ESAIM: PS 24 (2020) 935-962 ESAIM: Probability and Statistics
https://doi.org/10.1051/ps /2020026 WWW.esalm-ps.org

LP SOLUTIONS OF REFLECTED BACKWARD STOCHASTIC
DIFFERENTIAL EQUATIONS WITH JUMPS

SoNG YAO*

Abstract. Given pe(1,2), we study LP-solutions of a reflected backward stochastic differential equa-
tion with jumps (RBSDEJ) whose generator g is Lipschitz continuous in (y, z,u). Based on a general
comparison theorem as well as the optimal stopping theory for uniformly integrable processes under
jump filtration, we show that such a RBSDEJ with p-integrable parameters admits a unique IL? solution
via a fixed-point argument. The Y-component of the unique LL” solution can be viewed as the Snell
envelope of the reflecting obstacle £ under g-evaluations, and the first time Y meets £ is an optimal
stopping time for maximizing the g-evaluation of reward £.
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1. INTRODUCTION

Let pe(1,2) and T'€ (0, 00). In this paper, we study LP solutions of a reflected backward stochastic differential
equation with jumps (RBSDEJ)

T T
&gn:&/ g(s,n,zs,vs>ds+KT—Kt—/ zsst—/ /Us<z>Np<ds,dz>,te[o,TL
t t t, T/ Xx (11)

T
/ (Y;— —£;)dK: =0 (flat-off condition)
0

over a probability space (2, F, P) on which B is a Brownian motion and p is an X-valued Poisson point process
independent of B. Practically speaking, if the Brownian motion represents the noise from the financial market,
then the Poisson random measure can be viewed as the randomness of insurance claims. In RBSDEJ (1.1)
with generator g, terminal data & and obstacle £, a solution consists of an adapted cadlag process Y, a locally
square-integrable predictable process Z, a locally p-integrable predictable random field U and an adapted cadlag
increasing process K. The role of the increasing process K is to keep Y stay above the obstacle £ at the minimal
effort: i.e., Only when Y tends to drop below £, K will generates an upward momentum.
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When the generator g is Lipschitz in (y, z,u) and the obstacle £ is a p-integrable adapted cadlag process, we
mainly demonstrate that for any p-integrable terminal data £, the RBSDEJ (1.1) admits a unique LP-solution
(see Thm. 3.7).

The backward stochastic differential equation (BSDE) was introduced by Bismut [3] and later systematically
developed by Pardoux and Peng [29] to a fully nonlinear version. Since then, the theory of BSDEs has grown
rapidly and has been applied to various areas such as mathematical finance, theoretical economics, stochastic
control and optimization, partial differential equations, differential geometry and etc (see the references in
[8, 15]).

As a variation of BSDEs, the reflected BSDEs (RBSDEs) are closely related to the theory of optimal stopping:
By utilizing the martingale characterization of the Snell envelope of the reward process in an optimal stopping
problem, El Karoui et al. [13] deduced that the Snell envelope is exactly the Y-solution of a RBSDE with
null generator. These authors then used either fixed-point argument or penalization method to show the exis-
tence and uniqueness of a L2-solution to a RBSDE with Lipschitz generator and square-integrable terminal data.

Main Contributions
Given U € U, unlike the case of Brownian stochastic integrals, the Burkholder—Davis—Gundy inequal-

ity is not applicable for the p/2th power of the Poisson stochastic integral f(o " fx Np(ds dz),

€ [0,T] (see e.g. Theorem VIL92 of [10]): i.e. E[ sup (fOt]fX )N, (ds, da:)) } cannot be
t€[0,T]

dominated by E [( /; (0.1] J3|Ue()|*Np(dt, dz)) * ] So to derive a priori LP estimates for BSDEJs
and RBSDEJs, we could not follow the classical argument in the proof of [5, Prop. 3.2], nei-
ther could we employ the space U*P := {U E[(fo S U ()|?v(da)dt) } < oo} or the space

U2P = {U: E[(f(o T]fX‘Ut z)[2 Ny (dt, dx))%] < oo} (Actually, one may not be able to compare

B[ (Jiom el @2 Ny (at, dz)) ¥ | with B[ (f) [ |Un(@) Pr(dz)dt) *]).
To address these technical difficulties, we first generalize in [38] the Poisson stochastic integral for a random

field U € UP by constructing a cadlag uniformly integrable martingale MY f 0] [+ U. Py Np (ds,dx), t€]0,T],
whose quadratic variation [MY, MY] is still f(o 1l J3Us(x)[2Ny(ds, dz), t€[0,7]. In derlvmg the key LP-type

inequality (see Lem. 3.1 of [38]) about the difference Y =Y —Y? of two p-integrable solutions to BSDEJs with
different parameters, the estimation of the variational jump part

Z(IKI”—IY;IP—MIYSJP‘H AY5>) (1.2)

S

in the dynamics of |Y'|P is full of analytical subtleties. By exploiting some new methods and techniques, we
managed to boil down the expectation of (1.2) to the term EfOTfX|Ut1(x)—Ut2 (z)|Pv(dx)dt, which justifies our

choice of UP over U2P or U2? as the space for jump diffusion (see (5.11)—(5.21) of [38] for details). These
method and techniques still play important roles in the main result of the present paper (see Part 2 in the proof
of Thm. 3.7).

In the present paper, we start with a comparison result for generalized BSDEJs (Prop. 3.4), which directly
leads to the uniqueness of LP-solutions to a RBSDEJ. For the existence result, we first generalize the optimal
stopping theory for right-continuous reward processes of class (D) that may take unbounded negative values.
Since the classic method ([12] or Appendix D of [23]) heavily relies on the non-negativity of the Snell envelope
(see four lines below (2.32.1) of [12] or line 16 on p. 357 of [23]), we take a different approach by proving a
dynamic programming principle for the Snell envelope & of a p-integrable cadlag obstacle £ (Prop. A.2) and
then deriving the martingale property of & (Thm. A.4). In virtue of the Doob-Meyer decomposition, the Snell
envelope & can be decomposed as the difference between a p-integrable cadlag martingale M and a p-integrable
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increasing cadlag process K such that fOT (64— —£,_)dK; =0, P—a.s. (see Prop. A.5). Applying a generalized
martingale representation theorem from [38] to M, we then show in Proposition 3.6 that a RBSDEJ with simple
generator (generator that does not depend on (y, z,u)) and p-integrable parameters admits a unique LP-solution,
which together with a fixed-point argument proves our main result (Thm. 3.7).

Based on our study [38] on LP solutions of BSDEJs, we generalized in [39] the notion of (conditional) g-
evaluations to the jump case with IL? domain, which are closely related to a large class of coherent/convex risk
measures for p-integrable financial positions in a market with jumps. We can also derive from the comparison
result (Prop. 3.4) that the Y-component of the unique IL? solution to a RBSDEJ with generator g is the Snell
envelope of the obstacle £ under g-evaluations, and the first time Y meets £ is an optimal stopping time for
maximizing the g-evaluation of reward £.

Relevant Literature

Li and Tang [37] introduced into the BSDE a jump term that is driven by a Poisson random measure
independent of the Brownian motion. Hamadene and Ouknine [19] made a similar extension to RBSDEs, they
showed that when the square-integrable obstacle has only inaccessible jump times, a RBSDE with Lipschitz
generator and square-integrable terminal data admits a unique square-integrable solution. Then [1, 7, 11, 17,
20, 35] among others commenced an extensive study of RBSDEJs with cadlag obstacles and the related optimal
stopping under dynamic risk measures.

To match with the fact that linear BSDEs are well-posed for integrable terminal data: El Karoui et al. [15]
studied the BSDE with p-integrable terminal data and showed that such a BSDE with Lipschitz generator
admits a unique LP-solution. Later Briand et al. [4, 5] reduced the Lipschitz condition of the generator to a
monotonicity condition, while some other researches [2, 21, 25, 26] were made on the wellposedness of RBSDEs
with Lipschitz or monotonic generators in P sense.

The present paper analyzes RBSDEJs with Lipschitz generators in P sense, which generalizes [17, 20] for
LP-solutions and also extends [21] to the jump case. Klimsiak [27] studied a similar problem of LP-solutions to
reflected BSDEs under a general right-continuous filtration, however, they only obtained a wellposedness result
for simple generators.

There are many recent developments on reflected BSDEs with jumps in various interesting directions: See
e.g. [16] for a class of constrained BSDEJs which includes multi-dimensional BSDEs with oblique reflection
and is thus closely related to the optimal switching problem; see [6] for RBSDEs and RBSDEJs with right
upper-semicontinuous obstacles and the related optimal stopping; see [18] for a class of reflected BSDEs with
non-positive jumps and upper obstacles, which provides a Feynman—Kac type formula for PDEs associated to
general zero-sum controller-and-stopper games and etc.

The rest of the paper is organized as follows: After we list necessary notations in Section 1.1, Section 2
quotes some basic results for IL” solutions of BSDEJs with Lipschitz generator g and reviews the corresponding g-
evaluations. In Section 3, we present the main results of our paper: the comparison theorem and the wellposedness
result for LP-solutions to RBSDEJs with Lipschitz generators and p-terminal data. Section 4 discusses the
optimal stopping under g-evaluations as an application of the comparison theorem. The proofs of our results
are relegated to Section 5. We generalize the optimal stopping theory for the reward processes with unbounded
negative values in Appendix A.

1.1. Notation and preliminaries

Throughout this paper, we fix a time horizon T € (0, 00). Let (2, F, P) be a complete probability space on
which a d-dimensional Brownian motion B is defined.

For a generic cadlag process X, let us denote its corresponding jump process by AX;:=X;—X;_, t€[0,T]
with Xo_ := Xj. Given a measurable space (X, Fx), let p denote an X-valued Poisson point process on (2, F, P)
which is independent of B. For any scenario w € (2, let Dy () be the set of all jump times of the path p(w).
We assume that for some finite measure v on (X, Fx), the counting measure Ny (dt,dz) of p on [0,7]x X has
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compensator E[Np(dt,dx)] =wv(dz)dt. The corresponding compensated Poisson random measure Np will be

denoted by Np(dt, dx):= Ny (dt,dz)—v(dz)dt. As v(X)<oo, Dy, is actually a finite set for P—a.s. w € (.
For any t€[0,T], we define sigma-fields

FB .= U{Bs;sgt}, FN .= U{Np((O,s],A);sgt,AE}"X}, ]:,5220‘<]:tBU]:tN)

and augment them by all P-null sets of F. Clearly, the jump filtration F ={F;},c[0,7) satisfies the usual hypothe-

ses (cf. e.g., [33]). Denote by & (resp. 2 ) the F-progressively measurable (resp. F-predictable) sigma-field on
[0,T]x, and let T be the set of all F-stopping times. For any y€T, we set T, :={7€T : 7>~, P—as.}.
Recall that a %([0,T]) ® F-measurable process X is of class (D) if {X;},c7 is P-uniformly integrable. Also,
we say that an adapted process X is quasi left-continuous if for any increasing sequence {7, }nen in 7, it holds
P—as. that lim E[X, |Fr|<E[X7F.], where ?::nlirr;cT Tn € T. Clearly, a quasi-left-continuous process X is

n—oo
left upper semi-continuous in expectation along stopping times (l.u.s.c.e.): for any increasing sequence {7, }nen

in 7, lim F[X,, |<E[XF].
n— o0

For any i € N, as {Np((O, t], X)}te[o o is an F-adapted cadlag process, its ith jump time

]

= inf {t € (0,T] : Np((0,1], X) > i}

(2

is a totally inaccessible F-stopping time (see e.g. the comment below [33], Thm. IT1.4). For each weQ, 7V (w) is
actually the sth smallest element in D,y or T'. Put in another way, 7V (w) :=min {ter(w) : t>7ﬁ1(w)}/\T,
with 78V (w):=0 and min §):=oco.

The following spaces of functions will be used in the paper:
1) For any pe[1,00), let L [0, T] be the space of all measurable functions ¢: [0, T]— [0, co) with fOT (v(t)) dt<
0.
2) For pe(1,00), let LE:=LP(X,Fx,v;R) be the space of all real-valued, Fy-measurable functions u with

1
ull 2z := ( [y |u(z)|Pr(dz)) * <oco. For any ui,us € LE, we say uy =us if ui(x) =ua(z) for v-a.s. z € X.
3) For any sub-sigma-field G of F, let L°(G) be the space of all real-valued, G-measurable random variables and
set

o 17(G) i= {€ € 1°(G) : [€ll1o(g) = { B[] }* < o0} for any pe (1, 00);
o 17(0) = {€ € L°(9) : el () = esssup £(w)| <00

4) Let DY be the space of all real-valued, F-adapted cadlag processes and set VO := {X € DV :

X is of finite variation}, let K® be a subspace of V° that includes all F-predictable cadlag increasing processes

X with X¢=0.

5) Set ZIQOC = LIQOC

<00, P—a.s.

6) For any p € [1,2), we let

e DP:= {XE]D)O: 1 X ||p» := {E[Xf]}% <oo}, where X, := sup |X;|<oo.
te[0,T]

([O, T]x€Q, eﬁ, dtxdP; ]Rd), the space of all R%-valued, F-predictable processes Z with fOT|Zt |2 dt

o KP:=K°ND? = { K €K": E[K}]<o0}.

loc

1
o 727 = {Z €ZE . : | Z||g2w = {E[(fOT|Zt|2 dt)i} }p < oo}. For any Z € Z*?, the Burkholder-Davis-Gundy
inequality implies that

p} <CPE{(/OT|ZS|2ds)5} <00 (1.3)

t
E[ sup ‘ / 7,dB,
tefo,7]' Jo
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for some constant C, >0 depending on p. So { fot Z.dB,}, cpo.] 18 & uniformly integrable martingale.
o U :=LL ([0,T]xQx X, ﬁ@]—'x,dtdexy(dm) R) be the space of all 2 @ F-measurable random fields

loc loc

U:[0,T]xQxX—TR such that fo S lU(z)|Pr(de) dt—f0 U} »dt < oo, P—a.s.
. IUP':{UGUfOC U] |ur —{Efo S |U(z) [Pr(da dt}’” <oo}—Lp([() TIxQx X, PRFx, dt xdPxv(dz); R).
Given U €Ul (resp. UP), it is clear that U(t,w) € L? for dtxdP—as. (t,w)€[0,T]x Q. According to

loc
Section 1.2 of [38], one can define a Poisson stochastic integral of U:

/Ot/ Np (ds,dz), te]0,T], (1.4)

which is a cadlag local martingale (resp. uniformly integrable martingale) with quadratic variation [MY, MY], =
f(o i |Us(2)[* Ny (ds, dz), t€ [0, T]. The jump process of MY is AM (w)=1pep, ., U (t,w, pi(w)), te(0,T].
So actually, MV has finitely many jumps, P—a.s. For any U € UP, an analogy to (5.1) of [38] shows that

e

E[(/ /|Ut(x)|2Np(dt,dx )2 <E//\Ut )|Pv(dz)dt, VO<t<s<T. (1.5)
(t,s]J x

e We simply denote DP x Z2P? x UP by SP.
As usual, we set 27 :=2V0 for any x € R, and use the convention inf () := co. For any p € (0, 00), the following
inequality will be frequently applied in this paper: for any finite subset {a1,--- ,a,} of (0,00)

(1 AnPY) z:: (Zai)p<(1\/n”1);af. (1.6)

i=1

Also, we let ¢, denote a generic constant depending only on p (in particular, ¢y stands for a generic constant
depending on nothing), whose form may vary from line to line.

2. BSDES WITH JUMPS AND RELATED ¢g-EVALUATIONS

From now on, we fix p€(1,2) and set q:= 5.

A mapping g: [0, T]xQxRxR?x L? R is called a p-generator if it is 2@ B(R)®B(RY)@B(LP)/B(R)-
measurable. For any 7€ 7T,

gr(t,w,y, 2,u) =1geryy 9t w,y, 2,u), VY (tw,y,z,u)€[0,T] xQx RxR%x L

is also Z@%B(R)®@ B(RY)@.B(LE)/%B(R)-measurable.
Definition 2.1. Given pe (1,2), let £€ L°(Fr) and g be a p-generator. A triplet (Y, Z,U)eD?xZ2 xUY

loc
is called a solution of a backward stochastic differential equation with jumps that has terminal data £ and

generator g (BSDEJ (¢, g) for short) if fOT|g(5,YS,ZS7 Us)|ds <oo, P—a.s. and if it holds P—a.s. that

T T
Yt:§+/ g(s, YSaZ97U)d5—/ ZsdB; / / NP(dS dz), te][0,T].
t t (¢,T]

We shall make the following standard assumptions on p-generators g:
(A1) [;1g(t,0,0,0)|dt€ LP(Fr).
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(A2) There exist two [0, oo)-valued, %[0, T]|®Fr-measurable processes 3, A with fOT (BEVA?)dte L>(Fr) such
that for dé¢xdP—a.s. (t,w)€[0,T]x

|g(t7w7ylvzlvu)_g(t7wvy27227u)‘Sﬂ(t7w)|y1_y2|+A(tvw)|Zl_Z2|a v(ylvzl)ﬂ (y?»ZQ)ERXRda VUGLg

(A3) There exists a function h: [0, T]x Qx RxR¥x L2 x L2 — L% such that
(i) his ZRB(R)BRY)RB(LP)RPB(LP)/AB(LL)—measurable;
(ii) There exist x; € (—1,0] and kg > —#k1 such that for any (t,w,y, z,u1,uz, 2) €[0, T| x QX Rx R4 x L x LP x X

K1 < (h(t W, Y, 2, ul,uz))(x) < ka;

(iii) Tt holds for dt xdP—a.s. (t,w) € [0,T]x Q) that

X

Remark 2.2. Let p&€(1,2) and let g be a p-generator.

(1) (A2) and (A3) imply

(A2’) There exist two [0, co)-valued, £[0, T|®@Fp-measurable processes 5, A with fOT (BIVAZ)dt € L>(Fr) such
that for dé¢xdP—a.s. (t,w)€[0,T]x

|g(t>w7ylvzl7u1)_g(t w, y27227u2)| B t w)(|y1—y2|+HU1—U2||LP)+A(t W)|Zl—22| (yi»zhui)eRXRdXLg, 12172

x UP

(2) If g satisfies (A2") and fOT|g(t, 0,0,0)|dt < oo, P—a.s., then for any (Y,Z,U)eD!xZ% xUP .
fOT|g(s, Ys, Zs,Usg)|ds < oo, P—a.s.

(3) We need the assumption “k;>—1" in (A3) (ii) for the comparison theorem of generalized BSDEJs (Prop.
3.4). Actually, it is necessary for the Doléans—Dade exponential & (M) in (5.3) to be a strictly positive martingale
(see e.g. [24]), which then allows us to apply Girsanov Theorem to change probability in the proof of Proposition

3.4.

one has

We simply set C:= I fOT(l\/Bf\/Af)dtHLOO(FT).
a wellposedness result, the corresponding martingale representation theorem as well as a strict comparison
theorem of Theorem 4.1, Corollary 4.1, Corollary 2.1, Lemma 3.1 from [38] and Theorem 2.2 from [39].

For L? solutions of BSDEs with jumps, let us first quote

Theorem 2.3. Given p€ (1,2), Let g be a p-generator satisfying (A1) and (A2’). For any &€ LP(Fr), the
BSDEJ(§,9) admits a unique solution (Y9,Z%9 U%9) eSP. In particular, for any T€T and &€ LP(F;), the

unique solution (YE Gr 7897 US 97) of the BSDEJ (£, g-) in SP satisfies that P{YE 9T = Yf/\%r, tel0,T] } la
that (2397, U 97) _1{t§7}(zt 97 U7, dtxdP—a.s.

Corollary 2.4. Let pe(1,2). For any £ € LP(Fr), there exists a unique pair (Z,U) € Z*P xUP such that P—a.s.

E[¢|F] = El]] + / Z,dB +/Ot]/ z)N,(ds,dz), te[0,T].
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Proposition 2.5. Let pe(1,2). Fori=1,2, let & € L°(Fr), g° be a p-generator, and (Y, Z%,U*) be a solution
of BSDEJ (&;,9%) such that Y'—Y?2€DP. If ¢* satisfies (A2’), then

T
g, 7 22, -, Bl ([ 1o 22,00 gz 22 o)

(2.1)

for some constant C depending on T, v(X), p and C.

Theorem 2.6. Let pe (1,2), 7€T and Y€ T,. For i=1,2, let & € LO(Fr), let ¢* be a p-generator, and let
(Y4, Z8, U be a solution of BSDEJ(&;,g%) such that le SYf, P—a.s. and that Y'—Y? € DP. For either i=1
ori=2, if g* satisfies (A2), (A3), and if g"(t, Y%, Z3 U < g?(t, Y24, 227 U™, dtxdP—a.s. on
I7. 7, then it holds P—a.s. that Y} <Y? for any t € [1,~]. If one further has Y} =Y?, P—a.s., then

(i) it holds P—a.s. that Y} =Y}? for any t € [1,7];

(ii) it holds dt xdP—a.s. on |7,7] that (Z},U})=(Z2,U?) and g'(t, Y}, Z}, U})=g?(t, Y}, ZE, U}), i = 1,2.

The wellposedness result of BSDEs with jumps in L? sense (Thm. 2.3) gives rise to a nonlinear expectation,
called g-evaluations with P domains, which generalizes the one introduced in [30] and [31]:

Definition 2.7. Given p€ (1,2), let g be a p-generator satisfying (Al), (A2’), and let 7€ T, v € T,. Define
g-evaluation &7 : LP(F,)— LP(F;) by

EIE]:=Y59 V¢ e LP(F,).

When v=T, we call &[¢|F;] :=5f7T[£] the (conditional) g-expectation of £ € LP(Fr) at time 7. According to
Lemma 3.1 of [39], if g further satisfies that dt xdP—a.s.

9(t,y,0,0)=0, VyeR, (2.2)

then it holds for any &€ LP(F,) that £2_[{] =&y [¢|F;], P—as. In particular, when g=0, the g-evaluation
degenerates to the classic linear expectation: &4 [¢] = E[§|F;], P—as. for any {€ LP(F,).

Let pe(1,2) and let g be a p-generator satisfying (A1) and (A2’). We know from [39] that the g-evaluations
with L” domains possess the following basic properties (cf. [32]): Let 7€ T, v€T, and £ € LP(F,).
(gl) “Strict Monotonicity”: If g further satisfies (A3), then for any ne LP(F,) with { <7, P—a.s. one has
&2 [E]<&L ., [n], P—a.s.; Moreover, if it further holds that £7_[{]=£7 [n], P—a.s., then {=1n, P—as.
(g2) “Constant Preserving”: Under (2.2), if { is F,-measurable, then &7 _[¢{]=¢, P—as.
(g3) “Time Consistency”: For any (€7 with 7<( <7, P—as., it holds P—a.s. that &7 [Eggy,y[ﬂ] =&, (€]
(g4) “Zero-One Law”: For any A€ F,, we have 142 [14§]=14E7_[¢], P—a.s.; In addition, if g(¢,0,0,0) =0,
dtxdP—a.s., then £7_[14€]=14&7 [£], P—as.
(g5) “Translation Invariance”: If g is independent of y, then &2 [(+n]=EJ_[¢]+n, P—as. for any ne LP(F;).
We can define the corresponding g-martingales with P domains under jump filtration as usual: A real-
valued, F-adapted process X is called a g-submartingale (resp. g-supermartingale or g—martingale) if for any
0<t<s<T, E[|X;|P] <o and

& XS] > (resp. < or =) X;, P-as.
The g-martingales retain many classic martingale properties such as “upcrossing inequality”, “optional sam-

pling theorem”, “Doob-Meyer decomposition” and etc., which relate the g-evaluations with IL? domains to risk
measures with L? domains in mathematical markets with jumps, see [39] for details.
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3. REFLECTED BSDES WITH JUMPS

When saying a parameter pair (£, £), we mean a random variable ¢ € L°(Fr) and a real-valued, F-adapted
cadlag process £ such that £ <&, P—a.s.

Definition 3.1. Given p € (1,2), let (£, £) be a parameter pair and let g be a p-generator. A quadru-
plet (Y,Z, U K)eD’xZ2 xUP xK° is called a solution of a reflected backward stochastic differential

loc loc

equation with jumps that has terminal data ¢, generator g and obstacle £ (RBSDEJ (¢, g, £) for short) if
fOT|g(s,Ys,ZS, U,)|ds<oo, P—a.s. and if (1.1) holds P—a.s.

Remark 3.2. Given p€(1,2), let g be a p-generator satisfying (A2’) and fOT\g(t, 0,0,0)|dt <oo, P—a.s. Then
it holds for any (Y, Z,U)eD! xZ2 . x U} _ that fOT\g(s,Y&ZS, Us)|ds <oo, P—a.s.

loc loc

Remark 3.3. Given p€(1,2), let (£, £) be a parameter pair, let g be a p-generator, and let (Y, Z,U, K) be a
solution of RBSDEJ (¢, g, £). We denote by K¢ (resp. K?) the continuous part (resp. purely discontinuous part)
of K.

(1) The process Y has two jumps sources: the jump times of the stochastic integral MY are totally inaccessible,
while the jumps of the F-predictable cadlag increasing process K are exhausted by a sequence {(,}nen of
F-predictable stopping times (i.e. {(t,w)€[0,T]xQ: AK{(w)>0} is a union of graphs [¢,] and these graphs
are disjoint on (0,7’), see e.g. “Complements to Chapter IV” of [10] or Proposition 1.2.24 of [22] for details). In
particular, one can deduce that for P—a.s. wef?

Liep, o, }AKH (w) =0 and thus  AYi(w)=1gep, .U (6w, pi(w) —1ugp, 1 AK (W),  Vie[0,T].(3.1)

2) According to Remark 2.2 of [17] or Remark 2.1 of [20], the “flat-off condition” is equivalent to
(
P{ IV —£)dKe=0 and AK¢=1yy. _a._1(£,_—Y,)* for any F-predictable stopping time T} =1. (3.2)

The second part in (3.2) characterizes the F-predictable jump times of Y: For P—a.s. weQ, if AY,(w)=
—AK%(w) <0 for some F-predictable stopping time 7, then (3.2) implies that £, (w)>Y;(w) > £, (w), or
AL, (w)<0. Roughly speaking, the F-predictable jumps of ¥ stem from the F-predictable negative jumps of £.
(3) Since the cadlag increasing processes K may jump countably many times along its P—a.s. paths while the
Poisson stochastic integral MY jumps finitely many times along its P—a.s. paths, the process Y has countably
many jumps, P—a.s. Hence, {t €[0,7] : Vi—(w) # Yt(w)} is a countable subset of [0, 7] for P—a.s. w € .

To demonstrate the wellposedness of reflected BSDEs with jumps in P sense, we start with a comparison
result for generalized BSDEJs over stochastic intervals.

Proposition 3.4. Let pe(1,2), T€T and v€T,. Fori=1,2, let g* be a p-generator and let (Y, Z¢ U, Vi) e
DO xZ2 xUP xV9 such that Y'—=Y2cDP and that P—a.s.

loc loc

Y, = Y; +/ 9'(s, Y, Z, U)ds + VWZ -V —/ Z:dB, —/ / Us(x)Np(ds,dz), Vtelr,v]. (3.3)
t t (/X

Assume also that Y'yl SY,E, P—a.s. and that P—a.s.

/1{YT17>YT27}(6VS—6VTQ)§0, Vit s€[r,y] with t<s. (3.4)
t

For either i=1 or i=2, if g' satisfies (A2), (A3), and if g*(t,Y;>™4, Z3 7 U ) < g?(t, Y74, Z3 0 UFY),
dtxdP—a.s. on |7,7[, then it holds P-a.s. that Y,! <Y} for any t € [r,7].
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Corollary 3.5. Letpe (1,2), 7€T andy€T,. Fori=1,2, let (&, £%) be a parameter pair, let g* be a p-generator,
and let (Y¢,Z, U, K%) be a solution of RBSDEJ(&;, g%, £) such that Y'—Y?2 € DP and that P{YAY1 SYWQ} =
P{E% <£2 vte(r, ’y)}:l. For eitheri=1 ori=2, if ¢' satisfies (A2), (A3), and if g*(t,Y;>~%, Z3 7 U ") <
Gt Y2 2 U, dtxdP—a.s. on |1,7], then it holds P—a.s. that Y;' <Y for any t € [r,7].

Corollary 3.5 directly implies the uniqueness of the LP-solution to a RBSDEJ. As to the existence result, we
adapt [14]’s Snell envelope approach by first extending the optimal stopping theory for right-continuous processes
of class (D) and with unbounded negative values (see Appendix A). Then a Doob-Meyer decomposition and
a flat-off condition of the Snell envelope of £ (Prop. A.5) as well as a generalized martingale representation
theorem from [38] give rise to the following wellposedness result for RBSDEJs with simple generators in LP
sense.

Proposition 3.6. Given pe (1,2), let (£, L) be a parameter pair with (§,£7) € LP(Fr)xDP and let g be a
F-progressively measurable process with f0T|gt|thLp(]:T). Then RBSDEJ (£,9,£) admits a unique solution
(Y, Z,U, K)eSPxKP. Moreover, the process K is continuous if one of the following conditions holds:

(L1) AL, > 0 for any F-predictable stopping time T;

(L2) £€DP and £ is l.u.s.c.e.

With Proposition 3.6, we can then employ a fixed-point argument (or a Picard iterative approximation) to
derive the main result of the present paper.

Theorem 3.7. Given p € (1,2), let (£,£) be a parameter pair with (£,£%) € LP(Fr)xDP and let g be a p-
generator satisfying (A1) and (A2’). Then RBSDEJ (£,9,£) admits a unique solution (Y, Z,U, K) €SP xKP.
Moreover, the process K is continuous if either (L1) or (L2) holds.

4. OPTIMAL STOPPING UNDER g-EVALUATIONS

We derived the wellposedness result (Prop. 3.6) of RBSDEJs with simple generators from the optimal stopping
of uniformly integrable reward processes under jump filtration. Conversely, the general wellposedness result
(Thm. 3.7) as well as the comparison theorem (Prop. 3.4) give rise to the optimal stopping under g-evaluations:
Let R be a p-integrable reward process consisting of a running reward £ and a terminal reward &, i.e.

Ri:= 1{t<T}£t+1{t:T}§v tE[(LT].

The Y-component of the unique L? solution to RBSDEJ (¢, g, £) is exactly the Snell envelope of R in the
optimal stopping problem under g-evaluations:

Proposition 4.1. Given p € (1,2), let (£, £) be a parameter pair such that (&, £7) € LP(Fr)xDP, let g be
a p-generator satisfying (A1), (A2), (A3) and let (Y,Z,U, K) be the unique solution of RBSDEJ (€,¢g,£) in
SPxKP.

(1) Y is a g-supermartingale: for anyy€T and (€T, Y, 25;3’4. [YC} , P—a.s.; For anyneN, Y is a g-martingale
up to time 7,(0):={t€[0,T]: Y; <R;+1/n}eT: for any v, €T with 0<vy<(<7,(0), Yﬂy:ggyc[Yg], P—a.s.

(2) Y is the Snell envelope of the reward process {Rt under the g-evaluations:

}tE[O,T]

Y, =esssup £ [R¢], P—a.s. for any yeT. (4.1)
CET, ’

~

(8) If process K is continuous, then for any y€T, 1(v):=nf{t €[y, T]: Vi =R} (resp. 7(vy):=inf{t € (v,T):
K> K,}) is the minimal (resp. mazimal) optimal stopping time for esssup 5;374 [RC} , and Y is a g-martingale

up to time 7(0).
This result generalizes Theorem 3.3 and Theorem 3.7 of [35] to the LP case.
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5. PROOFS
Proof of Remark 3.2: Let (Y, Z,U)eD'xZ2 . xUL . Fix n€N and define

t t t
Ty, :=inf {t €10,7]: / |g(s,0,0,0)|d8—|—/ IZS}st—I-/ / Us(x)|py(dm)ds>n}/\TET.
0 0 0oJx

Holder’s inequality and (A2’) imply that

E/ "g(t, Yi, Zy, Ut)’dtSE/ /(’9(??, 0,0,0)|+Be Yz |+ Ae| Ze|+ Be | Ut ) dt
0

<n+E[ sup |Yt|/ Bid }+<E/OTHAfdt)%(E/OTH|Zt2dt>;+(E/OTnﬂfdt)é(E/0 A dt)%
%<oo.

t€[0,75]
<n+BE[Y,]+C7n?+C1

" |g (t,Y:, Zy, Uy) |dt< 0o except on a P-null set N,,. Since fOT|g(t,O,O,O)|dt< 0o, P—a.s. and since
(Z U) €Z% . xUL ., one can find a P-null set N such that for any w € NS, ma(w)=T for some n=n(w)€N.

Now, for any w € Nﬁ{o}/\/;f, one can deduce that f0T|9(t’W7Yt(w)7Zt(w>7Ut(wmdt:fOT“(“’)’g(Lw,}Q(w),
neNU
Zi(w), Up(w))|dt < oo. O

Proof of Remark 3.3: We just prove (3.1). Let {(,}nen be the sequence of F-predictable stopping times that
exhausts the jumps of process K and set A := UN{TiN =(,}, which is a P-null set. For all we€ Q except on
ne

e ~ ~ Ny =
nLGJN./\/;, since the path K.(w) only jumps at t € (igN {(n(w)}) and since (Z_éJN {(n(w)}) N ( Z_é,IN {7; (w)}) 0,
we see that the path K.(w) does not jump at t € Dy, = ( _LGJN {TZ-N(LU)}>. Thus it holds for any ¢ € [0, 7] that
l{ter(w)}AKf(w):O and thus that AY;(w) = l{ter(w>}U(t,w,pt(w)) - l{thp(w)}AKf(w). O

Proof of Proposition 3.4: Without loss of generality, we suppose that g' satisfies (A2), (A3) and that
g (1 V2, 22, U2) <21, Y2, Z2,U2),  dixdP—as. on ]r,]. (5.1)

1) Let us start with some setups.
Set (Y, Z,U):=(Y'-Y? Z'—Z2 U!-U?) and consider the following F-progressively measurable processes:

Yt vz U — gt (t, Y2, ZL UL ¢ ,
at:=1{yt¢0}g( t 24 t)Ytg( t 4 t)7 @t::efoajd‘5>07 and

Yt Y2, ZL, U} t, Y2, 22U}
bt::]-{Zt;éO}g ( ¢ ¢ t|)Zt2 ( ¢ ¢ )Zt, Vt 6 [O,T]

By (A2), it holds d¢ xdP—a.s. that
|at\ S Bt and |bt| S At. (52)

Set $,:=h(t, Y72, Zf, Ut,U2), telo,T). Using similar arguments to those in the proof of [39], Theorem 2.2,
we know that M, : fob dB; —|—f0 t]fX )Ny (ds,dz), t€[0,T] is a BMO martingale and its Doléans-Dade
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exponential

&(M) = M, — %(M% ] (1+AM)e—AM, >0, te0,T] (5.3)

0<s<t

is thus a uniformly integrable martingale, where M denotes the continuous part of M.

Define a probability measure Q by % :=&p (M), which satisfies %b} =&(M), ¥t€[0,T]. The Girsanov’s
Theorem (e.g. [22, 33]) shows that BS := Bt—fgbsds, te[0,T] is a @-Brownian motion and ]V,?(t, A):=N,(t,A)—
f(O,t] JxHs(2)v(de)ds, te[0,T], Ac Fx is a Q-compensated Poisson random measure. By (5.2),

0, < el A4t < o0 P—as. and thus Q-as. (5.4)

2) In this step, we apply Tanaka formula to process YT, where Yy :=E[Y;|Frni]+ Yyt —Yrne, t€[0,T].

As E[|Y;[P] <||Y||5, < oo, Corollary 2.4 implies that there exists a unique pair (Z,U) € Z*P xUP such that
P{E[Y;|F] = E[Y:]+ [y Z26dBy+ [ g JxUs(x) Ny (ds, dz), t €[0,T]} =1. This together with (3.3) shows that
P—a.s.

TV (yAL)
gsds

N

TAL
E[Y; 1Py ]+ Yiviome Yy =E[Y;] + / 2.dB,+ / / U, ()N, (ds, dur) — /
0 (0,7At]J X T

-V AN v B TV(W)Z dB
T\/(’Y/\t)+ - TV (yAt) s s s+

(1, 7V (yAL)]

/ U, ()N, (ds, d)
X

t t t
= E[YT]—/ 1{T<8Sv}gsd3_/ 1{r<ssw}(d"sl—d‘€-2)+/ (L{osry 2o+ Lir<scq) Z5) dBs
0 0 0

+/ /(l{ng}L{s(z)+1{T<SSW}US(9:))Np(ds,dx), te 0,7,
(0,t]/x

with gs:=g'(s, Y}, ZL, UL —g?(s,Y2, Z2,U?). Similar to Remark 3.3 (3), the cadlag processes V1, V2 of finite
variation and the Poisson stochastic integral {f(o,t]fx (1{S§T}Us($)+1{T<S§V}Us($))ﬁp(d8,d$)}t€[0’T] jump
countably many times along their P—a.s. paths, so does the F-adapted cadlag process ). Namely, there exists
a P-null set N such that for any we N,

{t€[0,T]: Yi—(w)#Vi(w)} is a countable subset of [0, 7. (5.5)

Applying Tanaka-type formula (see e.g. [33], Thm. IV.68) to process Y yields that P—a.s.

t t
. 1
Vi = (ED]) —/O 1{y57>0}1{r<s§v}98d5—/0 1y, >0 1 {reagy) (AVs —dV)+Te+ 50y

t
+/O 1{ys>o}(1{s§7}3s+1{T<s§w}Zs)st+/(0 ]/Xl{ys>o}(1{39}%(w)+1{7<sg»y}Us(w))Np(ds,dx), telo, T},
ot

where I'; ::Zse(o,t] (Liy, >0y Vs +1iy. <03Vs"), s€[0,T] and {Ot}te[o 7] is an F-adapted continuous increas-
ing process known as the “local time” of process Y at 0. By (5.5), I is an F-adapted cadlag increasing process

with countably many jumps.
3) Next, we integrate by parts © - YT locally and use (3.4), (5.1) to show that ©(ryyryY,

+ _
(FVOAY
Eq [97Y7+|]‘—(rvt)/w} =0, P—a.s. The conclusion thus follows.
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Fix £€(0,7] and n€N. We define 7, ==inf {s € [, T): [7|Z,Pdr + [ [ [Up(@)Pv(dz)dr>n} Ay € T, and set
Cn :=(TV1t)Avn. Applying integration-by-parts formula (see e.g. [33], Cor. 11.2) to process OV T over [C,, yn] =
[7,7a]N[t, T] yields that

Yn Yn Yn 1 Tn
0.,V = 0,V + /C O, (1y,_sop8r—a, V7 )dr+ /C 1y, >0y0.(dV;'—dV;?)— i @le“r—i : 0,d0,

TYn ~
—/ 11y, >010.Z,.dB, —/ /l{yr_>0}9rUT(x)Np(dr, dz), P-as.
¢ Cnv"/n] X

n

Since Vrvyat) = ElY2 | Fr]+ Yo (yan) = Yr = Yoy (yae) for any t€[0,T] (i.e. Yy =Y; for any t€[r,7]), we see
from (3.4) that P—a.s.

Yn Y-
O, Y <05, Y, + / Or(Liy,_s0pgr—a, Y, )dr— /

n n

1(yv. >0)0:Z,dB, —/ /1{yr_>0}®rUr(:c)]vp(dr, daz).
Cn 'Yn] X

By (A3) (iii) and (5.1), it holds dr xdP-a.s. on |7, ~[ that
Ty, s018r =1y, w0y (@Yot b, Zotg' (n Y2, 22, U —g* (r, Y7, 22, U2)) <14y, 0y (a,«YTerTZT+/Xj’3r(x)Ur(x)y(dx)).
Also, (5.5) implies that for P—a.s. we
Ly, (w)>030r (@)Y (@) =1y, ()03 ar (@) Ve (@) =1y, ()50} ar (@) Yy (w) < a;f ()Y, (w) holds for a.e. 7€ (r(w),y(w)).
Combining the above three inequalities yields that

O¢, Y+ <@%YWJZ (ME =M +. ) — 4L ), P—as. and thus Q-a.s., (5.6)

where M;L = fg1{r€(‘r,’yn]}1{Yr,>0}@rZrdB7iQ and %tn = f(oyt]fxl{TG(‘r,’yn]}1{YT7>0}®TUT<x)N$(dT’ dl‘), te
[0, T].
Since the Burkholder-Davis-Gundy inequality, (1.5) and (5.4) show that

([ [1erupnyanan)
(Tyyn]/ X
-~ % Yn A P
< cpepC’EQ{(/ | Z, | dr) / /X|Ur(x)Pu(dx)dr} <cpe?@(n2+n) <oo

P
2

Eq sup ‘Mn‘ﬁ—i— sup || } §cpEQ{(/ 10,17, dr)

tefo €[0T

M"™ and A" are two uniformly integrable @-martingales. Taking the conditional expectation Eg[ | F¢,] in (5.6)
yields that Q-a.s.

O Y <EQ[0,, Y, |1 Fe, ] =11y, <«(rviyany BQ [0+, Y5 1P | 4110, > (rviy it BQ (O, Yo | Frviyny i=mi 405 . (5.7)

As (Z,U)eZi . <UL ., one has fOT(|ZT\2+||UTH’£p)d7“<oo, P—a.s. and thus Q-a.s. So for Q-a.s. w € there

exists a N, €N such that

for any n > N,,, 7n(w) = v(w) and thus n}*(w) = 0. (5.8)
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It follows that lim n?" =0, Q-a.s. On the other hand, the first equality in (5.8) also shows that lim ©,, Y;L =
n— oo n— oo "
@VYA;r and nl;n;o O¢, Y;’: =0O(rvr) MY(JTFW) o Q@-a.s. even though the process Y may not be left-continuous. For

any n€N, (5.4) shows that ©,, Y.} <eCY,, P—as. Since a slight extension of [34] (Prop. A.1 (a)) gives that
E[&1(M)] < oo, we can deduce from Holder’s inequality that Eq[Y.]=E[&r(M)Y.] < ||Er(M)|| ez 1Y lor <
00.

Asn — oo in (5.7), a conditional-expectation version of dominated convergence theorem and (5.8) yield that

()S@(Tvt)MY+ < ILH;OEQ [@CRYC-:|‘F(TVt)/\'Y:| =FEg [@7yv+|‘7:(TVt)AV] =0, @-a.s.and thus P—a.s.

(TVHAY =,

+ —
Then Y7y, =0 or Y(lr\/t)/w < Y(2TVt)/w’

P—as. that V! <Y?2 for any t€[r,~]. O

P—a.s. By the right continuity of processes Y! and Y2, it holds

Proof of Corollary 3.5: Since P{&} < £}, Vte (r,()} =1, implies that P{€}_ <&} , Vte(r,{]} =1 we can
deduce from the flat-off condition of reflected BSDEs that P—a.s.

OS/ l{YT17>YT27}dK71‘ :/ 1{2}‘7:YT17>Y7‘27}dKT1 S/ 1{£i7>£72‘7}dK71‘ = 0, Vt, Ss€E [7‘, C] with t<s.
t t t

It follows that P—a.s.

S

/ 1{}’7}7>YT27}(dK'} — dK?) = —/ 1{}’7}7>YT27}dK'72' S 0, Vt, se [T, C] with t<s.
t t

Then applying Proposition 3.4 with V?=K? i=1,2 leads to the conclusion. O

Proof of Proposition 3.6:

la) (Uniqueness) Let (Y, Z4,U*, K*), i=1,2 be two LP-solutions of RBSDEJ (¢, g, £). Applying Corollary 3.5
with parameters (£1, g1, £1) = (&, g%, £2) = (&, 9, £) over period [7,7]=[0,T], we directly obtain that P{Y,! =
Y2, Vtel0,T]}=1.

1b) (Existence) In light of Theorem 2.3, the BSDEJ (¢, g) admits a unique solution (Y, Z,U) €SP. Set £:=
£v(y-1).

i) We first show that process {yt—&—fot gsds}icpo, is the Snell envelope of a real-valued, F-adapted cadlag process

t
Rt::/ gsd8+(yt/\£t)1{t<T}+fl{t:T}, te [O,T] (59)
0

Since Y, —1<), /\Et < Et < Sj\/ (|yt\+1), P—a.s. for any t€[0,T), one can deduce from the right-continuity
of processes £ and Y that R, < 1+f0T|gs\ds+y*—|—2j—|—|§|, P—a.s. It follows from (1.6) that

T
P
E[R?] < 5P—1E[1+(/ |gs|ds) +YP+(LF)P+[EP| < 0o, thus R € DP. (5.10)
0
Let t€[0,T)]. For any p€ Ty, since Y, > (y,,/\Ep)l{p<T}+§1{p:T} :Rp—fopgsds, P—a.s., it holds P—a.s. that

t P
yt+/ gstZyp+/ Elst*(Mp+Mt*MerMt)ZRp*(MerMt*MerMt). (511)
0 0
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where M, := [ Z,dB, and M,:= |, 0,5] U Np(dr dz), s€0,T] are two uniformly integrable martingales
by (1.3) and (1.4). Taking conditional expectatlon E[-|F] in (5.11) yields

t
yt+/ gsds > E[R,|F], P-as. (5.12)
0

In light of the Debut Theorem (see e.g. [9], Thm. IV.50), 7 :=inf {s€ [t,T]: Vs — £, <O} AT defines a T;-
stopping time. The right-continuity of process Y — £ shows that for P—a.s. we{r <T}, one has y(n (w)7w) <
£(7¢(w),w). Then it holds P—a.s. that

t
yt+/ gsds=Yr, —|—/ gsds— / Z.dB; / /U Np (ds,dx)
0 0 (t,7¢]

(ynAgft)1{7,<T}+§1{T,_T}+/ gsds— / Z,dB, / /u )Ny (ds, dz).
tTt

Taking conditional expectation E[-|F;] yields that 3}t+f0tgsds:E[’RTt | 7], P—a.s., which together with (5.12)
shows

¢
yt+/ gsds=esssup E[R,|F;], P—as. (5.13)

pET:

ii) Now, let us construct a solution (Y,Z,U, K) to RBSDEJ ({,g,£).
Denote by & the Snell envelope of the real-valued, F-adapted cadlag process

t
%t::/ gsd5+£t1{t<T}+£1{t:T}a tE[O,T] (514)
0
and set Y;:=&,— [ g.ds, t€[0,T]. By (A.2), it holds for any t€ [0, 7] that

t t
Y; = esssup E[%plft]*/ gsds > 2)Cit*/ gsds = Lilpery +E1 =1y = £, P—as.
PET: 0 0

It follows from the right-continuity of processes Y and £ that P{Y;> £, Vt€[0,T]}=1.
Similar to (5.10), one can show that E [9RY] §5p’1E{1—1—(f0T|gs\ds)p+yf+(£j)p+|§|p} < 00, namely, R €DP.
In light of Proposition A.5, there exist a martingale M € DP and a process K € KP such that P—a.s.

t
YH’/ gsds=6;=M;—K;, te[0,T], (5.15)
0
and that
T T
/0 1{Yt—>Et—}th = /O 1{Yt—+f0t gsds>9‘it7}th = 0, P—a.s. (516)

The equality (5.15) together with (1.6) shows that E[YF] §3p*1E[(fOT |ge|dt)” +MP+ KP | < o0, i.e. Y EDP.
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As My e LP(Fr), a martingale representation theorem, Corollary 2.4, implies that there exists a unique pair
(Z,U) € Z*P xUP such that P—a.s.

M, = E[My|Fi] = E[Mr] + /ZdB +/0t/ 2N, (ds,de), € [0,T], (5.17)

which together with (5.15) leads to that P—a.s.

T
:£+/ gst+KT—Kt—/ Z,dB, — / / 2)N,(ds,dz), te[0,T). (5.18)
t t tT

Since Ry >Ry, Vt€[0,T], (5.13) shows that P{Y; >, Vt€[0,T]}=1. Then we can deduce from (5.16) that

T T
0 < / l{Yt—>2t—}th = / l{Y.f,7>Ef,7}th = 0, P—a.s.
0 0

It follows that fOT(Y}_ —£¢_)dK;=0, P—a.s. Therefore, (Y,Z,U, K) is a solution of RBSDEJ (¢, g, £).
2) Next, we show the continuity of process K under (L1) or (L2).
2a) Assume first that (L1) holds and carry on all notations/results of Part (1b). For any F-predictable stopping
time 7, the flat-off condition in RBSDE (¢, g, £) and (3.2) imply that 0 < AK? = gy, —e, (£ —Y)T <
liy, —¢, 1(£,-—£;)T=0, P—a.s. Then one can deduce from Remark 3.3 (1) that P{AK{=0, Vt€[0,T]} =1
or K is a continuous process. _
2b) Then, let us assume that £ satisfies (1.2). We have to adjust the arguments in Part (1b) by resetting £=£:
we still set process R as in (5.9). Since —|Vy|—|L¢| <V AL, <L, P—a.s. for any t€[0,T), the right-continuity
of £ and Y implies that R, <fOT\gs|dS—|—y*+2 +|¢], P—a.s. Analogous to (5.10), one can deduce from (1.6)
and £€DP that R € DP. Then following the same arguments in Step (i) of Part (1b), we can again show that
{yt+f0 gsds}icpo,) is the Snell envelope of R.

Still set process R as in (5.14), which is clearly of D?. Let & denote the Snell envelope of R and set
Y; :Gt—fotgsds, t€[0,T]. By Proposition A.5, one can still find a martingale M € D? and a process K € KP
such that (5.15) holds and that

T T T
/ 1{th>2t,}th:/ 1{Y}7>Et—}th = / 1{yt_+f0t gods>n, 146 =0, P-as.
0 0 0

The equality (5.15) and (1.6) shows Y €DP.
As My € LP(Fr), Corollary 2.4 implies that there exists a unique pair (Z,U) € Z*P x UP such that (5.17)
holds, which together with (5.15) leads to (5.18). Hence (Y, Z,U, K) solves RBSDEJ (£, g, £). Since & > £,

P—a.s. , we can deduce from the l.u.s.c.e. of £ that the process R, :fotgsds—i—iltl{KT}+§1{t:T}, teR is also
l.u.s.c.e. By Proposition A.5, process K is continuous. [l

Proof of Theorem 3.7:
1) Let us start with some setups.
By the Burkholder-Davis-Gundy inequality, there exists a constant x>0 such that

E[M,] < kE{[M, M]}/*} (5.19)

1
for any cadlag local martingale M. We set constants p1:= (%), po:=(v (X)T)%2%+1np17%pfl, p3:=T+1-L+

02 "V(X)T, pai= 525 (165°p% 3+ 8), 5= 525 (1402)* 7P (224 PkPpP 1 o) Pp3+1) and p6:=(4pps+pa+ps) 7.
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Define

281+ C3-1A2 ¢
ap = '6;:;—2 and At::p/ asds, t€[0,7T].
apg " (patps) 0

(pfl)(4pm+p4+@5)( G+C1).

96(9a+ps5)
Let us introduce the following norm on SP:

Then C4:= ||AT||L°°(-FT) <

T D
H(Y,Z,U)Hﬁ:{E[T sup (eAf|Y;|p)+</ ez ar) / / A U () P dx)dt]} L VY, Z.U)es?.
0

t€(0,T]

Let (Y, Z,U) €SP. The Z@AB(R)@%B(RY)@2(LE) /| B(R)-measurability of generator g, the F-predictability of
processes (Y, Z) as well as the Z®F y-measurability of random field U implies that process g;:=g(t, Y, Zt, Uy),
t € [0,T] is F-progressively measurable. Similar to (5.81) of [38], we can deduce from (A2’), (1.6) and Holder’s
inequality that

T T
E[(/ gt|dt)p}<4plE{(/ ]g(t,0,070)]dt>p}+4p1(ép1T||Y||]%p+6'§Z|’Z)2,p+5p1||U||%p><oo
0 0

As g clearly satisfies (A2’), Proposition 3.6 shows that the RBSDEJ (£, g,£) admits a unique solution
IV, Z2,U,K)eSPxKP. We set (Y, Z,U):=(Y, Z,U).
2) Next, we demonstrate that U is a contraction map on SP under the norm || - ||4.

Let (17, Z, [7) be another triplet in S and let (ﬁ,é, Zjl, E) be the unique solution to the RBSDEJ (E,ﬁ, 2)
with g; ::g(t, Y;, Zs, (7,5), t €10,7], so \Il()N/, Z, (7) = ()7, ZV,Z/?) We denote (%, 2,% ) := (J}—ﬁ,Z—gJ/{—Zj).

Given e €(0, 1], the function ¢.(z):=(|z|*+¢)?, 2 €R has the following derivatives of its pth power:

Dyl(x) =ppt~?(z)z and D?l(x) = pel~?(z) + p(p—2)pt " (z) 2* = p(p—1)pL*(z).  (5.20)

Let (t,e) €[0,T] % (0,1]. Applying It6’s formula to process eA P (%) over the interval [t,T], we see from
Remark 3.3 (3) that P—a.s.

1 T
MG (@) 1 [ M D@ LA 3 oM (o280 - 2B )~ Del(H)A,)
t s€(t,T)
o T N T _
:eATe§+p/ [ 2(%)9/3(93—gs)—asw’;(%)]dHP/ TP (W)Y (A —dK)
t t
—p( M — M+ — M), (5.21)

where My := M5 = f edroP=2( %, %,dB, and M, =M f(Os [y et <p15’_2(%,)@,«,%r(x)ﬁp(dr, dz),
YV s€[0,T]. Similar to (5.10) of [38] we can deduce from Taylor s Expansion Theorem and (5.20) that

P (Z) — B (%) —D? (P ) A% > p(p— 1|A@|/ (1—) P (% +aAZ)da
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(S|

z_g

When |%,_| < 2| AZ]|, one has p2~2(%_+alA%) > ((|Z—| + a|AZ])? +¢) > (1 + p2)?|AZL > +6)2 >
(1+ p2)P 2 (|AZL|* + 5)%_1, Vael0,1]. So an analogy to (5.11) of [38] and (3.1) show that for P—a.s. weQ

3 ot (P2 Bh) ~ (% ) Dt (% () AT())

s€(t,T)

1 _ w 2 1
> 502" ?p(p=1) Y Lo w)i<emlaz@ne™ A% W) (1A% (@) +e)?
se(t,T]

1 5
5 (I+p2)"?p(p—1) Y. Yo zewmne™ | % (s.w,p:w)] (W/(S w, ps(w))] +€)

SEDp(w)ﬂ(t T]

1
= 2(1+m)p *p(p—1) (/(m/ L@ | <pol 2. () )y €

—1

v

AGIREAT >2+e>5‘1Np<ds,dx>)<w>.

The function ¢(z) :=2¢?~?(x)=z(2>+ )2 ', 2 €R has strictly positive derivative Ly(z)=(a? +e)2—2 ((p—
D)a?+¢e) >0, so it satisfies 1(z) <¢p(zT) < (z )p L' Vz€R. Then the flat-off condition implies that P—a.s.

T T T
/ QP )W (dK—dK,) = / Ly, =g, pe (8= )dK,+ / 15, —e, 3¢ 0 (8— Y- )dK,
t t t
T . _ T -
S/t Ly, —e.ye (L= u)T)” 1d’CS+/t 15 e et (€ =2:)")" dK, = 0.

Set nf::ftTeAs [P~ (%) |95 —8s| —as 0P (%) ]ds, then (5.21) and (5.20) imply that P—a.s.

At (2 Y| Z|2ds

ks

-1

p(p—1 _ 2
+ 7( 5 )(1+m)” 2/ /1{|%\gmvzzs(wﬂ}eAsWs(x)} (1% (x)|* +¢)
1) x

< e%hel fpnf —p(Mp— M+ —My). (5.22)

Ny (ds, dzx)

Since the random variable ®.:= sup (edt¢P(%;)) satisfies E[®.| <eC4E[#F+eLl]=e¢ (H@HDP—I—sZ) 00
te[0,T7]

by (1.6), we can deduce from (5.19), Young’s inequality and (1.5) that

(@6)”#(/: ) +(® (/OT]/ep *|%.(x)> N, (ds, dx))ﬂ
S;E{Z(p—l)éa—l—ec“(/oﬂﬁ”s2d5>2+ecA/0 /X|02/5(x)pu(dx)ds]<oo.

So both .# and 9 are uniformly integrable martingales. Taking ¢=0 and taking expectation in (5.22) yields
that

E| sup ||+ sup |9)TS|}§/£E
s€[0,T] s€[0,T

21

Uy ()| (1% ()2 +e)

T T

E/ eAwg_Q(%|%‘2ds+(1+p2)p_2E/ /1{\%_|§m\%(x>|}e‘4“‘ v(dz)ds
0 0 X
2 Ca P

—(e" ez + Eng)).

7D )
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Using similar arguments to those that lead to (5.94) of [38], we can deduce that || (:))—JNJ,Z—ZN,Z/{—Z])HT; <
%H (Y—f/, Z—Z, U—ﬁ) Hg (see our SSRN version for details). Hence, ¥ is a contraction mapping on S? under

the norm || - ||, which admits a unique fixed point (Y, Z,U) e SP.

3) Let K be the process in KP that is associated to U(Y, Z,U)= (Y, Z,U). Then (Y, Z,U, K) forms a unique
solution of RBSDEJ (¢, g, £) in SPxKP. If either (L1) or (L2) holds, Proposition 3.6 shows that K is a continuous
process. [l

Proof of Proposition 4.1:
1) We first show that' Y is a g-martingale up to 7,,(0).
Let yeT and (€7,. Theorem 2.3 implies that P—a.s.

¢ ¢ -
YtYC’gC=Y<+/ g(s,léy"g‘,ZZ"g%Usy"““)ds—/ ZZ"““st—/( <]/ UYo% (2)N, (ds, dz), Vte[0,c].(5.23)
t t

t

Since it holds P—a.s. that

¢
Y, Y<+/ g(s,Ys,Zs,Us)ds—FKC—Kt—/ Z,dB, / / 2N, (ds, dz), Vie[0,d],
t t £,¢]
applying Proposition 3.4 with (Y*, Z1 U, V1) = (YYC 9¢ ZYe9¢ JYer9¢ O) and (Y?2,22,U2, V3 =(Y,Z,U,K)
over period [0, (] yields that P{Yt&’gc <Y;, Vte[0,(]}=1. In particular, £ [Y¢]= YYC’QC <Y,, P—as., thus
Y is a g-supermartingale.

Now, we claim that for any y€ T,

& [Ye]=Y,, P—asholds for any (€T, satisfying K¢ =K., P—a.s. (5.24)

Let (€7, satisfy K; =K., P—a.s. As it holds P—a.s. that

¢
Y= Yg—i—/ (s, Y, Zs, Ug)ds— /ZdB / / Np (ds,dz), Vte[v,¢],
(t¢]

an analogy to (5.23) gives that P—a.s.

¢
Y;chgc:YC_F/ g(S,YgYC’gc,ZXC’gC,USYC’gC)ds / Yg,gch / / Y<,9< o(ds,dz), Vte [O,C]-
t (t,C]

Applying Proposition 3.4 with (Y1, ZY U V)= (YYC’9< ZYo9¢ UYesc 0) and (Y?2,2%2,U2%,V?)=(Y,Z,U,0)
over period [7,(], we obtain P{Y; = tY“gC, Vte [v,¢]}=1. In particular, it holds P—a.s. that Eg’C[Yd =
YWY"QC =Y/, proving the claim (5.24).

Let neN and define 7,,(v):={t€[y,T]: i <Ry;+1/n} €T,. Since Y5 >R;+1/n=L,+1/n> £, for any s€
(7,70 (7)), we see that Y,_ >£,_+1/n>£,_ for any s€ (7,7, (y)]. Then the flat-off condition in RBSDE (¢, g, £)
and Remark 3.3 (1), (2) imply that P—a.s.,

Tn ()
K_Ic_n(,y)fK,?,:/ l{yszgs}szc:() and O<KT (7~ K,CYIS Z l{ysfzgsf}(Qs_st)*:O.
Y

s€(7,mn (V)]
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Putting them together shows that

K, =K, P-as. (5.25)

n ()

For any v, €T with 0<y<(<7,(0), as K., )=Ko=0, P—as. by (5.25), the monotonicity of K implies
that K¢=K,=0, P—as. Inlight of (5.24), one has & [V¢|=Y,, P—a.s. SoY is a g-martingale up to 7,(0).
2) In this step, we demonstrate that Y is the Snell envelope of reward process R under the g-evaluations.

Let v€T and denote 7,(v) by 7. Since Yr = =Rr <Rr+1/n, P—a.s., the right-continuity of processes Y
and R implies that Yz <Rz+1/n, P—a.s. Applying Theorem 2.6 with (Y1 ZLUY = (YYT’QT ZY=97 UYT’QT)
and (Y2 72 U2) (YR #+1/n,95 ZR +1/n, gT
UR++1/m.97) over period [0,7] and taking C:T in (5.24), we see from (5.25) that

Y, =Y gYR?“/”’g?:YWR?’g;+nn:5 =R+ ]+nn<esssup€ AR+, P-as, (5.26)
CeT,
where 7, := Y, #+1/n.gr —Y 797,
By (2.1), E[|n.|F] < ||YR 7H/mgr _yReo7||P < for some constant C only depending on T', v(X), p and

C. So there exists a subsequence {n;}ien of N such that lim n,, =0, P—a.s. Taking n=mn; in (5.26) and letting
71— 00

i — 00, we can deduce that Y, <esssup Eg C[’RC], P-as.
€T, ’

i
On the other hand, for any ¢ € 75, since Y > 1y ¢ +1ic—71§ = R¢, P—a.s., the monotonicity of g-
evaluation further shows that Y, > &7 .[Y¢] > €7 .[R¢], P—a.s. Then taking supremum over ¢ € 7, yields that
Y, =esssup 59 ¢[Re¢l, P—as. To wit, Y is the Snell envelope of R under the g-evaluations.
CET, e

3) Next, assume that the process K is continuous and let y€7.
3a) We first use the claim (5.24) to show that both 7.(7y) and 7(y) are optimal stopping times for esssup Efj ¢ [Rg] .
CET, ’

~

AsY;>Ry=4£,; for any t € [’}/,T* (’y)), the flat-off condition in RBSDE (¢, g, £) and (3.2) imply that P—a.s.,
K,g—KW:KtC—Kf/:f;5 1{y,—¢.ydKS=0 for any t€ [y, 7.(y)]. In particular, one has K, (,)=K,, P—a.s. Since
Yr=§=Rr, P—a.s., we can deduce from the right-continuity of processes Y and R that Y, (,)=R P—a.s.,
Taking ¢ = T«(7y) in (5.24) and using (4.1) yield that

T (V)

628871’11)5 [RC] :Y'Y :g’g,r* v) [YT* ('Y)] :g’g,r* (v) [RT* ('Y)] ’ P-as.

Set N':={w € Q: the path K.(w) is continuous and the path Y.(w)—R.(w) is right-continuous} and A :=
{Ya(1) >Rz € Fr. Cleaurl‘y7 Nis a P-null set. Given w€ ANNN{7(y) < T}, there exists a §(w) € (0,T—7(7)

such that m(§):= inf R >(. Since
(©) FEIP() () F(7) @)+ 5w >]( ) = Ra(w))

7(M)(@W)+6(w)

| (@ -s@)arie)> /< L ()R )R 2me) (KO +5(0),) —K FRw)e) >0

we see from (3.2) that P(ANN®N{7(y) < T}) =0 and thus P(AN{7(y) < T})=0. It follows that Yz(,)—
Rz(y) = Lz(y)=T} (YTfﬁ)JrlAcn{T(WKT}( Py — R?(v)) =0, P—a.s. As the continuity of K implies that
Ky

K?(’Y) = y P—a.s., (527)
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taking (=7(7) in (5.24) and using (4.1) yield that

eiss;_lpgg [ ] Y g’y 7(v) [ T(’Y)] g’y 7(v) [ T('Y)]’ P-as.

3b) To show that 7.(y) and T(y) are respectively the minimal and mazimal optimal stopping times for
esssup Eg ¢ [RC} , we let T€T, be an arbitrary optimal stopping time for esssup 53 ¢ [RC}
CeTy 7 cer,

By the g-supermartingality of Y and (4.1),

&s Ly ]<Ypyfesssup59 [R¢]=£&9,[R:], P-as. (5.28)
CeT,

~

As Y, >R,, P—a.s., the strict monotonicity (gl) of g-evaluations shows that Y; =R,, P—a.s. and thus that
T:(y) <7, P—as.

Since K is an absolutely continuous process, there exists a positive, F-progressively measurable process T
such that P{K;= [ Tds, t€[0,T]}=1. Then it holds P—a.s. that

Yt:YT—i—/ (9(s, Ve, Zo, U)+T,)ds /ZdB / / ©)N,(ds,dz), Vte[o,7].
t (t,7]

Also, an analogy to (5.23) shows that P—a.s.

| AR +/ (s,YSYT*gf,ZZT’QT,UZ’*gf)ds—/ ZZ*’QTdBS—/ ]/ UYm97(£) N, (ds,dz), Viel0,7].
t t, T

Applying Theorem 2.6 with (Y1, Z1, U, g')= (YYT’gf, ZYr:97 UYT’g*,g) and (Y2, Z22,U2, V3 =(Y, Z,U,g+7)

over period [y, 7] yields that Y.)797 <Y, P—a.s., which together with (5.28) shows that

VYo <Y, = & _[R,]| =&, [Y;|=Y"9, P-as.

Then we further see from Theorem 2.6 that T, =0 d¢txdP—a.s. on |y, 7[. It follows that K; =K., P—a.s. and
thus that 7<7(y), P—a.s.

3c) For any v, €T with 0<y<(<7(0), since K79y =Ko=0, P—a.s. by (5.27), the monotonicity of K implies
that K. =K, =0, P—a.s. Using (5.24) again gives that 59 [ ¢]=Y,, P—a.s. Hence, Y is a g-martingale up to
7(0). O

APPENDIX A.

In this appendix, we study the optimal stopping problem

esssup E[X,|=FE[X; ] (A1)
pET

for a reward process X of class (D) and with unbounded negative values. It is worth pointing out that our results
are not simple extension of [12] or Appendix D of [23] since their method heavily depends on the non-negativity
of the Snell envelope (see four lines below (2.32.1) of [12] or line 16 on p. 357 of [23]). Instead, we take a different
approach: we first derive a dynamic programming principle (DPP) for the Snell envelope of a reward process.
Then we use the DPP as well as different approximate stopping times (A.6) from those in [12] (or Appendix D
of [23]) to show the martingale property of the Snell envelope.
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Let F={F;}icjo,7] be a general filtration satisfying the usual hypotheses, and let T still collect all F-stopping
times. We consider a real-valued, F-adapted right-continuous process X of class (D) with E[X ;] <oo and define

S(7) :==esssup E[X,|F,] € Fy, VyeT.

PETY

According to Theorem 22 and Remark 23 in Appendix 1 of [10], {S (t
a cadlag modification & with the following properties:

)} te(0,7] is a supermartingale and has

Proposition A.1. The process {S(t)}te[o 7] s a supermartingale. It admits a cadlag modification & which is

of class (D) and satisfies that for any v € T
S(v)=6,, P-—a.s. (A.2)

Moreover, & is the smallest cadlag supermartingale that dominates X (z'.e. for any cadlag supermartingale M
with P{M;>X;, Yt€[0,T|} =1, it holds P—a.s. that M;>&,, Yt€[0,T]).
This process G is called the “Snell envelope” of process X.

We next have a dynamic programming principle of Snell envelope &, which is crucial in demonstrating the
martingale property of &.

Proposition A.2. For any v€T and (€T, 67:esssupE[1{p<C}Xp+1{p><}6<|]:,y], P—a.s.
PET -

Proof: We first claim that for any v€7 and (€7, there exists a sequence {p, }nen in T¢ such that

esssup E[X,|F,] = lim T E[X,, |F,], P-as. (A.3)
pe'Tg n—oo

Let p1, p2 € T¢ and set A:={E[X,,|F,]>E[X,,|F,]}. As the set A is F,-measurable, p3:=14p1+14cp3 is also
a stopping time in 7¢. It follows that

E[Xp3|-7:v] = E[lAXpl +1A0Xp2|}-'y] = ]'AE[XP1|‘F’Y]+1ACE[XP2|‘F’Y] = E[Xp1|f'y]\/E[sz|}—'y]v P—as.

Thus the family {E[Xp|]-'.y]}pe7_c is closed under pairwise maximization. In light of [28] (Prop. VI-1-1), we can

find a sequence {p, }nen C T¢ such that (A.3) holds.
By (A.3) and (A.2), there exists a sequence {py, }nen in 7¢ such that

Sc=5(()=esssup E[X,|F¢]= lim T E[X,, |F;], P-as. (A4)
pG'T( n—oo

For any pe T, and n €N, we set p, :=1¢,<c1p+1{,>c}Pn =7 Since {p<(} € Fya¢ CFp,, it holds for any t€ [0, T

that {p, <t} = ({p<{IN{pAC <t})U({p=(}IN{pn <t}) € F;, which shows that p, € T5. Then we see from (A.2)
that

E [1{p<<}Xp+1{pz<}E[Xpn 7] |]"w] :E[E [Lto<cy Xo+ 121 X, | Fc] |‘7:’Y}:E[Xﬁn

F<S(v)=6,, P-as.
(A.5)

Since a conditional-expectation version of the monotone convergence theorem and (A.4) imply that

E[1{p>¢} (8¢~ E[X,, | F])|Fy] = ,}LH;CT E[1{p>¢y (BIX,, =X, | F))| 7], P-as.
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one can deduce from (A.5) that E[l{p<<}Xp + 1{p24}6<|}',y] :nILH;OT E[l{p<C}Xp + 1{p2<}E[Xpn|-7:C] |.7-'7} <

6., P—a.s. Taking supremum over p € 7, yields that esssupE[l{p<§}Xp—|—1{p>c}6<|}"v] <G,, P-as.
PETY B
To see the inverse inequality, we let y€7T and (€7T,. For any pe7,, (A.2) implies that P—a.s.

EIX,\F,] = E[Lpeqy Xpnc 1120 Xovcl ] = B|E[Lpeqy Xonc+ 120 Xovel ] 7
= E{1{p<<}XpA<+1{pz<}E[vac|f<] |-7:v} =< E{1{p<C}Xp+1{pz<}5(O|fw}

[ {p<C}Xp+1{pZC}6C |‘7:"/} .

Taking supremum over p € T, on both sides yields that &, =S(y) <esssup E [1{,<} X,+1{,5¢;6¢|F,], P—as.
pe
K (]

To solve the optimal stopping problem (A.1), we introduce approzimately optimal stopping times: Given
keN and y€ T, define

mi(y):=inf {te[y,T]: &:<X;+1/k} € T,. (A.6)

The next result shows that the Snell envelope & is a martingale over each period [’y, Tk('y)].
Proposition A.3. Let k€N and y€T. It holds for any (€T, that Sepr,(v) :E[Gm(w) ’]—'d, P—a.s.
Proof: Let v€T and (€7,. As G is a supermartingale of class (D) by Proposition A.1, the Optional Sampling
theorem implies that

E[&:|F,] <6&,, P-as. (A7)

Let k€N and set (:=(A7k(y). An analogy to Proposition A.2 and (A.3) imply that for some sequence
{pﬁ}nENC%kv

S¢, = es€s§rupE[1{p<7k(7)}Xp+1{p>7k(7)}67k(7)|.7-'Ck] = hm T ¢k P-as., (A.8)
P Ck

where &1:=E[1 (5 <r, (1)) X ot + 1 (0274 (1)) S [ Fn )
Given n €N, since it holds for any w € {p% <7;(7)} that &(pk(w),w) > X (pk(w),w)+1/k, (A.7) shows that

1
£5+%E[l{pﬁ<”‘(”)}“}—<’“} SE[1{P5<7k(7)}6072+1{Pﬁ2Tk(v)}GTk(“/)|]:Ck] :E[Gpﬁ/\‘rk(y)‘fgk} <6, P-as.

It follows that E[l{prl<7k(ﬂ/)}] <kE [ng —f,’i]. By the uniform integrability of {X'V}’yET and {67}767_’

E[GCk _gﬂ SE[‘ng |+|§f|] SE[|6<k|+E[|Xpr‘+|67k(7)‘|kaH < SE%D_EUXPH +251€1§_E[‘6p|] <00.
P P

Then (A.8) and the dominated convergence theorem imply that hm E[l{pn<m(7)}] = lim kE|[&¢, —&F] =0.

n— oo

So there exists a subsequence {n; =n;(k)};cn of N such that ‘hm 1(pk <ri(y)} =0. Applying a conditional-

i—
expectation version of the dominated convergence theorem, we can deduce from (A.8) and (A.7) again that

S, hngk < hmE[l{P <Tk(’Y)}X +1{P" >k (7 }GTk )’]:Ck] = E[GTk(’Y)"FCk] <6, P-as,

1—00
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which leads t0 &, (y) = B[Sr ()| Fa] = E[ESr )| Frnl|Fe] = B[S | Fe], P-as. 0
Let v€T, as 7k(7) <7r4+1(7) for any k€N, one can define a limiting stopping time

() = lim () € T5. (A.9)

When X is further quasi left-continuous, the Snell envelope G of X is even a martingale over period [fy, ?(7)].
Consequently, 7(vy) is an optimal stopping time after v and can be described as the first time X meets &
after .

Theorem A.4. Assume that X is additionally quasi left-continuous and let v€T .

(1) For any C€T,, Senriy) ZE[G?(V)U:(], P—a.s.

(2) It holds P—a.s. that esss;lp E[X,|F,] = E[Xz()|F,] and that 7(v)=7.(v):=inf {t €[y, T]: &;=X,}.
pPET

Proof:

1) Since &;=S5(t) > X;, P—a.s. for any t€[0,T], the right continuity of X and & implies that except on a

P-null set N

S:>X;, Vtelo,T). (A.10)

Let ¢€7,. For any k€N, as it holds on N that

1
X SGnm =Xnmtg (A.11)
by (A.10), we see from Proposition A.3 that
Scnr(y) = E[6ry | Fe] € E[Xpp|Fe] +1/k, P-as. (A.12)

Since X is quasi left-continuous, (A.10) and (A.7) imply that P—a.s.

Lic<r1Genm() = Lic<r(1)r6¢ = m Licar(3)}Gcnmi() :1{<<m>} Lm 6wm> :1{<<?(w)}klijﬂgo E[Xo, (| Fe]
<Lcarn B[ Xr )| Fe] S1carn B 67| Fe] = Licar B [S7() | Fenrin ] S Licar(Senrtry - (A13)
It follows that 1{C<?(’Y)}6C/\7("/) = 1{<<;(7)}E[67(7) |f<] = E[1{<<;(7)}6?(7) |f<], P—a.s. As we also have

E1{c>7()1 S5 [ F) = E[1cor()} S [ Fe) =L eor(n)} Scnr(y),  Paus,

it then holds P—a.s. that S:pz(y) =E[S7(y)|Fc].
2) For any we {y=7(y)} NN and k €N, since (74(7))(w)="7(w), one has X (y(w),w) < &(y(w),w) <
X (y(w),w)+1/k. Letting k— oo, we obtain

L=} 8y = Ly Xy = Bl gz X0 5] = Lipmr( B[ X7 | P ], Pas. (A-14)

On the other hand, taking ¢ =+ in (A.13) gives that 1,716, _1{’Y<T(’Y)}E[ ;(7)|}'7], P—a.s., which
together with (A.14) and (A.2) shows that esssup E[X,|F,] = S(v) = &, = E[X= , P—a.s.
PETY
By (A.10) and (A.7) again, &, = E[X+(,)|Fy | < E[S7(y)| Fy] <&, P—a.s., which implies that G+ () =X7(,),
P—a.s. For any k€N, it follows that 7(7) >7.(y)=inf {t €[y, T]: &;=X;} >inf {te[y,T]: &, <X;+1/k}=
T1(7y), P—a.s. Letting k— oo yields that 7(v) =7.(v), P—a.s. O

7(v)
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Moreover, the Snell envelope & admits a Doob-Meyer decomposition.

Proposition A.5. There exist a uniformly integrable cadlag martingale M and a F-predictable cadlag increasing
process K with K(0)=0 such that P—a.s.

Gt - Mt 7Kt7 tG[O,T], (A15)
and that P({AK.Y >0N{&,_ > X,y_}) =0 for any F-predictable stopping time v €T . Moreover,
(1) If E[|X7|P+ (X )?] <oo for some p€[l,00), then E[M? + K}.| <oo;

(2) If X is Lu.s.c.e., the process K is continuous;
(8) If process X is cadlag, then

T
/ (Gt_—Xt_)th = 0, P—a.s. (Alﬁ)
0

Proof:
0) We have seen from Proposition A.1 that the Snell envelope & is a cadlag supermartingale of class (D).
In light of Theorem VII.12 of [10] (or [33], Thm. ITI.3.8), there exist a uniformly integrable cadlag martingale
M and a F-predictable cadlag increasing process K with K(0) = 0 such that (A.15) holds.

Let y€T be a F-predictable stopping time. In virtue of Meyer’s PFA Theorem (see e.g. [36], Thm. VI.12.6
or [9], Thm. IV.77), 7 is announceable, i.e. there exists an increasing sequence {p, }nen in 7 such that P—a.s.

Pn < ppy1 <7, VneN and lim T p,=1.
n—oo

Let k€N and n € N. applying Proposition A.3 with v={=p,, we can deduce from the optional sampling
theorem

Ky, =My, =6y, = ElMy ) = Grp(o) [ Foul = Bl rp)|Fpa], Pras.

k(pn

(Here, we can not directly apply Theorem A.4 (1) since the process X may not be quasi left-continuous.) The
monotonicity of K then implies that

K.\ (p,) =K, holds except on a P-null set N}F¥. (A.17)
As (A.2) shows that
GT:S(T):XT, P—a.s., (AlS)

the set {t€[p,,T]: &, <X;+1/k} is not empty P—a.s. and thus 74(p,) <T, P—a.s. By an analogy to (A.11),
it holds on N that

X (pon) G (pn) < Xrp(pn) +1/k. (A.19)

Now, let w e {AK, > 0}NN°N ( . UeN fo)c and let £k € N. For any n € N, one can deduce that
K ((1i(pn)) (W), w) =K (pn(w),w) <K (v(w)—,w) <K (y(w),w). It follows that

(7(pn))(w) <7(w) and thus  y(w)= lim T p,(w) < lim (7 (pn)) (@) < 7(w)-
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Then letting n— oo in (A.19) yields that X (v(w)—,w) <& (v(w)—,w) <X (y(w)—,w)+1/k. As k— oo, we obtain
S (v(w)—,w) =X (y(w)—,w), which implies that {AK,>0}N{S,_>X,_}CNU ( . UeNJ\/ff)
1) Assume that E[|X1|P+(X;)P] <oco for some pe[l,00). We show E[MF + K7.] < 0.

For any t€[0,7], (A.18) and the supermartingality of & show that &;:=&;—E[X1|F]|=&,—E[&1|F] >0,
P—as. As {E[X7|Fi]}iecjo,r) is an cadlag martingale, we know from Proposition A.1 that & is an non-negative

cadlag supermartingale.

Given t€(0,T], since E[Xp|F] <S(t)=esssup E[X,|F] <E[X[|F], P—as., (A.2) implies that
PET:

&:|=|S(t)| <E[|X7|+ X|F], P-as., andthus |&;|<E[2|Xp|+X[[F], P-as.

By the right-continuity of processes & and {E[2|XT|+Xj|ft}}t€[0 ) one has P{|6t\\/|ét’ < E[2[Xr|+

XF|F], t€[0,T]} =1. It follows that S,V6, < sup E[2|X7r|+ X |F;], P—as. Then Doob’s martingale
t€[0,T)
inequality yields that

B[&iver] < (;2) B[ (21X +X1)"] < .
Since the Doob-Meyer decomposition of & is S=M-K with M, :=M;—E[Xr|F], t€[0,T], we can deduce
from the estimate (VII.15.1) of [10] that E[K7]<pPFE {éi’} <o0. It follows that E[M?] <E[(6.+Kr)?| <ooc.

2) Next, assume that the process X is Lu.s.c.e. We verify that the F-predictable projection of & is {&;_}ic0,1
(see e.g. [10], Rem. VI.50) and thus apply Theorem VII.10 of [10] to conclude that K is a continuous process.

Let v€ 7. For any k€N, taking (=+ in (A.12) and then taking expectation yield that E[GV] §E[X7k(q{)] +
1/k. As k — oo, the Lu.s.c.e. of X, (A.9), (A.10), and (A.7) imply that

E[8,] < lim E[X,, )| E[X7()] SE[G5(,)| = E[E[67)|F,]] < B[S,]. (A.20)

k— o0

Fix an increasing sequence {7V, }nen in 7 and set 7:= lim 1 7, € T. Given n€N, we see from (A.7) that
n—oo

6'7% Z E [G'YTH»I |]: 'rL} Z E |:E [67|‘7:’Y ] ’]: ":| Z E [67‘]: "] ) P-as.

1
Taking expectation gives that E[S,, | >E[S,,,,] > E[&5], it follows that li_>m L E[6,,]>E[65].

For any n €N, taking v =1, in (A.20) shows that E[&,,] = E[X7,)]. Clearly, {?('yn)}neN is also an
increasing sequence in 7. As (:= lim 1 7(y,) € T satisfies that ¢ > lim 1 v, =%, we can deduce from the
n— oo n—oo

Lus.c.e. of X, (A.10) and (A.7) that

E[67)< lim | £[8,,]= lim | E[X )] <E[X] <E[8| =E[E[S|F]] < B[&5].

So lim | [6%} =F [67], which shows that the F-predictable projection of & is {&;_ };c[0,r)- Hence, we know
n—oo
from e.g. Theorem VIIL.10 of [10] that K is a continuous process.
3) Now, assume that the process X is cadlag. We show (A.16).
By Remark 3.3 (1), the jumps of process K are exhausted by a sequence {7, }nen of F-predictable stop-
ping times. Let us denote by K¢ (resp. K¢) the continuous part (resp. purely discontinuous part) of K. The
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demonstration of (A.16) is equivalent to show that

0= > (6. —X, )AK{=> (&, - X, )AK!, P-as, (A.21)
te[0,T] neN
and that
T
0

For any n € N, Proposition A.5 implies that 1{6%7>X%7}AK,‘$” =1ls,, _>x,, AK, =0, P-as. or
equivalently (&, - —X, _)AK? =0, P—a.s. Summing them up over neN gives (A.21).
To see (A.22), we first claim that for any ye€T

6&3(y) = X7(y), P—as., where 7(y):=inf{te(y,T]: Ky > K} \TeT. (A.23)

By Proposition A.1, & is the smallest cadlag supermartingale that dominates X. Correspondingly, S: =6+K d
the smallest cadlag supermartingale that dominates X:=X+K9 To wit, S is the Snell envelope of X with
Doob-Meyer decomposition & =M — K*.

Let v€7T and keN. Since p,:= (?(7)+%)/\T, n €N is a decreasing sequence in 7Tz(,y with nli_)rrgoi on =T(7),

{7k (pn) }nen is also a decreasing sequence in Tz(,) with limit ¢, := lim | 7% (pn) € To(y)
n—oo

Applying (A.17) for process X and using (A.11) with y=p, yield that for any neN

gk(pn):Kgn and X, ) <6, o) <Xr (p)+1/k, P-as,

we can deduce from the right-continuity of processes X and & that P—a.s.

k

The former and the definition of 7(v) imply that ( =7(7), P—a.s., which together with the latter shows that
Xo(y) £62(y) < X7(y) +1/k, P—a.s. Letting k— oo, we obtain the claim (A.23).

Then using similar arguments to those e.g. in the proof of Theorem D.13 from [23], we can derive (A.22).
See our SSRN version for details. O

The optimal stopping time also exists in the following situation:

Theorem A.6. Assume that the process K in decomposition (A.15) is continuous. Let y€T and set T(vy):=

inf{te (v, T]: Ky> K, }AT€ET.

(1) For any CeTy, Senrey) :E[G?(fy)l}—d: P—a.s.

(2) It holds P—a.s. that Gz, = Xz(y). Consequently, esssup E[X,|F,|=E[Xz)|F,] = E[X;, (| F,], P—a.s.

PETY

(8) For any T € T, satisfying esssup E[X,|F|=E[X;|F,], P—a.s. one has 1.(v) <7 <7(7), P—a.s. To wit,
pET

7.(7) (resp. T(7)) is the minimal (resp. mazimal) optimal stopping time for S(v).

See our SSRN version for the proof.



(1]
2]
3]
(4]
(5]
(6]
[7]
(8]

(9]

(10]
(11]
(12]
(13]
(14]

(15]
(16]

(17]
(18]
(19]
20]
(21]

(22]
(23]

(24]
[25]
[26]
27]
(28]
(29]
(30]
(31]
(32]
(33]

(34]

L* SOLUTIONS OF REFLECTED BACKWARD STOCHASTIC DIFFERENTIAL EQUATIONS WITH JUMPS 961

REFERENCES

K. Akdim and Y. Ouknine, Infinite horizon reflected backward SDEs with jumps and RCLL obstacle. Stoch. Anal. Appl. 24
(2006) 1239-1261.

A. Aman, LP-solution of reflected generalized BSDEs with non-Lipschitz coefficients. Random Oper. Stoch. Equ. 17 (2009)
201-219.

J.-M. Bismut, Conjugate convex functions in optimal stochastic control. J. Math. Anal. Appl. 44 (1973) 384-404.

P. Briand and R. Carmona, BSDEs with polynomial growth generators. J. Appl. Math. Stoch. Anal. 13 (2000) 207-238.

P. Briand, B. Delyon, Y. Hu, E. Pardoux and L. Stoica, LP solutions of backward stochastic differential equations. Stoch.
Process. Appl. 108 (2003) 109-129.

S. Choukroun, A. Cosso and H. Pham, Reflected BSDEs with nonpositive jumps, and controller-and-stopper games. Stoch.
Process. Appl. 125 (2015) 597—633.

S. Crépey and A. Matoussi, Reflected and doubly reflected BSDEs with jumps: a priori estimates and comparison. Ann. Appl.
Probab. 18 (2008) 2041-2069.

J. Cvitanié, I. Karatzas and H.M. Soner, Backward stochastic differential equations with constraints on the gains-process Ann.
Probab. 26 (1998) 1522-1551.

C. Dellacherie and P.-A. Meyer, Probabilités et potentiel. Hermann, Paris. Chapitres I a IV, Edition entiérement refondue,
Publications de I'Institut de Mathématique de 1’Université de Strasbourg, No. XV, Actualités Scientifiques et Industrielles,
No. 1372 (1975).

C. Dellacherie and P.-A. Meyer, Probabilities and Potential. B, Theory of Martingales, Translated from the French by J.P.
Wilson. vol. 72 of North-Holland Mathematics Studies. North-Holland Publishing Co., Amsterdam (1982).

R. Dumitrescu, M.-C. Quenez and A. Sulem, Optimal stopping for dynamic risk measures with jumps and obstacle problems.
J. Optim. Theory Appl. 167 (2015) 219-242.

N. El Karoui, Les aspects probabilistes du contrdle stochastique, in Ninth Saint Flour Probability Summer School—1979 (Saint
Flour, 1979), Vol. 876 of Lecture Notes in Mathematics. Springer, Berlin (1981) 73-238.

N. El Karoui, C. Kapoudjian, E. Pardoux, S. Peng and M.C. Quenez, Reflected solutions of backward SDE’s, and related
obstacle problems for PDE’s. Ann. Probab. 25 (1997) 702-737.

N. El Karoui, C. Kapoudjian, E. Pardoux, S. Peng and M.C. Quenez, Reflected solutions of backward SDE’s, and related
obstacle problems for PDE’s. Ann. Probab. 25 (1997) 702-737.

N. El Karoui, S. Peng and M. C. Quenez, Backward stochastic differential equations in finance. Math. Finance 7 (1997) 1-71.
R. Elie and I. Kharroubi, Adding constraints to BSDEs with jumps: an alternative to multidimensional reflections. ESAIM:
PS 18 (2014) 233-250.

E.H. Essaky, Reflected backward stochastic differential equation with jumps and RCLL obstacle. Bull. Sci. Math. 132
(2008) 690-710.

M. Grigorova, P. Imkeller, E. Offen, Y. Ouknine and M.-C. Quenez, Reflected BSDEs when the obstacle is not right-continuous
and optimal stopping. Ann. Appl. Probab. 27 (2017) 3153-3188.

S. Hamadéne and Y. Ouknine, Reflected backward stochastic differential equation with jumps and random obstacle. Electron.
J. Probab. 8 (2003) 1-20.

S. Hamadeéne and Y. Ouknine, Reflected backward SDEs with general jumps. Teor. Veroyatnost. i Primenen. 60 (2015)
357-376.

S. Hamadéne and A. Popier, LP-solutions for reflected backward stochastic differential equations. Stoch. Dyn. 12 (2012)
1150016, 35.

J. Jacod and A.N. Shiryaev, Limit Theorems for Stochastic Processes, 2nd edn. 2003. Springer-Verlag (1987).

I. Karatzas and S.E. Shreve, Methods of Mathematical Finance, Vol. 39 of Applications of Mathematics (New York). Springer-
Verlag, New York (1998).

N. Kazamaki, A sufficient condition for the uniform integrability of exponential martingales. Math. Rep. Toyama Univ. 2
(1979).

T. Klimsiak, Reflected BSDEs with monotone generator. Electron. J. Probab. 17 (2012) 107, 25.

T. Klimsiak, BSDEs with monotone generator and two irregular reflecting barriers. Bull. Sci. Math. 137 (2013) 268-321.

T. Klimsiak, Reflected BSDEs on filtered probability spaces. Stoch. Process. Appl. 125 (2015) 4204-4241.

J. Neveu, Discrete-Parameter Martingales,rev. edn. Translated from the French by T.P. Speed, North-Holland Mathematical
Library, Vol. 10. North-Holland Publishing Co., Amsterdam (1975).

E. Pardoux and S.G. Peng, Adapted solution of a backward stochastic differential equation. Syst. Control Lett. 14 (1990)
55-61.

S. Peng, Backward SDE and Related g-Expectation, Vol. 364 of Pitman Res. Notes Math. Ser. Longman, Harlow (1997).

S. Peng, Dynamical evaluations. C. R. Math. Acad. Sci. Paris 339 (2004) 585-589.

S. Peng, Nonlinear Expectations, Nonlinear Evaluations and Risk Measures, Vol. 1856 of Lecture Notes in Math. Springer,
Berlin (2004).

P. Protter, Stochastic Integration and Differential Equations, A new approach. Vol. 21 of Applications of Mathematics (New
York). Springer-Verlag, Berlin (1990).

M.-C. Quenez and A. Sulem, BSDEs with jumps, optimization and applications to dynamic risk measures. Stoch. Process.
Appl. 123 (2013) 3328-3357.



962 S. YAO

[35] M.-C. Quenez and A. Sulem, Reflected BSDEs and robust optimal stopping for dynamic risk measures with jumps. Stoch.
Process. Appl. 124 (2014) 3031-3054.

[36] L.C.G. Rogers and D. Williams, Diffusions, Markov Processes, and Martingales, It6 calculus, Reprint of the second edition
(1994). Vol. 2 of Cambridge Mathematical Library. Cambridge University Press, Cambridge (2000).

[37] S.J. Tang and X.J. Li, Necessary conditions for optimal control of stochastic systems with random jumps. SIAM J. Control
Optim. 32 (1994) 1447-1475.

[38] S. Yao, LP solutions of backward stochastic differential equations with jumps. Stoch. Process. Appl. 127 (2017) 3465-3511.

[39] S. Yao, On g-evaluations with L? domains under jump filtration. Stoch. Anal. Appl. 36 (2018) 40-102.



	Lp  solutions of reflected backward stochastic differential equations with jumps
	1 Introduction
	1.1 Notation and preliminaries

	2 BSDEs with jumps and related g-evaluations 
	3 Reflected BSDEs with jumps
	4 Optimal stopping under g-evaluations
	5 Proofs
	Appendix A 

	References

