four three-level factors. Table 5
shows the design of experiment proposed by L9. In the full factorial design, there are 81 different treatments;
yet, in Taguchi design, we only test 9 treatments, shown in Table 5, out of 81 ones.

30 different instances generated in different sizes are used. Thus, we have a total of 9*30 observations. Minitab
14 is used to analyze the results shown in Figure 4. The selected values are popsize of 250, O1of popsize/4, O2

of popsize/6 and vb of 15.

6.1. Evaluation on small sized instances

Using a set of small instances, the performance of the models and the algorithms are evaluated. We consider
n = {4, 6, 8, 10}, m = {3, 4}, nj = {U(2, 5)} and pj,i = {U(130)}. All the combinations sum up to 8 different
sizes. For each size, we generate two instances. These instances are solved by the models and algorithms. Both
models solve instances up to 6 jobs within 1000 s. Comparing the performance the two models, Model 1 would
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Figure 4. The S/N of controlled parameters value. (Color online.)

Table 6. The results on the small instances.

Instance C∗max Com. time (model) Cmax (algorithms)
n m Model 1 Model 2 SS SSR TS GA

4 3 118 0.30 0.08 118 118 118 124
4 3 128 0.33 0.08 128 128 128 128
4 4 129 0.42 0.09 129 129 129 129
4 4 111 0.11 0.03 111 111 111 114
6 3 92 5.11 0.62 92 92 92 101
6 3 87 3.63 2.20 88 94 90 90
6 4 125 201.00 103.29 125 125 125 125
6 4 145 368.15 189.00 145 145 145 145
8 3 193* 1000 1000 193 196 193 200
8 3 217* 1000 1000 217 217 217 217
8 4 181* 1000 1000 181 181 181 181
8 4 120* 1000 1000 120 120 120 120
10 3 224* 1000 1000 224 224 224 224
10 3 222* 1000 1000 222 222 222 222
10 4 202* 1000 1000 202 202 202 204
10 4 194* 1000 1000 194 195 194 196

*Upper bound of the mathematical models.

obtain the optimal solutions in lower computational times. Regarding the algorithms, SS performs the best
among all with obtaining 15 optimal solutions. Table 6 shows the results.

6.2. Evaluation on large sized instances

The section proceeds with the numerical comparison of the tested algorithms (i.e., IH, SS, SSR, TS and GA)
on large instances generated as follows. We consider n = {20, 40, 60, 80, 100} and m = {2, 3, 6}. The number
of operations for jobs are randomly generated from a uniform distribution between [m− 3,m + 5], and the
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Table 7. The results of the algorithms on the large instances.

n m Algorithms
GA SSR SS TS IH

20 2 1.12 0 0 0 1.13
3 1.05 0.30 0 0 1.86
6 3.49 0.81 0.29 0 3.58

40 2 0.38 0 0 0 1.11
3 0.97 0 0.39 0 1.58
6 3.33 3.56 1.99 1.08 7.43

60 2 0.82 0.19 0.09 0.77 1.77
3 3.64 1.80 0 2.11 4.19
6 2.60 0.73 0.02 1.75 4.55

80 2 2.05 0.05 0.02 2.19 2.45
3 1.86 0.93 0 0.61 2.16
6 3.87 0.30 0.25 5.82 5.72

100 2 0.88 0.05 0 1.06 1.51
3 3.32 0.88 0 4.29 3.73
6 3.46 1.94 0 5.10 5.66

Average 2.19 0.77 0.20 1.65 3.23
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Figure 5. Means plot with LSD intervals for the different algorithms. (Color online.)

processing times from a uniform distribution between U [1, 20]. There are 5 instances for each of 15 combination
sizes. It sums up to 75 instances. To compare the algorithms, RPD measure (Eq. (2.12)) is used.

Table 7 shows the results, averaged RPD for each combination of n and m. The best performing algorithm
is SS with average RPD of 0.20%. SSR obtains the average RPD of 0.77%. After the proposed algorithms, TS
achieves the average RPD of 1.65%. The worst performing algorithm is also GA with average RPD of 2.19%.

To statistically analyze the results, an ANOVA is conducted where the algorithm type is the single controlled
factor. The results show that there are statistically significant differences between various algorithms with a
p-value very close to zero. Figure 5 shows the means plot with least significant difference (LSD) intervals at the
95% confidence level for the different algorithms. As it can be seen, the proposed provides statistically better
results among the tested algorithms.

To further analyze the results, the performance of the algorithms versus the problem sizes is evaluated.
Figure 6 plots the average RPD of algorithms in different sizes of n and m.
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Figure 6. Means plot of algorithms versus the number of jobs/machines. (Color online.)
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Figure 7. Means plot of algorithms versus computational time ratio. (Color online.)

Table 8. The impact of the redundancy prevention theorems.

n m Percentage of sequences Computational time (s)
Discarded Checked IH(E) IH(N) Reduction

10 5 78.13 21.87 0.0048 0.0109 55.96%
10 88.21 11.79 0.0093 0.0905 89.72%

20 5 79.58 20.42 0.0188 0.0826 77.23%
10 89.07 10.92 0.1154 0.7629 84.87%

30 5 79.67 20.33 0.1031 0.2823 63.47%
10 89.49 10.51 0.5101 3.5787 85.74%

40 5 79.69 20.31 0.3244 1.2979 75.01%
10 89.65 10.35 1.5069 7.6441 80.28%

50 5 79.59 20.42 0.3261 1.883 82.68%
10 89.70 10.30 2.0499 19.719 89.60%

Average 84.28 15.72 78.46%

To further analyze the results, the performance of the algorithms versus the problem sizes is evaluated.
Figure 7 plots the average RPD of algorithms in different sizes of n and m.
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Figure 8. The percentage of discarded/checked sequences versus the number of jobs/machines.
(Color online.)
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Figure 9. The computational time (s) of IH(E) and IH(N) versus the number of jobs/machines.
(Color online.)

6.3. The impact of redundancy prevention theorems

The redundancy prevention theorems are used to recognize the redundancy before it takes place. To eval-
uate the efficiency of these research findings, we analyze how many redundant schedules are avoided while
implementing the simple applications of these two theorems. We compare the IH heuristic before and after the
implementation of above theorems. IH that excludes redundant solutions is called IH(E), while IH that includes
redundant solutions is named IH(N).

The large instances are solved to analyze the reduction in computational time originated by the application
of redundancy prevention theorems. Table 8 shows the percentage of sequences discarded and the computational
time in seconds of IH(E) and IH(N). On average, the theorems discard 85% of the sequences while it reduces
the computational time by 78%. In the case of (50,10), IH(E) solves the problems in around 19 s before applying
the concepts of above theorems while after applying them, this computational time plummets from 19 s to 2 s.
Figures 8 and 9 plot the percentage of discarded/checked sequences and the computational time of the two
algorithms versus the problem size. The almost same percentage of sequences is redundant in the different
number of jobs, while in larger number of machines, more sequences are redundant.



THE CYCLE SHOP SCHEDULING: MATHEMATICAL MODEL, PROPERTIES AND SOLUTION ALGORITHMS 127

7. Conclusion and future research

This paper studied the problem of scheduling the cycle shop. In this problem, jobs visited machines in a cyclic
manner. That is, they might be processed by a machine more than once. The problem was first formulated
by two mixed integer linear programs. Through this model, small instances were solved to optimality. The
encoding scheme that fits to this problem is permutation of job numbers. This scheme suffered from the serious
shortcoming of redundancy. Some novel properties were introduced by which the redundancy was recognized.
Enhanced by these properties, we developed a scatter search with five mechanisms of diversification generation,
improvement, reference set update, subset generation and solution combination. In the diversification generation
mechanism, an insertion heuristic is developed to initiate the algorithm from quality solutions. The subset
generation mechanism is designed so as to have both diversification and intensification capabilities. A fast and
simple, but effective local search is applied as the improvement mechanism.

Using Taguchi method, the choice of parameters and operators were comprehensively discussed, and the
algorithm was perfectly tuned. The efficiency of introduced theorems on the performance of the algorithms was
analyzed. The results showed over 80% of sequences are redundant schedule and the algorithms equipped with
implementation of those theorems could easily identify and consequently avoid checking them. Two sets of small
and large instances were generated and the algorithms were evaluated on them. The results showed that the
effectiveness of the algorithms. As an interesting future research, the problem can be extended to multi-objective
case. Moreover, it can be developed to consider some realistic assumptions such as setup times. It is also a line
for future research to evaluate the performance of other algorithms such as particle swarm optimization.
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