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NONMONOTONE CONIC TRUST REGION METHOD WITH LINE SEARCH
TECHNIQUE FOR BOUND CONSTRAINED OPTIMIZATION?

Lijuan Zhao1,∗

Abstract. In this paper, we propose a nonmonotone trust region method for bound constrained
optimization problems, where the bounds are dealt with by affine scaling technique. Differing from the
traditional trust region methods, the subproblem in our algorithm is based on a conic model. Moreover,
when the trial point isn’t acceptable by the usual trust region criterion, a line search technique is used
to find an acceptable point. This procedure avoids resolving the trust region subproblem, which may
reduce the total computational cost. The global convergence and Q-superlinear convergence of the
algorithm are established under some mild conditions. Numerical results on a series of standard test
problems are reported to show the effectiveness of the new method.
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1. Introduction

In this paper, we consider the following bound constrained optimization problem

min
x∈Rn

f(x), (1.1)

s.t. x ∈ Ω = {x | l ≤ x ≤ u}, (1.2)

where f : Rn → R is twice continuously differentiable, l and u are the upper and lower bounds of the variables
(whose components may be infinite), respectively.

Minimization problems with upper and lower bounds on some of the variables form an important and common
class of minimization problems. There are many methods for solving problems of this kind, such as active set
type method, projected Newton method, pattern search method and affine scaling trust region method. In this
paper, we propose an affine scaling trust region method for solving problem (1.1)–(1.2). The main advantages
of this type of method are the global convergence and the robustness of the algorithm.

Traditional trust region methods [19, 23] compute the ratio between the actual reduction and the predicted
reduction. If the ratio is satisfactory, we accept the trial point and enlarge the trust region radius. Otherwise,
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the trial point is rejected, the trust region radius is shrunk and the trust region subproblem is resolved until
an acceptable trial point is found. Thus, the trust region subproblem may be resolved several times at each
iteration, which is likely to increase the total cost of computation for large scale optimization problems. Nocedal
and Yuan [20] presented a method which combines the trust region method with the line search technique. Their
method performs line search technique to find a successful iteration when the trial point isn’t accepted by trust
region, where the trust region subproblem needs to be solved only once at each iteration, so the total cost of
computation may be reduced to some extent.

In traditional trust–region methods, if the ratio between the actual reduction and the predicted reduction
is satisfactory at each iteration, the objective function decreases. Otherwise, the objective function doesn’t
change. It may cause that the iterations are trapped at the bottom of the curved narrow valley such that it
has slow convergence rate. To overcome this drawback, Sun [24], Fu and Sun [9], Toint [28] pointed out that
the nonmonotone technique may be helpful. Nonmonotone technique was first proposed by Grippo, Lampariello
and Lucidi [11] in the following form

f(xk + αkdk) ≤ max
0≤j≤m(k)

f(xk−j) + δαkg
T
k dk,

where αk is a step-size, m(k + 1) = min{m(k) + 1,M}, M > 0 and δ ∈ (0, 1) are two constants. However, this
kind of nonmonotone technique has some drawbacks. First, it is dependent on the choices of M . Second, due
to the max-value choice, many good values may be discarded at each iteration. To overcome these drawbacks,
Zhang and Hager [31] presented another nonmonotone line search technique as follows,

f(xk + αkdk) ≤ Ck + δαkg
T
k dk,

g(xk + αkdk)T dk ≥ σgTk dk,

where δ ∈ (0, 1) and σ ∈ (0, 1) are two constants,

Ck =
{
f(xk), if k = 0,
(τk−1Qk−1Ck−1 + f(xk))/Qk, if k ≥ 1, (1.3)

Qk =
{

1, if k = 0,
τk−1Qk−1 + 1, if k ≥ 1,

here, τk ∈ [τmin, τmax], τmin ∈ [0, 1) and τmax ∈ [τmin, 1) are two given constants.
From (1.3), we can see that Ck is a combination of Ck−1 and f(xk). In theory, τk should be close to 1 when

the iterates are far from the optimal solution and τk should be close to 0 when the iterates are near the optimal
solution. Gu and Mo [12] introduced another nonmonotone technique as follows,

f(xk + αkdk) ≤ Ek + δαkg
T
k dk, (1.4)

g(xk + αkdk)T dk ≥ σgTk dk, (1.5)

where Ek is a simple convex combination of Ek−1 and f(xk), i.e.,

Ek =
{
f(xk), if k = 0,
µk−1Ek−1 + (1− µk−1)f(xk), if k ≥ 1, (1.6)

for µk−1 ∈ (0, 1). When µk−1 = τk−1Qk−1/Qk, Ek is Ck; when µk = 0 for all k, Ek becomes f(xk). So (1.4)−(1.5)
can be regarded as an extension of the traditional line search and Zhang–Hager’s nonmonotone line search.

The conic model was first proposed by Davidon and Sorensen [7,25] for unconstrained optimization problem
in the following form

min
d∈Rn

ϕk(d) =
gTk d

1 + bTk d
+

1
2

dTBkd

(1 + bTk d)2
,



NONMONOTONE CONIC TRUST REGION METHOD 789

where gk = ∇f(xk) is the gradient of the objective function f at xk, Bk ∈ Rn×n is the Hessian of the objective
function or its approximation, bk ∈ Rn is the horizontal vector. Due to the global convergence of the trust region
method, Di and Sun [8] proposed the following conic trust region subproblem for unconstrained optimization
problem

min
d∈Rn

ϕk(d) =
gTk d

1 + bTk d
+

1
2

dTBkd

(1 + bTk d)2
,

s.t. ‖d‖ ≤ ∆k,

where ∆k > 0 is a trust region radius, ‖ · ‖ refers to Euclidean norm. Ni [21] proposed a new conic trust region
subproblem for unconstrained optimization problem as follows,

min
d∈Rn

ϕk(d) =
gTk d

1 + bTk d
+

1
2

dTBkd

(1 + bTk d)2
, (1.7)

s.t. ‖d‖ ≤ ∆k, (1.8)
|1 + bTk d| ≥ ε0, (1.9)

where ε0 ∈ (0, 1) is a constant, to overcome the case in which the conic function ϕk(d) may be unbounded.
In [21] he divided the problem (1.7)–(1.9) into three subproblems and analyzed the optimality condition for each
subproblem. In [26], Salahi gave an SOCP/SDP formulation for the conic trust region subproblem. However,
this method is not applicable for large scale problems. In [27], they presented a generalized Newton algorithm
to overcome this limition.

In [34], Zhu proposed an combined affine scaling trust region and interior backtracking line search method
for bound constrained nonlinear systems, where he used Grippo et al’s nonmonotone line search, which has
some drawbacks that we have mentioned before. In [6], Cui, Wu and Qu proposed a method which combines
nonmonotone conic trust region method and line search technique for unconstrained optimization problem, where
they used the nonmonotone line search which is proposed by Zhang and Hager [31]. The numerical results show
that the method is quite effective. In [32], we proposed a conic affine scaling dogleg method for bound constrained
optimization problem. The numerical results show that the method has some drawbacks. If the trial point isn’t
accepted by trust region, we shrink the trust region radius and solve the trust region subproblem, which may
increase the total cost of computation to some extent. In this paper, we propose a nonmonotone conic trust
region method with line search technique for bound constrained optimization problem, where the bounds are
dealt with by affine scaling technique, which was first proposed by Coleman and Li [4] and later studied by many
authors [1–3, 13, 15, 16, 18, 29, 33–36]. Our method produces a prediction of the objective function better than
that obtained from the quadratic model. When the trial point isn’t accepted by the trust region, we perform
line search until an acceptable trial point is found, which reduces the total cost of computation.

The paper is organized as follows. In Section 2, we describe our nonmonotone conic trust region method with
line search technique for bound constrained optimization problem. The global convergence and Q-superlinear
convergence are established in Section 3. Numerical results are reported in Section 4. We give some conclusions
in Section 5.

2. Nonmonotone conic trust region method with line search technique
for bound constrained optimization problem

Ignoring primal and dual feasibility of the problem (1.1)–(1.2), we give the first order necessary conditions
for x∗ to be a local minimizer as follows,

(g∗)i = 0, if li < (x∗)i < ui;

(g∗)i ≥ 0, if (x∗)i = li;

(g∗)i ≤ 0, if (x∗)i = ui.

(2.10)
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where g∗
def= g(x∗). We can rewrite (2.10) in the form

D(x∗)g(x∗) = 0,

where D(x) is Coleman-Li scaling matrix [4]. The diagonal entries of D(x) are

di(x) =


ui − xi, if gi < 0 and ui < +∞;

xi − li, if gi > 0 and li > −∞;

min{xi − li, ui − xi}, if gi = 0 and li > −∞ or ui <∞;

1, otherwise.

The diagonal scaling matrix D(x) handles the bounds implicitly.

2.1. Algorithm

In this paper, we consider the following conic trust region subproblem

min
d∈Rn

c(xk + d) = f(xk) +
gTk d

1 + bTk d
+

1
2

dTBkd

(1 + bTk d)2
, (2.11)

s.t. ‖Skd‖ ≤ ∆k, (2.12)
xk + d ∈ int(Ω), (2.13)

where Sk is a scaling matrix and Dk = D(xk).
Next, we are going to state our Nonmonotone Conic Trust Region method with Line Search technique

(abbreviated as NCTRLS) for bound constrained optimization problem.

Algorithm 2.1. {NCTRLS}

Step 0. Choose parameters 0 < η1 < η2 < 1, 0 < γ1 < γ2 < 1 < γ3, δ ∈ (0, 1/2), b0 ∈ Rn, λ ∈ (0, 1), µ0 ∈
(0, 1), ε > 0, σ ∈ (0, 1). Given an initial trust region radius ∆0, a maximal trust region radius ∆max ≥ ∆0,
a positive definite matrix B0 ∈ Rn×n, and a strictly feasible iterate point x0 ∈ int(Ω). Compute g0, D0, and
f(x0). Set E0 = f(x0) and k = 0.

Step 1. If ‖D
1
2
k gk‖ < ε, stop and xk is an approximate solution to (1.1)–(1.2). Otherwise, go to Step 2.

Step 2. Compute a trial step dk such that

c(xk)− c(xk + dk) ≥ κc[c(xk)− c(xk + dCk )], (2.14)

where dCk is the generalized Cauchy point, which is pointed out by Zhao and Sun [32], and κc ∈ (0, 1) is a
constant.
Step 3. Compute

Âred(dk) = Ek − f(xk + dk),

P red(dk) = c(xk)− c(xk + dk),

ρ̂f (dk) =
Âred(dk)
Pred(dk)

·

Step 4. If ρ̂f (dk) ≥ η1, set xk+1 = xk + dk, and go to Step 6. Otherwise, go to Step 5.
Step 5. Find the smallest ik ≥ 0 such that αk = λik ensures the following inequalities,

f(xk + αkdk) ≤ Ek + δαkg
T
k dk, (2.15)

g(xk + αkdk)T dk ≥ σgTk dk, (2.16)
xk + αkdk ∈ int(Ω). (2.17)
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Set xk+1 = xk + αkdk.
Step 6. Update the trust region radius ∆k+1 from ∆k:

∆k+1 =


[γ1∆k, γ2∆k), if ρ̂f (dk) ≤ η1;

[γ2∆k, ∆k), if η1 < ρ̂f (dk) ≤ η2;

[∆k,min{γ3∆k, ∆max}), if ρ̂f (dk) > η2.

Step 7. Compute bk+1 ∈ Rn, Bk+1 ∈ Rn×n, µk+1 ∈ (0, 1) and Ek+1 by (1.6). Set k := k + 1 and go to Step 1.

Remarks.

(1) In order to guarantee the global convergence, we choose a sufficiently small constant γ such that

∆k‖bk‖ ≤ γ and 1− γMS > 0, (2.18)

where MS = 1 + max
k
‖S−1

k ‖. In our numerical results, we set Sk = I and Sk = D
− 1

2
k , respectively.

(2) If µk = 0 for all k, (2.15)–(2.16) is the traditional line search. If µk = ηkQk/Qk+1, where ηk ∈ (0, 1) is a
constant, (2.15)–(2.16) becomes Zhang–Hager’s nonmonotone line search.

(3) If bk = 0, c(xk + d) is reduced to a quadratic model. Furthermore, one can see that c(xk + d) is quadratic
along any direction d ∈ Rn satisfying bTk d = 0. In Step 2 of Algorithm 2.1, the conic trust region subprob-
lem (2.11)–(2.13) may be solved by the dogleg method described in [32].

(4) In Step 7, Bk+1 may be computed by using the damped BFGS formula in order to preserve the positive
definiteness of these matrices.

(5) In Algorithm 2.1, we set µk = τkQk/Qk+1 and µk a constant in (0, 1), respectively.

3. Convergence analysis

In this section, we establish the global convergence of Algorithm 2.1. Denote the level set as

L(x0) = {x|f(x) ≤ f(x0), l ≤ x ≤ u}.

First, we give some assumptions as follows.

(A1) f : Rn → R is twice continuously differentiable and bounded below.
(A2) There exists a constant K1 > 0 such that for all d ∈ Rn,

dTBkd ≥ K1‖d‖2, k = 0, 1, 2, . . . .

(A3) There exists a constant χB > 0 such that

‖D
1
2
k BkD

1
2
k ‖ ≤ χB .

(A4) The level set L(x0) is bounded.

Assumptions A1 and A4 mean that there exist positive constants M1 and M2 such that

‖∇2f(x)‖ ≤M1, ‖g(x)‖ ≤M2, ∀x ∈ L(x0).

From [1] we know that D(x)−1 is bounded in Ω ∩ Bρ(x) for any x ∈ int(Ω) and ρ > 0, where Bρ(x) = {y :
‖y − x‖ < ρ}, so there exists a positive constant χD such that

‖D−
1
2

k ‖ ≤ χD, ∀x ∈ L(x0). (3.19)

Suppose that ‖bk‖ ≤Mb and ‖Bk‖ ≤MB , where Mb and MB are positive constants, respectively.
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For the convenience of proof, we denote

I = {k|ρ̂f (dk) ≥ η1}, J = {k|ρ̂f (dk) < η1}.

The following lemma shows that the model function c(xk + dk) descends sufficiently. Its proof is similar to
the proof of Lemma 4.1 in [32].

Lemma 3.1. Suppose that Assumptions A1 and A3 hold, then the following inequality

Pred(dk) ≥ 1
2
βδ1κc‖D

1
2
k gk‖min

{
∆k,

‖D
1
2
k gk‖

‖D
1
2
k BkD

1
2
k ‖
,
θ1‖D

1
2
k gk‖

‖gk‖∞

}

holds for all k, where β, δ1, θ1 ∈ (0, 1) are three constants, κc > 0 is a constant independent of k, dk is a trial
step that satisfies (2.14).

The next lemma tells us that the direction of the trial step dk decreases sufficiently.

Lemma 3.2. Suppose that Assumptions A1 and A3 hold, and that dk is generated by the conic trust region
subproblem (2.11)–(2.13), then

gTk dk ≤ −
1
2
βδ1κc(1− γMS)‖D

1
2
k gk‖min

{
∆k,

‖D
1
2
k gk‖

‖D
1
2
k BkD

1
2
k ‖
,
θ1‖D

1
2
k gk‖

‖gk‖∞

}
·

Proof. Because Bk is updated by the damped BFGS formula, it is positive definite. Then

Pred(dk) = − gTk dk
1 + bTk dk

− 1
2

dTkBkdk
(1 + bTk dk)2

≤ − gTk dk
1 + bTk dk

· (3.20)

Also, from (2.18), we get

|bTk dk| ≤ ‖bk‖‖dk‖ = ‖bk‖‖S−1
k Skdk‖ < MS‖bk‖∆k ≤ γMS ,

and then
0 < 1− γMS < 1 + bTk dk < 1 + γMS . (3.21)

From (3.20), (3.21) and Lemma 3.1, we obtain

gTk dk ≤ −(1 + bTk dk)Pred(dk)

≤ −1
2
βδ1κc(1− γMS)‖D

1
2
k gk‖min

{
∆k,

‖D
1
2
k gk‖

‖D
1
2
k BkD

1
2
k ‖
,
θ1‖D

1
2
k gk‖

‖gk‖∞

}
,

and the proof is complete. �

Lemma 3.3. Suppose that Assumptions A1 and A3 hold, then the following inequality

Ek ≥ Ek+1 ≥ f(xk+1)

holds for all k.
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Proof. From (1.6), we have Ek+1 − f(xk+1) = µk(Ek − f(xk+1)). Consider the following two cases.
Case a. If k ∈ I, xk+1 = xk + dk. Then we have

Ek − f(xk+1) ≥ η1βδ1κc
2

‖D
1
2
k gk‖min

{
∆k,

‖D
1
2
k gk‖

‖D
1
2
k BkD

1
2
k ‖
,
θ1‖D

1
2
k gk‖

‖gk‖∞

}
≥ 0,

which induces Ek ≥ f(xk+1).
Case b. If k ∈ J , xk+1 = xk + αkdk. From Lemma 3.2, we get

gTk dk ≤ −
(1− γMS)βδ1κc

2
‖D

1
2
k gk‖min

{
∆k,

‖D
1
2
k gk‖

‖D
1
2
k BkD

1
2
k ‖
,
θ1‖D

1
2
k gk‖

‖gk‖∞

}
≤ 0.

Combining it with (2.15), we also obtain Ek ≥ f(xk+1).
In both cases, as Ek+1 − f(xk+1) = µk(Ek − f(xk+1)), we have Ek+1 ≥ f(xk+1). Furthermore,

Ek+1 − Ek = (1− µk)(f(xk+1)− Ek) ≤ 0,

then Ek+1 ≤ Ek. Thus, the proof is complete. �

The next lemma shows that the line search step-size αk is bounded below.

Lemma 3.4. Suppose that Assumptions A1, A2, A3 and A4 hold, then

αk ≥ ω

for all k ∈ J , where ω > 0 is a constant.

Proof. For all k ∈ J , from (2.15) and Lemma 3.3, we have

f(xk + λ−1αkdk) > Ek + δλ−1αkg
T
k dk ≥ f(xk) + δλ−1αkg

T
k dk. (3.22)

Taylor’s expansion yields that

f(xk + λ−1αkdk) = f(xk) + λ−1αkg
T
k dk +

λ−2

2
α2
kd
T
k∇2f(xk)dk, (3.23)

where xk = xk + ςkλ
−1αkdk, ςk ∈ (0, 1) is a constant. Next, we prove xk = xk + ςkλ

−1αkdk ∈ L(x0). First, by
first order Taylor’s expansion, we have

f(xk + ςkλ
−1αkdk) = f(xk) + ςkλ

−1αkg
T
k dk + o(|ςkλ−1αkg

T
k dk|), (3.24)

where ςk ∈ (0, 1), o(|ςkλ−1αkg
T
k dk|) is high-order infinite smallness of |ςkλ−1αkg

T
k dk|. Combining it with

Lemma 3.2, we know

f(xk + ςkλ
−1αkdk) ≤ f(xk) ≤ f(x0). (3.25)

Second, we will prove l ≤ xk = xk + ςkλ
−1αkdk ≤ u. Because l ≤ xk ≤ u, l ≤ xk +λik−1dk ≤ u (which means

that the line search iteration is proceeded in the box constraint for every k ∈ J), we consider the following two
cases.

Case a. If (dk)i ≥ 0, by using ςk ∈ (0, 1), we have

li ≤ (xk)i ≤ (xk)i + ςkλ
−1αk(dk)i ≤ (xk)i + λ−1αk(dk)i = (xk)i + λik−1(dk)i ≤ ui.
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Case b. If (dk)i < 0, by using ςk ∈ (0, 1), we obtain

li ≤ (xk)i + λik−1(dk)i = (xk)i + λ−1αk(dk)i ≤ (xk)i + ςkλ
−1αk(dk)i ≤ (xk)i ≤ ui.

Here, li, (xk)i, (dk)i, ui are the ith components of l, xk, dk, u, respectively. Thus, we have xk = xk +
ςkλ
−1αkdk ∈ L(x0). Combining (3.22), (3.23), Assumptions A1 and A4 yields that

δλ−1αkg
T
k dk < λ−1αkg

T
k dk +

λ−2

2
α2
kd
T
k∇2f(ξk)dk < λ−1αkg

T
k dk +

λ−2

2
α2
kM1‖dk‖2,

then

−(1− δ)gTk dk <
λ−1αk

2
M1‖dk‖2. (3.26)

Because

Pred(dk) = − gTk dk
1 + bTk dk

− 1
2

dTkBkdk
(1 + bTk dk)2

≥ βδ1κc
2
‖D

1
2
k gk‖min

{
∆k,

‖D
1
2
k gk‖

‖D
1
2
k BkD

1
2
k ‖
,
θ1‖D

1
2
k gk‖

‖gk‖∞

}
≥ 0,

combining (3.21) and Assumption A2 yields that

−gTk dk ≥
dTkBkdk

2(1 + bTk dk)
≥ K1‖dk‖2

2(1 + γMS)
· (3.27)

From (3.26) and (3.27), we have

αk ≥
λ(1− δ)K1

M1(1 + γMS)
def= ω,

and the proof is complete. �

Lemma 3.5. Suppose that Assumptions A1, A2 and A3 hold, and that the sequence {xk} is generated by
Algorithm 2.1, then {xk} ∈ L(x0).

Proof. If k = 0, the result holds obviously. Assume that xk ∈ L(x0), we prove first that Ek ≤ f(x0).
When j = 0, E0 = f(x0), it is obvious. Assume that the inequality Ej ≤ f(x0) holds when j = k − 1. When

j = k, from (1.6), we have

Ek = µk−1Ek−1 + (1− µk−1)f(xk)
≤ µk−1f(x0) + (1− µk−1)f(x0)
= f(x0).

So for all xk ∈ L(x0), we have Ek ≤ f(x0). From Lemma 3.3, we have

f(xk+1) ≤ Ek+1 ≤ Ek ≤ f(x0).

Furthermore, l ≤ xk+1 ≤ u, so xk+1 ∈ L(x0). �

Lemma 3.6. Suppose that Assumptions A1, A2, A3 and A4 hold, then

Ek − Ek+1 ≥ (1− µk)δ2‖D
1
2
k gk‖min

{
∆k,

‖D
1
2
k gk‖

‖D
1
2
k BkD

1
2
k ‖
,
θ1‖D

1
2
k gk‖

‖gk‖∞

}
,

where δ2 > 0 is a constant.
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Proof.

(1) For k ∈ I, xk+1 = xk + dk, from Lemma 3.1, we have

Ek − f(xk+1) ≥ η1Pred(dk)

≥ η1βδ1κc
2

‖D
1
2
k gk‖min

{
∆k,

‖D
1
2
k gk‖

‖D
1
2
k BkD

1
2
k ‖
,
θ1‖D

1
2
k gk‖

‖gk‖∞

}
·

(2) For k ∈ J , xk+1 = xk + αkdk, from Lemma 3.2, we have

gTk dk ≤ −
(1− γMS)βδ1κc

2
‖D

1
2
k gk‖min

{
∆k,

‖D
1
2
k gk‖

‖D
1
2
k BkD

1
2
k ‖
,
θ1‖D

1
2
k gk‖

‖gk‖∞

}
·

Thus, from (2.15) we obtain

f(xk+1) ≤ Ek −
δαk(1− γMS)βδ1κc

2
‖D

1
2
k gk‖min

{
∆k,

‖D
1
2
k gk‖

‖D
1
2
k BkD

1
2
k ‖
,
θ1‖D

1
2
k gk‖

‖gk‖∞

}
·

From Lemma 3.4, we get

f(xk+1) ≤ Ek −
δω(1− γMS)βδ1κc

2
‖D

1
2
k gk‖min

{
∆k,

‖D
1
2
k gk‖

‖D
1
2
k BkD

1
2
k ‖
,
θ1‖D

1
2
k gk‖

‖gk‖∞

}
·

Set δ2
def= min

{
η1βδ1κc

2 , δω(1−γMS)βδ1κc

2

}
, then we have

f(xk+1) ≤ Ek − δ2‖D
1
2
k gk‖min

{
∆k,

‖D
1
2
k gk‖

‖D
1
2
k BkD

1
2
k ‖
,
θ1‖D

1
2
k gk‖

‖gk‖∞

}
·

Combining it with (1.6), we obtain

Ek+1 = µkEk + (1− µk)f(xk+1)

≤ Ek − (1− µk)δ2‖D
1
2
k gk‖min

{
∆k,

‖D
1
2
k gk‖

‖D
1
2
k BkD

1
2
k ‖
,
θ1‖D

1
2
k gk‖

‖gk‖∞

}
,

and the proof is complete. �

Next, we prove that the trust region radius ∆k is bounded away from zero. The proof is discussed by
considering two cases. The first one is the trust region iteration, i.e., xk+1 = xk + dk; the second one is the line
search iteration, i.e., xk+1 = xk + αkdk.

For trust region iteration, we first prove some technical lemmas.
The following lemma shows the discrepancy between the objective function and the model function.

Lemma 3.7. Suppose that Assumptions A1, A3 and A4 hold, dk is the solution of the problem (2.11)–(2.13),
then

|[f(xk)− f(xk + dk)]− [c(xk)− c(xk + dk)]| ≤M∆2
k.
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Proof. From (3.21), we have
0 < 1− γMS < 1 + bTk dk < 1 + γMS .

Taylor’s expansion yields that

f(xk + dk) = f(xk) + gTk dk +
1
2
dTk∇2f(xk + ζkdk)dk, (3.28)

where ζk ∈ (0, 1) is a constant. Next, we prove xk + ζkdk ∈ L(x0). First, by first order Taylor’s expansion, we
obtain

f(xk + ζkdk) = f(xk) + ζkg
T
k dk + o(‖ζkdk‖),

where o(‖ζkdk‖) is high-order infinite smallness of ‖ζkdk‖. Combining it with Lemma 3.2, we know

f(xk + ζkdk) ≤ f(xk) ≤ f(x0). (3.29)

Second, we will prove l ≤ xk + ζkdk ≤ u. Because l ≤ xk ≤ u and l ≤ xk + dk ≤ u hold for k ∈ I, we consider
the following two cases.

Case a. If (dk)i ≥ 0, by using ζk ∈ (0, 1), we get

li ≤ (xk)i ≤ (xk)i + ζk(dk)i ≤ (xk)i + (dk)i ≤ ui.

Case b. If (dk)i < 0, by using ζk ∈ (0, 1), we obtain

li ≤ (xk)i + (dk)i ≤ (xk)i + ζk(dk)i ≤ (xk)i ≤ ui.

Here, li, (xk)i, (dk)i, ui are the i-th component of l, xk, dk, u, respectively. Thus, we have xk + ζkdk ∈ L(x0).
Using (3.28), Assumptions A1 and A4 yield that

|[f(xk)− f(xk + dk)]− [c(xk)− c(xk + dk)]|

=

∣∣∣∣∣gTk dk +
1
2
dTk∇2f(xk + ζkdk)dk −

gTk dk
1 + bTk dk

− 1
2

dTkBkdk
(1 + bTk dk)2

∣∣∣∣∣
=

∣∣∣∣∣gTk dkbTk dk1 + bTk dk
+

1
2
dTk∇2f(xk + ζkdk)dk −

1
2

dTkBkdk
(1 + bTk dk)2

∣∣∣∣∣
≤

(
M2Mb

1− γMS
+
M1

2
+

MB

2(1− γMS)2

)
‖dk‖2

≤ M2
S

(
M2Mb

1− γMS
+
M1

2
+

MB

2(1− γMS)2

)
∆2
k

= M∆2
k,

where M def= M2
S

(
M2Mb

1−γMS
+ M1

2 + MB

2(1−γMS)2

)
. �

Lemma 3.8. Suppose that Assumptions A1, A2, A3 and A4 hold, and that there exists a positive constant ε ≥ 0
such that ‖D

1
2
k gk‖ ≥ ε, and ∆k < min

{
∆max,

ε
χB
, θ1χD

, (1−η2)βδ1κcε

2M

}
, then ρ̂f (dk) > η2 and ∆k+1 ≥ ∆k.

Proof. From (3.19) and Lemma 3.5, we get

‖gk‖∞ ≤ ‖gk‖ =
∥∥∥D− 1

2
k D

1
2
k gk

∥∥∥ ≤ χD ∥∥∥D 1
2
k gk

∥∥∥ . (3.30)
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From Lemma 3.1, Lemma 3.7 and Assumption A3, we have∣∣∣∣∣f(xk)− f(xk + dk)
Pred(dk)

− 1

∣∣∣∣∣ =

∣∣∣∣∣ [f(xk)− f(xk + dk)]− [c(xk)− c(xk + dk)]
Pred(dk)

∣∣∣∣∣
≤ M∆2

k

βδ1κc

2 ‖D
1
2
k gk‖min

{
∆k,

‖D
1
2
k gk‖

‖D
1
2
k BkD

1
2
k ‖
,
θ1‖D

1
2
k gk‖

‖gk‖∞

}
≤ M∆2

k

βδ1κcε
2 min

{
∆k,

ε
χB
, θ1χD

}
=

2M∆k

βδ1κcε
< 1− η2,

then
f(xk)− f(xk + dk)

Pred(dk)
> η2. (3.31)

From (3.31) and Lemma 3.3, we have

ρ̂f (dk) =
Ek − f(xk + dk)

Pred(dk)
≥ f(xk)− f(xk + dk)

Pred(dk)
> η2.

So ∆k+1 ≥ ∆k. �

The next lemma shows that if the current iterate isn’t a first order critical point, the trust region radius ∆k

is bounded away from zero for trust region iteration.

Lemma 3.9. Suppose that Assumptions A1, A2, A3 and A4 hold, and that there exists a constant ε > 0 such
that ‖D

1
2
k gk‖ ≥ ε, then there exists a constant ∆lbd1 > 0 such that ∆k ≥ ∆lbd1 for k ∈ I.

Proof. Suppose that k is the first index satisfying

∆k+1 ≤ γ1 min

{
∆max,

ε

χB
,
θ1
χD

,
(1− η2)βδ1κcε

2M

}
def= γ1δ0, (3.32)

which means that the index k − 1 doesn’t satisfy (3.32), then

∆k > γ1δ0 ≥ ∆k+1. (3.33)

From Step 6 of Algorithm 2.1, we have γ1∆k ≤ ∆k+1, so

∆k ≤ δ0 = min
{
∆max,

ε

χB
,
θ1
χD

,
(1− η2)βδ1κcε

2M

}
·

From Lemma 3.8, we know ∆k+1 ≥ ∆k, which contradicts (3.33). So ∆k > ∆lbd1, where ∆lbd1
def=

γ1 min{∆max,
ε
χB
, θ1χD

, (1−η2)βδ1κcε

2M
}. We complete the proof. �

Next, we prove that for line search iteration, if the current iterate isn’t a first order critical point, then the
trust region radius ∆k is bounded away from zero for sufficiently large k.
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Lemma 3.10. Suppose that Assumptions A1, A2, A3 and A4 hold, and that there exists a constant ε > 0 such
that ‖D

1
2
k gk‖ ≥ ε, then there exists a constant ∆lbd2 > 0 such that ∆k ≥ ∆lbd2 for k ∈ J sufficiently large.

Proof. For k ∈ J , xk+1 = xk + αkdk, from Lemmas 3.2 and 3.3, we have

0
> Ek − f(xk + λ−1αkdk) + δλ−1αkg

T
k dk

≥ f(xk)− f(xk + λ−1αkdk) + δλ−1αkg
T
k dk

≥ −(1− δ)λ−1αkg
T
k dk −

λ−2

2
α2
kM1‖dk‖2

≥ βδ1κcε

2
(1− δ)λ−1αk(1− γMS) min

{
∆k,

ε

χB
,
θ1
χD

}
− λ−2

2
α2
kM1‖dk‖2

= λ−1αk

[βδ1κcε
2

(1− δ)(1− γMS) min

{
∆k,

ε

χB
,
θ1
χD

}
− λ−1

2
M1MS∆k‖xk+1 − xk‖

]
= λ−1αk∆k

[
βδ1κcε

2
(1− δ)(1− γMS) min

{
1,

ε

∆kχB
,

θ1
∆kχD

}
− λ−1

2
M1MS‖xk+1 − xk‖

]
.

So

‖xk+1 − xk‖ >
λ(1− δ)(1− γMS)βδ1κcεmin

{
1, ε

∆kχB
, θ1
∆kχD

}
M1MS

· (3.34)

Next, we prove ∆k ≤ min{ ε
χB
, θ1χD
} holds for k ∈ J sufficiently large by contradiction. If ∆k > min

{
ε
χB
, θ1χD

}
holds for k ∈ J sufficiently large, denoting

∆l
def= min

{
ε

χB
,
θ1
χD

, γ1∆max,
γ1(1− η2)βδ1κcε

2M2

}
,

then we have ∆k > ∆l. From Lemma 3.6, we have

Ek − Ek+1 ≥ (1− µk)δ2εmin

{
∆l,

ε

χB
,
θ1
χD

}
≥ 0. (3.35)

From Assumption A1, we know Ek ≥ f(xk) ≥ flbd, where flbd is the lower bound of f(xk). Combining it with
the decreasing sequence {Ek}, we have {Ek} converges. From (3.35), we obtain lim

k→∞
µk = 1, which contradicts

the fact that µk ∈ (0, 1). So ∆k ≤ min
{

ε
χB
, θ1χD

}
holds for k ∈ J sufficiently large.

From (3.34), we have

‖xk+1 − xk‖ >
λ(1− δ)(1− γMS)βδ1κcε

M1MS
·

On the other hand, ‖xk+1 − xk‖ = αk‖dk‖ < MS∆k, so

∆k >
λ(1− δ)(1− γMS)βδ1κcε

M1M2
S

def= ∆lbd2.

We complete the proof. �
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From Lemmas 3.9 and 3.10, we know that for sufficiently large k, the trust region radius ∆k is bounded
below, the lower bound is

∆lbd = min{∆lbd1, ∆lbd2}. (3.36)

The next theorem shows that at least one of the limit points (if any) is a first order critical point.

Theorem 3.11. Suppose that Assumptions A1, A2, A3 and A4 hold, then the sequence {xk} generated by
Algorithm 2.1 satisfies

lim inf
k→∞

‖D
1
2
k gk‖ = 0.

Proof. Suppose that the conclusion doesn’t hold, i.e., there exists a constant ε > 0 such that ‖D
1
2
k gk‖ ≥ ε. From

Lemma 3.6, we have

Ek − Ek+1 ≥ (1− µk)δ2‖D
1
2
k gk‖min

{
∆k,

‖D
1
2
k gk‖

‖D
1
2
k BkD

1
2
k ‖
,
θ1‖D

1
2
k gk‖

‖gk‖∞

}

≥ (1− µk)δ2εmin

{
∆k,

ε

χB
,
θ1
χD

}
· (3.37)

Case a. when µk ∈ (0, 1) is a constant for all k, from (3.37), we have lim
k→∞

∆k = 0, which contradicts (3.36).

Case b. when µk = τkQk/Qk+1, from the definition of Qk+1, we have Qk+1 ≤ k+2. Combining (3.36) and (3.37)
yields that

Ek − Ek+1 ≥
1

Qk+1
δ2εmin

{
∆lbd,

ε

χB
,
θ1
χD

}

≥ 1
k + 2

δ2εmin

{
∆lbd,

ε

χB
,
θ1
χD

}
·

Summing up the above inequality from k = 0 to j, we obtain

E0 − Ej+1 ≥
j∑

k=0

1
k + 2

δ2εmin

{
∆lbd,

ε

χB
,
θ1
χD

}
·

From Lemma 3.3, we have Ej+1 ≥ f(xj+1) ≥ flbd, then

f(x0)− flbd ≥ f(x0)− Ej+1 = E0 − Ej+1 ≥
j∑

k=0

1
k + 2

δ2εmin

{
∆lbd,

ε

χB
,
θ1
χD

}
·

Thus
j∑

k=0

1
k + 2

≤ f(x0)− flbd
δ2εmin

{
∆lbd,

ε
χB
, θ1χD

} def= ω1. (3.38)

Set j tending to +∞, then (3.38) contradicts the fact that the series
∞∑
k=0

1
k+2 diverges. We complete the proof. �

In order to prove the local convergence rate, we add some additional assumptions.

(A5) The sequence {xk} generated by Algorithm 2.1 converges to a stationary point x∗, i.e.,

lim
k→∞

xk = x∗ and lim
k→∞

‖gk‖ = ‖g∗‖ = 0.
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(A6) If
‖B−1

k gk‖
1 + bTkB

−1
k gk

≤ ∆k,

then

dk = −
B−1
k gk

1 + bTkB
−1
k gk

.

The local convergence is similar to Theorem 4.2 in [17], Theorem 5.10 in [22] and Theorem 3.2 in [12], so we
omit the proof here.

Theorem 3.12. Suppose that Assumptions A1, A2, A3, A4, A5 and A6 hold, ∇2f(x) is positive definite and
Lipschitz continuous in the neighborhood of x∗. If

lim
k→∞

‖(Bk −∇2f(xk))dk‖
‖dk‖

= 0,

then the sequence {xk} converges to x∗ Q-superlinearly.

4. Numerical results

In this section, the Algorithm 2.1 is tested on a set of standard testing problems which appeared in [5,14,30].
A MATLAB program is coded to perform the experiments.

The fixed constants are η1 = 0.001, η2 = 0.75, γ1 = 0.2, γ2 = 0.5, γ3 = 2, δ = 0.2, b0 = 0, λ = 0.5, τk =
0.85, ε = 10−6, ∆0 = 5, ∆max = 10, B0 = I, σ = 0.9, ζ = 1 − ε. The stopping criterion is ‖D

1
2
k gk‖ ≤ ε, the

maximal number of iteration is 5000. In order to compute the optimal solution by our conic model method, we
set

dk−1 = xk − xk−1,

ρk = (f(xk−1)− f(xk))2 − (gTk−1dk−1)(gTk dk−1),

βk =

{
(f(xk−1)−f(xk))+

√
ρ

k

−gT
k−1dk−1

, if ρk > 0;
1, otherwise.

bk =
βk − 1
gTk−1dk−1

gk−1,

yk−1 = βkgk − β3
kgk−1,

Bk =

Bk−1 +
yk−1y

T
k−1

dTk−1yk−1
−
Bk−1dk−1d

T
k−1Bk−1

dTk−1Bk−1dk−1
, if dTk−1yk−1 > 0;

Bk−1, otherwise.

In our nonmonotone conic trust region method with line search technique, we set the initial point x0 ∈ int(Ω).
If the initial point x0 /∈ int(Ω) = {x|l < x < u}, we project it to Ω by x0 = max(l,min(u, x0)); when x0 = l, we
set x0 := l + ζl; when x0 = u, we set x0 := u− ζu. So, we can ensure x0 ∈ int(Ω) = {x|l < x < u}.

Tables 1 and 2 are the numerical results when µk = τkQk/Qk+1, Table 3 is the numerical results of conic
trust region method (abbreviated as CTR) and NCTRLS for different choices of µk, where n is the dimension
of the test problems, ng is the number of gradient evaluations, nf is the number of function evaluations, fmin is
the final objective function value, and ‖D 1

2 g‖ is the norm of the final gradient value. m(n) stands for m× 10n.
The sign ′F ′ means that when the number of iteration reaches 5000, the algorithm fails to reach a minimum,
and ′O′ means overflow. For the numerical experiments in Tables 1–3, the performance profiles are displayed in
Figures 1–4 according to Dolan and Moré [10].
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Table 1. Computation results when Sk = I and µk = τkQk/Qk+1.

NTRLS NCTRLS

Fun. Name n ng nf fmin ‖D
1
2 g‖ ng nf fmin ‖D

1
2 g‖

HS003 2 5 5 2.250(−17) 4.743(−09) 6 7 1.125(−21) 3.354(−11)

Gen. Ros 8 258 278 3.781(−16) 7.731(−07) 160 176 2.552(−19) 2.036(−08)

Cha. Sin 20 F F F F 159 182 1.903(−11) 8.121(−07)

Cragglevy 50 F F F F 448 485 1.467(+01) 8.856(−07)

Brown1 10 O O O O 158 166 9.989(−01) 5.215(−08)

Brown1 50 F F F F 280 319 4.995(+00) 8.105(−07)

Brown1 100 O O O O 468 562 9.989(+00) 5.943(−07)

Gen. Wood 20 199 213 1.000(+00) 7.026(−07) 242 263 1.000(+00) 2.288(−07)

Cha. Wood 8 148 156 1.000(+00) 3.375(−07) 209 223 1.000(+00) 5.245(−07)

Brown3 100 19 19 3.125(−15) 1.511(−07) 20 20 3.210(−14) 4.983(−07)

Table 1 is the numerical results of NCTRLS (nonmonotone conic trust region method with line search) and
NTRLS (nonmonotone trust region method with line search based on quadratic model). From Figures 1 and 2,
we can see that NCTRLS performs better than NTRLS, especially for ill-conditioned problems.

Table 2 is the numerical comparison of CTR and NCTRLS. In our numerical results, the trust region scaling
matrix Sk is set to Sk = I and Sk = D

− 1
2

k , respectively. When Sk = I, in 8 out of 11 problems, NCTRLS
can solve the problems with less function and gradient evaluations than CTR. Both NCTRLS and CTR have
the same results in solving HS005 problem. For Cragglevy problem and Brown1 problem, NCTRLS performs
worse than CTR. When Sk = D

− 1
2

k , NCTRLS performs almost the same as CTR. However, for ill-conditioned
problems, NCTRLS performs better than CTR. These numerical tests indicate that, for conic trust-region
methods, the nonmonotone strategy is also efficient.

Table 3 is the numerical results of CTR and NCTRLS for different choices of µk, where µk is a constant and
Sk = I. Since the case Sk = D

− 1
2

k is similar to the case Sk = I for our tests, so we omit here. In our numerical
results, we choose µk = 0.15, 0.5, 0.85, respectively. From Table 3, we can see that when µk = 0.15, NCTRLS
performs better than the other two choices. We also make comparisons between CTR and NCTRLS, and find
that NCTRLS can solve more problems with less function or gradient evaluations than CTR, especially when
µk = 0.15.

From Figures 3 and 4, we can see that NCTRLS performs better than CTR in the sense that NCTRLS
method needs less evaluations of function and gradient values for most of problems, especially for ill-conditioned
problems.

5. Conclusions

In this paper, we propose a nonmonotone conic trust region method with line search technique for bound
constrained optimization problem. When the trial point isn’t accepted by the trust region, we perform the line
search technique until an acceptable trial point is found instead of resolving the trust region subproblem, which
reduces the total cost of computation to some extent. The global convergence and Q-superlinear convergence
are established under some reasonable conditions. Numerical results show that the new method is effective for
bound constrained optimization problems. The algorithm and theory in this paper can be extended to general
constrained optimization problem, which is our future work.
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Figure 1. Function performance profiles
of NTRLS and NCTRLS.
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Figure 2. Gradient performance profiles
of NTRLS and NCTRLS.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

 log(σ) 

 P
(σ

)

 

 

NCTRLS
CTR

Figure 3. Function performance profiles
of CTR and NCTRLS.
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Figure 4. Gradient performance profiles
of CTR and NCTRLS.
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