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ON OPTIMAL UNIFORM APPROXIMATION OF LEVY PROCESSES
ON BANACH SPACES WITH FINITE VARIATION PROCESSES

WitoLDp M. BEDNORZ!, RAFAL M. LOCHOWSKI**
AND RAFAL MARTYNEK!

Abstract. For a general cadlag Lévy process X on a separable Banach space V we estimate values
of infe>0 {tp(c) + infycay (o) ETV(Y,[0,T])}, where Ax(c) is the family of processes on V adapted to
the natural filtration of X, a.s. approximating paths of X uniformly with accuracy ¢, 9 is a penalty
function with polynomial growth and TV (Y, [0,7]) denotes the total variation of the process Y on the
interval [0,T]. Next, we apply obtained estimates in three specific cases: Brownian motion with drift
on R, standard Brownian motion on R? and a symmetric a-stable process (o € (1,2)) on R.
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1. INTRODUCTION AND FORMULATION OF THE PROBLEM

Let Xy, t > 0, be a cadlag Lévy process X taking its values in a separable Banach space V' (i.e. a process with
a.s. cadlag paths and independent and stationary increments). We also assume that X has the strong Markov
property with respect to its natural filtration. By |-| we denote the norm in V. For T' > 0 and two processes
Y,Z :Q x [0,400) = V with cadlag trajectories we denote the random variable

Y = Z|lso,0,m) := sup |Y; — Z].
0<t<T

Let us note that [|Y — Z|| [0,7] is indeed a measurable random variable, since, by the fact that Y and Z have
cadlag trajectories, denoting by Q the set of rational numbers, we get

Y = Z|sojor :=  sup Y — Zy.
0<t<T,teQ
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By Ax(c) we denote the family of V-valued processes Yz, t > 0, adapted to the natural filtration of X and such
that ||V — X||o,j0,7) < € a.s. Also

n

TV (Y,[0,T]) := sup sup Z |Ytl — }/ti—1| ,

n 0<to<t1<--<t,<T i—1

that is for w € Q, TV(Y (w), [0,T]) is the total variation of the trajectory Y (w) on the interval [0, T].
In this paper we deal with the following optimisation problem. Given are 7' > 0 and a non-decreasing function
¥ : [0,400) — [0, +00) calculate (or estimate up to universal constants)

Vy (1) = igg{w(c) .t BTV, [(),T])}. (1.1)

YeAx(c

Thus we want to find a process with possibly small total variation, adapted to the natural filtration of X and
whose trajectories a.s. uniformly approximate trajectories of X with given accuracy ¢, but the worse accuracy
of the approximation is, the bigger penalty 1 (c) we pay. Interestingly, Vx(¢) may be finite even if the total
variation of X is infinite. Lower and upper bounds for Vx (¢) are given in Theorem 2.6. For finite-dimensional
processes finiteness of these bounds is equivalent with E | X; — X| < +00, see for example Theorem 25.3 of [11].

This type of optimization problems appear naturally in several situations. For example, in financial models
with small proportional transaction costs where X is the process representing optimal investment strategy on
(frictionless) market without transaction costs, while Y is the approximation of X and the total variation of YV’
is proportional to the transactions costs of the implementation of the strategy Y, see for example [6, 7]. This
type of optimization problems have no unified, algorithmic solution since the generator of the total variation
functional is not well defined. Moreover, we deal with very general Lévy processes taking their values in general
Banach spaces.

Another problems when approximation by functions with possible small total variation is used, is image
denoising, see for example [4]. Here however one deals with more complicated domains (usually R?) and different
norms measuring the quality of the approximation (like L!).

Using well known results of the renewal theory, some ad-hoc reasoning, results obtained for the functional
called truncated variation and assuming that v grows no faster than some polynomial, we will be able to estimate
(1.1) up to universal constants, depending on ¢ and some simpler quantities describing of the process X (like
its Lévy measure and laws of its exit times from the balls centered at Xj). Together with the estimates we will
provide the construction of the process Z uniformly approximating X, for which these estimates hold.

From the triangle inequality we immediately get that if | X — Y'||oc 0,77 < ¢ then for any 0 < s <t < T,
|Y: — Ys| > max {| X; — Xg| — 2¢,0}, thus

n

TV(Y,[0,T]) = sup sup P A
n 0<tp<t1<---<t,<T i1
> sup sup max | X¢, — X¢, .| —2¢,0
n o§t0<t1<--~<tngT; {’ ! ! 1‘ }
= TV*(X,[0,7]). (1.2)

The quantity in the last line of (1.2) is called the truncated variation of X. In the case when V = R, from the
results of Remark 15 in [10] it is possible to prove that for any ¢ > 0 there exists a process X¢ € Ax/(c) such
that || X — X¢||o 0,77 < ¢ and

TV*(X,[0,T]) < TV(X<0,T]) < TV*(X,[0,T]) + 2¢,
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thus in the case V = R we have the estimate
. 2c
inf {v (c) + ETV*(X,[0, 7))}

< inf inf ETV(Y,[0,T
<uf{v@+, it ETVL0.7))

< inf {9 (c) + ETV**(X, [0, T]) + 2¢},

which means that if ¢ grows no faster than some polynomial (and no slower than some increasing linear function)
then infoso {t (¢) + ETV?*(X, [0,T])} and Vx (1) are comparable up to universal constants depending on 1
only.

For a general Banach space-valued Lévy process, using similar construction as in the proof of Theorem 1
from [9], we get that there exists a process Y° € Ax(c) such that [|[X — Y| 0,7 < ¢ and

ETV?*(X,[0,T]) < ETV(Y<,[0,T)) (1.3)

< inf A- ETVAD2(X [0, 7))
A>1

From this, assuming that there exists a constant K, such that for any a > 0, ¢ (2a) < Ky -9 (a), we get
inf {4 (c) + ETV**(X, [0, T])}

< inf {u) (¢)+ inf ETV(Y, [O,T])}

YeAx(c)

< inf {4y () + ETV(Y™, [0, T])} (1.4)
< inf {w (¢) + inf A ETVA~V (X, (o, T])}
= inf {w (4c) + Inf A- ETVA-D4/2(x o, T])}

< inf {¢(4c) +2-ETV*/?(X, [O,T])}
< max (Ki, 2) g% {v(c)+ ETV*(X, [0, 7))}

thus again we see that both quantities: infeso {9 (c) + ETV?(X, [0,T])} and Vx (1) are comparable up to
universal constants (depending on ¢ only). Since X has cadlag trajectories, the construction of the process
Y© appearing in (1.3) and (1.4) simplifies to the following one. First, we define stopping times 7§ = 0 and for
n=12,...

T, =

. {inf {t >Th_qt ’XTch—l - Xt‘ > c} if 75_1 < H4o00; (1.5)

+00 if 7o, =400

and then we define

“+oo
ve=Y Xoelpe e (1), (1.6)
n=0
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To avoid technical problems with these definitions we apply the convention that inf® = +oo, X, = Xy and
that [+o00; +00) = 0.

Remark 1.1. The construction in the proof of Theorem 1 in [9] rather uses times 7 defined in the following
way

. {inf{t > ’X;c x| > c} if 76| < +o0;
Tn — n—

+00 it 75, = o0,

which may be not stopping times, but it is straightforward to verify that for the times defined by (1.5) and Y¢
defined by (1.6) the estimates (1.4) hold as well (see the proof of [9], Thm. 1).

In what follows, we will use the presented construction to obtain more straightforward estimates of Vx (1)
in terms of the characteristics of the process X.

This paper is organised as follows. In the next section we prove useful estimates of ETV(Y¢,[0,T]), where Y¢
is the process defined by equation (1.6), and then prove two universal estimates of Vx (¢) (Thms. 2.5 and 2.6)
expressed in terms of simpler functionals of X. In the last, third section, we apply obtained estimates in three
specific cases, namely when: (1) X is a Brownian motion with drift on R, (2) X is a standard Brownian motion
on R? and (3) X is a symmetric a-stable process (o € (1,2)) on R.

2. EsTiIMATION OF ETV (Y, [0,7]) AND Vx (¢).

First, using the strong Markov property and the independence of the increments of the process X, we will
estimate ETV (Y, [0,77]), where Y is the process defined by equation (1.6).
For t > 0 let us define few auxiliary quantities

+oo
of(t) :=min{k: 70 >t} = Z 1{TC <t}
n=1 e

“+o0 “+o0
Ue(t) :=Bo(t) = > P(r5_ <t) =Y P(o°(t) = n)
n=1 n=1
and

£ =B (| Xog = Xo| 1 p )

where stopping times 75, n =0, 1,..., are defined by formula (1.5).

Lemma 2.1. For the process Y defined by equation (1.6) the following inequalities hold:
1
UM FA(T) < ETV(YS, [0, T]) < US(D)f(T).

Proof. Let us first notice that

+oo
VY, 0,7) =Y ‘Xﬂi ~ Xy | 1peeny, (2.1)
n=1
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where stopping times 75, n = 0,1,.. ., are defined by formula (1.5). From this, using independence of increments
of A and the strong Markov property we get an upper bound for ETV (Y€, [0,T]), which reads

+o0o
ETV(Y,[0,7) = EY [Xe = Xpe [ 105y
n=1

n—1

+oo
S E (‘XTS ~ Xpe
.

ZE (|XTf - X0| l{ngT}> El{r,ﬁ_lST}

n=1

= UA(D) (1),

+oo
<EY ‘Xﬂg X
n=1

1{7—;;—7—;71§T} 1{7—;71§T}

Lrgrs <r}) Elrs  <r)

To bound ETV (Y, [0,T]) from below we write

o°(T)—1

z : ‘Xﬂ‘i - XTfifl

n=1

TV(Y<,[0,T])

I
or
Bl

e — Xoe

l{rg—fgflgT}l{rgflgT}' (22)

—1

We will use the notion of stochastic domination. We say that a real random variable @ stochastically dominates
a real random variable P if for any x € R, P(Q > x) > P(R > z). We denote this by @ = P. We have that

(even if P (Tgc(T) = —|—oo) > 0, applying the convention that X, = Xj)

TV(Y®,[0,T)) &= ’X _X

(2.3)

e c 1 1 .
Toeeny M Tae =1 | rte gy ~Toecry 1 ST {7fery ST}

The domination in (2.3) follows from the strong Markov property of X since, by the stationarity of the increments
of X, the variable

‘X

1
{TUC(T)*TUC(T)—1<T}

c — X ¢
Toc(T) Toc(T)—1

conditioned on the event that Tgc(T)_l < 400 has the same law as the variable |er — XTé:

by (2.1), stochastically dominates TV (Y, [0,T)).
Taking expectations of both sides of relations (2.2) and (2.3) and adding them we get

l{TffTSST} WhiCh,

(1)

2. ETV(Y[0,T) >E Y ‘XTﬁ ~ X,
n=1

1{7-5—7571§T}1{7571§T}

n—1

+oo
= ]EZ ‘XTS - XTLl l{r;—r;_lgT}l{T;_lgT}
n=1

=Ue(T) (1),
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where we used the fact that for n > o¢(7T), 1{Tc <r} = 0 O
n—1—=

Let us denote 7¢ = 7.

Remark 2.2. The function U¢(T) is an example of a renewal function, a well known object in the renewal
theory. Elementary renewal theorem states that

o U0 1
T—4c T  Er¢’

where in the case Er¢ = 400 we set 1/Er¢ = 0.

Remark 2.3. We have the following estimates which are special cases of results obtained by Erickson in [5]:

t . 2t
we) <V = e

where m¢(t) = E(1¢At) = fot P (7¢ > s)ds. This gives in the case ET¢ = 400 the proper order of growth of the
renewal function.

Sometimes (and this is often the case when one deals with Lévy processes) it is easier to deal with the Laplace
transform of 7¢ than with the function U¢(T).

Lemma 2.4. For the process Y defined by equation (1.6) the following inequalities hold

BTV (re 0.7]) < 2L (24)
and
ETV(Y<, [0,T]) > i% (2.5)

Proof. Both estimates follow from Lemma 2.1 and elementary estimates of U¢(T). The estimate from above
follows from the estimate

“+o0 “+o0
Ue(T) = ZEl{rs,IST} <y R/ (2.6)
n=1 n=1

21—m/T

which is the consequence of the elementary estimate 1;,<7) < valid for any = € R. Further, we have

+o0 too
Z E2l=Tn-1/T — 9 Z E2—Tn-1/T
n=1 n=1

I n—1
=2 (B27/7)
n=1
2

= . 2.7
1 _Eo—/T (2.7)

From (2.6) and (2.7) we get estimate (2.4).
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To bound ETV (Y%, [0, T]) from below for ¢ > 0 we define 0 (¢) = 0 and for k = 1,2,..., such that 75, , - 1ty <
+00 let 0¢*(t) be the smallest integer such that Toedk(r) ~ Toek—1(g) > b (we naturally have o%1(t) = 0°(¢) and
also have Tgc,k(t)_l - Tgcyk,l(t) <t). For k=1,2,..., such that Tgc,k,l(t) = 400 we set 0%F(t) = o®F71(t) + 1.

This yields that Tgcyk(t) >k-tand for k=0,1,2,... we have

a_c,k+1(T)
2 FUY(T) > E |27 ook T N 1), (2.8)
n=c%k(T)+1
Summing estimates (2.8) over k =0,1,2,... we have
a_c,k'«l»l(T)
2U¢(T Zz kUe(T >ZE 2 Toeken/T N
n=c%*(T)+1
+oo P D)
>R (27T Y o (Ti /T e/ T)
k=0 n=c%*(T)+1

Uc,k,+1 (T)

:fﬂﬂ Z Tna/T — ZEQ Tno1/T

k=0 n:a“’k(T)+1
= n—1 1

= EQ_TC/T) —_ = 2'9
nZ:1 ( 1—E2-7/T (29)

Lemma 2.1 and (2.9) yield the estimate from below (2.5). O

Now, using Lemma 2.4 and estimates (1.4) we obtain the following result.

Theorem 2.5. Let X, t > 0, be a Lévy process on a separable Banach space V- with the norm |-| and let Ax
be the class of processes adapted to the natural filtration of X. Let 1) : [0, +00) — [0, +00) be a non-decreasing
function such that for a > 0, 1 (2a) < Ky -9 (a). For any T > 0 the following estimates hold:

Vx (¥) = 1nf{w(c)+ inf ETV(Y,]0, T])}

>0 YeAx(c)
_ E (|X, — Xo| 1re<ry)
< = .
< inf {w (c) +2 | —E2—/T (2.10)
. E (| X7 — Xo| 1{re<ry)
< <
<2 {w R

and

Vx () = inf {w (c)+ inf ETV(Y, [O,T])}

c>0 YeAx (C)

1 1E (|X,e — Xo|1jre
>~ imf (o)t ( OJTC/{T <1) (2.11)
max <Kt2b’2> >0 4 1—-E2
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E (|Xpe — Xo| 14.e
SN S S ( ic/{T <) |
4 max (Ki,Q) c>0 1—-E2

where 7¢ = inf {t > 0 : [ X, — Xo| > c}.
In what follows we will estimate E | X e — Xo| 1{;e<7} to obtain the following theorem.

Theorem 2.6. Let X, t > 0, be a Lévy process on a separable Banach space V' with the norm |-| and let Ax
be the class of processes adapted to the natural filtration of X. Let ¢ : [0,4+00) — [0,+00) be a non-decreasing
function such that for a >0, ¥ (2a) < Ky - ¢ (a). For any T,> 0 the following estimates hold:

Vo) =inf {u 0+ it ETVV0.7])] (2.12)
< inf {w () + % + higT/(ZC’m] " H(dy)}
and
Vi (¢) = in {w (€)+, nf ETV(Y.0, T])} (2.13)

1 . le-P(re<T) 1
> it () + ¢ T sl [, v
max (Kiﬁ 2) C>0{ 81 —-E2—7 /T 32In2 (2¢,400]

where 7¢ = inf {t > 0: |X; — Xo| > ¢} and II is the image of the Lévy measure of the process X under the
transformation x — |x|.

Proof. Let AX,c = X, — X,-_ denote the jump of the process at the moment 7¢ and let us notice that by the
triangle inequality and the definition of 7¢, for 7¢ < +00 we have

| Xre = Xo| 2 [AXre| = [Xrem — Xo| 2 [AX | —c.
Thus for 7¢ < 400 it follows that
[AXe| < e+ |Xre — Xof <2[Xre — Xof
and we have

1
[Xre = Xol = 5 |AX ] (2.14)

Let now p be the joint law of (JAX .

, 7). For y € (¢, +o0) and ¢ € (0, +00) one has

du(y,t) =P ( sup | X — Xo| < C> dIl (y) dt,

0<s<t

where dt denotes the Lebesgue measure. This observation follows from the fact that for y € (2¢,+00) and
t € (0,400) the event

{IAX7e| € [y,y +dy),7° € [t,t +dt)}
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is equal the intersection of two independent events

{ sup | X, — Xo| < C} and {|X;yqr — Xo—| € [y,y +dy)}

0<s<t
which follows from (2.14) and the Lévy-Ito decomposition (see [1]). Now, using (2.14) we easily estimate
E[X7e — Xo|1re<cry > E[Xre — Xo| 1{jax, c|>20) L{re<T)

1
> 511‘3 |AX e | 1gjax,c|>2e} Lre<Ty

1
=3 / y-du(y,t)
(2¢,4-00) % (0,T]

1
= y'IP’<sup XSX0|<c>dH(y)dt
2 (2¢,+00) % (0,T] 0<s<t
1
:f/ y~H(dy)/ P(sup |XS—X0|<c>dt
2 (2¢,4+0) (0,7 0<s<t
1
= f/ y- 10 (dy)/ P(r¢ > t)dt. (2.15)
2 J2¢,400) (0,7
We naturally also have
E|Xre — Xo|1ze<ry 2 ¢-P(7° < T). (2.16)
From (2.15) and (2.16) we get
1 1 .
BXe = Xollpeery 2 pe POO<T) 41 [yl [ BGoz 0@ (2.17)
B 2 4 J(2e,400) (0,77

On the other hand, by the definition of 7¢, for 7¢ < +00 we have

X = Xo| € [Xpem — Xo| + |AX,.|
<c+|AX |

from which we get the estimate

E|X . — Xo| 1{TC§T} <c- El{TCST} +E|AX | 1{Tc§T}
=c-P (TC < T) +E |AX.,—c| 1{‘AXTE|§2C}1{T0ST}
+E[AX e[ 1jax, c|>2c 1re<T)

<3c-P(r°<T) +/ Y- H(dy)/ P(7¢ > t)dt. (2.18)
(2¢,+00) (0,T7]

To deal with the integral P (7¢ > t) dt let us notice that the following estimates hold:
(0,17

+oo
/ P(r¢>t)dt < 2/ 27 HTP (r¢ > t) dt
(0,7] 0
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and

400 +o0o kT
/ 27TP (1 > t)dt = Z/ 27UTP (¢ > t) dt
0 b1 Y (k=1)T

kT

“+ o0
< Z/ o= k=DT/TP (7¢ > — (k —1)T) dt
i1/ (e=1)T

+oo T
=> 270y / P (¢ > t)dt
k=1 0

:2/ P (¢ > t)dt.
(O’T]

Thus, we have the double-sided estimate

1 [t
f/ 2_t/TIP(Tczt)dt§/ P (¢ >t)dt
2 Jo (0.7]
—+oo
< 2/ 27HTP (r¢ > t) dt. (2.19)
0
Finally, let us notice that (by integration by parts)
+o0o T T +oo
27VTP(re > t)dt = — — — 27HTP (¢ € dt
/0 (rz1) In2 1In2 J, (r° € dt)
T e
= — (1-E277/T). 2.2
In2 ( ) (2.20)
Now, from (2.10), (2.18), (2.19) and (2.20) we get (2.12) while from (2.11), (2.17), (2.19) and (2.20) we get
(2.13). O

3. EXAMPLES

In this section we will apply the obtained estimates in three special cases. In the first case the process X will
be a real-valued Brownian motion with drift, in the second case it will be a standard Brownian motion on R¢,
d=2,3,..., and in the third case it will be a real valued, symmetric a-stable process with « € (1, 2).

3.1. Estimates of Vx (¢) in the case when X is a Brownian motion with drift

Let now B be a standard Brownian motion starting from 0 and X; = B; + ut be a (real-valued) Brownian
motion with drift s. From Theorem 2.5 it follows that in order to estimate Vx (v) it is sufficient to estimate
(up to universal constants) the quantity E (| X;<|1{e<ry) /(1 —E277/7) . From the continuity of Brownian
paths we immediately get that |X,<| = ¢ and

E (| Xre|Lire<ry) =c-P(r°<T)=c-P ( sup |B; + pt| > c) .
0<t<T

Now let us consider two cases.
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Case 1. ¢ < VT + |u| T. Let B = sign(u)B, where sign(u) = —1 if i1 < 0, sign(p) = 1 if g > 0. We get

P(sup Beott] > ¢) 2 P (B4 uT] > VT + || )
0<t<T

sign() Br + | T > VT + [ T)

—P )z1-@(1)>

)

(
(|51gn )Br + sign(pu)pT| > VT + |u|T)
2B (
(Br >

~|

where @ (z) = (2r) /2 I e~t"/2dt is the cumulative probability function of a standard normal variable.

Case 2. ¢ > /T + |u| T. In this case we get the following lower bound

IP’( sup |B: + pt] zc) >P(|Br+uT| > ¢)

0<t<T
=P (|sign(p) Br + sign(u)pT| > )
> P (sign(u)Br + |p| T = c)

:P(BTzc—mT)zl—q)(c_\/l%'T).

On the other hand, in both cases we have

IP’( sup |B; + pt] ZC) SP( sup |Bs|—|—|,u|TZc)
0<t<T 0<t<T

SZ-P( sup Btzc—mT)
0<t<T

=4-P(Br >c— |u|T)
(=)

Thus, in both cases
c—u|T>>
P( sup |Bi+ut|>c)=krk1(1—P | ——— ,
<0<tET| Al ) 1( ( VT
where k1 € [%74] .

Now we turn to look at 1 —E2-7/T = E (1 — e’lanc/T) . Let 7 be an exponentially distributed random
variable, independent from B, with the cumulative probability function P (7 < t) = (1 —e” 1“2't/T) 150y By

formula 1.15.2 on p. 270 in [3] we get

E (1 — 2_TC/T> =P(r <79

=P ( inf (Bs+ us) > —c, sup (Bs+ pus) < c)

0<s<7 0<s<r
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(6_”C+e"c)sinh (C /21:;112 +M)
sinh (201/21}‘2 —|—u)

cosh (uc)

cosh (cw/ 21;2 + )

-1

=1 -

Finally, from Theorem 2.5 we get that

1- @ (%)
. T
Vx (¢) = K2 égf(; ¢ (C) + Cl _ cosh(uc) ’
cosh(c\/ 2n2 175' 2 +,u2)

— 1
where kg € |:28maX(K3ﬁ2)78:| '

3.2. Estimates of Vx (¢) in the case when X is a d-dimensional standard Brownian
motion (d > 2)

Let BW, B® .. B@ be d independent (d > 2), standard, one-dimensional Brownian motions, starting
from 0, and let X = (BW,B® ... BW@).
Again, by Theorem 2.5 it is sufficient to estimate the ratio

E (|Xre| Lire<ry)
1—-E2-7/T

and again, by the continuity of X, we get
]E (|X7—c — X0| l{TCST}) =C- ]P (TC S T) .

Moreover, recall that the process R defined by

R=/(BW)? + (B®)? + ... + (BW)?

is called d-dimensional Bessel process or a Bessel process of order d or a Bessel process with index v = d/2 — 1.

Using results of Serafin [12], we will obtain estimates of Vx (¢) which are universal up to a constant depending
on ¢ and v (but not T). Using Corollary 3.4 of [12] and scaling properties of the standard Brownian motion for
t > 0 we get

1 2\ c? t
P(r¢ edt) =k (t, V)c <1+ t> exp( % ju122>dt,

where k(t,v) € [k3 (V) , k4 (V)] and Ky (V) > k3(v) > 0 are constants depending on v only, and j, 1 denotes the
smallest positive zero of the the Bessel function J, of the first kind which is defined as

l/—"_OQ — m m
7w =(3) XZOm!P((mlJZV—H)(g)Z -

m=
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This gives the following estimates.

Case 1. ¢ < T. In this case

P(r¢<T)

For the bound from above we use

Case 2. ¢ > T. In this case

T 4c?
:/ P(TCEdt)Z/ P(7¢ e dt)
0 2c2
1[4 2\ 2 2 t
> - 14+ — —— — 2 | dt
- K3(V)02 /262 < + t) exp( ot vt 202>
1 1
> /@;),(V)C—2 /2C2 exp (—4 - 2j3)1> dt
= K5(U).
trivial bound
P(r<T)<1
T
/ P(7¢ € dt)
0
1 /T 2\ 4t
> /<;3(1/)—2/0 <1 + t) exp <_2t Ju 202) dt
1 (T e\ A doa
> - — —— == | dt
—H3(V)c2/0 (t) P T T
1 (T /e vz c?
> K/G(V)Cig/o (t) exp <_2t) dt

C2

2T

k7 ()T <y+ 1,

).

where for a,y > 0, T (a,y) denotes the incomplete gamma function,

+oo
I (a,y) = / 2 e %d,
y

Similarly we can obtain a bound from above:

T
/ P(7¢ € dt)
0
1T 2\ A 4t
< /<a4(1/)—2/0 <1 + t) exp <_2t Ju1 202) dt
1 [T/ 2 vz 2
< - — 4+ — —— | dt
<awg [ ($+5) e (-5)
1 T re? vtz 2
< — il __
_mg(z/)cz/o ( t) exp( Qt) dt
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= ko(v)T <1/+1 20;)

We notice that in both (¢ < T and ¢? > T') cases

1 2
]P(TC ST) :KIOF <y+1,2max (1,;)) s (31)

where k19 € [k11 (V), k12 (V)] and K12 (v) > k11(v) > 0 are constants depending on v only (for k11 (v) we may
take min {k7(v), k5(v)/T (v + 1,1/2)} while for k12(v) we may take max {ro(v),1/T (v +1,1/2)}).

Next, the term 1 — E2-7/T =1 —Eexp (—(In2/T) - 7°) is given by an explicit formula. For a Bessel process
with index v, starting from x and A > 0:

A (m@)

1-FE%exp(-A-79)=1-¢" 3 (c\/ﬁ)

(see [3], formula 1.1.2 on p. 373). Here I,, denotes the modified Bessel function
1% too

L =(3) Zomvmnlw O

and in our case (for x = 0) we get "1, (9:\/ ) (/\/2)”/2 /T (v + 1), hence, substituting A = In2/T,

(c2m2/21))""?

C(v+1)1, (ey/2n2/T)

1-E27/T=1-

(3.2)

Equations (3.1) and (3.2) together with Theorem 2.5 allow to estimate Vx (1) up to a constants depending
on v and % only:

2 ()T (4 1§ (1.5))
Vi () S 20§ (0) + e——— 5o

C(v4+1)1, (c,/zln 2/T)

and

1 . K11 (V)F<V+1 max (1,%))
Vx () > ————inf ¢ ¢ (c)+¢ ETYIE

2 c>0 _
4 max (K"/”2> F(y+1)lu<c\/21112/T)

Remark 3.1. By formula 1.1.4 on p. 373 in [3], which is due to Kent [8], we get exact formula for P (7¢ < T):

¢ v Juk 5.2 2
Pr<D)=1 y—i—l ZJ (k) e, (33



392 W.M. BEDNORZ ET AL.

where j,1 < j,2 < ... denote consecutive positive zeros of J,. Unfortunately, the series in formula (3.3) is
convenient when dealing with larger times, and for 7' > 2E7¢ = 2¢?/d we naturally have P (¢ <T) > 1/2.
Unfortunately, for smaller T's this sum is oscillating and in that case the cancellations between the terms really
matter in the context of asymptotic behaviour.

3.3. Estimates of Vx (1) in the case when X is a symmetric, real-valued, strictly
a-stable motion (a € (1,2))

Let now Xy, t > 0, be a symmetric, real-valued, strictly a-stable motion (o € (1,2)) such that Xg = 0. X
has the following scaling property: for ¢t > 0 and a > 0

X ' at X, (3.4)

To fix our attention to the process of a given magnitude, we will assume that X; has the following characteristic
function

© ex dz o
Eexp (Zle) = exp </ PUS I Z§$||a+1> _ e—oa\§| 7
X

—00

where £ € R, 0, = 2T" (—a) cos @ Let 4 be such that

1
P(|X1| > Ba) = 305 (3.5)

To estimate Vx (¢) we will apply Theorem 2.6.
First we need to estimate 1 — E277"/7 = 1n2 fOJrOO 27t/TP (1¢ > t)dt. Let us define the function (0, +00) >
c¢— u(c) € (0,+00) such that

1
P (|Xuee)| =€) = 35

By scaling property of X it is equivalent to

P(1X]2 (u(@) ") = o

Thus

Next, by symmetry and strong Markov property of X, we have the estimate

P (| Xu@| =)
P (¢ <wu(c))
>

o= g =

(| Xu@o)] = el <u(e)

(sign (Xre) (Xy(e) — Xre) > 0]7° < u(c))

Y

(3.7)
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(recall that [X | > ¢) from which it follows P (7¢ < u (c)) < 2P (| Xy(¢)| > ¢) and
P(r¢>u(c) =1-P(1° <ulc))
>1-2-P(| Xy >¢) > 1—23% > %

On the other hand, using the independence of the increments and scaling properties of X, for k =1,2,..., we
estimate

0<s<2%k-u(c)

sup | Xs — Xi| < 2¢
0<s<t<2vk-u(c)

P(r¢>2%% u(c) =P < sup | Xs| < c>

| /\

IN

P XS—Xt|<2cf0rj:1,2,...,k>

<2“ (j—1)- u(c <S<t<20‘j u(c)

:H < sup | Xs — X4 <26>

j=1 2¢(j—1)u(c)<s<t<2%j-u(c)

k
=[P sup |X5 — Xi| < 2¢
0<s<t<2ou

k k
(IP’ ( sup | X < 20)) = <IP’< sup  2|X,| < 20))
0<s<2%u(c) 0<s<u(c)

IN

k
1- ( sup |X€| > C)) < (1 7P(|Xu(c)| > C))k
)

0<s<u(c

b 3e5> ‘ (3.9)

From (3.8) we estimate

cp In2
| —m2 /T = B2 T et e sy ar
T 0

S
1 —u(e)/T
> (1 —9 ) (3.10)

u(c)
> In2 2*t/T%dt

and from (3.9) we estimate

In2

0
In2 +0oo n2%k-u(c)
. / 27HTP (7¢ > t)dt
1

1-E27 /T = 27HTP (r¢ > ) dt

T = Jao(k-1)-u(e)
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1 2 +o00 2ak-u(c) 1 k—1
SLE:/ 2t/T<1—5> dt
T~ Joa(k=1)u(c) 3e

=1
— 1 —2%u(c)/T
T 1- (1- )22 (1 e )

< 3eP . 20 (1 - 2—“<C>/T) <1265 (1 - z—u@/T) . (3.11)

The last but one inequality follows from the estimates: 1 — (1 55 )2_2%(‘) > 3 A and 1 — 27 2%u(e)/T <

2¢ (1 — 2*“(6)/T) which is the consequence of the concavity of the function z +— 1 — 2~

1 (1-2-2werr) 4 <1 ~ 1) (1—270) <1 — 2 2@/,
2« 2«
Next, we need to estimate P (¢ < T) = P (supy< s« | Xs| > ¢) . Using similar reasoning as in (3.7) we get:
P(Xr| > ¢) SP(r < T) < 2P (1 Xr| 2 ).
This and scaling properties of X yield:

P (X1 > <P(r<T)<2-P(1X:] 2

) < (3.12)

c
7))

Finally, using Theorem 2.6, (3.12), (3.10), (3.6) and the fact that IT (dy) = |y|~* " dy, we obtain estimate from
above:

. c-P(IX1] > =57) 4 T

Similarly, using Theorem 2.6, (3.12), (3.11), (3.6) and the fact that II (dy) = |y|”“ " dy, we obtain estimate
from below:

Vx (¢) = (3.14)
1 1 ¢ P(X1] > 757) 1 T

—————— inf L .

(I, )go{w(c)+96€5 [—2 /Gl T 322 (o~ 1) (20T

From (4.32), (4.33) of [2] it follows that S, > \/L and B, < \/L for some universal constants 0 < d < D.

From this and concavity of the function x +— 1 — 27 we obtain that

d(1 g /((m)aT)> <1_ 9 /(B"T) < p (1 e /((m)”T)) (3.15)

for some universal constants 0 < d < D. Moreover, from Theorem 4.12 in [2] it also follows that

P(|X:| > y) < Cmin {1,max {y*a, 67(27o¢)(y/4)2}} (3.16)
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and
P(1X1] > ) > emin {1, max {5, e~ (2-a)(VEy)® 3 (3.17)

for some universal constants 0 < ¢ < C. Thus, from (3.13)—(3.17) we get that for some positive constant L,
depending on v only, we have

c~F(c~T71/a) T
< i .
Vx (1/1) = L¢ égg (U (C) + 1 — 9—c*(2—a)*/2/T + (Oé — 1) co—1 (3 18)
and
1 ¢ F(c-T7Ve) T
V. > — inf 3.19
X (w) ft Lw éI>10 ¢ (C) + 1— 270"‘(2704)(’/2/T (a _ 1) co—1 ) ( )
where

F(y) = min {1, max {y_“, e_(2_a)y2}} .
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