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NONMONOTONE CONIC TRUST REGION METHOD WITH LINE SEARCH
TECHNIQUE FOR BOUND CONSTRAINED OPTIMIZATION*

LIJUAN ZHAOY

Abstract. In this paper, we propose a nonmonotone trust region method for bound constrained
optimization problems, where the bounds are dealt with by affine scaling technique. Differing from the
traditional trust region methods, the subproblem in our algorithm is based on a conic model. Moreover,
when the trial point isn’t acceptable by the usual trust region criterion, a line search technique is used
to find an acceptable point. This procedure avoids resolving the trust region subproblem, which may
reduce the total computational cost. The global convergence and @Q-superlinear convergence of the
algorithm are established under some mild conditions. Numerical results on a series of standard test
problems are reported to show the effectiveness of the new method.
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1. INTRODUCTION

In this paper, we consider the following bound constrained optimization problem

min f(z), (1.1)
st. zeR={x|l <z <u}, (1.2)

where f : R™ — R is twice continuously differentiable, [ and u are the upper and lower bounds of the variables
(whose components may be infinite), respectively.

Minimization problems with upper and lower bounds on some of the variables form an important and common
class of minimization problems. There are many methods for solving problems of this kind, such as active set
type method, projected Newton method, pattern search method and affine scaling trust region method. In this
paper, we propose an affine scaling trust region method for solving problem (1.1)—(1.2). The main advantages
of this type of method are the global convergence and the robustness of the algorithm.

Traditional trust region methods [19,23] compute the ratio between the actual reduction and the predicted
reduction. If the ratio is satisfactory, we accept the trial point and enlarge the trust region radius. Otherwise,
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the trial point is rejected, the trust region radius is shrunk and the trust region subproblem is resolved until
an acceptable trial point is found. Thus, the trust region subproblem may be resolved several times at each
iteration, which is likely to increase the total cost of computation for large scale optimization problems. Nocedal
and Yuan [20] presented a method which combines the trust region method with the line search technique. Their
method performs line search technique to find a successful iteration when the trial point isn’t accepted by trust
region, where the trust region subproblem needs to be solved only once at each iteration, so the total cost of
computation may be reduced to some extent.

In traditional trust-region methods, if the ratio between the actual reduction and the predicted reduction
is satisfactory at each iteration, the objective function decreases. Otherwise, the objective function doesn’t
change. It may cause that the iterations are trapped at the bottom of the curved narrow valley such that it
has slow convergence rate. To overcome this drawback, Sun [24], Fu and Sun [9], Toint [28] pointed out that
the nonmonotone technique may be helpful. Nonmonotone technique was first proposed by Grippo, Lampariello
and Lucidi [11] in the following form

< s r
flag + ondy) < pmax f(xp—j) + dargy di,

where oy, is a step-size, m(k + 1) = min{m(k) + 1, M}, M > 0 and ¢ € (0,1) are two constants. However, this
kind of nonmonotone technique has some drawbacks. First, it is dependent on the choices of M. Second, due
to the max-value choice, many good values may be discarded at each iteration. To overcome these drawbacks,
Zhang and Hager [31] presented another nonmonotone line search technique as follows,

f(@g + ardy) < Cy, + daggl dr,
9wy + ardi)dy > ogidy,

where § € (0,1) and o € (0,1) are two constants,

f(a:k) if k=
Cy = ) . ! 1.3
k { (1 QerCor + F@))/Qun i k> 1, (1)
1, if k
@ = {Tlekl +1, if k
here, T, € [Tmin, Tmax)s Tmin € [0,1) and Timax € [Tmin, 1) are two given constants.
From (1.3), we can see that C} is a combination of Cy_1 and f(z). In theory, 7 should be close to 1 when
the iterates are far from the optimal solution and 7 should be close to 0 when the iterates are near the optimal
solution. Gu and Mo [12] introduced another nonmonotone technique as follows,

f(@g + axdy) < By, + daggl dy, (1.4)
g(zy + ardy) dy > ogldy, (1.5)

where FJ, is a simple convex combination of Fy_1 and f(zy), i.e.,

f(xk)v if k= 07
Ey = . 1.6
k {Mk—lEk—l + (1= pp—1) f (), if kE>1, (16)
for pg—1 € (0,1). When pg—1 = 7-1Qk—1/Qk, Ef is Ck; when py, = 0 for all k, Ej, becomes f(z). So (1.4)—(1.5)
can be regarded as an extension of the traditional line search and Zhang—Hager’s nonmonotone line search.

The conic model was first proposed by Davidon and Sorensen [7,25] for unconstrained optimization problem
in the following form

dern 1+bfd  2(1+bfd)?’
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where g = V f(zy) is the gradient of the objective function f at zy, Bx € R™*™ is the Hessian of the objective
function or its approximation, by € R" is the horizontal vector. Due to the global convergence of the trust region
method, Di and Sun [8] proposed the following conic trust region subproblem for unconstrained optimization
problem

gfd 1 d"Bid

min d) = -
i eed) = g o e
st ||ld|| < Ag,
where Ay > 0 is a trust region radius, || - || refers to Euclidean norm. Ni [21] proposed a new conic trust region

subproblem for unconstrained optimization problem as follows,

T T
. gTd 1 d'Bid
d) = - : 1.7
i o) = 75 Y s T T (L.7)
s.t. Hd” SAk, (18)
1+ b d| > e, (1.9)

where ¢y € (0,1) is a constant, to overcome the case in which the conic function ¢ (d) may be unbounded.
In [21] he divided the problem (1.7)-(1.9) into three subproblems and analyzed the optimality condition for each
subproblem. In [26], Salahi gave an SOCP/SDP formulation for the conic trust region subproblem. However,
this method is not applicable for large scale problems. In [27], they presented a generalized Newton algorithm
to overcome this limition.

In [34], Zhu proposed an combined affine scaling trust region and interior backtracking line search method
for bound constrained nonlinear systems, where he used Grippo et al’s nonmonotone line search, which has
some drawbacks that we have mentioned before. In [6], Cui, Wu and Qu proposed a method which combines
nonmonotone conic trust region method and line search technique for unconstrained optimization problem, where
they used the nonmonotone line search which is proposed by Zhang and Hager [31]. The numerical results show
that the method is quite effective. In [32], we proposed a conic affine scaling dogleg method for bound constrained
optimization problem. The numerical results show that the method has some drawbacks. If the trial point isn’t
accepted by trust region, we shrink the trust region radius and solve the trust region subproblem, which may
increase the total cost of computation to some extent. In this paper, we propose a nonmonotone conic trust
region method with line search technique for bound constrained optimization problem, where the bounds are
dealt with by affine scaling technique, which was first proposed by Coleman and Li [4] and later studied by many
authors [1-3, 13,15, 16, 18,29, 33-36]. Our method produces a prediction of the objective function better than
that obtained from the quadratic model. When the trial point isn’t accepted by the trust region, we perform
line search until an acceptable trial point is found, which reduces the total cost of computation.

The paper is organized as follows. In Section 2, we describe our nonmonotone conic trust region method with
line search technique for bound constrained optimization problem. The global convergence and Q-superlinear
convergence are established in Section 3. Numerical results are reported in Section 4. We give some conclusions
in Section 5.

2. NONMONOTONE CONIC TRUST REGION METHOD WITH LINE SEARCH TECHNIQUE
FOR BOUND CONSTRAINED OPTIMIZATION PROBLEM

Ignoring primal and dual feasibility of the problem (1.1)—(1.2), we give the first order necessary conditions
for * to be a local minimizer as follows,

(9+)i =0, if I < (%) < ug;
(9«)i =0, if ()i = li; (2.10)
(9+)i <0, if (x*); = uy.
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where g, e g(z*). We can rewrite (2.10) in the form

where D(z) is Coleman-Li scaling matrix [4]. The diagonal entries of D(x) are

U; — T4, if g; <0 and wu; < +oo;
x; — 1, if g; >0 and [; > —oc;

dix) = min{xz; — l;,u; — x;}, if ;=0 and [; >—0c0 or wu; < oo;
1, otherwise.

The diagonal scaling matrix D(z) handles the bounds implicitly.
2.1. Algorithm

In this paper, we consider the following conic trust region subproblem

gfd 1 d"Byd

, o 1 2.11
i c(we+d) = flaw) + 77 oTd 21+ ol (210
st Skdll < Ar, (2.12)

2+ d € int(9), (2.13)

where Sy, is a scaling matrix and Dy = D(zy,).
Next, we are going to state our Nonmonotone Conic Trust Region method with Line Search technique
(abbreviated as NCTRLS) for bound constrained optimization problem.

Algorithm 2.1. {NCTRLS}

Step 0. Choose parameters 0 < m; <172 < 1,0 <7 <772 <1< 73,0 € (0,1/2),bp € R*", A € (0,1), o €
(0,1), e > 0,0 € (0,1). Given an initial trust region radius Ay, a maximal trust region radius Ay > Ao,
a positive definite matrix By € R™*™, and a strictly feasible iterate point z¢ € int(€2). Compute go, Do, and
f(zg). Set Ey = f(xp) and k = 0.

1
Step 1. If || D2 gr|| < €, stop and x, is an approximate solution to (1.1)-(1.2). Otherwise, go to Step 2.
Step 2. Compute a trial step di such that

c(xg) — c(zp + di) > kele(zr) — ez + dg)], (2.14)

where df is the generalized Cauchy point, which is pointed out by Zhao and Sun [32], and k. € (0,1) is a
constant.
Step 3. Compute

Ared(dy,) = Ey, — f(xx + dy),
Pred(dy) = c(xr) — c(zx + di),
. B Ared(dy,)
py(di) = Pred(dy)

Step 4. If py(di) > m, set xx+1 = zk + di, and go to Step 6. Otherwise, go to Step 5.
Step 5. Find the smallest i, > 0 such that o = A* ensures the following inequalities,

flag + ardy) < Ep + 5ozkg,{dk, (2.15)
g(xk + akdk)Tdk > Uggdk, (2.16)
T + apd, € int(Q). (2.17)
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Set Tp41 = Tk + apdp.
Step 6. Update the trust region radius Agi; from Ag:

(V1A% 72 Ak), if prldi) < mu;
Appr =9 [124%, Ar), if m < py(di) < n2;
[Ag, min{v3 Ar, Amax}), if prldy) > n2.
Step 7. Compute by+1 € R™, Bry1 € R™™ ugiq € (0,1) and Ex1q by (1.6). Set k := k+ 1 and go to Step 1.
Remarks.
(1) In order to guarantee the global convergence, we choose a sufficiently small constant v such that

Agllbgl <y and 1 —yMs >0, (2.18)

where Mg =1+ max 1S, [l- In our numerical results, we set Sy = I and Sy = D, 2, respectively.

(2) If pp = 0 for all k, (2.15)—(2.16) is the traditional line search. If pp = N Qr/Qr+1, where n, € (0,1) is a
constant, (2.15)—(2.16) becomes Zhang-Hager’s nonmonotone line search.

(3) If b = 0, c(xx + d) is reduced to a quadratic model. Furthermore, one can see that ¢(z; + d) is quadratic
along any direction d € R" satisfying b d = 0. In Step 2 of Algorithm 2.1, the conic trust region subprob-
lem (2.11)—(2.13) may be solved by the dogleg method described in [32].

(4) In Step 7, Bi4+1 may be computed by using the damped BFGS formula in order to preserve the positive
definiteness of these matrices.

(5) In Algorithm 2.1, we set pp = 7:Qr/Qr+1 and ux a constant in (0, 1), respectively.

3. CONVERGENCE ANALYSIS
In this section, we establish the global convergence of Algorithm 2.1. Denote the level set as
Liwo) = {olf(2) < f(wo), 1 < & < u}.
First, we give some assumptions as follows.

(A1) f:R™— R is twice continuously differentiable and bounded below.
(A2) There exists a constant K7 > 0 such that for all d € R,

d" Brd > K ||d||*, k=0,1,2,....
(A3) There exists a constant xp > 0 such that
|D; BiDE | < xa-
(A4) The level set L(zg) is bounded.
Assumptions Al and A4 mean that there exist positive constants M7 and My such that
IV2f(@)l < My, lg()]| < M2, Va € L(w).

From [1] we know that D(z)~! is bounded in £2 N B,(x) for any = € int(Q2) and p > 0, where B,(z) = {y :
lly — x|l < p}, so there exists a positive constant xp such that

1
Dy 2l < xp, Va € L(xo). (3.19)

Suppose that ||bgx]| < M and || Bg|| < Mp, where M}, and Mp are positive constants, respectively.
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For the convenience of proof, we denote

I={klpp(di) 2 m}, J = {klps(de) <mi).

The following lemma shows that the model function ¢(x + di) descends sufficiently. Its proof is similar to
the proof of Lemma 4.1 in [32].

Lemma 3.1. Suppose that Assumptions Al and A3 hold, then the following inequality

1 1
1 3 D} 0.]D;
pred<dk>>anmcnpggk,mm{% IDigell ul kgkn}

g, 02| lorlls
”DkBka”

holds for all k, where 3, 61, 61 € (0,1) are three constants, k. > 0 is a constant independent of k, dy, is a trial
step that satisfies (2.14).

The next lemma tells us that the direction of the trial step d; decreases sufficiently.

Lemma 3.2. Suppose that Assumptions A1l and A3 hold, and that dy is generated by the conic trust region
subproblem (2.11)—(2.13), then

1 1
IDZgell 011D g }

1 L .
g]{dk S _aﬁé‘lﬁ;c(l - ’VMS)HD]?ng min {A}ﬁ 1 1 || ||
IDE Be D || 19klle

Proof. Because By, is updated by the damped BFGS formula, it is positive definite. Then

g;{dk . 1 ngkdk

Pred(dy) = — -
redds) = = T T 3+ 0Ty
T
9 Ak
- 3.20
-1+ b{dk ( )
Also, from (2.18), we get
0% dic| < 1ol lldill = 110k 1S " Sl < Ms||byl| A < vMs,
and then
0<1—yMg<140bld, <1+~vyMs. (3.21)
From (3.20), (3.21) and Lemma 3.1, we obtain
T T
9% di. < —(1 + by, dy,) Pred(dy,)
1 I Digill  61|D?
< _55515c(1 _’YMS)lD[:gk”mln{Akv Hl kgk”l 7 1” kgk||}
|DEBeDE || ol
and the proof is complete. O

Lemma 3.3. Suppose that Assumptions Al and A3 hold, then the following inequality

Er > Ery1 > f(Tet1)

holds for all k.
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Proof. From (1.6), we have Eyt11 — f(2r+1) = p(Er — f(zx+1)). Consider the following two cases.
Case a. If k € I, 41 = z + di. Then we have

1 1
By — f(zhir) > mpBd1ke HD%gk” min { Ay ||D1§9k|| 91||Dl§ng
D) k ’ HD%Bka%H, 9kl

>0

)

which induces Ey, > f(zr41)-
Case b. If k € J, 141 = z + ardy. From Lemma 3.2, we get

(1 —yMg)Bo1ke
2

1 1
gTdy, < — 1D g ellngkn}

1
| Dg gk || min ¢ Ay, ————,
|D?ByD? | llakllo

<0.

Combining it with (2.15), we also obtain Ej > f(zx+1).
In both cases, as Fry1 — f(zp+1) = pr(Ex — f(2k41)), we have Exrq > f(2k41). Furthermore,

Epy1 — Ep = (1 — pg) (f(241) — Ex) <0,
then Fy41 < Ej. Thus, the proof is complete. O
The next lemma shows that the line search step-size «aj, is bounded below.
Lemma 3.4. Suppose that Assumptions Al, A2, A3 and A4 hold, then
ap > w
for all k € J, where w > 0 is a constant.
Proof. For all k € J, from (2.15) and Lemma 3.3, we have
flxp + X tagdy) > B + O\ taggldy > f(xr) + 6N Laggl dy. (3.22)

Taylor’s expansion yields that
1 1T A2 5 o
f@e + A ande) = flar) + A7 ongy di + — eV f(@x)dk, (3.23)
where Tj, = 2 + sgA"tardy, o, € (0,1) is a constant. Next, we prove Ty, = zp + sgA tapdy € L(xg). First, by
first order Taylor’s expansion, we have
flzr + A ondi) = far) + kA orgy di, + o(Jsx A gl dil), (3.24)

where ¢, € (0,1), o(|skA"taggidy|) is high-order infinite smallness of A~ taggf di|. Combining it with
Lemma 3.2, we know

flae + A orde) < f(zr) < f(w0). (3.25)

Second, we will prove I < Ty, = z, + A tody < u. Because | <z, < wu, I < zp+ A% 1dp < u (which means
that the line search iteration is proceeded in the box constraint for every k € .J), we consider the following two
cases.

Case a. If (di); > 0, by using ¢ € (0,1), we have

Li < (zr)i < (zr)i + X ran(dr)i < (on)i + At (di)i = (wx); + N5 (dr): < uge
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Case b. If (di); < 0, by using ¢, € (0,1), we obtain

L < (or)i + NN dr)i = (wr)i + A tan(dr)i < (or)i + A ag(dr)i < (2r)i < ;.

Here, l;, (x):, (dk)i, u; are the ith components of I, xy, di, u, respectively. Thus, we have Ty = xj +
A" tagdy, € L(z). Combining (3.22), (3.23), Assumptions Al and A4 yields that
1. T 1. T A7 ree 1. T A7, 2
ON Taggp di, < A aggy di + Takdkv F(&k)dr < X ougy di + TO%MlndkH ,
then
T Aoy 2
—(1=6)gdr < M| del” (3.26)

2
Because

ggdk 1 dszdk

Pred(dy) = — -
redldi) = T T 2 (4 6 dy)?
1 1
S1ke, 1 , D? 6,||D?
> 5 ”Dggklmm{% IDEgil 1”| ,ﬁgkn}
|Dg BiDE | 19kl
207

combining (3.21) and Assumption A2 yields that
d} Bydy, < Ki||dg|? _

T
—gr di;. > 3.27
Tk =90 +0Tdy) = 2(1+ 7 Ms) (3.27)
From (3.26) and (3.27), we have
A1 =0)K1 de
o 2 i Chl)LiS =4
M (1+~Ms)

and the proof is complete. O

Lemma 3.5. Suppose that Assumptions Al, A2 and A3 hold, and that the sequence {x} is generated by
Algorithm 2.1, then {x} € L(xo).

Proof. If k = 0, the result holds obviously. Assume that x; € L(xp), we prove first that Fy < f(xo).
When j =0, Ey = f(zo), it is obvious. Assume that the inequality E; < f(xo) holds when j = k — 1. When
j =k, from (1.6), we have

By = pr—1Ek—1 + (1 — pg—1) f (1)
< p—1.f(wo) + (1 — pe—1) f (o)
= f(2o).
So for all z € L(xg), we have Ej, < f(xp). From Lemma 3.3, we have
f(@r41) < Eryr < By < f(zo).
Furthermore, | < 2341 < u, 80 X411 € L(xo). O
Lemma 3.6. Suppose that Assumptions Al, A2, A3 and A4 hold, then
1 1
|DZ gi elD,‘;‘gkn}
) 1 1 >
|z BpDZ|  llorllo

1 .
Ey — Ery1 > (1 — pr)02|| D2 gr || min {Ak

where d5 > 0 is a constant.



NONMONOTONE CONIC TRUST REGION METHOD 795
Proof.
(1) For k € I, 41 = x + di, from Lemma 3.1, we have

Ey — f(xr41) > mPred(dy)

01Ke . D? 01| D;
o WO Db i { L] 1|||| Hgkn}
|0 BDf| el

(2) For k € J, xi41 = xk + agdy, from Lemma 3.2, we have

(1 — ’)/Ms)ﬂ(sllic
2

ghdp < —

102 gu [ min { P LT A gk}
k 9

1Dz BpD2 | N9rlleo

Thus, from (2.15) we obtain

dag(l —yMg) B ke
2

1
D? 0 D;
Flapsr) < Br— IDZgell 64 gk|},

||D gk || min ¢ Ag, T T
|Di BiD || 9nlec

From Lemma 3.4, we get

dw(l — yMg) 361 ke
2

D; 01||D
D9||m1n{Ak, LA kgkn}

|0 BiD || 9wl

, then we have

def . _ .
Set d> = min { "1531’%, Sl “Z’S)’@‘”“‘}

1 1
IDZ gl 611107 g }

f(@ry1) < Ep — 62||DZ gi|| min ¢ Ay, — T
|07 B.DE| Nlelloe

Combining it with (1.6), we obtain

By = pe By + (1 — pg) f(2p41)

D; 0.||D
< B~ (1- )5l D} gknmm{ak, IDegel_ il kgk}

HDk Bka H 9% |l oo

and the proof is complete. O

Next, we prove that the trust region radius Ay is bounded away from zero. The proof is discussed by
considering two cases. The first one is the trust region iteration, i.e., xx 1 = x) + di; the second one is the line
search iteration, i.e., Tp11 = zp + agdk.

For trust region iteration, we first prove some technical lemmas.

The following lemma shows the discrepancy between the objective function and the model function.

Lemma 3.7. Suppose that Assumptions Al, A3 and A4 hold, dy, is the solution of the problem (2.11)—(2.13),
then

[f (k) — Fze + di)] = [e(zr) — c(zp + di)]| < M A,
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Proof. From (3.21), we have
0<1—yMg<140bld, <1+~vyMs.

Taylor’s expansion yields that
1
flor+di) = f(ax) + g di + 5d5V2f(xk + Crdr)dk, (3.28)

where (i € (0,1) is a constant. Next, we prove zj + (xdr € L(xo). First, by first order Taylor’s expansion, we
obtain

flan + Gedi) = f(zr) + Cegl die + o(||Cudyl]),

where o(]|Cxdk||) is high-order infinite smallness of ||(;dk|. Combining it with Lemma 3.2, we know

f(xr + Gedi) < f(xr) < f(zo). (3.29)

Second, we will prove | < zp + (pdr < u. Because | < zp < u and | < xp + di < u hold for k € I, we consider
the following two cases.

Case a. If (dy); > 0, by using i € (0,1), we get
li < (wr)i < (k)i + Ce(di)i < (2)i + (di)i < wi-
Case b. If (di); < 0, by using ¢ € (0,1), we obtain
i < (ox)i + (di)i < (@1)i + G(dr)i < (zr)i < u
Here, l;, (z1)i, (dk)i, w; are the i-th component of I, xy, d, u, respectively. Thus, we have xy + (idr € L(xo).
Using (3.28), Assumptions Al and A4 yield that
|[f(x) = S+ di)] = [e(an) — c(zr + di)]]

ngdk _ 1 dszdk
L+bpdy 2 (1+b{dy)?

1
= |gpdi + idEVQf(l?k + Crdi)dy —

9i dkbk dk
1+ dek

_ 1 dZ;Bkdk

Mo M, M M
< T o g |l
1—’)/MS 2 2(1—’}/Ms)

dTV2f(£Uk + Crdi)dy

MQM[) Ml MB
< 2 /=2 P, P B A2
=MA2,
def My M, M
where M = M2(1 o T +m) -

Lemma 3.8. Suppose that Assumptions A1, A2, A3 and A4 hold, and that there exists a positive constant € > 0
such that ||Dk gkl = €, and A < min {Amam = %, %}, then py(di) > 12 and Apy1 > Ay.

Proof. From (3.19) and Lemma 3.5, we get

lgklloe < llgrll = HD zDﬁng < Xp HDk ng- (3.30)
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From Lemma 3.1, Lemma 3.7 and Assumption A3, we have

flaw) = flew +di) | _ | [f(@r) = flap +di)] — [c(@r) — c(@y + di)]
Pred(dy) Pred(dy)
< MA? 1 1
Bike || )3 : ID2 gkl 611D gl
IDE 0 min {2 iz Bz 1ol j
MA?
< Bd1k : [
e mm{Ak, T X—}D}
_ 2M A
© BO1kcE
<1l- n2,
e o) — s+ o)
Tg) — [Tk +dy
. 31
Pred(dy,) > (3:31)
From (3.31) and Lemma 3.3, we have
. Ey — flze+dr) _ flar) — foe + di)
= > .
Pr(dr) Pred(dy) - Pred(dy) 2
SO Ak+1 Z Ak. O

The next lemma shows that if the current iterate isn’t a first order critical point, the trust region radius Ay
is bounded away from zero for trust region iteration.

Lemma 3.9. Suppose that Assumptions Al, A2, A3 and A4 hold, and that there exists a constant € > 0 such
1
that || D2 gi|| > €, then there exists a constant Apgr > 0 such that Ay > Apay for k € 1.

Proof. Suppose that k is the first index satisfying

€ b1 (1L—m)B01Kce | det
xB XD’ oM

Ag41 < y1min {AmaX7 — = 7100, (3.32)

which means that the index k — 1 doesn’t satisfy (3.32), then
Ak > ’}/150 > Ak+1. (333)
From Step 6 of Algorithm 2.1, we have v A < Ak, so

Akﬁ&ozmin{Amax, € 971 %}

XiB, XD’ 2M
From Lemma 3.8, we know Apy; > Ag, which contradicts (3.33). So Ax > Apar, where Apagr def
1 min{ Apax, XLB, )‘?—;, %} We complete the proof. O

Next, we prove that for line search iteration, if the current iterate isn’t a first order critical point, then the
trust region radius Ay is bounded away from zero for sufficiently large k.
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Lemma 3.10. Suppose that Assumptions Al, A2, A3 and A4 hold, and that there exists a constant € > 0 such
that || D2 gk|| > €, then there exists a constant Appgo > 0 such that Ay > Apao for k € J sufficiently large.

Proof. For k € J, 41 = T + agdy, from Lemmas 3.2 and 3.3, we have

0
> By — f(xr + X tagdy) + 5)\_1akggdk
> f(:z:k) — f(ack + A" Oékdk) +ox7 !t LY} dk

-2

= ag My di|?

> —(1—= 86X argh di — 5

ﬂ(sllfc6 _ . € 01 A~ 2
> 5 (I=9)A 1ozk(1—fyMS)m1n Ak,X—B X—D 770%M1Hdk||

_ 01K cE . e 0 AL
=\ 10¢k {617(1 — 5)(1 — ’YMS) min {Ak, XiB Xll)} — TMlMSAkak-H — $k||:|

01Kc€ . € 0 AL
=\ LapA, B 12 (1 =6)(1 —yMg)min {1, m, Ak;(D} -5 1Mgl||zk1 — l‘k”]
So
A1 —0)(1 — yMg)B61 K€ min {1, Vivew AZ;(D }
[@rt1 — zill > (3.34)
My Mg

Next, we prove Ay < min{-5, 2=} holds for k € J sufficiently large by contradiction. If Ay > mln{ < b }

X’X XB' XD

holds for k € J sufficiently large, denoting

0 1-— 01Kc
A déf min ivila’ylAmam 1( 772)5 L s
XB XD 2My

then we have Ap > A;. From Lemma 3.6, we have

0
Ey — Egy1 > (1 — pi)d2¢ min {Au - 1} > 0. (3.35)
XB XD

From Assumption Al, we know Ej, > f(zr) > fisa, where fipq is the lower bound of f(zj). Combining it with
the decreasing sequence {F}}, we have {E}} converges. From (3.35), we obtain 1im ur, = 1, which contradicts

the fact that py € (0,1). So Ag < mln{ £ } holds for k € J sufficiently large

XB ’X
From (3.34), we have
A1 =) (1 —yMg)B61 ke
MiMg

|ze41 — @il >
On the other hand, ||xg+1 — 2| = ax||dk|| < MsAg, so

)‘(1 B 6)(1 - 7M5)561506 def
A = A
k> MlMS 1bd2-

We complete the proof. O
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From Lemmas 3.9 and 3.10, we know that for sufficiently large k, the trust region radius Ay is bounded
below, the lower bound is
Appa = min{Agpar, Arpaz }- (3.36)

The next theorem shows that at least one of the limit points (if any) is a first order critical point.

Theorem 3.11. Suppose that Assumptions Al, A2, A3 and A4 hold, then the sequence {x} generated by
Algorithm 2.1 satisfies

1
likm inf | D2 g || = 0.

Proof. Suppose that the conclusion doesn’t hold, i.e., there exists a constant e > 0 such that ||Dk gk|| > €. From
Lemma 3.6, we have

1 1
1D} i 91|ngk||}

1 .
Ey — Epy1 2 (1= pi)02|| D gk [ min § Ap, —+=—=—,
|D?ByD? | llokllo

> (1 — pg)d2€6 min {Ak, L 01}- (3.37)
XB XD

Case a. when py € (0,1) is a constant for all &, from (3.37), we have hm Ay = 0, which contradicts (3.36).

Case b. when pj, = 7,Q/Qk+1, from the definition of Qx1, we have Qk+1 < k+2. Combining (3.36) and (3.37)
yields that

\%

1 0
Ey — By > daemin < Ayyg, i, S
Qk+1 XB XD

1 € 01
> 1) in< Awpg, —, — ¢-
“k+2 2€m1n{ lbd;X ,XD}

Summing up the above inequality from k = 0 to j, we obtain

J
1 . € 91
Ey—FEj1 > 1;) k+2626m1n{Albd7X7}'

B XD

From Lemma 3.3, we have E; 1 > f(2;11) > fipa, then

J
1 . e 0
f(xo) = fiva = f(x0) — Ejp1 = Eo — Ej11 > E Spemin { Apg, —, — -
2 k2 B

Thus

J

1 - e

e o
e 525min{AlbdaXL37971}

XD
o0
Set j tending to +o0o, then (3.38) contradicts the fact that the series kzo k+i—2 diverges. We complete the proof. O
In order to prove the local convergence rate, we add some additional assumptions.
(A5) The sequence {x} generated by Algorithm 2.1 converges to a stationary point z*, i.e.,

lim z =2 and lim |lgx|| = ||g"|| = 0.
k—oo

k—oo
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(A6) Tt
371
5t

1+kak Jk

)

then
B gk
1+ bIB g
The local convergence is similar to Theorem 4.2 in [17], Theorem 5.10 in [22] and Theorem 3.2 in [12], so we
omit the proof here.

Theorem 3.12. Suppose that Assumptions A1, A2, A3, A4, A5 and A6 hold, V2 f(x) is positive definite and
Lipschitz continuous in the neighborhood of x*. If

B = V2 )]
e 4]

di, =

0,
then the sequence {xy} converges to x* Q-superlinearly.

4. NUMERICAL RESULTS

In this section, the Algorithm 2.1 is tested on a set of standard testing problems which appeared in [5,14,30].
A MATLAB program is coded to perform the experiments.

The fixed constants are 1, = 0.001, 72 = 0.75, v1 = 0.2, 72 = 0.5, 73 = 2,6 = 0.2, b9 = 0, A = 0.5, 7, =
0.85, ¢ = 1075, Ag = 5, Apax = 10, By = I, 0 = 0.9, { = 1 — e. The stopping criterion is HDéng < ¢, the
maximal number of iteration is 5000. In order to compute the optimal solution by our conic model method, we
set

dg—1 = T — Tp—1,

pre = (f(zp—1) = f(z1)? = (981 dr—1) (g5 dr—1),

P e
1, otherwise.
bk — MQI« 1
g/{_ldk—l o
Ye—1 = Brgr — Brgr—1
T T
Yk—1Yj_1  DBr—1dr—1di_1Br—1 ) T
By - C it dT g > O;
By, = k-1 + P & Br1dp k—1Yk—1
By_1, otherwise.

In our nonmonotone conic trust region method with line search technique, we set the initial point zg € int(€2).
If the initial point z¢ ¢ int(Q) = {z|l < < u}, we project it to 2 by x¢ = max(l, min(u, x¢)); when z¢ = [, we
set zg := [ + ¢l; when zp = u, we set g := u — (u. So, we can ensure zg € int(Q) = {z|l < & < u}.

Tables 1 and 2 are the numerical results when pux = 7Qk/Qr+1, Table 3 is the numerical results of conic
trust region method (abbreviated as CTR) and NCTRLS for different choices of uy, where n is the dimension
of the test problems, ng is the number of gradient evaluations, ny is the number of function evaluations, fmin is
the final objective function value, and || Dz g| is the norm of the final gradient value. m(n) stands for m x 10™.
The sign 'F’ means that when the number of iteration reaches 5000, the algorithm fails to reach a minimum,
and 'O’ means overflow. For the numerical experiments in Tables 1-3, the performance profiles are displayed in
Figures 1-4 according to Dolan and Moré [10].
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TABLE 1. Computation results when Sy, = I and pr = 7.Qk/Qr+1-

NTRLS NCTRLS

Fun. Name  n  n,  ny Froin ID%g]| ng  ny Fouin |D2 g
HS003 2 5 5 2.250(—17)  4.743(—09) 6 7 1.125(—21)  3.354(—11)
Gen. Ros 8 258 278  3.781(—16)  7.731(—07) 160 176  2.552(—19)  2.036(—08)
Cha. Sin 20 F F F F 159 182  1.903(—11)  8.121(—07)
Cragglevy 50 F F F F 448 485  1.467(+01)  8.856(—07)
Brownl 10 0 0] 0 0 158 166  9.989(—01)  5.215(—08)
Brownl 50 F F F F 280 319  4.995(+00)  8.105(—07)
Brownl 100 0 ¢} 0 0 468 562  9.989(+00)  5.943(-07)
Gen. Wood 20 199 213 1.000(+00)  7.026(—07) 242 263  1.000(+00)  2.288(—07)
Cha. Wood 8 148 156 1.000(+00) 3.375(—07) 209 223 1.000(4-00) 5.245(—07)
Brown3 100 19 19 3.125(—15)  1.511(—07) 20 20 3.210(—14)  4.983(—07)

Table 1 is the numerical results of NCTRLS (nonmonotone conic trust region method with line search) and
NTRLS (nonmonotone trust region method with line search based on quadratic model). From Figures 1 and 2,
we can see that NCTRLS performs better than NTRLS, especially for ill-conditioned problems.

Table 2 is the numerical comparison of CTR and NCTRLS. In our numerical results, the trust region scaling

matrix Sy is set to S = I and S, = DI,Z%7 respectively. When S = I, in 8 out of 11 problems, NCTRLS
can solve the problems with less function and gradient evaluations than CTR. Both NCTRLS and CTR have
the same results in solving HS005 problem. For Cragglevy problem and Brownl problem, NCTRLS performs

worse than CTR. When S, = D;%, NCTRLS performs almost the same as CTR. However, for ill-conditioned
problems, NCTRLS performs better than CTR. These numerical tests indicate that, for conic trust-region
methods, the nonmonotone strategy is also efficient.

Table 3 is the numerical results of CTR and NCTRLS for different choices of px, where uy is a constant and

S, = I. Since the case Sy = D;% is similar to the case Sy = I for our tests, so we omit here. In our numerical
results, we choose px = 0.15, 0.5, 0.85, respectively. From Table 3, we can see that when p; = 0.15, NCTRLS
performs better than the other two choices. We also make comparisons between CTR and NCTRLS, and find
that NCTRLS can solve more problems with less function or gradient evaluations than CTR, especially when
wr = 0.15.

From Figures 3 and 4, we can see that NCTRLS performs better than CTR in the sense that NCTRLS
method needs less evaluations of function and gradient values for most of problems, especially for ill-conditioned
problems.

5. CONCLUSIONS

In this paper, we propose a nonmonotone conic trust region method with line search technique for bound
constrained optimization problem. When the trial point isn’t accepted by the trust region, we perform the line
search technique until an acceptable trial point is found instead of resolving the trust region subproblem, which
reduces the total cost of computation to some extent. The global convergence and @Q-superlinear convergence
are established under some reasonable conditions. Numerical results show that the new method is effective for
bound constrained optimization problems. The algorithm and theory in this paper can be extended to general
constrained optimization problem, which is our future work.
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