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THE PROBABILITIES OF LARGE DEVIATIONS FOR A CERTAIN

CLASS OF STATISTICS ASSOCIATED WITH MULTINOMIAL

DISTRIBUTION

Sherzod M. Mirakhmedov*

Abstract. Let η = (η1, . . . , ηN ) be a multinomial random vector with parameters n = η1 + · · ·+ ηN
and pm > 0, m = 1, . . . ,N , p1 + · · · + pN = 1. We assume that N → ∞ and maxpm → 0 as n → ∞.
The probabilities of large deviations for statistics of the form h1(η1) + · · ·+ hN (ηN ) are studied, where
hm(x) is a real-valued function of a non-negative integer-valued argument. The new large deviation
results for the power-divergence statistics and its most popular special variants, as well as for several
count statistics are derived as consequences of the general theorems.
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1. Introduction

Let η = (η1, . . . , ηN ) be a random vector of frequencies of a multinomial model M (n,N,P) on n ≥ 1 obser-
vations classified into N > 1 cells (categories) with the cell probabilities P = (p1, . . . , pN ), p1 + · · ·+ pN = 1, all
pj > 0. Hence, n = η1 + · · ·+ ηN and

P {η1 = m1, . . . , ηN = mN} =
n!

m1! · . . . ·mN !
pm1
1 · . . . · pmNN ,

where arbitrary non-negative integer mjs are such that m1 + · · ·+mN = n. This multinomial distribution is a
probabilistic model for a random categorical data: If each of n independent trials can result in any of N possible
types of outcome, and the probability that the outcome is of a given type is the same in every trial, the numbers
of outcomes of each of the N types have a multinomial joint distribution. It is convenient also to describe this
model in terms of a multinomial random allocation of n particles into N cells: n particles are allocated into
N cells indexed 1 through N at random, successively and independently of each other , the probability of a
particle falls into cell with index l is pl > 0, l = 1, . . . , N , p1 + · · ·+ pN = 1, then ηl is the number of particles
in the cell with index l after allocation of all n particles.

The classical tests goodness of fit on the probabilities of cells based on the chi-square type statistics (i.e. on
the statistics having an asymptotic chi-square distribution), and assume that the number of cells N is fixed.

Keywords and phrases: Chi-square statistic, count statistics, log-likelihood ration statistic, large deviations, multinomial
distribution, Poisson distribution, power divergence statistics.
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The most well-known such statistics are the Pearson’s chi-square statistics and the log-likelihood ratio statistics,
which are special variants of the power-divergence statistics, introduced by Cressie and Read [3] There is huge
literature where interest and results have followed many aspects: the asymptotic distributional and statistical
properties and recommendations in applications of power-divergence statistics and its special variants in the
case fixed N, see [4, 25, 27] and references within. However, the assumption “N is fixed” becomes restrictive in
several contexts. Indeed: Mann and Wald [18] have obtained the relation N∼cn2/5, where c > 0 depends on the
test size, concerning the optimal choice of the number of groups in the chi-square goodness of fit test. Koehler
and Larntz [15] have explored the practical importance of the asymptotic normality results of chi-squared and
log-likelihood ratio statistics in case N increases. Consider a problem of testing uniformity distribution on a
fixed interval in which the interval partitioned into subintervals of equal length; if it is desired to achieve a
specified expected frequency ν(say) for each subinterval, then N subintervals are used for a sample size of n,
where N is selected to make n/N close to ν. For another motivation for increasing N associated with “big-data”
applications, see [30, 32]. At last, a wide class of random variables of interest in the above described multinomial
random allocation of particles into cells assumes that the number of cells N increases together with the number
of particles n, see [16, 17].

In this paper we shall focus our attention to the case when N = N(n)→∞ as n→∞. It turned out that in
the case N →∞ one can study a very general class of statistics of the form

RN (η) =

N∑
l=1

hl(ηl), (1.1)

where h1(x), . . . ,hN (x) (may depend on N and n) are real-valued functions defined on the non-negative
axis. These functions can be random, then it is assumed that for any x1, . . . , xN , random variables
(r.v.) h1(x1), . . . ,hN (xN ) are mutually independent and independent of (η1, . . . , ηN ). We will pay special
attention to the family of power-divergence statistics (PDS), which is a subclass of (1.1) with hl(x) =

2x
(

(x/npl)
d − 1

)
/d(d + 1), although a more general subclass is the family of φ-divergences, where hl(x) =

nplφ(x/npl), see [5, 19]. The most notably special versions of PDS are

χ2
N =

N∑
m=1

(ηm − npm)
2

npm
,ΛN = 2

N∑
m=1

ηmln
ηm
npm

, T 2
N = 4

N∑
m=1

(
√
ηm −

√
npm)

2
. (1.2)

The statistics (1.2) are known as Pearson’s chi-squared (χ2), the log-likelihood ratio (LR) and the Freeman-
Tukey (FT) statistics, respectively. Special variants of statistics (1.1), that are not PDS, are the following count
statistics (CS):

µr =

N∑
m=1

I {ηm = r}, wr =

N∑
m=1

I {ηm ≥ r}, Cn =

N∑
m=1

(ηm − 1)I {ηm > 1}, (1.3)

where r = 0, 1, . . . ,n and I{A} is the indicator function of A. In terms of the aforementioned random allocation
scheme of n particles into N cells the statistics µr, wr, and Cn count respectively: the number of cells that
contain exactly r ≥ 0 particles, the number of cells that contain at least r ≥ 1 particles, and the number of
collisions (i.e. the number of times a particle falls in a cell that already has a particle in it). Consider now a
random allocation with random level. Let the cell with index m be assigned a non-negative, integer valued r.v.
νm, m = 1, . . . ,N . The cell with index m is said to be filled up if ηm ≥ νm after allocation all particles. A special
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version of (1.1) that of interest is the number of unfilled cells ΦN , say, viz.

ΦN =

N∑
m=1

Bm(ηm), (1.4)

where Bm(x) is a Bernoulli r.v.: P{Bm(x) = 1} = P{νm > x}, P{Bm(x) = 0} = P{νm ≤ x}, m = 1, . . . ,N .
If hm(x) = h(x) for all m then (1.1) is said to be symmetric statistics. Obviously χ2

N , ΛN and T 2
N are

symmetric if p1 = ... = pN = N−1. All statistics (1.3) are symmetric, whereas statistic ΦN is symmetric if
ν1, . . . , νN are i.i.d. r.v.s. The PDS, specifically statistics (1.2), play a leading role in tests goodness-of-fit on
grouped data, whereas the CS (1.3), (1.4) are used in problems associated with occupancy problems, see [14, 16].
We also draw the attention of readers to the article by L’ecuyer et al. [17], where the statistics (1.1) and its
special versions, including (1.2) and (1.3) are used in construction the serial tests for testing of uniformity and
independence of the output sequence of general-purpose uniform random number generators.

The class of statistics (1.1) has been studied in the literature. The Central Limit Theorem among with Berry-
Essen kind bound and Edgeworth asymptotic expansion results with different refinements can be found in the
papers [6, 8, 13, 19–24, 26, 29].

In the present paper we are interested in P
{
R̃N (η) ≥ xN

}
, where R̃N (η) is standardized version of RN (η)

and xN → ∞, in the situation when N → ∞ and maxpm → 0, as n → ∞. According to our best knowledge
such probabilities of large deviations have been studied earlier by Siragdinov et al. [36] and Ivchenko and
Mirakhmedov [11] (see Thm. 2.1 of Sect. 2). Their results correspond to the Cramér zone, xN = o(

√
N), and

assume two restrictions: (i) the sparseness condition: limn→∞ (n/N) = λ ∈ (0,∞), and (ii) the Cramér condition
: max1≤k≤N Eexp {H |hk(ξ)|} <∞, ∃H > 0, here ξ is a Poisson r.v. with expectation λ. We refer also to [12],
who have studied large deviation probabilities of χ2

N and ΛN ; in particularly, his results corresponding to the

case xN = o(
√
N) propose that Nminpm ≥ c > 0, for ΛN statistic, and in addition,

√
nN−3/2xN → ∞ and

N = o(
√
n) (i.e. the model is so dense that the average of the observations n/N �

√
n) for χ2

N statistic.
Remark that Cramér’s condition (ii) is fulfilled for ΛN , but for χ2

N does not; also the sparseness condition
(i) is too restrictive in applications, for instance in a problem of testing goodness-of-fit. Kallenberg’s results
also do not cover some important situations; see Remarks 4.6 and 4.8 of Section 4. The prime driver of this
work was the need for results on the probabilities of large deviations of the χ2 and LR statistics in order to
study the intermediate properties of the tests goodness of fit, see Appendix B. The results of aforementioned
authors don’t cover the needs. In contrast, while the new results of the present paper mostly corresponds to the
deviations of zone xN = o(N1/6), their advantage is that they applicable for the arbitrary multinomial models
(not necessary sparse) and for statistics that do not necessarily satisfy the Cramér’s condition. Further, the
proof of Theorem 2.2 is based on the technique different from the methods of existing papers. Core part of our
technique is that we reduce the cumulants of the statistics RN (η) to the cumulants of the sum of independent
r.v.s, next we use a modified variant of Lemma 2.3 of Saulis and Statulevicius (1991) [35] .

The rest of the paper is organized as follows. The main results are presented in Section 2; these theorems are
applied for the class of PDS in Section 3, and in Section 4 for the statistics (1.2), (1.3) and (1.4); the proofs are
presented in Section 5. For the reader’s convenience, the auxiliary Assertions are collected in Appendix A; at
last, some results on the asymptotical properties of goodness-of-fit tests on uniformity of a multinomial model,
obtained using the results of Section 3, are presented in Appendix B.

Throughout the paper we use ci to denote absolute constants whose value may differ at each occurrence,
all asymptotic statements are considered as n → ∞; ς ∼F stands for “r.v. ς has the distributionF”, Ck(ς)-
the cumulant of order k of the r.v. ς, Poi(λ)- the Poisson distribution with parameter λ > 0 and Φ(u)- the
standard normal distribution function. Everywhere in the next sections ξ, ξ1, . . . , ξN are independent r.v.s, where
ξm ∼ Poi(npm);ξ ∼ Poi(λn) ,λn = n/N , πl(λ) = λle−λ/l!, pmax = max1≤k≤N pk, pmin = min1≤k≤N pk.



584 S. M. MIRAKHMEDOV

2. The general results

Set

gm(ξm) = hm(ξm)− Ehm(ξm)− γn(ξm − npm),

AN =

N∑
m=1

Ehm(ξm), γn = n−1
N∑
m=1

cov (hm(ξm),ξm),

σ̃2
N =

N∑
m=1

V arhm(ξm), σ2
N =

N∑
m=1

V ar gm(ξm) = σ̃2
N − nγ2n. (2.1)

Note that under very general set-up AN and σ2
N becomes the asymptotic value of ERN (η) and V arRN (η),

respectively. In particularly, under the conditions of below Theorems 2.1 and 2.2

ERN (η) = AN + o(N) and V arRN (η) = σ2
N (1 + o(1)). (2.2)

The following theorem was proved by Ivchenko and Mirakhmedov [11], see also [36]. We state it for completeness
and for ease sake of comparison.

Theorem 2.1. Assume that n→ ∞, N →∞ such that

λn → λ ∈ (0,∞), (2.3)

Npmax ≤ c1, (2.4)

lim inf N−1σ2
N > 0, (2.5)

max
1≤m≤N

EeH|hm(ξm)| ≤ c2, ∃H > 0. (2.6)

Then uniformly in xN ≥ 0, xN = o(
√
N)

P {RN > xNσN +AN} = (1− Φ(xN )) exp

{
x3N√
N
MN

(
xN√
N

)}(
1 + o

(
1 + xN√

N

))
, (2.7)

P {RN < −xNσN +AN} = Φ(− xN )exp

{
− x3N√

N
MN

(
− xN√

N

)}(
1 + o

(
1 + xN√

N

))
, (2.8)

where MN (u) = µ0N + µ1Nu+ ... is a series which for sufficiently large N can be majorized by a power series
µ0 + µ1u + ... (i.e. |µjN | ≤ µj ,j = 0, 1, ...) converging in a neighbourhood of zero. Exact formula for µ0N and
µ1N is given by Siragdinov et al. [36].

Our main new result is as follows. Set Kn(a, b) =
(
n1−bp−bmax

)1/(a+1)
, where integers a ≥ 0, b ≥ 0 and a =

max(1,a).
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Theorem 2.2. Let n→∞, N →∞, pmax → 0 and the functions hm( · ) be non-negative. If (i) For each integer
s ∈ [3 , kn] there exist non-negative a1, a2 and b1, b2 such that

E
(

(ξm − npm)
2
hsm(ξm)

)
= O

(
sa(npm)

b
Ehsm(ξm)

)
, (2.9)

where a = a1 , b = b1 for all m ∈ N ⊆ (1, 2, . . . ,N), and a = a2 , b = b2 for all m ∈ (1, 2, . . . ,N)\N , and

kn = o
(
min(p−1max,Kn(a1, b1),Kn(a2, b2))

)
, (2.10)

|Cs(hm(ξm))| ≤ (s!)
1+ν

V s−2n ω2
m , m = 1, . . . ,N, (2.11)

then for all xN such that

0 ≤ xN = o
(

min
(
W

1/(1+2v)
N , k1/2n

))
, (2.12)

where WN = V −1n σNmin
(

1,σ2
N/
∼
ω
2

N

)
, ω̃2

N = ω2
1 + · · ·+ ω2

N , it holds

P {RN > xNσN +AN} = (1− Φ(xN ))
(

1 +O
(

(xN + 1)W
−1/(1+2v)
N

))
, (2.13)

and

P {RN < −xNσN +AN} = Φ(− xN )
(

1 +O
(

(xN + 1)W
−1/(1+2v)
N

))
. (2.14)

To compare these two theorems, we make the following comments. The deviation zone xN = o(
√
N) of

Theorem 2.1 is maximally possible for this Cramér type result; application, however, of Theorem 2.1 is limited
by the sparse multinomial models only, since conditions (2.3) and (2.4), and by the class of statistics satisfying
the Cramér condition (2.6). For instance, the class of PDS with parameter d > 0 does not satisfy the condition
(2.6). In contrast, Theorem 2.2 is effective mostly in the deviation zone xN = o(N1/6), see Section 3, but its
advantage is that it applicable for the arbitrary multinomial models and for statistics that do not necessarily
satisfy the Cramér condition. Note that for the sparse models Theorem 2.2 extends Theorem 2.1 for the deviation
zone xN = o(N1/6), since it includes also statistics that do not satisfy the Cramér condition.

Remark 2.3. Condition (i) is not necessary, its appearance due to the technique of proof; see proof of Propo-
sition 5.1, the relation (5.9). When applying Theorem 2.2 to statistics (1.2), (1.3) and (1.4), this condition (i)
effects through the quantity Kn(a, b), restricting us to the deviation of order o(N1/6). Actually, due to this facts
we restricted condition (ii) to the assumption ν ≥ 1, instead of ν ≥ 0, as it should have been to get the Linnik’s
kind large deviation result, alike to Lemma 2.3 of Saulis and Statulevichius [35].

3. Application to the Power Divergence Statistics (PDS)

The PDS of [3] is defined as

CRN (d) =
2

d(d+ 1)

N∑
l=1

ηl

[
(ηl/npl)

d − 1
]

=
2

d(d+ 1)

N∑
l=1

npl(ηl/npl)
d+1 − 2n

d(d+ 1)
.

Note that for d = 0 the PDS is defined by continuity: CRN (0) = limd→0 CRN (d) = ΛN . We assume that
d > −1 in order Theorems 2.1 and 2.2 to be applicable. Further, since we deal with standardized variant of
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PDS, we can, whenever it is necessary, consider PDS as a special version of statistics RN (η) with kernel functions
hl(x) = hd,l(x), where

hd,l(x) = npl (x/npl)
d+1

, d > −1, d 6= 0, else hl (x) = ho,l (x) = 2x ln (x/npl) (3.1)

The notation (3.1) has the following form: for d > −1, d 6= 0:

AN (d) =
2n

d(d+ 1)

(
N∑
m=1

pmE(ξm/npm)
d+1 − 1

)
, (3.2)

γn(d) =
2

d(d+ 1)

N∑
m=1

pmE
(

(ξm/npm)
d+1

(ξm − npm)
)
, (3.3)

σ̃2
N (d) =

4n2

d2 (d+ 1)
2

N∑
m=1

p2mvar (ξm/npm)
d+1

(3.4)

and

AN (0) = 2n

N∑
m=1

pmE [(ξm/npm)ln(ξm/npm)], (3.5)

γn(0) = 2n−1
N∑
m=1

E ((ξm − npm)ξmln(ξm/npm)), (3.6)

σ̃2
N (0) = 4n2

N∑
m=1

p2mvar [(ξm/npm)ln(ξm/npm)]. (3.7)

Again, we remind that AN (d)and

σ2
N (d) = σ̃2

N (d)− nγ2n(d) (3.8)

are asymptotic expectation and asymptotic variance of CRN (d), respectively.

3.1. The sparse multinomial model: λn → λ ∈ (0,∞)

Theorems 2.1 and 2.2 imply

Theorem 3.1. Suppose n→∞, N →∞ such that

λn → λ ∈ (0,∞) and c3 ≤ Npm ≤ c4, some c3 > 0, c4 > 0. (3.9)

(i) Let −1 < d ≤ 0. Then uniformly in xN ≥ 0, xN = o(
√
N) for the P {CRN (d) > xNσN (d) +AN (d)}

and P {CRN (d) < −xNσN (d) +AN (d)} the relations (2.7) and (2.8), respectively, are hold.
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(ii) Let an integer d ≥ 1. Then uniformly in xN ≥ 0,xN = o(N1/2(1+2d)) one has

P {CRN (d) > xNσN (d) +AN (d)} = (1− Φ(xN ))(1 + o(1)), (3.10)

P {CRN (d) < −xNσN (d) +AN (d)} = Φ(− xN )(1 + o(1)). (3.11)

(iii) Let a non-integer d > 0. Then uniformly in xN ≥ 0,

xN = o(min(N1/8, N1/2(1+2d̂)), d̂ = max(1,d), the relations (3.10) and (3.11) are hold.

3.2. The dense multinomial model: λn→∞
In this case, the PDS CRN (d) for each d > −1 behave asymptotically alike to chi-square statistics.

Theorem 3.2. Let pmax = o(1) and npmin → ∞. Then for each d > −1 uniformly in xN ≥ 0, xN =

o
(

min(N1/6, p
−1/4
max )

)
one has

P
{
CRN (d) > xN

√
2N +N

}
= (1− Φ(xN ))(1 + o(1)), (3.12)

P
{
CRN (d) < −xN

√
2N +N

}
= Φ(− xN )(1 + o(1)). (3.13)

Remark 3.3. From npmin →∞ it follows λn →∞. The condition npmin →∞ can be replaced by λn →∞
and Npmin ≥ c > 0, which imply in turn npmin →∞. It is obvious that if pmax = O(N−2/3), then relations
(3.12) and (3.13) are hold uniformly in non-negative xN = o(N1/6).

Remark 3.4. Let pm = (1 − α)/N1−αmα, m = 1, . . . ,N and α ∈ [0, 1). This example of the multinomial
model has been considered by Rempala and Wesolowski [32], as it is of interest when testing for signal-noise
threshold in data with large number of support points [28]. We have npmin = (1−α)λn, pmax = (1−α)/N1−α,
Npm = (1−α)Nαm−α, 1−α ≤ Npm ≤ (1−α)Nα. Theorem 3.1 can be applied for the case α = 0, i.e. for the
uniform multinomial model only. Theorem 3.2 for this model states that if λn →∞ then the relations (3.12)
and (3.13) hold uniformly in xN ≥ 0 such that: xN = o(N1/6) if α ∈ [0, 1/3], and xN = o(N (1−α)/4) if
α ∈ (1/3, 1).

3.3. The very sparse multinomial model :λn → 0

The CRN (d), being divergence measure between proposed and observed models, depends on the intended
model. As it turns out, this fact plays a role for very sparse models; for instance the asymptotic value of the
expectation and variance of statistic ΛN differ essentially for the non-uniform and for the uniform multinomial
model. The standardized version of CRN (d) coincides with standardized version of RdN = hd,1(η1) + · · · +
hd,N (ηN ), where hd,m(x) is defined in (3.1). Set PjN (a) = pj−a1 + · · ·+pj−aN . The asymptotic value of expectation
and variance of RdN , when d 6= 0, are equal, respectively to

AN (d) = n1−dP1N (d),

σ2
N (d) = 2n2(1−d)

[
(22d − 1)P2N (2d)− 2(2d − 1)P1N (d)P2N (d)

]
. (3.14)
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Consider now R0
N = ΛN . Let (p1, . . . , pN ) 6= (N−1, . . . , N−1) and a r.v. ZN be such that

P {ZN = −lnnpm} = pm,m = 1, . . . ,N . For the asymptotic value of expectation and variance of R0
N we have

AN (0) = 2nEZN , σ
2
N (0) = 4nvarZN . (3.15)

Let, now, (p1, . . . , pN ) = (N−1, . . . , N−1). Then

AN (d) = nλ−dn , σ2
N (d) = 2(2d − 1)

2
nλ1−2dn , d > −1, d 6= 0, (3.16)

AN (0) = 2ln2 nλn, σ
2
N (0) = 8ln22 nλn. (3.17)

Set R̃dN = η1+d1 + · · · + η1+dN , d > −1, d 6= 0, and else R̃0
N = 2η1lnη1 + · · · + 2ηN lnηN . For the uniform model

standardized version of RdN coincides with (R̃dN − ÃN (d))σ̃−1N (d), where ÃN (d) = n, σ̃2
N (d) = 2(2d − 1)

2
nλn, for

d 6= 0, else ÃN (0) and σ̃2
N (0) are as in formula (3.17).

Theorem 3.5. Let λn → 0, nλn →∞, Npmax ≤ C and d 6= 0. Then

P
{
RdN > xNσN (d) +AN (d)

}
= (1− Φ(xN ))(1 + o(1)),

P
{
RdN < −xNσN (d) +AN (d)

}
= Φ(− xN )(1 + o(1))

are hold

(i) uniformly in xN ≥ 0, xN = o
(

min(n1/6,W
1/(1+2d̂)

N

)
for integer d ≥ 1,

(ii) uniformly in xN ≥ 0, xN = o
(

min(n1/8,W
1/(1+2d̂)

N

)
for non-integer d > −1,

where AN (d) and σ2
N (d) are defined in (3.14),

WN = σN (d)min(1,σ2
N (d)/n1−dP1N (d)), d̂ = max(1,d).

Corollary 3.6. Let λn → 0, nλ3n →∞, p1 = ... = pN = N−1 and d 6= 0. Then

P
{
R̃dN > xN

∣∣2d − 1
∣∣√2nλn + n

}
= (1− Φ(xN ))(1 + o(1)),

P
{
R̃dN < −xN

∣∣2d − 1
∣∣√2nλn + n

}
= Φ(− xN )(1 + o(1)),

are hold

(i) uniformly in xN ≥ 0, xN = o
(

(nλ3n)
1/2(1+2d̂)

)
for integer d ≥ 1,

(ii) uniformly in xN ≥ 0, xN = o
(

min(n1/8, (n·λ3n)
1/2(1+2d̂)

)
for non-integer d > −1.

Theorem 3.7. Let λn → 0, nλn → ∞, Npmax ≤ C, and (p1, . . . , pN ) 6= (N−1, . . . , N−1). Then uniformly in

xN ≥ 0, xN = o(n1/6min(1, (V arZN )
1/6

)) it hold (see (3.15))

P
{

ΛN > 2xN
√
nV arZN + 2nEZN

}
= (1− Φ(xN ))(1 + o(1)),

P
{

ΛN < −2xN
√
nV arZN + 2nEZN

}
= Φ(− xN )(1 + o(1)).
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Theorem 3.8. Let λn → 0, nλn → ∞ and (p1, . . . , pN ) = (N−1, . . . , N−1). Then uniformly in xN ≥ 0,xN =

o(min(n1/8, (nλ3n)
1/6

)) it holds

P
{

ΛN > xN2ln2
√

2nλn + 2ln2 nλn

}
= (1− Φ(xN ))(1 + o(1)),

P
{

ΛN < −xN2ln2
√

2nλn + 2ln2 nλn

}
= Φ(− xN )(1 + o(1)).

We end Section 3 by noting that the theorems of this section should be regarded as results under the null
hypothesis that the cell probabilities are p1, . . . , pN .

4. Application to the special variants of the statistic RN(η)

Consider application of results of Sections 2 and 3 to the statistics (1.2), (1.3) and (1.4). Remind that (1.2)
statistics are PDS: χ2

N = CRN (1), ΛN = CRN (0) and T 2
N = CDN (−1/2), whereas the (1.3) and (1.4) statistics

are out of the class of PDS.

4.1. Chi-square statistic

For the χ2
N statistic hm(u) = (u− npm)

2
/npm,

σ̃2
N =

N∑
m=1

1

npm
+ 2N, σ2

N = 2N +

N∑
m=1

(
1

npm
− 1

λn

)
= σ̃2

N −Nλ−1n . (4.1)

Set X̂2
N = (χ2

N − N)/σN . Since χ2
N = CRN (1) as the consequence of Theorem 3.1(ii) and Theorem 3.2 we

obtain

Theorem 4.1. Let n→∞, N →∞ such that the condition (3.9) or

λn →∞ and c1 ≤ Npmin ≤ Npmax ≤ c2N1/3, (4.2)

is fulfilled. Then for all xN : 0 ≤ xN = o(N1/6) one has

P
{
X̂2
N > xN

}
= (1− Φ(xN ))(1 + o(1)) and P

{
X̂2
N < −xN

}
= Φ(− xN )(1 + o(1)). (4.3)

Remark 4.2. Let Y be a r.v. such that P{Y = p−1m } = pm, m = 1, . . . ,N . Then EY = N and varY =∑N
m=1 p

−1
m − N2 = n

∑N
m=1

(
(npm)

−1 − λ−1n
)
≥ 0. Hence σ2

N ≥ 2N . Under the conditions (4.2) npmin → ∞,

and hence σ2
N = 2N(1 + o(1)).

From Theorem 2.2 we derive the relations (4.3) under weaker conditions than Theorem 4.1. Set ∇n =

max
(

1, (npmin)
−1
)

.

Theorem 4.3. Let pmax = o(1). Then the relations (4.3) are hold uniformly in 0 ≤ xN =

o
(

min
((
σ3
N/σ̃

2
N∇n

)1/3
, n1/6, p

−1/4
max

))
.

Corollary 4.4. Let npmin ≥ c0 > 0. Then the relations (4.3) are hold uniformly in 0 ≤ xN =

o(min(N1/6, p
−1/4
max )), while if additionally pmax = O(N−2/3) then uniformly in 0 ≤ xN = o(N1/6).
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For the example of multinomial model considered in Remark 3.4 Corollary 4.4 says that if λn ≥ c0, some
c0 > 0 (the condition weaker than λn →∞ as in Rem. 3.4) the relations (4.3) hold uniformly in non-negative
xN = o(min(N1/6, N (1−α)/4)).

The following consequence of Theorem 4.3 is useful in studying the intermediate asymptotic efficiency of the
chi-squared test in verifying uniformity of a discrete distribution versus a family of sequences of alternatives
approaching the hypothesis, see Appendix B.

Corollary 4.5. Let pm = N−1 (1 + δ(n)`m,n), m = 1, . . . ,N , where δ(n)→ 0 and

N∑
m=1

`m,n = 0,
1

N

N∑
m=1

`2m,n = `2 <∞.

Then for arbitrary λn and xN such that 0 ≤ xN = o
(
N1/6min(1,λ

2/3
n )

)
the relations (4.3) hold with σ2

N = 2N .

Remark 4.6. From (4.3) when xN → ∞ we obtain lnP
{
χ2
N > xNσN +N

}
= −x2N/2(1 + o(1)). From [12],

Eq. (2.17)) this relation follows if lnN = o(x2N ), xN = o(N1/6) and N = o(n3/8) (i.e. the multinomial model
is so dense that λn � n5/8). Last condition excludes, for instance, the case recommended by Mann and Wald
[18], who obtained the relation N = cn2/5 concerning the optimal choice of the number of groups in chi-square
goodness of fit test.

4.2. Likelihood ratio statistic ΛN

For the statistic ΛN Theorem 3.1 and 3.2 imply

Theorem 4.7. (i) Let n → ∞ and N → ∞ such that the condition (3.9) is fulfilled. Then for the
P {ΛN > xNσN (0) +AN (0)} and P {ΛN < −xNσN (0) +AN (0)} the relations (2.7) and (2.8), respectively, are
hold uniformly in xN ≥ 0, xN = o(

√
N).

(ii) Let pmax = O(N−2/3) and npmin →∞. Then uniformly in 0 ≤ xN = o
(
N1/6

)
one has

P
{

ΛN > xN
√

2N +N
}

= (1− Φ(xN ))(1 + o(1)),

P
{

ΛN < −xN
√

2N +N
}

= Φ(− xN )(1 + o(1)). (4.4)

Remark 4.8. Theorem 4.7 (ii) imply logP
{

ΛN > xN
√

2N +N
}

== −x2N/2 (1 + o(1)) if xN →∞ and xN =

o(N1/6). From ([12], Eq. (2.13)) such relation follows under additionally conditions N = o
(
n3/7

)
and lnN =

o(x2n).

4.3. The Freeman–Tukey statistic T 2
N

FT statistic is CRN (− 1/2), therefore directly from Theorems 3.1 and 3.2 it follows

Theorem 4.9. (i) Let n→∞, N →∞ such that the condition (3.9) is fulfilled. Then for the

P
{
T 2
N > xNσN (− 1/2) +AN (− 1/2)

}
and P

{
T 2
N < −xNσN (− 1/2) +AN (− 1/2)

}
the relations (2.7) and (2.8), respectively, are hold uniformly in 0 ≤ xN = o(

√
N).

(ii) Let pmax = O(N−2/3) and npmin →∞. Then uniformly in 0 ≤ xN = o(N1/6) we have

P
{
T 2
N > xN

√
2N +N

}
= (1− Φ(xN ))(1 + o(1))

P
{
T 2
N < −xN

√
2N +N

}
= Φ(− xN )(1 + o(1)).
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4.4. The statistic CRN(2/3)

This statistic has been recommended by Cressie-Read ([3], p. 463)). Theorems 3.1 and 3.2 directly imply

Theorem 4.10. Let n→∞ and N →∞.

(i) If the condition (3.9) is fulfilled then uniformly in 0 ≤ xN = o(N1/8)

P {CRN (2/3) > xNσN (2/3) +AN (2/3)} = (1− Φ(xN ))(1 + o(1)),

P {CRN (2/3) < −xNσN (2/3) +AN (2/3)} = Φ(− xN )(1 + o(1))

(ii) if pmax = O(N−2/3) and npmin →∞ then uniformly in 0 ≤ xN = o(N1/6)

P
{
CRN (2/3) > xN

√
2N +N

}
= (1− Φ(xN ))(1 + o(1)),

P
{
CRN (2/3) < −xN

√
2N +N

}
= Φ(− xN )(1 + o(1)).

4.5. The count statistics

4.5.1. First we Consider the CS (1.3)

Remind for the µr statistic hm(x) = I {x = r}, and set πs(λ) = λse−λ/s!. The notation (2.1) in this case has
the following form:

AN = ArN =

N∑
m=1

πr(npm), γN = γrN = n−1
N∑
m=1

(r − npm)πr(npm),

σ2
N = σ2

rN =

N∑
m=1

πr(npm)(1− πr(npm))− nγ2rN .

Theorem 4.11. For fixed r ≥ 0 uniformly in

0 ≤ xN = o
(

min
(
σ
1/3
rN , (N

−1σ3
rN )

1/3
, n1/4, (np2max)

−1/4
))

one has

P {µr > xNσrN +ArN} = (1− Φ(xN ))(1 + o(1)), (4.5)

P {µr < −xNσrN +ArN} = Φ(− xN )(1 + o(1)). (4.6)

Let there exist c1 > 0 and c2 > 0 such that

c1 ≤ Npmin ≤ Npmax ≤ c2. (4.7)
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The condition σrN →∞, that is varµr →∞, is necessary condition in order above kind large deviation results
could be valid for µr. In turn, this condition is fulfilled for the following cases of behavior of the parameter
λn = n/N :

(i) λn → λ ∈ (0,∞).
(ii) λn → 0 and Nλr̂n →∞, where r̂ = max(2,r).
(iii) λn →∞ but λn ≤ δc−12 lnN + rlnlnN , some delta ∈ (0, 1), c2 from the condition (4.7).

For all these three cases σ2
rN ∼ varµr ∼ Eµr ∼ ArN → ∞. Moreover, σ2

rN ∼ cN for (i) case, σ2
rN ∼ cNλr̂n for

(ii) case, and σ2
rN ∼ cN1−δ for (iii) case; here a constant c > 0. These (i), (ii) and (iii) cases correspond to the

central, left intermediate and right intermediate zones, respectively, defined by Kolchin et al. [16]. Applying
Theorem 2.1 for (i) case and Theorem 4.6. for (ii) and (iii) cases we obtain the following.

Corollary 4.12. Let the condition (4.7) is fulfilled. Then for the statistic µr, fixed r ≥ 0, in case (i):
the relations (2.7) and (2.8), where RN (η) = µr, AN = ArN and σ2

N = σ2
rN , are hold uniformly in 0 ≤ xN =

o(N1/2); in case (ii): if additionally N = o(n3r̂/(3r̂−1)), then the relations (4.5) and (4.6) are hold uniformly in

0 ≤ xN = o(N1/6λ
r̂/2
n ); in case (iii): the relations (4.5) and (4.6) are hold uniformly in 0 ≤ xN = o(N (1−δ)/6).

Remark 4.13. We have w1 = N − µ0 and Cn = µ0 − (n−N). So

P
{
Cn − ECn > x

√
V arCn

}
= P

{
µ0 − Eµ0 > x

√
V arµ0

}
and

P
{
w1 − Ew1 > x

√
V arw1

}
= P

{
µ0 − Eµ0 < −x

√
V arµ0

}
.

Hence, assertions of Corollary 4.12 corresponding to the case r = 0 can be reformulated for w1 and Cn statistics
as well.

4.5.2. The Statistic (1.4) ΦN

We will consider the case when p1 = ... = pN = N−1, the classical random allocation scheme, and assume that
the levels ν1, . . . , νN are independent copies of a non-negative integer-valued r.v. ν such that P{ν = 0} = β0 < 1.
Set

ϑ = min{l : l > 0, P{ν = l}}, α (ϑ) = P{ν = ϑ}/ϑ!, τ (λ) =

∞∑
l=0

πl (λ)P{ν > l}

Then

AN = Nτ(λn), γn = τ ′(λn), σ2
N = N

[
τ(λn)(1− τ(λn))− λn(τ ′(λn))

2
]
. (4.8)

Here τ ′(λ) is the derivative of τ(λ). It is easy to see that τ ′(λ) = −
∑∞
l=0 πl(λ)P{ν = l + 1}, and hence the

function τ(λ) is strongly decreasing if β0 < 1. Notice that, if λn → 0, then

τ(λn) = 1− β0 − β(ϑ)λϑn(1 +O(λn)). (4.9)

In case λn →∞ the following two variants of τ(λn)’s behavior are

τ(λn) = ρλχne
−µλn

(
1 +O(λ−δn )

)
, ρ, µ, δ > 0 and χ ≥ 0, (4.10)



THE PROBABILITIES OF LARGE DEVIATIONS FOR A CERTAIN CLASS OF STATISTICS 593

τ(λn) = gλ−εn
(
1 +O(λmn e

−λn)
)

where g, m > 0 and ε ≥ 1. (4.11)

From Theorems 2.1 and 2.2 it follows

Theorem 4.14. Suppose p1 = ... = pN = N−1 and the levels ν1, . . . , νN are i.i.d. r.v.s..
(i) Let λn → λ ∈ (0,∞). The relations (2.7) and (2.8), where RN (η) = ΦN , AN and σ2

N are defined in (4.8),

are hold uniformly in 0 ≤ xN = o(
√
N).

(ii) Let λn → 0. The relations (2.13) and (2.14), where RN (η) = ΦN , AN and σ2
N are defined in (4.8), are

valid uniformly in 0 ≤ xN = o
(
N1/6λ

ϑ/2
n

)
.

(iii) Let λn →∞ and or (4.9) or (4.10) is fulfilled. The relations (2.13) and (2.14), where RN (η) = ΦN , AN

and σ2
N are defined in (4.8), are valid uniformly: in 0 ≤ xN = o

(
N1/6λ

χ/2
n e−µλn/2

)
if (4.10) is fulfilled , and

in 0 ≤ xN = o
(
N1/6λ

−ε/2
n

)
if (4.11) is fulfilled.

5. Proofs

We still use the notation of Section 2. Additionally let Ck(ς) stands for the cumulant of kth order of the r.v.ς
and TN = h1 (ξ1) + · · · + hN (ξN ), SN = (ξ1 − np1) + · · · + (ξN − npN ); also to keep notation simple we will
write RN instead of RN (η).

Proposition 5.1. Let the conditions (i) and (ii) of Theorem 2.2 be fulfilled. Then for each integer s ∈ [3 , kn],
where kn satisfies the condition (2.10), it holds

Cs(RN ) = Cs(TN ) (1 + o (1)) . (5.1)

Proof. We start from the following

Lemma 5.2. For any non-negative s it holds

ERsN = υn

∫ π
√
n

−π
√
n

ET sNexp

{
iτ
SN√
n

}
dτ ,

where

υn
def
=
(
2π
√
nP{SN = 0}

)−1
=

n!en

2πnn
√
n

=
1√
2π

(
1 + o

(
1

n

))
. (5.2)

Proof . It is well known that L((η1, . . . , ηN )) = L((ξ1, . . . , ξN )/SN = 0), where L(X) stands for the distribution of
a random vector X. Hence ERkN = E

(
T kN |SN = 0

)
. On the other hand, E

(
T kNe

iτSN
)

= E
{
eiτSNE

(
T kN |SN

)}
.

Now Lemma 5.2 follows by Fourier inversion. The equation (5.2) follows due to fact that SN + n ∼ Poi(n) and
Stirling’s formula.

Let integer s ∈ [3,kn]. Use Lemma 5.2 to write

ERsN = υn

s∑
l=1

∑′

l,s

∑′′

l

∫ π
√
n

−π
√
n

E

(
(hj1(ξj1))

s1 · . . . · (hjl(ξjl))
slexp

{
iτ
SN√
n

})
dτ , (5.3)

where
∑′

l,s is the summation over all l -tuples (s1, . . . , sl) with non-negative integer components such that

s1 + · · · + sl = s ;
∑′′

l is the summation over all l -tuples (j1, . . . , jl) such that ji 6= jr for i 6= r and jm =
1, 2, . . . , N ; m = 1, 2, . . . , l.
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Set Sl,N =
∑l
i=1 (ξji − npji), dl,N =

∑l
i=1 pji , l = 1, . . . ,s and write

∫ π
√
n

−π
√
n

E

(
(hj1(ξj1))

s1 · . . . · (hjl(ξjl))
slexp

{
iτ
SN√
n

})
dτ

=

∫ π
√
n

−π
√
n

E

(
(hj1(ξj1))

s1 · . . . · (hjl(ξjl))
slexp

{
iτ
Sl,N√
n

})
Eexp

{
iτ
SN − Sl,N√

n

}
dτ

=

∫ π
√
n

−π
√
n

E

(
(hj1(ξj1))

s1 · . . . · (hjl(ξjl))
slexp

{
iτ
Sl,N√
n

})
·
(
Eexp

{
iτ
SN − Sl,N√

n

}
− exp

{
−τ

2

2
(1− dl,N )

})
dτ

+

∫ π
√
n

−π
√
n

exp

{
−τ

2

2
(1− dl,N )

}
E

(
(hj1(ξj1))

s1 · . . . · (hjl(ξjl))
sl

(
exp

{
iτ
Sl,N√
n

}
− 1

))
dτ

+E [(hj1(ξj1))
s1 · . . . · (hjl(ξjl))

sl ]

∫ π
√
n

−π
√
n

exp

{
−τ

2

2
(1− dl,N )

}
dτ

def
= J1 + J2 + J3. (5.4)

We have

Eexp

{
iτ(ξm − npm)√

n

}
= exp

{
npm

(
eiτ/

√
n − 1− iτ√

n

)}
= exp

{
−τ

2

2
pm +

θτ3

6
√
n
pm

}
, (5.5)

∣∣∣∣Eexp

{
iτ(ξm − npm)√

n

}∣∣∣∣ = exp

{
−2npmsin2 τ

2
√
n

}
≤ exp

{
−2pm
π2

τ2
}
, (5.6)

because sin2u/2 ≥ u2/π2, |u| ≤ π, and

dlN ≤ knpmax = o(1), l = 1, . . . ,s, (5.7)

since (2.10).
In order to get an upper bound for the |J1| we first write the integral J1 as a sum of two integrals,

say J ′1 and J ′′1, over intervals |τ | ≤ π
√
n/2 and π

√
n/2 ≤ |τ | ≤ π

√
n, respectively. Next, noting that

Eexp {iτ(SN − Sl,N )/
√
n} =

∏
mEexp {iτ(ξm − npm)/

√
n}, where the product runs over (1, . . . ,N) except

(j1, . . . , jl), we use relations (5.5) and (5.6), respectively in J ′1 and J ′′2. Then quite clear algebra gives

|J1| ≤ E|hj1(ξj1)|s1 · . . . · E|hjl(ξjl)|
sl

·

[∫ π
√
n/2

−π
√
n/2

exp

{
−τ

2

2
(1− dl,N )

} ∣∣∣∣exp

{
θτ3

6
√
n

(1− dl,N )

}
− 1

∣∣∣∣dτ
+

∫
π
√
n

2 ≤|τ |≤π
√
n

(∣∣∣∣Eexp

{
iτ
SN − Sl,N√

n

}∣∣∣∣+ exp

{
−τ

2

2
(1− dl,N )

})
dτ

]

≤ E|hj1(ξj1)|s1 · . . . · E|hjl(ξjl)|
sl

[∫ π
√
n/2

−π
√
n/2

exp

{
−6− π

12
(1− dl,N ) τ2

}
|τ |3

6
√
n

(1− dl,N )dτ

+ C5exp
{
−n

4
(1− dl,N )

}]
.
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Hence,

J1 = O

(
1√
n

)
E ((hj1(ξj1))

s1 · . . . · (hjl(ξjl))
sl) . (5.8)

since (5.7) and the functions hm( · ) ≥ 0. Next apply inequality
∣∣eit − 1− it

∣∣ ≤ t2/2 to get

J2 =
C6

n
E

|hj1(ξj1)|s1 · . . . · |hjl(ξjl)|
sl

(
l∑
i=1

(ξji − npji)

)2


≤ C7

n
l

l∑
i=1

E
(
|hji(ξji)|

si(ξji − npji)
2
) l∏
m6=i,m=1

E|hjm(ξjm)|sm

≤ C8E ((hj1(ξj1))
s1 · . . . · (hjl(ξjl))

sl)
s

n

l∑
i=1

(
sa1i (npji)

b1 + sa2i (npji)
b2
)

≤ C9E ((hj1(ξj1))
s1 · . . . · (hjl(ξjl))

sl)
s

n

(
(npmax)

b1smax(1,a1) + (npmax)
b2smax(1,a2)

)
= o (1)E ((hj1(ξj1))

s1 · . . . · (hjl(ξjl))
sl) , (5.9)

since the fact that sa1 + · · ·+ sal = smax(1,a) (because s1 + · · ·+ sl = s), s ≤ kn and conditions (2.9), (2.10).
By a simple algebra we obtain

J3 =
√

2πE ((hj1(ξj1))
s1 · . . . · (hjl(ξjl))

sl) (1 + o (1)) . (5.10)

since (5.7) Now apply (5.8), (5.9) and (5.10) in the (5.4) to get

∫ ∞
−∞

E

(
(hj1(ξj1))

s1 · . . . · (hjl(ξjl))
slexp

{
iτ
SN√
n

})
dτ

=
√

2π (1 + o (1))E ((hj1(ξj1))
s1 · . . . · (hjl(ξjl))

sl) . (5.11)

Note that in (5.9) and (5.10), and hence in (5.11), the o(1) is uniform in all l -tuples (sj1 , . . . , sjl) and s ≤ kn.
For every integer s ≤ kn and kn satisfying the condition (2.10) the relations (5.2), (5.3) and (5.11) imply
ERsN = ET sN (1 + o (1)). Proposition 5.1 follows from this equality and Assertion A.5.

Let bxc stands for the largest integer which less than or equal to x, ξ ∼ Poi(λ), λ > 0, µv(λ) = E(ξ − λ)
v

and Dλ denote differentiation w.r.t. λ.

Lemma 5.3. For any integer v ≥ 2 one has

µv(λ) = v!

bv/2c∑
l=1

cl,vλ
l, (5.12)

where

0 < cl,v < 1/l!, l = 1, 2, . . . , bv/2c , (5.13)
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and

(v + 1)cl,v+1 = lcl,v + cl−1,v−1, (5.14)

here l = 1, 2, . . . , b(v + 1)/2c if v is an even, and l = 1, 2, . . . , b(v + 1)/2c − 1, (v + 1)cb(v+1)/2c,v+1 =
cb(v−1)/2c,v−1 if v is an odd; here we put c0,v−1 = 0.

Proof. Apply the Bruno’s formula for Eeiτ(ξ−λ) = exp
{
λ
(
eiτ − 1− iτ

)}
to get

µv(λ) = v!
∑

λs2+···+sν
v∏

m=2

1

sm!(m!)
sm = v!

bv/2c∑
l=1

cl,vλ
l,

where
∑

is the summation over all non-negative s2, . . . , sv such that 2s2 + · · ·+ vsv = v and l = s2 + · · ·+ sv,
cl,v =

∑∏v
m=2

1
sm!(m!)sm , and hence 0 < cl,v < 1/l!. On the other hand, by Riordan ([33], Eq. (4.8))

µv+1(λ) = vλµv−1(λ) + λDλµv(λ). (5.15)

Just to keep notation simple we put κ = bv/2c and ĉi,v = v!cl,v. Note that ĉ1,v = 1 for any integer ν ≥ 0. Let
ν is even, then b(v + 1)/2c = κ and b(v − 1)/2c = b(v − 2)/2c = κ− 1. Therefore (5.12) and (5.15) imply

κ∑
l=1

ĉl,v+1λ
l =

κ−1∑
l=1

vĉl,v−1λ
l+1 +

κ∑
l=1

lĉl,vλ
l =

κ∑
l=2

(vĉl−1,v−1 + lĉl,v)λ
l + λ.

For the even v the property (5.14) follows. Let now v is odd, then b(v − 1)/2c = κ and b(v + 1)/2c = κ + 1.
From (5.12) and (5.15) obtain

κ+1∑
l=1

ĉl,v+1λ
l =

κ∑
l=1

vĉl,v−1λ
l+1 +

κ∑
l=1

lĉl,vλ
l =

κ+1∑
l=2

vĉl−1,v−1λ
l +

κ∑
l=1

lĉl,vλ
l

=

κ∑
l=2

(vĉl−1,v−1 + lĉl,v)λ
l + vĉκ,v−1λ

κ+1 + λ.

This equality proves (5.14) for the odd v. Lemma 5.3 is proved completely.
Using (5.12) we obtain µv(λ) < λDλµv(λ) ≤ bv/2cµv(λ). This together with (5.15) imply

µv(λ) < µv+1(λ) ≤ (νλ+ bv/2c)µv(λ). (5.16)

Use formula (5.15) for µv+2(λ), next again apply (5.15) to the derivative of µv+1(λ), after this use the inequal-
ities λDλµv−1(λ) ≤ µv(λ) (because lĉl,v−1 ≤ ĉl,v, see (5.14)), λDλµv(λ) ≤ bv/2cµv(λ) and λ2D2

λµv(λ) ≤
bv/2c2µv(λ). Then one can observe that for any integer ν ≥ 0

(ν + 1)λµv(λ) < µv+2(λ) ≤ 2v(λ+ v)µv(λ). (5.17)
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Proof of Theorem 2.2. Due to Proposition 5.1 and condition (ii) we have for large enough N

∣∣Cs(σ−1N RN )
∣∣ ≤ 2−1σ−sN

N∑
m=1

|Cs (hm(ξm))| ≤ 2−1(s!)
2
ω̃2
NV

s−2
n σ−sN

≤ (s!)
2
(2σNV

−1
n )

−(s−2)
(σ2
N/ω̃

2
N )
−1

≤ (s!)
2
(2σNV

−1
n (min(1,σ2

N/ω̃
2
N ))

1/(s−2)
)
−(s−2) ≤ (s!)

2
W
−(s−2)
N ,

for all s: 3 ≤ s ≤ kn, see (2.10). Theorem 2.2 follows now from Assertion A.4 with ∆ = WN and k̃ = kn.
Proof of Theorem 3.1. From (3.3), (3.4) in the case d 6= 0, and in the case d = 0 from (3.6), (3.7), and the fact that

h0,m(ξm) = 2npm

(
1 + ξ̂m

)
ln
(

1 + ξ̂m

)
, where ξ̂m = (ξm−npm)/npm , using inequalities x ≤ (1+x)ln(1+x) ≤

x+ x2/2 one can observe that under the condition (3.9) for large enough N

σ2
N (d) ≥ cN. (5.18)

Case (i) follows from Theorem 2.1, (5.18) and that (see (3.1)) Eexp {H |hd,m(ξm)|} ≤ Eexp
{

2H(npm)
−d
ξm

}
≤

exp
{
npm

(
exp

{
2H(npm)

−d
}
− 1
)}
≤ C(d,H, c3, c4), the constant depending on arguments only, since

condition (3.9).
Proof of the cases (ii) and (iii) consist in verifying of the conditions of Theorem 2.2. Due to Riordan ([33], Eq.
(3.8)) Eξs+1 = λ(Eξs +DλEξ

s), ξ ∼ Poi(λ)and integer s ≥ 0. Using this and raw inequality λiDi
λEξ

s < siEξs

it is not hard to see that Eξs+2 ≤ 4max(s2, λ2)Eξs for integer s ≥ 1, and Eξs+2 ≤ 4max(s3, λ3)Eξs for non-
integer s > 0. Hence, the condition (2.9) is fulfilled with a1 = 2, b1 = 0, for s > λ, and a2 = 0, b2 = 2, for s ≤ λ,
if s is an integer, and similarly with a1 = 3, b1 = 0 and a2 = 0, b2 = 3 for the non-integer s. Further,

Eexp

{
H

(
hd,l(ξl)/

√
V arhd,l(ξl)

)1/(d+1)
}

= Eexp {H1ξl} ≤ C0(d, c4, λ),

where H1 = H/(V arξd+1
l )

1/2(d+1) ≥ H/C1(d, c4, λ) > 0, since npj ≤ c4λ and V arξd+1
j < Eξ

2(d+1)
j ≤

C1(d, c4, λ). Therefore, due to Assertion A.3 we have

|Cs(hd,l(ξl))| = (V ar hd,l(ξl))
s/2Cs

(
hd,l(ξl)/

√
V ar hd,l(ξl)

)

≤ (s!)
1+d

(
∆( max

1≤j≤N
V ar hd,l(ξl))

1/2

)s−2
V ar hd,l(ξl),

where ∆ =
(

4C0(d, c4, λ)e1+d((1 + d)/max(1,H1))
3(1+d)

)−1
. Thus, condition (2.11) is fulfilled with v =

max(1,d), Vn = ∆( max1≤l≤N V ar hd,l(ξl))
1/2

and ω2
l = V ar hd,l(ξl), and hence there exists a c > 0 such

that WN = c
√
N , since (3.9). Cases (ii) and (iii) of Theorem 3.1 follows.

Proof of Theorem 3.2. The PDS can be rewritten as

CRN (d) =

N∑
l=1

npj ĥj,d(ηj),
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where

ĥj,d(x) =
2

d(d+ 1)

[
(x/npl)

d+1 − (d+ 1) (x/npl) + d
]

=
2

d(d+ 1)

[(
1 +

x− npj
npl

)d+1

− (d+ 1)

(
1 +

x− npj
npl

)
+ d

]
, d 6= 0,

ĥj,0(x) = 2 [(x/npl) log (x/npl)− (x− npj)/npj ]

= 2

[(
1 +

x− npj
npj

)
log

(
1 +

x− npj
npj

)
−
(

1 +
x− npj
npj

)]
. (5.19)

Set ξ̂m = (ξm−npm)/npm. Recall that npmin →∞, so the r.v.
√
npmξ̂m has asymptotically normal distribution.

Hence

ξ̂m = Op

(
(npm)

−1/2
)
. (5.20)

Now, we apply Taylor expansion formula in (5.19) to get

ĥm,d(ξm) = ξ̂2m +Op

(
ξ̂3m

)
= ξ̂2m +Op

(
(npm)

−3/2
)
, d > −1. (5.21)

By virtue of this fact and that Eξ̂2m = (npm)
−1

, EOp

(
(npm)

−3/2
)

= O
(

(npm)
−3/2

)
we obtain under the

condition (3.12) for all d > −1: AN (d) = N + o(N) and

σ2
N (d) =

N∑
m=1

1

npm
+ (2− λ−1n )N +

N∑
m=1

O
(

(npm)
−5/2

)
= 2N(1 + o(1)). (5.22)

Here we used the fact that λn → ∞ as npmin → ∞, since 1 = p1 + · · · + pN ≥ Npmin and hence npmin ≤ λn.
Further proof consists in verifying the conditions of Theorem 2.2. Note that ĥj,d(x) ≥ 0 for all d ∈ (−∞,∞).
Next, by (5.20) and (5.21) we have.

Eĥsm,d(ξm) = Eξ̂2sm

(
1 +Op

(
(npm)

−1/2
))

= Eξ̂2sm +O
(

(npm)
−(2s+1)/2

)
, (5.23)

since EOp

(
(npm)

−(2s+1)/2
)

= O
(

(npm)
−(2s+1)/2

)
and by Lemma 5.3 Eξ̂2sm > c(s)(npm)

−s
, where 1 ≤ c(s) < s.

Similarly, using (5.20), (5.21) and (5.17) we get

Eĥsm,d(ξm)(ξm − npm)
2

= Eξ̂2sm (ξm − npm)
2

+O
(

(npm)
−(2s−1)/2

)
≤ 4s(npm + 2s)Eξ̂2sm +O

(
(npm)

−(2s−1)/2
)
. (5.24)

So the condition (2.9) is fulfilled with b = 1 and a = 1 if npm ≥ 2s, and with b = 0 and a = 2 ifnpm < 2s. Next,

putting h̃m,d(ξm) = npmĥm,d(ξm) by virtue (5.21) we obtain

Eh̃m,d(ξm) = 1 +O
(

(npm)
−1/2

)
, V arh̃m,d(ξm) = 2 +O

(
(npm)

−1/2
)
. (5.25)
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Set h∗m,d(ξm) =
(
h̃m,d(ξm)− Eh̃m,d(ξm)

)
/
√
V arh̃m,d(ξm). Using (5.21), (5.25) and Lemma 3.2 (relations

(5.12), (5.13)) we obtain

E
∣∣∣h∗m,d(ξm)

∣∣∣s ≤ 2s
(

(npm)
−s
E(ξm − npm)

2s
+O

(
(npm)

−s/2
))

/(V arh̃m,d(ξm))
s/2

≤ (2s)!2s/2 +O
(

(npm)
−1
)
≤ (s!)

2
2(5s−1)/2e/π

√
s ≤ (s!)

2
26(s−2),

since (2s)! ≤ (s!)
2
22se/π

√
2s, due to inequalities

√
2πm mme−m ≤ m! ≤ e

√
m mme−m. Therefore, from

Assertion A.2 it follows that ∣∣∣Cs (h̃m,d(ξm)
)∣∣∣ ≤ (s!)

2
26

(s-2)
2s/2 < (s!)

2
27

(s-2)
.

Hence, condition (2.11) is fulfilled with v = 1, Vn = 27 and ω2
m = 1. Thus, for the quantities from (2.10) we have

ω̃2
N = N , σ2

N = 2N(1 + o(1)), WN = 2−7
√
N , Kn(a1, b1) = Kn(2, 0) = n1/3 and Kn(a2, b2) = Kn(1, 1) = p

−1/2
max .

Now Theorem 3.2 follows from Theorem 2.2.
Proof of Theorems 3.5, 3.7 and 3.8 will be concluded by applying Theorem 2.2. Formulas (3.14), (3.15), (3.16)
and (3.17) are obtained by direct calculation using not hard algebra, taking into account the fact that npmax → 0.
For the kernel function hd,m(x)given in (3.1) reasoning alike to proof of the case (ii) of Theorem 3.1 it can be
observed that the condition (2.9) is fulfilled with a = 2,b = 0, if d ≥ 1 is an integer, and with a = 3,b = 0 for
the non-integer d > −1and d = 0, since npmax → 0. Using Bruno’s formula for derivatives of composite function
and Stirling’s formula we obtain for d > −1, d 6= 0

E(hd,m(ξm))
s ≤ (npm)

−d
Eξs(d̂+1)

m

≤ (npm)
−d
Eξ
bs(d̂+1)c+1
m ≤ 2

(⌊
s(d̂+ 1)

⌋
+ 1
)

!(npm)
1−d

≤ 2

√
2π(

⌊
s(d̂+ 1)

⌋
+ 1)(

⌊
s(d̂+ 1)

⌋
+ 1)

(bs(d̂+1)c+1)
exp

{
−(
⌊
s(d̂+ 1)

⌋
+ 1)

}
(npm)

1−d

≤ (s!)
1+d̂

[C(d)]
s−2

(npm)
1−d

,

where d̂ = max(0,d), C(d) = 24(1+d̂)(1 + d̂)
3(1+d̂)

. From this and Lemma 3.1 of [35], it follows that

|Cs(hd,m(ξm))| ≤ (s!)
d̂+1

(2C(d))
(s−2)

(npm)
1−d

. (5.26)

For the case d = 0 we have Ehs0,m(ξm) = Eξsmlogs(ξm/npm) ≤ (npm)
−1
Eξs+1

m . Therefore, inequality (5.26)
with d = 0 still true for this case also. Thus the condition (ii) of Theorem 2.2 is fulfilled with ν = max(1,d),

Vn = 2C(d) and ω2
m = (npm)

1−d
, d > −1. Theorem 3.5, 3.7 and 3.8 follows from Theorem 2.2 by using appro-

priate formula given in (3.14)–(3.17).

Proof of Theorem 4.1 follows in immediate manner from Theorem 3.1 (ii), case d = 1, and Theorem 3.2.

Proof of Theorem 4.3. For the chi-square statistic hm(x) = (x− npm)
2
/npm, hence AN = N , σ2

N and σ̃2
N as

in (4.1). Set ξ̃m = (ξm − npm) /
√
npm. Then hm(ξm) = ξ̃2m and Eξ̃2sm (ξm − npm)

2 ≤ 4s(npm + 2s)Eξ̃2sm , since
(5.17), hence the condition (2.9) is fulfilled with b = 1 and a = 1 if npm ≥ 2s, and with b = 0 and a = 2 if
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npm < 2s. We would remind the notation ∇n = max
(

1, (npmin)
−1
)

. Set ςm = (ξ̃2m − Eξ̃2m)/

√
V arξ̃2m. Using

Lemma 5.3 we obtain |Eςsm| ≤ 2s(2s)!(V arξ̃2m)
−s/2∑s−1

l=0 (npm)
−l ≤ (s!)

2

(
27∇n/

√
V arξ̃2m

)s−2
for all s ≥ 3,

since (2s)! ≤ (s!)
2
22se/π

√
2s,

∑s−1
l=0 (npm)

−l ≤ s∇s−2n and V arξ̃2m = (npm)
−1

+ 2. Hence, by Assertion A.2

|Cs (ςm)| ≤ (s!)
2

(
28∇n/

√
V arξ̃2m

)s−2
. That is

∣∣∣Cs (ξ̃2m)∣∣∣ ≤ (s!)
2(

28∇n
)s−2

V arξ̃2m , s ≥ 3. Thus condition (ii)

of Theorem 4.3 is fulfilled with Vn = 28∇n , ωm = V arξ̃2m and 3 ≤ s ≤ kn = o
(

min(n1/3, p
−1/2
max

)
, because

Kn(1, 1) = p
−1/2
max and Kn(2, 0) = n1/3. Note that here σ2

N ≤ σ̃2
N = ω̃2

N = V arξ̃21 + · · · + V arξ̃2N . Theorem 4.3
follows from Theorem 2.2 and Remark 3.3.

Proof of Corollary 4.4. We have σ̃2
N ≤ N(2 + c−10 ), ∇n ≤ max(1,c−10 ) and n ≥ c0N , since npmin ≥ c0. Yet

σ2
N ≥ 2N , see Remark 4.2. Corollary 4.4 follows.

Proof of Corollary 4.5 is straightforward, since in this case∇n = max(1,λ−1n ), σ2
N = N

(
2 + d2∆2(n)λ−1n (1 + o (1)

)
and σ̃2

N = 2N
(

1 + (2λn)
−1

(1 + o(1))
)
≤ 2N∇n.

Proof of Theorem 4.7, 4.9 and 4.10 follows straightforwardly from Theorems 3.1 and 3.2 by putting d = 0,
d = −1/2 and d = 2/3 respectively.

Proof of Theorem 4.11 follows from Theorem 2.2. Indeed. In this case hm(x) = I {x = r} and it is easy to see that
the condition (i) of Theorem 2.2 is fulfilled with a1 = 0, b1 = 2 and a2 = 0, b2 = 0, where N = {j:npj > r}. Set

ĥm(ξm) = I {ξm = r} − πr(npm). We have
∣∣∣Eexp

{
zĥm(ξm)

}∣∣∣ ≤ e, within disk |z| ≤ 1. Hence, by well-known

Cauchy inequality for coefficients of a power series we have
∣∣∣Eĥsm(ξm)

∣∣∣ ≤ s!es−2. Therefore, rewriting line by

line the proof of Lemma 3.1 of [35] for the r.v. ĥm(ξm), taking into account that Eĥ2m(ξm) ≤ 1, we find that

|Cs(hm(ξm))| ≤ s!(2e)s−2. Hence the condition (2.11) is fulfilled with v = 0(hence with v = 1 as well), Vn = 2e

and ωm = 1, m = 1, . . . ,N . Thus, we can apply Theorem 2.2 with Kn(a1, b1) = (np2max)
−1/2

, Kn(a2, b2) = n1/2,
WN = σrNmin(1,N−1σ2

rN ). Theorem 4.11 follows.

Proof of Corollary 4.12 follows straightforwardly from Theorem 4.11.

Proof of Theorem 4.14. Remind that for the statistic ΦN the kernel function hm(x) = I{vm > x}. If λn → λ ∈
(0,∞), then it is not hard to verify that all conditions of Theorem 2.1 are fulfilled, and hence the case (i) follows.

The cases (ii) and (iii) we will derive from Theorem 2.2. Observe that Ehsm(ξm) = τ(λn) for any s ≥ 1. Using

this fact we see that Ehsm(ξm)(ξm − λn)
2 ≤ λn(3λn + 2)Ehsm(ξm). Hence the condition (i) of Theorem 2.2 is

fulfilled with

a = 0, b = 0 if λn ≤ 1, (5.27)

a = 0, b = 2 if λn > 1. (5.28)

Next, alike to the above proof of Theorem 4.11 it can be shown that |Cs(hm(ξm))| ≤ s!(2e)
s−2

, that is in this
case also the condition (2.11) is fulfilled with v = 0(hence with v = 1as well),

Vn = 2e and ωm = 1, m = 1, . . . ,N. (5.29)
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Let λn → 0. Then from (4.8) and (4.9) by simple algebra we obtain AN = N(1 − β0)(1 + o(1)), σ2
N =

Nα(ϑ)λϑn(1 +O(λn)). The case (ii) follows from Theorem 2.2, (5.27) and (5.29).
Case (iii). In this case from (4.8) we have σ2

N = Nρλχne
−µλn(1+o(1)) if (4.10) is fulfilled, and σ2

N = Ngλ−εn (1+
o(1)) if (4.11) is fulfilled. The proof of the case (iii) concludes from Theorem 2.2, (5.28) and (5.29).

Appendix A.

Below ς is a r.v. with Eς = 0, V arς = 1, Ck(ς) and αk(ς) cumulant and moment of kth order, respectively
of the r.v. ς. The following conditions and assertions are taken from the book by Saulis and Statulevicius [35]
and paper by Amosova [1].

Bernstein condition (Bν): there exist constants ν ≥ 0 and B > 0 such that |αk(ς)| ≤ (k!)
ν+1

Bk−2, for all
k = 3,4,. . . .

Statulevicius condition(Sν): there exist constants ν ≥ 0 and ∆ > 0 such that |Ck(ς)| ≤ (k!)
ν+1

∆−(k−2),
for all k = 3,4,. . . .

Linnik condition (Lγ): there exist constants γ ∈ (0, 1] and H > 0 such that

Eexp {H|ς|γ} ≤ C(γ).

Remark A.1. The Linnik condition is written here in a simplified and convenient for us form; actually it was
introduced by Linnik with γ = 4α/(1 + 2α), where 0 < α < 1/2. Condition (L1)is the Cramer condition.

Assertion A.2. ([35], Lem. 3.3)). If ς satisfy condition (Bν)then it also satisfy condition (Sν) with ∆ =

(2max(1,B))
−1

.
Assertion A.3. ([1], pp. 2032–2033). If ς satisfy condition (Lγ)then it also satisfy condition (Sν) with v =

γ−1 − 1 and ∆ =
(

4C(γ)e1/γ(γH)
−3/γ

)−1
.

Assertion A.4. Let a r.v. ς depending on a parameter ∆ satisfy condition (Sv) for some ν ≥ 1and all k such

that 3 ≤ k ≤ k̃. Then there exist constants c1 > 0 and c2 > 0such that for all x : 0 ≤ x ≤ c1min
(√

k̃,∆1/(1+2v)
)

one has

P (ς > x) = (1− Φ(x))

(
1 + c

(x+ 1)

∆1/(1+2v)

)
,

P (ς < −x) = Φ(− x)

(
1 + c

(x+ 1)

∆1/(1+2v)

)
. (A.1)

Assertion A.3 can be proved by reasoning alike to those presented by [35] at page in 35, in course of proof of
Lemma 2.3, see relations (2.62), (2.65), (2.66) and Lemma 2.2 of the book. Actually it can be proved more
general result: assume condition (Sv)for some ν ≥ 0, and get relation alike (2.6) of Lemma 2.3 of [35], instead
of (A.1).

The following relation is well-known (see [35], Eq. (1.34))
Assertion A.5. One has

Ck(ς) = k!
∑

(−1)
m1+m2+···+mk−1 (m1 +m2 + · · ·+mk − 1) !

k∏
l=1

1

ml!

(
αl(ς)

l!

)ml
here Σ is summation over all non-negative integer m1,m2, . . . ,mk such that m1 + 2m2 + · · ·+ kmk = k.
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Appendix B.

We still use notation of the previous sections. Let (η1, . . . , ηN ) be a random vector of frequencies of multi-
nomial model M(n,N,P), see Introduction. Consider problem of verifying the hypothesis H0: pm = 1/N ,
m = 1, . . . ,N , against the sequences of alternatives

H1 = H1n : pm =
1

N
(1 + δ(n)∆m,n) ,m = 1, . . . ,N, (B.1)

where the sequence δ(n)→ 0 as n→∞, and ∆m,ns such that

max
1≤m≤N

|∆m,n| ≤ C,
N∑
m=1

∆m,n = 0 ,
1

N

N∑
m=1

∆2
m,n = 1. (B.2)

We are interested in tests based on symmetric variant of statistics (1.1):

ShN =

N∑
m=1

h(ηm),

where h is a non-linear function defined on non-negative axis. Test based on ShN statistic is called h-test for
brevity. Assume that large values of the statistic ShN reject the hypothesis, and nλn → ∞, as n → ∞, where
λn = n/N , the average of observations in the cells.

Remark B.1. One can consider tests based on class of non-symmetric variants of statistics (1.1), but such tests
will not be goodness-of-fit, since their asymptotic power will depend on ∆ms, i.e. on alternatives. For details
see [6, 9].

Asymptotic properties of h-tests have been studied in [6, 9, 10, 20, 34]. We refer also to [12, 30, 31] and [27],
where various asymptotic properties of particular variants of h-test were treated.

The objective of this section is to demonstrate the advantages of Theorem 2.2. To this end, we briefly
present some results about “intermediate properties” of h-tests, derived by applying theorems about PDS, the
consequences of Theorem 2.2. The detailed analysis of the asymptotic efficiencies (AE) of h-tests is subject of
another paper.

In what follows αn(h) and βn(h) denote the size and power of h-test, respectively; Pi, EiS
h
N and V ariS

h
N

stand for the probability, expectation and variance of ShN , respectively counted under Hi, i = 0, 1.
First we make some comments to clarify the meaning of “intermediate properties” of h-tests. There are several

approaches to the asymptotic comparison of tests which differ by the conditions imposed on the asymptotic
behaviour of the size, the power and the sequence of alternatives; i.e. of αn(h), βn(h) and alternatives H1n, by
a condition on the δ(n), in our case. The conditions imposed on two of them provide a condition for the third.
The most common is Pitman’s approach, which assumes that αn(h) → α > 0 and a sequence of alternatives
converge to the hypothesis at the rate necessary to βn(h)→ β ∈ (α, 1), In our task this Pitman sub-family of

alternatives is H1n (B.1) where δ(n) = (nλn)
−1/4

(note that there is no power of h-tests for the alternatives

(B.1) with δ(n) = o
(

(nλn)
−1/4

)
). Within class of h-tests (satisfying the asymptotic normality condition of ShN )

the χ2 test has most Pitman AE, see [6, 9, 10]. Another “extreme” setting assumes that βn(h)→ β ∈ (0, 1) and
the alternatives do not approach the H0, then the significance level αn(h) decreases in exponential rate. For
our problem this means δ(n) is a constant. This approach is at the basis of the concept of Bahadur AE; it was
developed by Ronzhin (1984), who have considered the sparse multinomial models (λn → λ ∈ (0,∞)) and a sub-
class of h-tests satisfying the Cramér condition (2.6). Again we remind that class of PDS with parameter d > 0,
which includes the chi-squared statistic, does not satisfy the Cramér condition. We refer to Quine and Robinson
(1985), who showed, in particularly, that for the dense models (λn →∞ ) the chi-square test is inferior to the
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log-likelihood ratio test in terms of the Bahadur AE, in contrast to that these two tests have the same Pitman
AE. The same verdict was presented by Kallenberg [12], who have considered as dense models as λn/

√
n→∞.

Further, the intermediate (between Pitman and Bahadur settings) approach assumes βn(h) → β ∈ (0, 1)and
sequences of alternatives approach the hypothesis at the rate slower than in Pitman setting. These conditions
provide αn(h)→ 0, but slower than in Bahadur setting. The essence of this setting is that the significance level
goes to 0 as n increases, while the asymptotic power, under the underlying sequence of local alternatives, should
be non-degenerate. Such requirements call for a balancing of the rates at which the significance levels tend to
0 and the alternatives approach the null model. In our task the sequences of alternatives (B.1) such that

δ(n)→ 0 and (nλn)
1/4
δ(n)→∞, (B.3)

specifies Ialt-the family of sequences of intermediate alternatives.
The intermediate properties of the h-tests have been studied for the first time by Ivchenko and Mirakhmedov

[11]. Let Ai(h) and σ2
i (h) be asymptotic value of N−1EiS

h
N and N−1V ariS

h
N , i = 0, 1, respectively. Assume

thatA1(h) − A0(h) > 0. As a measure of performance of h-test [11] proposed so called “α-intermediate AE”
(α-IAE), viz. the asymptotic value of

eαN (h) = −logP0

{
ShN > NA1(h)

}
= −logP0

{
ShN −NA0(h) > xN (h)

√
Nσ0(h)

}
, (B.4)

where xN (h) =
√
N(A1(h)−A0(h))/σ0(h).

Under certain condition of the Liyapunov type, see ([10], Eq. (14)), the statistic ŜhN = (ShN −
NA0(h))/

√
Nσ0(h) has an asymptotically normal distribution, and

xN (h) = ρ(h, λn)
√
nλn/2 δ

2(n)(1 + o(1)),

ρ(h, λn) = corr
(
h(ξ)− τnξ, ξ2 − (2λn + 1)ξ

)
, (B.5)

By virtue of these facts, it can be shown that the asymptotical power of h-tests with critical region{
ŜhN > ρ(h, λn)

√
nλn/2 δ

2(n) + c
}

, for arbitrary c, is bounded away from 0 and 1, while eαN (h) asymptot-

ically coincides with −logαn(h). Hence, the h-test having the largest asymptotic value of eαN (h) is optimal
within class of h-tests. Further, for intermediate alternatives (B.3) xN (h)→∞. Therefore, asymptotic analysis
of eαN (h) is based on the results on the probabilities of large deviations counted under the hypothesis; the range
of large deviations depend on the rate of

√
nλnδ

2(n)→∞. Thus, the “distance” δ(n) determines the pertaining
range of large deviation for the statistic ShN ; this effect is common for all h-tests, and hence the α − IAE of
various h-tests differ through the functional |ρ(h, λn)|.

The statement of Ivchenko and Mirakhmedov [11] in our notation reads as follows: Let λn → λ ∈ (0,∞),
sequences of alternatives H1n specified by (B.3). Then

eαN (h)

nλnδ4(n)
=

1

4
ρ2(h, λn)(1 + o(1)), (B.6)

provided either (i) E|h(ξ)|2+ε <∞, some ε > 0, and δ(n) = O(N−1/4log1/4N), or (ii) the Cramér condition (C)
is fulfilled.

Note that for the chi-squared test part (i) can be applied only, since χ2
N statistic does not satisfy the Cramér

condition. On the other hand |ρ(h, λn)| = 1 iff h(x) = x2, i.e. for χ2
N statistic only. Therefore, from the result of

Ivchenko and Mirakhmedov we may conclude that within class of h-tests the chi-squared test is optimal in terms
of α-IAE for intermediate alternatives (B.3) with δ(n) = O(N−1/4log1/4N), but for more distant alternatives,
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when δ(n)N1/4log−1/4N →∞, α-IAE of the chi-squared test their result leaves to be open. Another remaining
open problem is α-IAE of h-tests for the dense models. Theorem 2.2 allows addressing these problems.

We consider h-tests, where h(x) = hd(x) = xd+1, d > −1,d 6= 0, else h0(x) = 2xlnx. The statistics of these
tests coincide with the class of standardized versions of PDS CRN (d) under the uniformity of null hypothesis.

Theorem B.2. Let λn → λ > 0, then the equality (B.6), where h(x) = hd(x), is hold:

1. for every sequence of alternatives of the family Ialt (B.3), if −1 < d ≤ 0;
2. for every sequence of alternatives of a sub-family of the family Ialt such that δ(n) = o

(
N−d/2(1+2d)

)
, if

integer d > 0;
3. for every sequence of alternatives of a sub-family of the family Ialt such that δ(n) =

o
(
min(N−3/16, N−d/2(1+2d))

)
, if non- integer d > 0.

Theorem B.3. Let λn → ∞, then relation (B.6), where h(x) = hd(x),d > −1, is hold for every sequence of

alternatives of a sub-family of the family Ialt such that δ(n) = o
(

(nλ2n)
−1/6

)
.

Proofs. By Theorems 3.1 and 3.2 one has under the conditions of the theorem that eαN (h) = −lnΦ(− xN (h)) +
o(1)) = x2N (h)/2(1 + o(1)), since lnΦ( − xN ) = −x2N/2(1 + o(1)) as xN → ∞. Now, Theorems B.2 and B.3
follow from (B.5), and simple algebra to determine conditions for the δ(n) (i.e. to determine a sub-family of
alternatives), which follows from corresponding conditions on xN = xN (h) of Theorems B.2 and B.3, respectively.

The functional ρ(h, λn) play key role in task of comparison of h-tests in terms of α-IAE, as it is in terms of
Pitman AE. Its sense is clarified by the fact that ρ(h, λn) = corr0(ShN , χ

2
N )(1 + o(1)), see Lemma 1 in [11]. We

emphasis also that if λn →∞, then ρ(hd, λn) = 1 + o(1) for all d > −1. (But for the CS (1.6) ρ(h, λn) = o(1) if
λn →∞, that is way we have restricted ourselves by the class of PDS). As consequence of Theorems B.2 and
B.3 we conclude the followings.

1. Within class of h-tests the chi-squared test is optimal in term of α− IAE for the intermediate alternatives

(B.3) with δ (n) = o
((
nλ2n

)−1/6)
.

2. The chi-squared test is unique optimal test for the sparse models and a sub-family of intermediate alterna-
tives (B.3) with δ(n) = o

(
N−1/6

)
. In [11] emphasized that for the chi-squared test eαN (h) = o(nλnδ

4(n))

if alternatives (B.3) at distant δ(n)N1/6log−1/3N → ∞, and hence the chi-squared test is much inferior
to h-tests satisfying the Cramér condition (2.6), in particularly to tests based on ΛN and T 2

N statistics.

3. If we consider dense models and a sub-family of intermediate alternatives (B.3) with δ(n) = o
(

(nλ2n)
−1/6

)
,

then h-tests based on PDS CDN (d) have the same α− IAE for all d > −1.

Remark B.4. In the upcoming article, in particular for dense models, the following results are proved.

1. For the chi-square test one has eαN (h) = o(nλnδ
4(n)) if either (a)

√
n = o(N) and a sub-family of inter-

mediate alternative (B.3) such that δ(n)(nλn)
1/6

ln−1/3(N2/n)→∞, or (b) N = o(
√
n) and a sub-family

of intermediate alternative (B.3) such that δ(n)(nλ2n)
1/8 →∞.

2. For the log-likelihood ratio test one has eαN (h) = 4−1nλnδ
4(n)(1+o(1)), for every sequences of intermediate

alternatives (B.3).

Thus, in situations (a) or (b) the chi-square test is inferior to the log-likelihood test in terms of α-IAE . Next,
Inglot [7] pointed out that “comparison of tests using α-IAE can be interpreted only in terms of comparing
intermediate slopes of test statistics”. This mean that α-IAE of h-tests coincides with asymptotic intermediate
efficiency in weak sense due to Inglot [7], but not of comparing the sample sizes as it is in the definition
of asymptotic relative efficiency notion. Nevertheless, Theorems B.2 and B.3 together with the theorem on
asymptotic normality of statistics ShN made possible to study the asymptotic relative efficiency of two h-tests,
which is based on the limit of the ratio of sample sizes guaranteeing for both tests the same significance level
(may tending to zero) and asymptotically non-degenerate power.
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