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LIMIT BEHAVIOUR OF RANDOM WALKS ON Z™ WITH
TWO-SIDED MEMBRANE

VICTOR BOGDANSKII!, ILYA PAVLYUKEVICH?*
AND ANDREY PILIPENKO!?

Abstract. We study Markov chains on Z™, m > 2, that behave like a standard symmetric random
walk outside of the hyperplane (membrane) H = {0} x Z™~!. The exit probabilities from the membrane
(penetration probabilities) H are periodic and also depend on the incoming direction to H, what
makes the membrane H two-sided. Moreover, sliding along the membrane is allowed. We show that the
natural scaling limit of such Markov chains is a m-dimensional diffusion whose first coordinate is a skew
Brownian motion and the other m — 1 coordinates is a Brownian motion with a singular drift controlled
by the local time of the first coordinate at 0. In the proof we utilize a martingale characterization of
the Walsh Brownian motion and determine the effective permeability and slide direction. Eventually,
a similar convergence theorem is established for the one-sided membrane without slides and random
iid penetration probabilities.
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1. INTRODUCTION

A multidimensional Brownian motion is a fundamental stochastic process that describes an idealized math-
ematical model of a free physical diffusion in a homogeneous medium. Having in mind the observations of
pollen made by Brown or a later kinetic theory of gases, we can interpret a diffusion as a collective motion of
independent random walkers whose distribution density in space obeys the isotropic Gaussian distribution.

However in real physical or biological systems, the space is often separated into compartments by membranes
that impede or facilitate the passage of the walker and create an anisotropy in the walkers’ collective motion.
From the physical point of view, a membrane is a thin slice of a material whose physical properties (e.g.
diffusivity, permeability) are different from the properties of the environment. Diffusions through membranes
are observed in biological tissues where they control the transport of ions, water molecules and gases, or in
porous and composite materials.

A rigorous mathematical justification of the interpretation of a diffusion as a limit of scaled random walks
is given by the Functional Central Limit Theorem (FCLT, the Donsker—Prokhorov invariance principle). For
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m > 1, let {e1,...,en} be a standard basis in R™. Consider a symmetric random walk Z = (Z(n)),>o on Z™
defined by identical one-step transition probabilities

P(Z(n+1) — Z(n) = iek’Z(O),...,Z(n)) =—, k=1,...m, n>0.

Then the FCLT yields the weak convergence in the uniform topology

(Z([\/T%t]))po - (%W(t))@o’

where W is a standard m-dimensional Brownian motion.

In this paper we consider a novel class of scaling limits of random walks in the presence of extended spatially
non-homogeneous one- or two-sided barrier (membrane, interface). More precisely, in the m-dimensional space
we consider an (m — 1)-dimensional semi-permeable hyperplane that separates the space into two half-space
compartments. A random walker performs a symmetric random walk outside of the membrane, however the
probability of the passage through the membrane is determined by the hitting position of the membrane by
the walker and by its incoming direction. Thus the probability to penetrate the membrane depends of the fact
whether the walker has reached it from the “right” of from the “left”. Furthermore we will consider two models
in which the membrane has a spatially regular periodic or random structure.

In the first model, the penetration probabilities are periodic in space, so that the membrane reminds of a
two-sided fabric. Hence, the scaled limit of such Markov chains outside of the membrane will be just a Brownian
motion. The passage probability through the membrane will be obtained with the help of an appropriate aver-
aging of the periodic individual penetration probabilities. Hence the limit process in the direction perpendicular
to the membrane will be a skew Brownian motion. The other coordinates converge to a standard Brownian
motion, maybe, with a singular drift controlled by the local time of the first coordinate at the origin.

Another case of a spatially regular structure considered in this paper is a membrane imitating a “random”
perforated surface. In this case one can think of a random walk in a random environment: we assume that the
membrane is one-sided and that the random penetration probabilities at each point are iid random variables
with values in [0, 1] with the mean value p. As in the first model, the (quenched) scaled limit will be a skew
Brownian motion in the direction perpendicular to the membrane and a standard Brownian motion in the rest
(m — 1) coordinates.

The proofs of these results are purely probabilistic and employ methods of homogenization and dynamics of
singular stochastic differential equations. Our results give a path-wise picture of the diffusion through a two-side
semi-permeable interface. In the physical language this corresponds to the Langevin—Smoluchowsky approach
to diffusions. It should be emphasized that physical papers (see, e.g., Novikov et al. [24], Grebenkov et al. [7],
Moutal and Grebenkov [21] and references therein) devoted to similar problems use analytical methods, mainly
the analysis of the Fokker—Planck equation.

One-dimensional locally perturbed random walks were considered from different points of view in Harri-
son and Shepp [10], Minlos and Zhizhina [20], Pilipenko and Pryhod’ko [29], Pilipenko and Prikhod’ko [32],
Pilipenko and Sakhanenko [30], Ngo and Paigné [23]. In this paper, we use the multidimensional martingale
characterization approach previously considered in Tksanov and Pilipenko[11] in dimension one.

It should be noted that if transition probabilities of a multidimensional random walk are perturbed on a
finite set or on a hyperplane of co-dimension 2, then under some natural assumptions its scaling limit is a
Brownian motion, see Szdsz and Telcs [36], Yarotskii [38], and Paulin and Szédsz [25].

We also refer the reader’s attention to the following related mathematical works. In the monograph by
Portenko [34], the theory of diffusion processes with semipermeable membranes was developed. The research
papers by Lejay [18] and Mandrekar and Pilipenko [19] considered thin layer perturbation of a Brownian motion
that results in a Brownian motion with the so-called non-instantaneous “hard membrane”. In papers Pilipenko
and Khomenko [31], Pilipenko [28], the perturbation of transition probabilities of a random walk depended on
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the number of visits of the walk’s current state. As a result, Donsker’s scaling limit process was obtained as a
solution to a stochastic equation with drift depending on a process’s local time. Iksanov et al. [12] and Pilipenko
and Prykhodko [33] considered one-dimensional random walks on a half line with reflection to the upper half line
upon crossing zero. It was assumed that bounces off zero belong to a domain of attraction of a stable law. The
limit process for scaled processes was a reflected Brownian motion with a non-local Feller—Wentzell boundary
condition at zero.

The paper is organized as follows. Section 2 contains the setting and the main result for the model of
two-sided periodic membrane. In Section 3 we introduce the Walsh Brownian motion that will be used in the
proofs and give its convenient realization as a d-dimensional stochastic process that takes values on the positive
coordinate half-axes. We will also formulate two martingale characterizations of the Walsh Brownian motion.
Section 4 is devoted to the proof of Theorem 2.1. In the final Section 5 we show how our method can be applied
to a model of a random one-sided membrane that possesses some ergodic properties.

Notation. The weak convergence in the Skorokhod space D([0,00),R™; J;) is denoted by =-. It should be
noted, however, that all limit processes in this paper are continuous. The convergence in distribution of random

variables is denoted by 4.

2. TWO-SIDED PERIODIC MEMBRANE: THE MODEL AND THE MAIN RESULT

Let m > 2 and let {e1,...,en} be a standard basis in R™. Consider a Markov chain Z = {Z(n)},>¢ on Z™
that behaves as a simple random walk outside of the hyperplane H := {0} x Z™ 1, j.e. forallk=1,...,m

i, 2 ¢ H. (2.1)

P(Z(n—i— 1) = ziek‘Z(n) = z) =
For each n > 1, we denote the first coordinate of the process Z by X, and the other (m — 1) coordinates by Y’
so that Z = (X,Y).

We will interpret H as a semipermeable two-sided membrane that may let a particle pass from one half-
space to another with certain probabilities that can depend on the crossing direction. Moreover, the particle
can “slide” along the membrane.

The membrane has to be homogeneous, i.e., the transition probabilities from the membrane are periodic in
space.

Notice that if the membrane is two-sided, then Z is not a Markov chain, generally. Indeed, its position
upon leaving the membrane is determined by both the current location on the membrane and by the particle’s
incoming direction. Hence, in order to introduce a Markov structure we have to enlarge the state space by
splitting the membrane H into two parts H~ and H* corresponding to its “right” and “left” sides: we denote

H™ = {0} xZ™ Y, HT ={+0} x 2™},

and we set H :=H~ UHT.
Now we consider a Markov chain Z = (Z(n)),>0 = (X (n),Y (n))n,>0 on the state space

{£0,41,+2,...} x Zz™ L,

Tts second coordinate Y is the (m — 1)-dimensional process from the original Markov chain Z whereas the
process X is defined on the enlarged space {£0,+1,£2,...}. The transition probabilities of the Markov chain
Z = (X,Y) are defined as follows.

Outside of the two-sided membrane #H the satisfy (2.1), namely

1
a9 Z¢H7

P(Z(n—l—l):ziek‘Z(n):z) =5
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where we agree that for each y € Z™ 1

(17y) — €1 = (+07y) and (_Ly) +e = (_O7y)a
(+0,y) +e1 = (1,y) and (=0,y)+e; = (1,y),
(+Ovy) — €1 = (_Ly) and (_Ovy) — € = (_Ly)‘

In other words, away from H the Markov chain Z is a symmetric random walk.
Suppose also that the process Z does not stay on the membrane, i.e.,

P(Z(n+1) € {-1,1} x 2" ’Z(n) €M) =1

However it is allowed that upon hitting the membrane (from the “left” or from the “right”) the walker can
“slide” along the membrane, so that its y-coordinate changes. We assume that transition probabilities from H
have periodic structure.

Notation. Let k = (ka, ..., k) be a fixed (m — 1)-tuple of natural numbers ks, ..., &k, > 1. Let U denote the
box in Z™~! defined by

Ui=1[0,ky —1] x - x [0, kp — 1.
For y € Z™ 1 y = (ya,...,Ym) we denote
y (mod k) := (y2 (mod k), . . ., ym (mod k,)) € U.
For each j € U we set

= {(£0,y) € H*: y (modk) = j}.

Clearly,
+ +
nt=J
JjEU
The following are our key assumptions concerning the transition probabilities of the random walk in the
membrane.

A periodic. Periodicity of the transition probabilities. We assume that there exist ks, ..., &, > 1 such that for all
lay... lm €Z, for all zg € H, for all 23 € {—1,+1} x Z™~! we have

P(Z(n f1) =220 = zo)
(2.2)
= P(Z(Tb + 1) =21 + koloes + - - + kpplmem Z(TL) = z9 + koloeg + -+ + k‘mlmem).
A.,. To describe the transitions through the membrane, we denote by 0 < 79 < 71 < --- the successive arrivals

of Z to H or, equivalently, of X to {—0,+0}. R R
On the finite state space {—0, 40} x U we consider an auxiliary embedded process Z = (Z(n)), >0 as follows
defined by

(=0,7), if Y(7,)(modk)=j €U and X(71,,) = -0,

2.3
(+0,4), if Y(7,)(modk)=j €U and X(1,,) = +0, n>0. (2:3)

2(n) = (X(Tn),Y(Tn) (mod k)) = {
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3 ) 1. 3 ) (dyp 2. 3 ) %ﬂ) 3.
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0 ) 0 ) 0o af
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—1 -~ —1 -~ " y P —1 - /1 24
1| 1 1 —p| 1 1—pl| 1—gq
—2 ) —2 ) -2 af )
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FicURE 1. Examples of three possible membrane compositions. To guarantee permeability for
the membranes 2. and 3. we assume that p € (0, 1] and p, ¢ € (0, 1] respectively.

The process Z is a finite Markov chain.

Since the original Markov chain Z is a symmetric random walk outside of the membrane, the states within
the sets {—0} x U and {—0} x U are connected. The connectivity of these sets, however, is determined by the
permeability property of the membrane. The examples on Figure 1 illustrate the three possible situations.

1. The membrane H is two sided reflecting and no transition between the half-spaces is possible. Consequently
the behaviour of Z on the left-hand space and on the left-hand space can be studied separately. In any case,
Z is an irreducible finite Markov chain either on {—0} x U or on {+0} x U. For initial values Z(0) € H+
it will have invariant (limiting) distributions = = {740 ;) }jev supported on {£0} x U respectively.

2. The membrane is semi-permeable in one direction. Assume for definiteness that transitions from H_ into
{+0,1,2,...} x Z™~! are possible. In this case, all the states {—0} x U are inessential for the Markov chain
Z whereas the states {+0} x U form an irreducible class. Hence, Z has a unique stationary distribution

™= {T(40,) }jev

supported on {+0} x U.
3. Eventually, if the membrane is permeable in both directions there is a unique stationary distribution

T ={m(0,j), T(+0,) }iev

of Z on {—0,40} x U.

For the limiting stationary distribution 7 (maybe depending on the initial value Z(0)) and we introduce the
effective permeability

v= Z(”(Jr&j) —T(—o0,y)) € [-1,1]. 2.4
jeU

Note that v = £1 corresponding to “reflection” is possible only in cases 1 and 2.
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A.. Finally, we describe the “slides” along the membrane. We denote
O(£0,5) = E[Y(l) - Y(0) ’ X(0) ==£0,Y(0) = j} eR™Y, jeU,

the mean slide sizes along the “right” of the “left” side of the membrane, and assume that they are finite.
Introduce the effective slide as

=B [Y(1) =Y (0)] = 3" (mesos) - @ro) + Moo (o) € R (2.5)

jeUu

By the strong law of large numbers for Markov chains (see, e.g. [3], Cor. 7.2.10),

n—1
o1 5 .
nl;ngo - E ]I(Z(k) = (:l:(),j)) = T(+0,5) Pz()-a-s.
k=0

By the strong Markov property, it is easy to see that the process (Z(7,,), Z(7, + 1))n>0 is also a Markov chain
and the strong law of large numbers yields again that

Tim. % S X(r+1) = B, X(1)
pa
= EEI:] [mer0) (Psog) (X(1) = 1) = Plo ) (X(1) = —1)) (2:6)
+70) (P (X(1) = 1) = Po(X(1) = =1))]
and
lim :z_é I[(Y(Tk) =, X(m, + 1) = il) =P (Y(0)=j,X(1) = +1)

=3 700 (Prros (X(1) = 1) = Py (X (1) = -1)) - (27)
jeu

+ 70) (Prog) (X(1) = 1) = Po(X(1) = -1)) .

Notice that X (7 +1) = 1 if and only if X' (7%4+1) = +0 and X (7, + 1) = —1 if and only if X' (7,4+1) = —0. So,
(2.6) yields another representation for the effective permeability:

y=EX(1).

Finally, an analogous argument yields the representation for the effective slide c:

n—1
c= nh_)n;o - kZ,O(Y(Tk +1)—Y(r)) as

Now we are ready to formulate the main result of the paper. Let Wx and Wy be independent standard
Brownian motions in R and R™~! respectively.
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For v € [-1, 1] defined in (2.4), we consider a skew Brownian motion X7 that is a unique strong solution of
the SDE

XV(t) = vL(t) + Wx(t), t>0. (2.8)

where L is the symmetric two-sided local time of X7 at zero, see Harrison and Shepp [10]. Other characterizations
and properties of the skew Brownian motion can be found in the review by Lejay [17].
Furthermore, let

YE(t) :=cL(t) + Wy (t), t>0, (2.9)

i.e., the process Y€ is a (m — 1)-dimensional Brownian motion that slides in the direction ¢ at the time instants
when X7 touches zero. Note that (2.9) is not a stochastic differential equation because the process L is already
determined in (2.8).

For the Markov chain Z = (X,Y) define the rescaled continuous time processes X,, and Y;, by

X ([nt]) W(| X ([nt])] > 0) Y([nt])
vn ’ vn

Note that the process X, is a rescaled projection of X on Z™ with the states £0 identified as 0.

Xo(t) = Y, (t) = . t>0. (2.10)

Theorem 2.1. Let Z be a perturbed random walk on {£0,41, ...} x Z™~ ! satisfying the preceding assumptions.
Then for any initial value Z(0), the weak convergence holds true:

1
(Xn,Yn) = —=(X",Y9), n— oo,
vm

where the processes X7 and Y are defined in (2.8) and (2.9), and v and c are defined in (2.4) and (2.5)
respectively.

The crux of Theorem 2.1 is transparent. Away from the membrane H, the limiting process (X7, Y ) coincides
with the m-dimensional Brownian motion (Wx, Wy)/v/m. The perturbation of the transition probabilities on
the two-sided membrane results in the appearance of a singular drift in the x-direction perpendicular to the
membrane. Hence the z-coordinate of the limiting process becomes a skew Brownian motion with the effective
permeability parameter vy € [—1,1]. The y-coordinates are perturbed by a singular drift in the effective sliding
direction ¢ € R™~1. This drift equals zero as long as the limiting process stays away from the membrane. However
upon hitting the membrane, the limiting process performs a singular “sliding” in the direction ¢ controlled by
the local time at zero of the x-coordinate. Note that the two-sided membrane structure disappears in the limit
as n — oo and the limiting process (X7,Y¢) is a continuous Markovian process in R™.

We illustrate Theorem 2.1 by examples depicted on Figure 1.

Example 2.2. 1. We have a one-periodic two-sided reflecting membrane. For initial values Z(0) €
{...,=1,—0} x Z™~! we have convergence

(X, Yy) = %(X—l,yo) 4 %(— |WX|,WY)

with v = —1 and ¢ = 0, whereas for initial values Z(0) € {+0,+1,...} x Z™~! we have convergence

(X, Yp) = %(Xl,yl)
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with v = 1 and ¢ = 1. Note that X! and X! are negative and positive reflected Brownian motions.

2. For initial values Z(0) € {...,—1,—0} x Z™~!, the Markov chain Z leaves the half space in finite time
with probability one, and never returns back. Hence the problem is essentially one-sided and for any initial
value Z(0) € {£0,+1,...} x Z™~! we have convergence

(X, Yy) = \%(Xl,Y1>

with v =1and ¢ = 1.
3. In this case we have a two-periodic two-sided permeable membrane. Let

7=inf{k > 0: Z(n) = (X(n),Y(n)) € H}
be the first hitting time of the Markov chain Z of the two-sided membrane . Since away of the membrane H,

the increments of Z coincide with the increments of a translation invariant two-dimensional symmetric random
walk Z, we can easily calculate the probabilities of hitting the membrane in an even or an odd point:

With the help of (2.11) we calculate the transition probabilities of the embedded Markov chain Z on {-0,+0} x
{0,1}:

\ (—0,0) (—0,1) (+0,0) (+0,1)
(—0,0) 1—a 0 0
P= (=0,1) | A-p)(l-0a) (I-pa  p(l-a) pa
(+0,0) qa ¢(1-a) (1-g)(1-a) (1-qa
(4+0,1) 0 0 o) 11—«

Solving the forward Kolmogorov equation (P” — Id)m = 0 we obtain the stationary law 7 of Z:

q(1 — o) + pg(2a — 1) . B q(1 — )
20+ q)(1 —a) +pg2a—1)" "V T 2+ q)(1 - a) + pg(2a — 1)’
B p(1-a) . p(1—a)
TEOD TS (T —a) tpaa— 1) 0D T 2h 1 g)(1 - a) + pe(2a — 1)’

71-(7070) =

and calculate the effective permeability and the effective slide according to (2.4) and (2.5):

2(p — ¢)(1 — ) + pg(2ar — 1)

v = ,
_ 2p(1 — «) '
2(p+q)(1 — @) + pg(2a — 1)
Clearly, setting ¢ = 0 we obtain v =1 and ¢ = 1 as in the previous case 2. (I

The idea of the proof of the Theorem 2.1 consists in a decomposition of the process Z into excursions starting
and ending on the membrane H. The excursions have a probability law of excursions of a symmetric random
walk.
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If the membrane is homogeneous (ks = -+ = k,, = 1), then it is well know that the scaled limit of the
z-coordinate is a skew Brownian motion, see Harrison and Shepp [10]. To control the slide in the y-component
we only have to control the number of visits of the z-coordinate of the Markov chain to 0. However, if the
membrane is periodic with a non-trivial period, then the sign of the x-coordinate of an excursion is selected in
accordance with the transition probabilities (2.2), i.e., its sign depends on the position of the random walk at
the last visit to the membrane. The slide along the y-subspace depends on that position too.

Due to the periodicity assumption (2.2), there is d = 2|U| := 2ks - - - ky,, different types of excursions between
consecutive visits of the membrane. In order to treat this number of excursions at the same time we have to
consider a natural generalization of the skew Brownian motion, namely, a Walsh Brownian motion. Hence we
will show that the family of d one-sided random walks converge to a Walsh Brownian motion. This will allow
us to derive the effective permeability and sliding parameters.

3. WALSH’S BROWNIAN MOTION AND ITS MARTINGALE
CHARACTERIZATIONS

Walsh’s Brownian motion (WBM) was introduced in the Epilogue of Walsh [37] as a diffusion on d rays on
a two-dimensional plane with the common origin. On each ray WBM, is a standard one-dimensional Brownian
motion that however can change the ray upon hitting the origin, i.e., each ray is characterized by a weight p; > 0,
i=1,...,d, p1 +---+ pqg = 1, that heuristically can be understood as a probability to go on the ray number 1.
Hence, the conventional WBM is a process X on the plane expressed in polar coordinates as X = (Ry, 0;) where
R is the reflecting Brownian motion and 6 is a random process taking values on the set of d angles on [0, 27)
and being constant during each excursion of R from 0. This representation has been used in various works on
WBM including Barlow et al. [1], Freidlin and Sheu [5], Hajri [8], Hajri and Touhami [9], and Karatzas and
Yan [15].

In this paper prefer to embed the WBM into a d-dimensional Euclidean space as it was indicated in Walsh
[37]. To this purpose, let E be the union of non-negative coordinate half-axes in R?, i.e.,

E={zecR" z;>0and wz; =0, i #j, i,j =1,...,d}.

We fix probabilities p1,...,pq > 0, p1 +---+pg = 1, and also denote ¢; = 1 —p;, i = 1,...,d. Let also
(Q,%,F,P) be a filtered probability space satisfying the usual hypotheses. Then adopting the Markovian
characterization of the WBM from Barlow et al. [1], we say that WBM is a time-homogeneous continuous Feller
Markov process X = (X1,...,Xy) on E with the one-dimensional laws given by

d
EOeA1X1(t)+“'+)\dXd(t) _ Zpk:EOe)\kIW(t)la

k=1

d
E, M X1+ +haXat) g []I(t < To)e)\jW(t)} 4 ZPkEacv [I[(t N TO)eAk‘W(t)‘:|
J g J -
k=1

d d
- Ezj [Zpke)\klw(t)l} + E:cj |:]I(t < TO) (e)\jW(t) - Zpke)\kw(t)>:|v
k=1 k=1

z=(0,...,2j,...,0), Ij>0,)\€(Cd,

W is a standard Brownian motion and 7 = inf{t > 0: W; = 0}. Notice that the last expectation can be
considered as the expectation of a killed Brownian motion.

In Barlow et al. [1], the authors also gave the martingale characterization of the WBM realized as a process
on the plane. In terms of the d-dimensional realization X of the WBM, their characterization takes the following
form.
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Theorem 3.1 (Propositon 3.1 and Theorem 3.2 in Barlow et al. [1]). Let X = (X1(t),...,Xa(t))i>0 be an
adapted continuous process. Then X is a WBM with parameters p1,...,pq > 0 if and only if it satisfies the
following conditions:

1. X;(t) > 0 and X;(t)X;(t) =0 for alli # j and t > 0;
2. for each i =1,...,d the process

Ni(t) = @i Xi(t) —pi Y X;(t), >0,

J#i
is a continuous martingale with respect to F;
8. for eachi=1,...,d the process
t 2
N0 = [ (10X(9) > 0) = p(Xi(s) =) ds, 120, (31)
0

is a continuous martingale with respect to F.

Note that since the product of the indicator functions in (3.1) is identically zero, we have

W= /ot (4 1X(5) > 0) = pT(Xi(s) = ) ds
— /Ot (qz'Q]I(Xi(S) > 0) +prI(Xi(5) — 0)) ds.

Furthermore, it is clear, see Lemma 2.2 in Barlow et al. [1], that the radial process

is a reflecting Brownian motion, and hence it has a local time at 0 defined by:

1 t
X(4) o= LR = 1 1 X.(s) <¢e)ds. 3.2
L™ (t) .= L™ (¢) —shm0 25/0 (1I<Ilia<Xd i(s) 6) S (32)

In the following theorem we give an equivalent martingale characterization of the WBM that better fits into
the setting of this paper.

Theorem 3.2. Let X = (Xi(t),...,Xa(t))i>0 and v = (v(t))i>0 be adapted continuous processes. Then X is a

WBM with parameters py,...,pq > 0, and v is the local time of X at 0 if and only if they satisfy the following
conditions:

a) X;(t) >0 and X;(t)X;(t) =0 foralli#j,t>0;

b) v(0) =0, v is nondecreasing a.s., [;° L(X(s) # 0)dv(s) =0 a.s.;
¢) the processes My, ..., My defined by
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are continuous square integrable martingales with respect to F with the predictable quadratic variations

(M;)y = /t I(X;(s) > 0)ds. (3-4)

0

d) [°1 =0)ds =0 a.s.

Remark 3.3. There is a typo in §3 in Barlow et al. [1] (p. 281). One should remove the indicator 1,~¢ in the
formula for h;(r, @), otherwise the zero process is also a solution of equations (3.2) or (3.3) from their paper.
Note that condition (d) in our Theorem 3.2 prohibits 0 to be a sticky point of X.

Proof. We will show that conditions 1-3 of Theorem 3.1 and a)-d) of Theorem 3.2 are equivalent.
i) We show that a)-d) = 1-3.

First, it is obvious that a) implies 1.

By c), each process N; is a martingale as a linear combination of martingales:

Ni(t) = @:Xs(t) —pi Y X;(t)

J#i

= qi(Mi(t) + pv(t)) = pi ) (M;(t) + pyu ()

J#i
= qiM;(t) —pi Yy Mj(1)
J#i

Observe that quadratic covariations (M;, M;) vanish for ¢ # j. Indeed, applying the Cauchy-type inequality
for quadratic covariations (Proposition 15.10 in Kallenberg [14]) we get

onn), = [ aaan), = [ (10669 > 0+ 1066) = 0) ala, a5),

= (/Ot I(X;(s) > 0) d(M;)s - /Otd 1/2 + (/Otﬂ 0) d(M;)s - /Otd<_7\4j>s)1/2
S(/Ot]I(Xi(S)>0)]I<X()>O)ds t +(/Ot]1 H(Xi(8)>0)ds-t)1/2
=0

Consequently with the help of ¢) we obtain the martingale property 3. Indeed, by the Ité formula we get

(N;(1))? = (N;(0))* + 2/ Ni(s)dN;(s) + (Ni)¢

+2qZ/N )Y dM; (s —2pZZ/N ) dM;(

J#i

+ @ (M) + 7 Y (M)
i
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We have

A%%MXMO>®—mﬂdxﬁ=®fd$:AXﬁMXm0>®+ﬁﬂﬂx@=®)®

= g7 (M) +p7 Y (M),
J#i

where we used (d) in the last equality. Hence we get the property 3.
Show that the process v is the local time of X at zero. Let L¥ be the local time of X at zero and let

d

R(t) = max X,(t) = in(t)

1<i<d

be the radial part of the WBM X. By Lemma 2.2 in Barlow et al. [1], R is a reflecting Brownian motion with
a local time L, and hence

R(t) - L"(t)

is a Brownian motion. On the other hand

and Z(t) := Z?Zl M;(¢) is a continuous martingale with the bracket (we use 3.)

d t
<mzzlmx®ﬂwpu

thus, Z is a F-Brownian motion. By the uniqueness of the semimartingale decomposition, v = L. Notice that
LE =X,
ii) We show that 1-3 = a)-d).
Let X be a WBM. Denote v := L¥ its local time at 0. The properties a), b) and d) follow immediately.
For each ©+ = 1,...,d consider the process

Yi(t) = Xi(t) = Y X;(t), t>0. (3.5)
i
and a rescaled martingale
Nilt) = ——Nift) = ~X,(t) — ~ S X, (), £>0
' pigi pi qi i I ’ (3.6)

with the bracket
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Then obviously

Consider the processes

t
Wit)i= [ (pFiGs) > 0) + G(Ni(s) < 0)) difs).
0
These process are continuous martingales with the bracket
<W'L>t = ta

hence they are Brownian motions. Denoting a;(x) := %]I(x >0)+ %]I(x < 0) we get that N; satisfies the SDE

Ni(t) = No + /0 a: (N (s)) dWi(s),

and hence each N; is the so-called oscillating Brownian motion, see Keilson and Wellner [16]. By Nakao’s
theorem, see Nakao [22], this SDE has a unique strong solution. Let r;(x) = p;I(x > 0) + ¢;I(z < 0). Taking
into account (3.5), (3.6) and the property a) we get that

Y; = ri(IV;).
Repeating literally the calculations from Section 5.2 in Lejay [17] we get that
Yi(t) = Yi(0) + Wi(t) + (2pi — LY (t),

where LYi(t) is the symmetric local time of Y; at 0.
Hence Y is a skew Brownian motion with parameter (2p; — 1). Moreover the radial process R = |Y;| = | X|
is a reflected Brownian motion and

R(t) = [Vi(t)| = R(0) + /0 sen(Y;) dWi(s) + LY (¢).

Futhermore,

R(t) = R(0) + W(t) + L*(t)
for some Brownian motion W. From the uniqueness of the decomposition of R as a semimartingale we get that
LYi=LRforalli=1,...,d.

It follows from Theorem 1.7, Chapter VI of [35] that the right and left local times of Y; at 0 are equal to

L (t) = 2(1 — p)LYi(t), LY (t) = 2p LY (t).
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Finally Tanaka’s formula yields
X;(t) = max{Y;(¢),0}

— max{¥;(0),0} + /0 (¥i(s) > 0) dTWi(s) + 5 Ll (1)
— max{Y;(0),0} + /0 I(Yi(s) > 0)dWi(s) + piLE(8),

and thus the process M; = X; — p;v is a continuous martingale with the bracket (3.4). O

Corollary 3.4. Let X = (X1(t),..., Xq(t))i>0 be a WBM with parameters p1,...,pq >0 and let I C{1,...,d}.
Let

y=Ypi— Y pi=2> pi-1el-11].

iel jele iel

Then the process

XV(t) =Y _Xi(t) = Y X;(t), t=>0,

iel jele

18 a skew Brownian motion with the parameter .

Proof. Without loss of generality assume that I = {1,...,k} for some 0 < k < d. By Theorem 3.2, the process

is a continuous martingale. Taking into account (3.3) we get
W(t) = X (t) —yv(t).
Since the local times at 0 of X and X" coincide, we get
W(t) = X7(t) = vL(t)

where L is the local time of X7 at 0. The bracket of the martingale W equals

d t
W)=Y /O (Xi(s) > 0)ds =1,

and thus W is a Brownian motion. In other words, X7 satisfies the SDE X7 (¢) = W (t) + vL(t) and thus is a
skew Brownian motion, see Harrison and Shepp [10]. O

4. PROOF OF THEOREM 2.1

Consider the Markov chain Z = (X,Y) on the enlarged state space {£0,+1,...} x Z™~L. Let us decompose
the process X into 2|U| non-negative excursions parameterized by the elements of the set {—0,+0} x U. By o,
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n > 0, denote the time instant of the last visit of the random walk Z to H before time n, i.e.,
Op = max{k <n:X(k)e {—O,+O}}, oo = 0.
Consider 2|U| processes

X7H(n) == X(n)A(Y (o) = j, X (n) > 0),

o ] ) (4.1)
X7 (n) = | X(n)|[I(Y (o) = j, X(n) <0), jeU,

and introduce a 2|U|-dimensional random sequence {(X7T(n), X~ (n));ev }n>0 on Ng‘Ul. Observe that all its
coordinates are non-negative, only one coordinate of the vector (X’ ¥ (n), X9~ (n));ey may be non-zero, and
X3%(a,) = 0.

To study the limit behavior of the scaled process X,,(+) defined in (2.10) we will prove that the properly scaled
2|U|-dimensional process (X7 F(n), X7~ (n));euv converges to a WBM with parameters {m(o j),7(—0,j)}jev- To
this end, for each j € U we decompose the processes X7+ and X7~ into a sum of a martingale and a “local
time in 0”, namely we set

n

XPE(n) = (XIE(k) — XPH(k - 1) L(XP*(k — 1) > 0)

Since the Z is a symmetric random walk outside of H, it follows from the construction that

E[(in(k) ~XOE - D)X E (k- 1) > 0)’54‘;@,1}

— (X (k—1) > 0)- E{Xj’i(k) ~XIE( - 1)‘%_1] =0

and the sequences (M7*(n)),>o and (M7~ (n)),>0 are martingales for any j € U with respect to filtration
(Zn)n>0 generated by Z. Moreover, since

(M), = iE[(Xf%i(k) —XE (k= 1) L (k= 1) > 0)[ i
k=1

. i I(X9%(k —1) > 0),

m
k

the sequences

are martingales too.
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We set

_ X9 () _ L))

N0 (4.3)

Proposition 4.1. There are continuous processes {in}jeU, continuous martingales {M]i}jeU and a nonde-
creasing process v such that

(X5, MP* b5 jev = (X7, M, piv)jeu, n— oo, (4.4)

where

Py =E-1(X(1) = £1,Y(0) = j)
= 7T(+O,j)P(+O,j) (X(l) = :l:l) + 71'(,07]‘)P(,0)j) (X(l) = :l:l), ] S U

Moreover, the process \/m(XJi, Mji,pjiu)jeU satisfies conditions of Theorem 3.2.

To prepare the proof of Proposition 4.1 we notice that in problems of this type it is often helpful to start
with the study of the radial process

S(n):=> (X! (n) + X7 (n)), n>0.

jeu

The process S = {S(n)}n>0 is a Markov chain on N U {0} with reflection at 0 whose steps in N have the
distribution

P(S(n+1):j—1’5(n): ) P( )—jJrl‘S(n):j):i,

P(S(n+1):j‘5( i>1,

j)=1 L
P(S(n+1)=1’S( 0) =1 "

Set

3\
=
3\
—

L(n) :

I
N
=
N
=
I
N
a
4
g
+
=
g
S
Y
=
™~
N

ES
I
=3
ES
I
=3

Jjevu
L(n) being the number of visits of S to the origin up to time n.

Lemma 4.2. We have the weak convergence

(S, 2y, L

where B is a standard Brownian motion, L°(-) is a local time of B at 0 defined by (3.2).

(1IBOLLO), n— o,

Proof. Whereas the convergence of the reflected random walks to a reflected Brownian motion is straightforward,
certain work should be done to ensure the convergence of the local times.
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Let {&}x>1 be a sequence of iid random variables, P(§ = +1) = 5, P(&, = 0) = 1 — --. Consider a random

2m>

walk Q(n) =Y 1_; &, Q(0) = 0. We recursively construct a reflected sequence Q setting

Q(0)=0. N(0)=0,

)= N(n)+1, ifQ(n)=0,
N(n), if Q(n) >0,

Q(n) = Q(n — N(n)) + N(n).

Notice that {(Q(n), N(n))}n>0 4 {(S(n), L(n))}n>0. It also clear that

o
N(n) < — min Q(n)+1,

so that N(n)/n — 0,n — oo a.s. Consequently,

mt) =Nt g,

uniformly on each interval [0,7T], T > 0. ~
We have the following estimate of the modulus of continuity of @ and N: for all n,k > 1

max |Q(k) — Q)] <2 max [Q(k) — Q)] +2,

li—j|<k li—jl<k
1<i<j<n 1<i<j<n
max IN(k) = N@)| < max (IQk) = Q)|+ |Q(k = N(k)) = QU N(1)])
li—jl<k li—j|<k
1<i<j<n 1<i<j<n
<3 max |Q(k) - Q)| +2.
li—j|<k
1<i<j<n

These estimates together with the convergence \/ﬁ% = B(:) yield that the sequence

{ﬁ(Qi[/%D’ QE[/%-])’ N%-]))}QI

is weakly relatively compact and any of its limit points (A, B, C) is a continuous process such that

a) A(t) >0and A(t) = B(t) + C(t), t > 0,
b) B is a standard Brownian motion,
¢) C is a nondecreasing process, C(0) =0, [;° L(A(s) > 0)dC(s) = 0.

This means that the pair (A4, C) is a solution to the Skorokhod problem for B, see for example Chapter 1 in
Pilipenko [27], i.e.,

A(t) = B(t) — srerl[ég]B(s), C(t) = —srél[(l){lt] B(s).

The joint convergence
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follows from uniqueness of the solution to the Skorokhod problem.

Eventually, it is well known that (A(t), C(t))i>0 4 (|B(t)], L°(t))s>0 by Lévy’s theorem, see, e.g. Corollary
19.3 of [14]. The Lemma is proved. O

Lemma 4.3. The sequence {(X2%(-), MJ® (1), v5% () jev }n>1 is weakly relatively compact in D([0, T], RSV
and any limit point is a continuous processes.

Proof. Notice that the modulus of continuity (in the uniform topology) of any X7:* is dominated by doubled
modulus of continuity of {S(n-)/y/n}, and the modulus of continuity of any M7'* is dominated by doubled
modulus of continuity of X/*. The third coordinate is the difference of the first two. Hence the statement of
this Lemma follows from Lemma, 4.2. O

Proof of Proposition 4.1. To show convergence {(X#%) e }n>0 to the WBM it suffices to verify that for any
subsequence {(X7:%);ev x>0 there is a subsubsequence that converges to the WBM. Due to Lemma 4.3 without

loss of generality we will assume that the sequence { (X BEC), MIE(), vi* ()) converges in distribution

jEU}HZI

to a continuous process (Xj’i(~), MIE(), I/j’:t(')) .
jeu
Let us check the conditions a)—d) of Theorem 3.2 for the process \/E(Xj’i(-), M=), Vj’i(-)) .
jeu
a) It follows from the construction that X7*(t) > 0, ¢t € [0, T]. Moreover, only one of these processes may be
positive at any fixed time.

b) and d) The processes v7*(-) are non-decreasing a.s. and v7*(0) = 0. Lemma 4.2 yields that

(IOLr0) £ —=(1B0)L2°0),

where

v(t) =Y (" () + ().

JEU
Since fOT I(B(t) =0)dt = 0 and fOT I(|B(t)| > 0)dLO(t) = 0 a.s. for any T > 0, we have

T
I(|X(#)| = 0)dt = 0,

/
T

/ 1(X(6)] > 0)du(t) = 0
0

almost surely.

c) It follows from the construction that
XIE(t) = MIE() + 75 (L) as.
for all j € U,t > 0. To show that

vIE(t) = piu(t) as. (4.6)
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we recall the strong law of large numbers (2.7) for Markov chains. For any ¢ > 0 the process L([nt]) defined in
(4.5) increases to +00 a.s. as n — oo. Hence

L([nt])

viE(t) Z LY (1) =, X (m + 1) = 1)

Yieo Vh (0 + Tpeo VAT (1)
- EWH(X( ) =+1,Y(0) =)
=7(10,) P10, (X (1) = £1) + 70, P (0,5 (X (1) = £1) as

The processes M7*(-), j € U, are local martingales with respect to the filtration generated by the process
{X3%(.), Mj* ()} jev. Since the jumps of each MJ*(-) are uniformly bounded, the limits M7+ are local
martingales with respect to filtration generated by { X7+, Mj*i}jeU due to Lemma 1.17 in Chapter IX of Jacod
and Shiryaev [13]. Moreover, the limit processes are continuous due to Lemma 4.3.

It is left to show that

(MI* / I(X7*%(s) > 0)ds a.s. for j € U, t > 0. (4.7)
m

By Skorokhod’s representation theorem there is a probability space and the copies

{(Za0. 050,75 0)) and { (X95(), NP50),#940) ]

jeU}nZI
of

{(xa= ), M=), %) and { (X9(), M%), 950)) ]

jEU}nzl

such that on any interval [0, 7] we have a.s. uniform convergence

(ngi(.),Mg;i( N, ohE( ))jeU — (Xﬂli(.),Mﬂ%i(.),;ﬂ’i(.))je[}, n — 0. (4.8)

To prove (4.7) it suffices to verify that with probability 1 the sequence

2 [nt]/n i
(Mn (t)) - I > 0ds
converges uniformly over ¢ € [0,T] to
oy 1 [/t
(MPE@)? — — [ M(XP%(s) > 0)ds.
mJo

Here we again use Lemma 1.17 in Chapter IX of Jacod and Shiryaev [13] and a localization procedure. It follows
from (4.8) that we have to prove the convergence of the integrals only.

Let w € Q be such that (4.8) holds. If s € [0,77] is such that X*%(s) > 0 for some 1 < k < |U| and s €
{—,4} then X**(s) > 0 for large n. Since only one of the processes {Xj’s(s)}jeU,se{_7+} and only one of
{X%’E(S)}jEU,SE{—,-Q—} may be non-zero we have convergence of the indicators for all j € U:

lim M(X7%(s) > 0) = M(X9%(s) > 0). (4.9)

n—oo
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The process X = (X7, X77) 1y spends zero time in 0 with probability 1 because \/rnz\jlill (X9+ 4 X07)
is a reflected Brownian motion, see Lemma 4.2. Therefore for a.a. w and a.a. s € [0, 7] there is k and s such
that X**(s) > 0 and we have (4.9) for any index (j, %), j € U. So by the Fubini theorem and by the Lebesgue
dominated convergence theorem for a.a. w and all j € U we have convergence of the integrals

t

lim [ M(X7*(s)>0)ds = / t (X7 (s) > 0)ds.
0

n—oo 0

This completes the proof of Proposition 4.1. O

To treat convergence of Y, similarly to the representation (4.2) for {X7*(n)} we decompose the sequence
Y = {Y(n)}n>0 into the sum

Y =3 (Y(k+1) = Y(R) LX) #0)
k=0
+3 )y (Y(k +1) - Y(k)) T(X(K) = £0,Y (k) = §)
j€eU k=0

=MY(n)+DY(n), n>0,
and we define

MY (i) _ DY (jnt))
Vi Vi

The following Proposition is proven analogously to the previous reasoning.

MY () : DY (1) :

Proposition 4.4. Let X and v be as in Proposition 4.1. Then
(X070, MY (), DY ()) = (X000, =W (), ev())
vm
where Wy is a (m — 1)-dimensional Brownian motion independent of X, and c is defined in (2.5).
Proof of Theorem 2.1. We combine Propositions 4.1 and 4.4 together with Corollary 3.4. (]

5. ONE-SIDED MEMBRANE WITH ERGODIC PROPERTIES

The same method of decomposition of the perturbed Markov chain into a sum of excursions combined with
the strong law of large numbers (2.6) can be applied for the analysis of a one-sided membrane that has ergodic
properties.

As in Section 2, let m > 2 and let {ej,...,e;,} be a standard basis in R™. Consider a Markov chain
Z = (X,Y) on Z™ that behaves as a simple random walk outside of the hyperplane H := {0} x Z™~ !, i.e.,
(2.1) holds true.

Let {py}yen C [0,1]. Now we interpret H as a semipermeable non-homogeneous membrane that may let a
particle into one half-space with probabilities {p, },cm. More precisely, we assume that for each z = (0,y) € H:

py:P(Z(nJrl):erel’Z(n):z) :17P<Z(n+1):zfellZ(n):z).
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Note that the particle leaves the membrane in the direction orthogonal to H, i.e., Y(n+1) = Y (n) for Z(n) € H
with probability 1, and hence there is no slide along the membrane.

We assume that the membrane has the following ergodic property:
Agsrin(fB): there is 8 > 0 such that

14113; |V Z py=p€[0,1 as.,
’L/EV (A,o0)

where the limit is taken over all cubes V(A,0) C H of volume |V (A, 0)| with side size larger than A and whose
centre o is within distance A® from the origin.
We give two clarifying examples for the assumption Agpin(8).

Example 5.1. Assume that the family {p,},cn has a periodic structure: there are ks, ..., k&, > 1 such that
for all ls,...,l,, € Z and for all y € H

Py = Py+kalaeat++kmlmem
Then {p,} clearly satisfy assumption Agrin(8) for any 5 > 0 with

1 k2a“-7km
P B, 2 M)

12,0 yim =1

Example 5.2. Let {p,},cn be ii.d. random variables with values in [0, 1] defined on a probability space
(©,.Z',P'). Then for each fixed w' € Q' the family {p,(w’)} defines a random “environment”. Then the
assumption Agprn(8) with 8 > 0 is satified with

_ /

p=E'p,.
To see this, let 3 > 0, and let V (A, 0) denote a cube with the size A € N and the centre at o € Z™~!. Then

[o oRENNe < BNe o]

P X wr)-P(UNU U {vasl = o012} 6

YEV(A,0) m=1k=1 A=k |o| < AB yEV(A,0)
For each m > 1 and A > 1 we apply Hoeffding’s inequality, see Chapter III, §5.8 in Petrov [26]:

(U {2 omnl> gl et e (grog) 5 nes)> )

lo|< A8 yEV (A,0) V(A,0)

2(2Aﬂ)mfle*2|V(A,O)‘/m2 — 2(2A5)m71672Am 1/m .

Hence, the probability in (5.1) equals to 0.

Theorem 5.3. Let assumption Agpin(B) holds true for some 8 > 1. Then for any initial value Z(0) € Z™ the
weak convergence holds true:

1
(Xp,Yn) = —(X7,Y?), n— o,

vm

where X7 and Y are defined in (2.8) and (2.9), withy=2p—1, and c =0
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Proof. 1. Without loss of generality assume that Z(0) = 0. As in Section 4 we decompose the Markov chain
Z = (X,Y) into the “left” and the “right” excursions. Since the membrane is one-sided, and there is no need
of introducing the set U, the notation of Section 4 simplifies significantly. Similarly to (4.1) we define

Xt (n) = X(n)-T(X(n) >0),
X(n)|- (X (n) <0),

8
z
i

so that
X(n)=X*t(n)-X"(n), n>0.
Then we decompose these processes similarly to (4.2) as
X*m) =Y (Xi(k) ~XE(k - 1)) CI(XE(R—1) > 0) + > M(XE(k — 1) = 0, X*(k) = 1)
k=1 k=1

= M*(n)+LE(n),  M*(0)=L*(0)=0.

The processes M* are martingales, and L* are non-decreasing processes. Recall the processes X,,(-) and Y;,(+)
defined in (2.10), and define additionally the scaled processes XX, ME, v* similarly to (4.3) (omitting the
index j), so that

X,(t)=XT(t) - X~ (t), M,(t)=M*1t)—M (1), vu(t):=vit)+uv,(t).
Analogously to reasoning of the previous section (Propositions 4.1 and 4.4), we have that the sequence
(X, X, X, My My My, vt v vn, Ya) baso

n n n ny¥nors¥n>

is weakly relatively compact in D(R,,R!) each its limit point (X+, X—, X, M+ M~ , M,vt,v=,1,Y) is
continuous, and

X)) =X*(t)—X"(t), M@t)=M"(t)-M (t), v(t)=v'(t)+v (),
where M ' and M~ are local martingales with the brackets

4 1 ! + (g s
(M >tfm/011(x (s) > 0)ds.

Moreover, the process v/m|X| = v/m(X+ + X ™) is a standard reflected Brownian motion, y/mv is its local time
at 0, and the process /mY is a standard (m — 1)-dimensional Brownian motion independent of X.
Hence to prove Theorem 5.3 it remains to show that

=p aus. forallt>D0. (5.2)

vy () L*([nt])

=p as. forallt . 5.3
S A e p as. forallt>0 (5.3)
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2. Let 73, be the moment of kth visit of X to 0, k > 0, 79 = 0, so that Z(7) = (0,Y (7%)). By the strong Markov

property we have
Law(7y — (Tk—1 + 1)) = Law(7|X(0) = 1), k>1,
and
Law (Y (1) = Y (7-1)) = Law (Y (7)|X(0) = 1,Y(0) = 0), k=1,
where 7 is the first return time to zero of X,
T =1inf{k > 1: X (k) = 0}.

It is well known that 7, < oo a.s. and 7, — +0o0 a.s. as k — oo. Hence

n

Y(r) =3 (Y(Tk) - Y(T,H)), n>0,

k=1

is a random walk on Z™~! whose jumps have the probability distribution Law(Y (7)|X(0) = 1,Y(0) = 0).
We claim that

48, n— oo, (5.4)

where S is a 1-stable random variable on R™~! with the characteristic function Ee'(*:%) = e~lul/vim 4 ¢ Rm~1,
Indeed, for each n > 1 consider the symmetric random walk Z = (X,Y’) on Z™ starting at Z(0) = (n,0,...,0).
Denote

7~—O = 07
71 =inf{k>1: X(k) =n—1},
7o =inf{k > 1: X(n) = 0}.
Then clearly
(s, V(1) Y (1) 2 (R B, Y (R, Y (R))

By the functional central limit theorem,

Z(n2 1 -~
Law (\/m@’zm) = (n,0,... ,0)) = Law (W(-)’W(O) - (1,0...,0)),
where W is a standard m-dimensional Brownian motion, and thus
(n270n VY (7)) S (77, (Wa(7Y), o W (7)),

where 7V = inf{t > 0: Wi (t) = 0}. It is well known that (Wo(t"),..., W,,(7")) is a 1-stable random vector,
see, e.g., Theorem II.1.16 in Bass [2].
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3. With (5.4) in hand, we apply Theorem 1.3 from Dolgopyat et al. [4], that states that under the assumption
ASLLN(ﬂ) with g > 1

n—1

ZPY(Tk) — P a.s., n — 0Q.
k=0

1

n

4. Now we are able to finish the proof of (5.2) Then

n—1
Ltn)=> I(X(k)=0,X(k+1)=1)= > AX(r+1)=1),
k=0 k: me<n—1
n—1
L(n) = I(X(k)=0)=max{k>1:7, <n-—1}.
k=0

Since 7 — 400 a.s., L(n) — 0o a.s. as well as at least one of the processes L™ (-) and L~ (-).
Consider the process

and note that

n—1 n—1

. LT(n) . QT (n) .1 .1
lim = lim = nl;rr;o - Z (]I(X(Tk +1)=1) —py(Tk)) + lim — ’;)py(rk)

The process

is a martingale difference with
2
E[I(X(n+1) = 1) = py(ny| =0 and B[I(X(ry+1) = 1) = pr(ry| <2

Hence by the strong law of large numbers for martingales (Theorem 8b in Chapter II, §3 of Gikhman and
Skorokhod [6]) we have convergence

vin)

n

—0 as., n— oo,
what finishes the proof of Theorem 5.3. O

Acknowledgements. 1.P. and A.P. acknowledge support by the DFG project PA 2123/7-1. A.P. thanks the Institute of
Mathematics of the FSU Jena for hospitality. V.B. and A.P. acknowledge support by the National Research Foundation



376 V. BOGDANSKII ET AL.

of Ukraine (project 2020.02/0014 “Asymptotic regimes of perturbed random walks: on the edge of modern and classical
probability”). The authors are grateful to the anonymous referees for their valuable comments.

REFERENCES

[1] M.T. Barlow, J. Pitman and M. Yor, On Walsh’s Brownian motions. Séminaire de probabilités de Strasbourg 23 (1989)
275-293.
[2] R.F. Bass, Probabilistic Techniques in Analysis. Probability and its Applications. Springer-Verlag, New York (1995).
[3] P. Brémaud, Discrete Probability Models and Methods. Vol. 78 of Probability Theory and Stochastic Modelling. Springer,
Cham (2017).
[4] D. Dolgopyat, M. Lenci and P. Néndori, Global observables for RW: Law of large numbers. Ann. I’Inst. Henri Poincaré —
Probab. Stat. 57 (2021) 94-115.
[5] M. Freidlin and S.-J. Sheu, Diffusion processes on graphs: stochastic differential equations, large deviation principle. Probab.
Theory Related Fields 116 (2000) 181-220.
[6] I.I. Gikhman and A.V. Skorokhod, The Theory of Stochastic Processes I. Vol. 210 of Grundlehren der mathematischen
Wissenschaften. Springer-Verlag, Berlin (1974).
[7] D.S. Grebenkov, D. Van Nguyen and J.-R. Li, Exploring diffusion across permeable barriers at high gradients. I. Narrow pulse
approximation. J. Magn. Resonance 248 (2014) 153-163.
[8] H. Hajri, Stochastic flows related to Walsh Brownian motion. Electr. J. Probab. 16 (2011) 1563—1599.
[9] H. Hajri and W. Touhami, It&’s formula for Walsh’s Brownian motion and applications. Stat. Probab. Lett. 87 (2014) 48-53.
[10] J.M. Harrison and L.A. Shepp, On skew Brownian motion. Ann. Probab. 9 (1981) 309-313.
[11] A. Iksanov and A. Pilipenko, A functional limit theorem for locally perturbed random walks. Probab. Math. Stat. 36 (2016)
353-368.
[12] A. Iksanov, A. Pilipenko and B. Povar, Functional limit theorems for random walks perturbed by positive alpha-stable jumps.
To appear in Bernoulli (2021).
[13] J. Jacod and A.N. Shiryaev, Limit theorems for stochastic processes. Vol. 288 of Grundlehren der Mathematischen
Wissenschaften. Springer, Berlin (2003), second edition.
[14] O. Kallenberg, Foundations of Modern Probability. Probability and its Applications. Springer, New York (2002), second edition.

[15] I. Karatzas and M. Yan, Semimartingales on rays, Walsh diffusions, and related problems of control and stopping. Stoch.
Process. Appl. 129 (2019) 1921-1963.

[16] J. Keilson and J.A. Wellner, Oscillating Brownian motion. J. Appl. Probab. 15 (1978) 300-310.

[17] A. Lejay, On the constructions of the skew Brownian motion. Probab. Surv. 3 (2006) 413-466.

[18] A. Lejay, The snapping out Brownian motion. Ann. Appl. Probab. 26 (2016) 1727-1742.

[19] V. Mandrekar and A. Pilipenko, On a Brownian motion with a hard membrane. Stat. Probab. Lett. 113 (2016) 62-70.

[20] R.A. Minlos and E.A. Zhizhina, Limit diffusion process for a non-homogeneous random walk on a one-dimensional lattice.
Russ. Math. Surv. 52 (1997) 327-340.

[21] N. Moutal and D. Grebenkov, Diffusion across semi-permeable barriers: spectral properties, efficient computation, and
applications. J. Sci. Comput. 81 (2019) 1630-1654.

[22] S. Nakao, On the pathwise uniqueness of solutions of one-dimensional stochastic differential equations. Osaka J. Math. 9
(1972) 513-518.

[23] H.-L. Ngo and M. Peigné, Limit theorem for perturbed random walks. Theory Stoch. Process. 24 (2019) 61-78.

[24] D.S. Novikov, E. Fieremans, J.H. Jensen and J.A. Helpern, Random walks with barriers. Nat. Phys. 7 (2011) 508-514.

[25] D. Paulin and D. Szdsz, Locally perturbed random walks with unbounded jumps. J. Stat. Phys. 141 (2010) 1116-1130.

[26] V.V. Petrov, Sums of Independent Random Variables, vol. 82 of Ergebnisse der Mathematik und ihrer Grenzgebiete. Springer-
Verlag, New York (1975).

[27] A. Pilipenko, An Introduction to Stochastic Differential Equations with Reflection, vol. 11 of Lectures in Pure and Applied
Mathematics. Potsdam University Press, Potsdam (2014).

[28] A. Pilipenko, A functional limit theorem for excited random walks. Electr. Commun. Prob. 22 (2017) 1-9.

[29] A. Pilipenko and Yu. Pryhod’ko, Limit behavior of symmetric random walks with a membrane. Theory Probab. Math. Stat.
85 (2012) 93-105.

[30] A.Y. Pilipenko and L.A. Sakhanenko, On a limit behavior of a one-dimensional random walk with non-integrable impurity.
Theory Stoch. Process. 20 (2015) 97-104.

[31] A. Yu. Pilipenko and V. Khomenko, On a limit behavior of a random walk with modifications upon each visit to zero. Theory
Stoch. Process. 22 (2017) 71-80.

[32] A. Yu. Pilipenko and Yu. E. Prikhod’ko, On the limit behavior of a sequence of Markov processes perturbed in a neighborhood
of the singular point. Ukrainian Math. J. 67 (2015) 564-583.

[33] A. Yu. Pilipenko and Yu. E. Prykhodko, Limit behavior of a simple random walk with non-integrable jump from a barrier.
Theory Stoch. Process. 19 (2014) 52-61.

[34] N.I. Portenko, Generalized diffusion processes. Vol. 83 of Translations of Mathematical Monographs. American Mathematical
Society, Providence, RI (1990).



LIMIT BEHAVIOUR OF RANDOM WALKS ON zZ™ WITH TWO-SIDED MEMBRANE 377

[35] D. Revuz and M. Yor, Continuous Martingales and Brownian Motion. Vol. 293 of Grundlehren der Mathematischen
Wissenschaften. Springer, Berlin, corrected third printing of the third edition (2005).

[36] D. Szdsz and A. Telcs, Random walk in an inhomogeneous medium with local impurities. J. Stat. Phys. 26 (1981) 527-537.

[37] J.B. Walsh, A diffusion with a discontinuous local time. Astérisque 52 (1978) 37-45.

[38] D.A. Yarotskii, Central limit theorem for a class of nonhomogeneous random walks. Math. Notes 69 (2001) 690-695.

Subscribe to Open (S20)

A fair and sustainable open access model

This journal is currently published in open access under a Subscribe-to-Open model (S20). S20 is a transformative
model that aims to move subscription journals to open access. Open access is the free, immediate, online availability
of research articles combined with the rights to use these articles fully in the digital environment. We are thankful to
our subscribers and sponsors for making it possible to publish this journal in open access, free of charge for authors.

Please help to maintain this journal in open access!

Check that your library subscribes to the journal, or make a personal donation to the S20 programme, by contacting
subscribers@edpsciences.org

More information, including a list of sponsors and a financial transparency report, available at:
https://www.edpsciences.org/en/maths-s2o0-programme



mailto:subscribers@edpsciences.org
https://www.edpsciences.org/en/maths-s2o-programme

	Limit behaviour of random walks on Zm with two-sided membrane
	1 Introduction
	2 Two-sided periodic membrane: the model and the main result
	3 Walsh's Brownian motion and its martingale characterizations
	4 Proof of Theorem 2.1
	5 One-sided membrane with ergodic properties 

	References

