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A FRAMEWORK OF BSDES WITH STOCHASTIC LIPSCHITZ
COEFFICIENTS

HuN O*, MuN-CHOL KiM AND CHOL-KYU PaAk

Abstract. In this paper, we suggest an effective technique based on random time-change for dealing
with a large class of backward stochastic differential equations (BSDEs for short) with stochastic
Lipschitz coefficients. By means of random time-change, we show the relation between the BSDEs
with stochastic Lipschitz coefficients and the ones with bounded Lipschitz coefficients and stopping
terminal time, so they are possible to be exchanged with each other from one type to another. In other
words, the stochastic Lipschitz condition is not essential in the context of BSDEs with random terminal
time. Using this technique, we obtain a couple of new results of BSDEs with stochastic Lipschitz (or
monotone) coeflicients.
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1. INTRODUCTION

Since their first introduction by Bismut [6] in the linear case and the nonlinear extension by Pardoux and Peng
[36], Backward stochastic differential equations (BSDEs for short) have been developed rapidly with various
types of generalizations in the last decades.

BSDEs are closely connected to finance, optimal control and partial differential equations [24, 47].

Most of BSDEs are concerned with the case of constant time horizon and the uniform Lipschitz conditions
on the driver. In many environments, the Lipschitz condition is too restrictive to be assumed, so much effort
has been devoted to relax it.

In this context, El Karoui and Huang [23] studied the BSDEs with stochastic Lipschitz coefficients driven by
a general cadlag martingale and those were developed under weaker conditions in [10]. For the Brownian motion
BSDES, there are some papers going in this direction [2, 5, 39, 44]. Particularly, in [2], Sect. 3, the existence of
the measure solution was stated by the way of examining the weak convergence of a sequence of measures which
were constructed using the martingale representation and the Girsanov change of measure. Also, the reflected
backward stochastic differential equations or backward doubly stochastic differential equations (BDSDEs) driven
by a Lévy process with stochastic Lipschitz coefficients were studied in [25, 26, 28, 29, 34, 35, 45].

Although the details are slightly different, the main techniques for BSDEs with stochastic Lipschitz conditions
are similar to the procedure of BSDEs with Lipschitz conditions.
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That is, the techniques consist of obtaining some a priori estimates and finally using the fixed-point
arguments.

Another technique was also used in [16, 39], where the main driver was approximated by Lipschitz drivers,
some estimates were obtained for the convergence of approximation sequence and finally it was shown that the
limit of this sequence is a unique solution.

In this paper, we approach the problem differently by indirect method. More precisely, we study the BSDEs
with stochastic Lipschitz coeflicients by studying the BSDEs with random terminal time. The technique is
based on time-change represented by stochastic Lipschitz coefficients. This time-change converts the BSDEs
with stochastic Lipschitz condition to the ones with uniformly Lipschitz condition and stopping terminal time
on another stochastic basis and these two BSDEs are equivalent in some sense. So, if we know the results of
BSDEs with random terminal time and uniformly Lipschitz coefficients, then the results are easily extended to
the ones with stochastic Lipschitz coefficients through our framework. In other words, the stochastic Lipschitz
condition is not a problem in a setting of BSDEs with random terminal time.

We briefly mention that the opposite argument also holds, that is, the randomness of terminal time do not
play an essential role under the stochastic Lipschitz condition. During our discussion, if the integrator of the
driver is a general continuous increasing process, it is converted to the typically well-known one, that is, the
Lebesgue measure by time-change.

Consequently, if we obtain the result of BSDEs with random terminal time and Lebesgue measure integrators
under standard Lipschitz conditions, then the research on BSDEs with general measure integrators and stochas-
tic Lipschitz coefficients is just a corollary of that. Motivated by the proposed method, the latter discussion is
naturally concerned with the application of the method. First, we study the BSDEs with random terminal time
in general space (more precisely, in a separable Hilbert space). We establish both wellposedness and comparison
theorems for them. The existence and uniqueness argument is very similar to [19] and we give the more useful
results by introducing bounded Lipschitz condition, instead of constant Lipschitz one. However, it is not easy to
study the comparison principle for general BSDEs possibly with jumps. Next, we state main results of BSDEs
with stochastic Lipschitz coefficients in general space, by using the results of BSDEs with random terminal time
which we obtained. Even in the special cases (for example, BSDEs driven by Brownian motion), our results
are more innovative than the previous works. Particularly, in a sense, our approach provides a complete the-
ory of the wellposedness of solutions to BSDEs with stochastic Lipschitz coefficients (see the end of Sect. 4).
Finally, we give some other results obtained by the applications of time-change. The first subject is a stochastic
monotonicity which generalizes the stochastic Lipschitz property. We show a new existence and uniqueness
result of LP—solutions to BSDEs driven by Brownian motions under stochastic monotonicity conditions. The
second subject is an undiscounted approach in the stochastic Lipschitz setting. For this purpose, we apply our
framework to the Markov chain BSDE. The smart feature is that the discussion on the case of uniform Lipschitz
condition is just inherited to the case of stochastic Lipschitz condition under the same conditions on volumes.

In general, for the wellposedness of BSDEs with stochastic Lipschitz condition, the integrability conditions
required are stronger than ones with uniformly Lipschitz condition. The main reason is on the discounting prop-
erty of the terminal time. This discounting property is contributed to the exponential integrability conditions
of volumes and these conditions are influenced by the Lipschitz coefficients. In fact, the discounting property is
inherited from the monotonicity of the driver. In our framework, the original BSDE with stochastic Lipschitz
condition can be seen as the BSDE to stopping time which is time-changed in reverse and the time-independent
discounting rate of this BSDE with constant Lipschitz coefficients is preserved while time-change is processed.
This means that the stronger integrability conditions are still required if we use the results of BSDEs with
random terminal time obtained by using the monotonicity condition as the key tool. But for the Markov chain
BSDEs, the results of undiscounted BSDEs to stopping time without assuming the monotonicity which was
researched by Samuel N. Cohen [12] make our technique more effective. By means of time-change, we get useful
results of Markov chain BSDEs with stochastic Lipschitz coefficients without assuming the stronger integrability
assumptions.

The rest of this paper is organized as follows. In Section 2, we propose a general map from the BSDEs with
stochastic Lipschitz coefficients to the ones with uniformly Lipschitz coefficients by the technique of time-change.
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We discuss this for BSDEs in general space as in [15]. We study the BSDEs with random terminal time in
Section 3. Section 4 is devoted to give the main results of BSDEs with stochastic Lipschitz coeflicients. In
Section 5, we study some other supplementary results and in Section 6, we give some concluding remarks.

We introduce some useful notations below. Let (Q, F,P) be a probability space with a filtration F := {F; };>0
satisfying the usual conditions. We shall assume that F = F, and Fy is trivial.

— | | denotes the standard Euclidean norm. If z is a matrix, then we use ||z|. ||z||=Trace[zz"], where []T

means the vector transpose.

— B(0,00) denotes the Borel o— field given on (0, c0).

— I4(-) means an indicator function of A, that is, I4(z) =1if z € A and Ia(z) =0 if = ¢ A.

— (€, F) means the product measurable space. That is Q := Q x (0,00) and F := F x B(0, 00).

— d@/dp denotes the Radon-Nikodym derivative of @ with respect to p, where @ is absolutely continuous
with respect to p. If p is Lebesgue measure and @) is the measure generated by an absolutely continuous
function f, then we use f’ rather than dQ/du.

— E9[] means the expectation under measure Q.

— L?(Q, F,P) is the space of square-integrable random variables.

— L and L€ are the spaces of local martingales and continuous local martingales, respectively.

— H? is the space of square-integrable martingales.

— H2. is the space of square-integrable martingales on [0, 7.

— H2 _ is the space of locally square integrable martingales.

~ L*(M) :={Z | Z is predictable, E[ [* || Z;||*d(M);] < +o0} where M € H?.

— For M € H? , L? (M) means the space of predictable processes Z for which there exists a localizing

loc? loc
B( [T 1ziPanr)) =5 ( [T 1ziPa0n ) < +.

sequence (7,,) such that

- L%}lOC(M) = {X | X - 1jo,1] € Lo(M) for any T < oo}, where M € H} .

— £(X) means the Doléans exponential of a semi-martingale X. Hence, £(X) =1+ &(X)_ e X =1+
Jo €(X)_dX. Note that £(X) = exp (X — X(0) — [X]¢/2) x II(1 + AX) exp(—AX).

— V is the space of cadlag, adapted processes which have finite variation on every finite interval.

— VT :={v eV |vis increasing}.

- A:={A €V |E[Var(4)(c0)] < oo}, where Var(A) means the total variation of A.

— Ao is the space of processes locally belonging to A, that is the space of processes X for which there
exists a localizing sequence (7,,) such that X™ € A for all n.

- AZJZC = {X € Ajoe | X is increasing}.

— Let 7 be a stopping time, ¢, 3 predictable processes and M = (M%)2, a sequence of H?—martingales. Set
t
¢ = fo o(s)ds.

Li(.)(O,T) = {X ‘ X is progressive, E[fOT e®s X(s)|2ds] < oo}.

L300.7) = {Y | Y € L, (0,7)}.

Li(.)(O,T, M) = {Z = (7%, 72, )’ 7 is predictable, E[ZZ fOT e¢t||Zi(t)||2d(Mi>t} < oo}.

Y(s)?:0<s< 7} < oo}

U3,(0,7) :={Y | Y is cadlag, adapted and E[sup{e®
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If we need to stress the Euclidean image space V, we use Li(,)(o, 7, V), L ¢( )(O V).

1.1. Intdroducing BSDEs in general space

As in [15], we construct the BSDEs assuming only the usual properties of the filtration and that L?(Q, F,P)
is a separable Hilbert space. Unless otherwise indicated, we should read all equalities (and inequalities) as “up
to a measure-zero set” throughout this paper.

Definition 1.1. For v € V*, let us define the measure p, on (2, F) as follows.

Q,
11s(A) ::]E[ Ta(w,t)d ] (1.1)

where the integral is taken pathwise in a Stieltjes sense.
This measure i, is called the measure induced (or generated) by wv.

Note that if v € A" then u, gives a o— finite measure on (2, F).
We give a simple version of the well-known Martingale representation theorem below (see [20, 21]).

Theorem 1.2 (Martingale representation theorem). Suppose that L*(), F,P) is a separable Hilbert space with
an inner product X - Y = E[XY].

Then there exists a sequence of H?*—martingales M = (M*, M?,...) such that (M®, M7) =0 for i # j and every
N € H? can be represented as

t o t
Ny =Ny +/ Z,dM, = Ny + Z/ ZidAM! (1.2)
0 ; 0

for some sequence of predictable processes Z = (Z', 72, ...) satisfying Z € L*(M).

And the predictable quadratic variation processes of these martingales (M) satisfy
(MY = (M?) = ...,(> denotes absolute continuity of induced measures). If (N?) is an another such sequence
then (N%) ~ (M), where ~ denotes equivalence of induced measures.

Remark 1.3. If the space is generated by Brownian motion, the martingale representation theorem holds on
infinite interval (see e.g. [20], Thm. 6 or references therein). This also implies the martingale representation
theorem on every finite interval.

Definition 1.4. If every martingale has a representation (1.2) by a sequence of martingales M = (M*)$2,, then
we say that M has the predictable representation property.

For a given k € N, the general type of BSDE is as follows.

:5+/ g(w,s,Ys_,Zs)dvs—Z/ ZidMe, (1.3)
t =17t

where 7 is an unbounded F-stopping time which may be infinite with some positive probability, the terminal
value ¢ is an F,-measurable random variable with values in R* such that & = 0! on the set {7 = oo}, the driver
g: Q2 x(0,00) x R¥ x RF*¥>® — RF is predictable, v € V and the integral of driver is the Lebesgue-Stieltjes
integral with respect to the measures generated by the trajectories of v.

A solution of the BSDE (1.3) is a pair of processes (Y, Z) taking values in R¥ x R*¥*>_ where Y is progressive
and Z is predictable.

TWe have assumed that ¢ = 0 on the set {7 = oo}, but in fact the value of £ on that set is irrelevant.
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In this paper, we shall make the following assumption on v.
(A0) v is a continuous and increasing process.

It follows from (AO) that v is locally bounded and v € A}’ . -
Noting that the predictable quadratic variation process (M) identifies an induced measure on F defined by
(1.1), suppose that the induced measure g ps¢y has the following Lebesgue decomposition.

iy = mbl + mi’Q, 1 €N, (1.4)

where m®! is absolutely continuous with respect to s, and m®*? is singular to .
From the generalized Radon-Nikodym Theorem (see e.g. [30], Chap. 3, Prop. 3.49), there exist two processes
mit mb? such that ,uW 1 =mb! and e = mh2.

More precisely mi? = dx? /dP, j = 1,2, where 7/ (B) := m*I((0,t] x B), B € F. Thus, we have
(M), = mit 4 mi?, (15)

We introduce the stochastic semi-norm || - || a7, defined as

1213, = Z[nzznz (dm /dm} _ Z[W (gt ) (1), (1.6)

i i
for every z = (21,22,...) € RFx°e,

2. TIME-CHANGES AND BSDES
We begin with the definition of time-change ([40], Chap. V).

Definition 2.1. A time-change C' is a family {C(s) | s > 0} of stopping times such that the maps s — C(s)
are almost surely increasing and right continuous.

Definition 2.2. If C is a time-change, a process X is said to be C'—continuous if X is constant on each interval

[Ci—, Cy.

We can define the stopped o-field F; := Fo) and get the new stochastic basis (€2, F, P, F = {ft}t>0) It can be

easily seen that F also satisfies the usual conditions from the property of stopped o—fields. If X is F-progressive
then Xt = Xc¢, is F- adapted and the process Xt is called the time-changed process of X. We show a typical
example of time-change below.

Let us consider an increasing and right-continuous adapted process A (so, progressive) with which we associate

C(s) ;= inf{t | A(t) > s}, (2.1)

This process C(s) is called the inverse of A(s) and we write it A~!(s).

As the stochastic basis satisfies the usual conditions and A is progressive, A~!(s) which is the hitting time of
(s,00) is a stopping time for every s > 0. And obviously it is increasing and right continuous. Thus C' = A~! =
{A71(s)|s > 0} is a time-change.

Throughout this section, we suppose that C' is almost surely finite, Co = 0 and for any progressively mea-
surable process Xy, X; means the time-changed process of it, unless otherwise indicated. And for the space
of processes V with respect to FF, V' means the corresponding space with respect to F. For example, L. means
the space of F—local martingales. We give some main results concerning the property of time-change under
C—continuity below.
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Lemma 2.3. ([40], Chap. V, Prop. 1.4). B
Let C be a time-change on (Q,F,P,F). If h is F—progressive, then h is F—progressive. And if X is a
C'—continuous process of finite variation, then

c, t
/ hodX, :/ hdX,.
0 0
Lemma 2.4. ([40], Chap. V, Prop. 1.5)
If C is a time-change on (Q, F,P,F) and M € £° satisfies C— continuity, then the following hold.

I MekL and (M)= (M)

II. IfhelL?, (M), then h € L2 (M) and for each t > 0

t,loc t,loc
t~ . Cy
/hudMu:/ h,dM,,.
0 0

Now we show the property of time-change for general locally square-integrable martingales.

Lemma 2.5. If C is a time-change on (Q, F,P,F) and M € H?  is C—-continuous, then the followings hold.

loc

I M eH2, and (M) = (M)
II. Ifhe L2, (M), he L2, (M) and for eacht >0

t,loc t,loc

t C:
h,dM, = / h,dM,,
0 0

Proof.
I. For any L € L, it is easy to see that L € L from the optional stopping theorem and C'—continuity
of M.

As M € M}, the predictable quadratic variation (M) is in A;f, and M? — (M) is a local martingale from

loc

the characterization of H?  martingale (see e.g. [30], Chap. 3, Prop. 3.64). Therefore M2 — (M) = M2 — (AZ)
is an F—local martingale.

Let (7,,) denote the localizing sequence such that (M)™ € AT for every n.

Then 7, := C;!' =inf{t: Cy > 7,,} is an F—stopping time for every n and (7,) is a localizing sequence.

Noting that M is C'—continuous if and only if (M) is C'—continuous (see [40], Chap. IV, Prop. 1.13), (M) is
constant on [1,,Cx, ].

So JE[</]\\/.//>(7~'n)] =E[(M)(Cx)] =E[(M)(4)] < co. Hence (/]\\43 e Af

loc*

And (M) is also F—predictable from the C'—continuity. Accordingly, using again the characterization of H7
martingale, M € H2_ and (M) = (M).

loc
I1. This is a simple consequence of I and Lemma 2.3 together with the relation between stochastic integral and

quadratic variation. O

Remark 2.6. Lemma 2.5 still holds for H?—martingales under C'—continuity. That is, if M is H?—martingale
satisfying C'—continuity, then M € H2. In this case we use the characterization of H2—martingales (see e.g.
[30], Chap. II, Prop. 2.84) and the same procedure is used for the proof.
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Remark 2.7. We note that the Lemmas 2.3-2.5 still hold in random time horizon. For example, in Lemma 2.5,
if ¢ is a non-negative random variable and [;~ h,d(M), < co on {£ = oo}, then

Ce
hdMu— h,dM, P — a.s.
0 0

Now we return to the discussion on BSDE. For the BSDE on which we discuss, the sequence of #?—martingales
M? (i =1,2,...) has the predictable representation property on (2, F,P,F).

At this point, the martingale representation on (2, F, P, F ) is naturally expected whereas the time-changed
processes of M’(z =1,2,...) are ﬁZ—martingales under C'—continuity by Lemma 2.5.

Lemma 2.8. Let C be a time-change and H?—martingales M* (i = 1,2,...) be C—-continuous. Then, the

sequence of H2— martingales (M’) has the predictable representation property for any H2— martingale satisfying
C~1—continuity such as in Theorem 1.2.

Proof. Let N be an ﬁz—martingale satisfying C~! —continuity. Then N, = Nc—l(ct) = N¢,, where N; := Nc:l.
Obviously, N € H? by Lemma 2.5. Therefore using Theorem 1.2 and Lemma, 2.5,

N; = Ng, = No + Z/ ZidM! = Ny + Z/ ZidM
i=170 i=170

for some sequence of F—predictable processes, (Z°) satisfying

E[i /OOO(ZZFd(Mi)u} < +oo.

Using Lemmas 2.3 and 2.5 again,

A e A

This leads to
E[Z/ (Z;)de\?")u} < fo0. (2.2)
i=170

Hence for any N € H?, there exists a sequence of F—predictable processes, Z'(i = 1,2, ...) satisfying (2.2) such
that

00 t
N, = Ny +Z/ ZLdM.
i=170

Then by using Lemma 2.5, we can easily deduce that the martingales M i.4=1,2,... are mutually orthogonal.
The absolute continuity of the induced measures and the uniqueness of the representation are similarly proved.
O

If we know the results for the BSDE (1.3) with uniformly Lipschitz condition, it is possible to extend to the
case where the driver has the stochastic Lipschitz coefficients. This is the main argument in this section.
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Conveniently, we rewrite the BSDE (1.3) omitting the index 7 as follows.
Y, =¢ +/ g(w, s, Ys_, Zs)dus —/ ZdMs, 0<t<rm, (2.3)
t t

where Z = (Z',72,...) and M = (M*, M?,..)T.
Assume that the driver of (2.3) satisfies the following stochastic Lipschitz condition.

(A1) There exist predictable processes r(t) and u(t) such that
Hg(wa 4y, Z) - g(wa L, y/a Z/)H < T(t)|y - y/| + u(t)”Z - Z/”Mt’ d:uv — a.s.

for any y,y’ € R* and 2,2’ € RF*>° where o?(t) := r(t) + u%(t) > € for some ¢ > 0 and a2(t) is assumed to be
(pathwise) Stieltjes-integrable with respect to v on every finite interval in RT.

Now we define the following process.

o(t) ::/0 o?(s)dws. (2.4)

The remarkable point is that ¢—! i.e. the inverse of ¢; defined by (2.1) is a time-change. We shall make a good
use of this process in the view of time-change. Since a? is Stieltjes-integrable with respect to v on every finite
interval in RT, it is clear that ¢! is a.s. finite and ¢=1(0) = ¢(0) = 0. From now, the symbol C' which has
meant time-change will be replaced by ¢~'. The focus of this section is on the technique, so we do not have
detailed discussion on the space of solutions. The main result in this section is as follows.

Theorem 2.9. Let C = {Cs|s > 0} be an a.s. finite time-change. Suppose that the driving martingale M is
C'—continuous.

1. Let us assume that U = ve(s) is absolutely continuous. If (Y, Z;) is a solution of BSDE (2.3) satisfying
on (0, F,P,IF), then (yt, 2t) == (Yow), Zew)) is a solution of the following BSDE on (2, F, P, ITT)

Yt = f + / g(wa Says—azs)dss - / stMSa 0 S t S ;a (25)
t t
where
- dvs, . 1 ~
g(wa 5 Y, Z) = g(w7 C(S)vyv Z) ' ds’ T:=C (T)a M, = MC(S)' (26)

The converse is also true, that is if (yi,2:) is a solution of the BSDE (2.5), then (Y, Z;) =
(Ye-1(), 2c-1(1)) s a solution of the BSDE (2.3).

2. Let us assume that the driver satisfies the stochastic Lipschitz condition (A1). If we put C = ¢~ (where ¢
is defined by (2.4)), then dv,/ds = a=2(¢~1(s)) = a~2(s) and the new driver g satisfies bounded Lipschitz
continuity such that for any v,y € R and z, 2’ € RF>*>,

r(t)

|§(wat7yaz) - g(watvylaz/” S %h/ - y/| +

)
a(t)

lz = 2'||lar,, dt x dP — a.s.
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Proof.
(1) As (Y3, Z;) is the solution of (2.3), we get

T T

Yt ‘= YC(t) = +/ g(w, 5, Ys—, Zs)dvs - / ZdM, 0<t<T.

C(t) ()
By Lemma 2.3 and Remark 2.7, we see that
/ (w S Yg ,Z d’U / g YC( ) — 7ZC( ))dvg/ds ds
()

/ g(w, 8,ys—, z5)ds.

By Lemma 2.5 and C'—continuity of M,

T c=(r) T .
/ stMs = / ZC(s)dMC(s) = / stMs.
c@®) t t

So we have
£+/ 9w, s,ys— 725)_/ stM& 0<t<T
t

As Y, is F—progressive, y; is ﬁ—progressive. Due to the fact that all stochastic integrals are indistinguishable
from the stochastic integrals of predictable processes, we can consider z; is predictable. Accordingly, (y:, z¢) is
a solution of BSDE (2.5) on (2, F, P, ]F) Passing back through the above procedure, the converse argument is
trivial.

(2) From now, C is replaced by ¢~!. We split the proof into three steps.

Step 1. We first show that 9(-,w) := v(¢~!(-,w),w) is absolutely continuous for each w € . As v is increasing
and continuous, v~—! defined by (2.1) is a time-change and v is v~!—continuous. Therefore by Lemma 2.3, we
can see that

t v (wvg) v (vy)
t) = 2(s)dvs = 2(s)dvs — 2(s)dws
o(t) /Ooz(s) v /0 a”(s)dv /t a”(s)dv

:/Ovl(v")a%s)dvs :/0 o (v )ds = UO a2(vs_1)dsov} (®).

Thus, v = [vo ¢~ (t) = [Uov (fo vt ds)A} t) = (fd a?(v;t ds>_1(t).

Noting that a?(s) > ¢, v~ fo D)ds is strictly increasing and absolutely continuous for each w € Q
and so is the reversed process Hence 7, vt (resp uz) is absolutely continuous with respect to Lebesgue measure
(resp dt x dP) and

dpg/(dt x dP) = dv;/dt = 1/[a? cv L ov o () = a2 (¢; ) = a 2(t).

In fact, we can see that Uy (resp. ug) is equivalent to Lebesgue measure (resp. dt x dP). We also mention that
v is ¢~ —continuous.
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Step 2. We derive the Lebesgue decomposition of the measure induced by <J\7 ). First, we show that m! is
a.s. ¢_1—continu0us Suppose that v is a constant on [a,b] (0 < a < b). Then for any ¢ € [a,b] and B € F,

m([c,b] x B) f Ip(w) - (dm! /dpy)(w, t)dvy] = 0. Noting that m([0,t] x B) = [ m;dP,

0 = m([c,b] x B) = m([0,b] x B) —m([0,c] x B) = /B(m; —ml)dP.

Hence m! is a.s. constant on [a,b]. Because v is ¢~!—continuous from Step 1, we can see that m! is a.s.

¢~ ! —continuous. Recalling (1.5) and using Lemma 2.5, we obtain (omitting the index )

(M), = (M), = m} +mj. (2.7)

And the continuity of ¢ which comes from the continuity of v implies ¢(¢; 1Y = t. Now we can use Lemma 2.3
to show

() =E| [ 12,00 | = [ 140t 0)amt]

=E /0 Ta(w, ¢(w, t))(dm* /dp,)(w,t) - dvt]

| [ Iateolam /o ar

for any A € F, where [dm' /du,)(¢; ) = [dmt /duw](w, ~H(w, 1)).
Thus piz1 < pz and dpg /dps = [dm* /dp,(¢; ).
Noting that uy < dt x dP by Step 1, we can deduce pz1 < dt x dP and

dpzm /(dt x dP) = [dm" /dyr,)(677) - dB fdt. (2.8)
Similarly, 2 is orthogonal to d¢ x dP. This shows that (2.7) is the Lebesgue decomposition of <M ) with respect
to dt x dP.
Step 3. Finally, we show that g satisfies bounded Lipschitz continuity. It follows from the results in Step 2
that
2037, = I=11? - [dpga /(dt x dP)] = [|2]|* - [dmm" /dpo] (&7 ') dBe /dt
—2/,—1 2
(¢t )|‘Z||Mu|u=¢>*1(t)' (29)

From the stochastic Lipschitz condition on g,

9w, t.y,2) = §lw,t.y', 2)] = [g(w, 67" (t), 9. 2) — g(w, ¢‘1<) L) ()
< a2 (¢7H (1) [re-1ply — y|+u¢ 1) (1 o1 ()]
=a ¢ W) [rer |y — V| + upr (o7 (1) ||Z—Z'HMJ

r(t) u(t) Iz — 2

BRIV e o)

duy — a.s.

for any y,7’ € R* and z,2’ € RFX>®. From Step 1, we know that ug is equivalent to dt x dP. So Lipschitz
property on ¢ holds dt x dP—a.s. O
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Remark 2.10. If the trajectories of C' are strictly increasing, then M is C'—continuous as one sees easily. In
the second assertion, if the trajectories of v are strictly increasing then ¢! is strictly increasing and continuous
(that is ¢~ (p(t)) = (¢~ 1(t)) = t), so we do not have to assume that M is ¢~ —continuous. We also note that
C— continuity of M is equivalent to C— continuity of m?2.

Remark 2.11. In the proof of second assertion, the continuity of v which leads to the continuity of ¢, plays an
important role. This guarantees v(v=1(t)) = ¢(¢~1(t)) = t. If v is a finite variation process possibly with jumps,
it may be needed to decompose the Stieltjes measures generated by the trajectories of v as the continuous part
and the discontinuous one. More generally, the case where C' is discontinuous, is of particular interest. Perhaps
such generalizations may be non-trivial.

Remark 2.12. Note that the terminal time 7 is allowed to take infinite values on some event with positive
probability in Theorem 2.9. It is sufficient to assume that only the time-change is a.s. finite to guarantee our
results (see Rem. 2.7).

Remark 2.13. If we aim to simplify only the continuous integrator of driver, it is sufficient to use v=! as the
time-change.

Remark 2.14. In second assertion of Theorem 2.9, it is also possible to discuss a stochastic monotonicity
condition. Hence, the stochastic monotone condition can be replaced by a bounded monotonicity condition
through the time-change.

We conclude this section with the following statement.

The terminal time of BSDEs with stochastic Lipschitz coefficients

In [3], the BSDE with random terminal time was studied separately, after the discussion on finite time
BSDE. In fact, the discussion on the case of random terminal time is not necessary. When we study the BSDEs
with stochastic Lipschitz coefficients, the randomness of terminal time does not play an important role. This is
illustrated as follows. Due to Remark 2.13, we suppose that the BSDE is given in the following type.

Y; =§+/ g(w,s,Y;_,Zs)ds—/ Z dM,. (2.10)
t t
We introduce the following process.

t
P(w,t) = Tr At t>

After the simple calculation, we get
o) =t/(1—t), [@'#)=-(t-1)"% 0<t<7T=0(1)<1.

Obviously ®~! is time-change. By Theorem 2.9, we get the following BSDE on (Q, F,P, F) equivalent to (2.10)
in some sense.

1 1
Y =& Jr/ G(w, s,ys—, zs)ds — / zsd M, (2.11)
t t

where G(w, 5,y,2) = I;<7g(w, ®71(s),y,2)[®*(s)]" and M, = Meg-1(5). We mention that the new driver G is
stochastic Lipschitz even though the original driver g is uniform Lipschitz. In fact, if we suppose that g has
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constants r,u as the Lipschitz coefficients, for any ¥,y € RF and z, 2’ € RF*°°

G(w,5,y,2) = G(w, 5,9,2")| = Lz |(@71) (5)] - |9 (w, D5, 9, 2) — g(w, D51, 0/, 2")]|
< Lz [(@71) (9)l[rly — o' + ullz — 2l 57 1@ ()72
= Licz[r(1 = 8) |y — ¢/ + w(l = 5) 7|z = 2|l 37 ]
<r(1=7)ly—¢|+u(l =77z = 257

=r(1+7)y — o/ +u(l +7)llz — 2'll57, -

This means that the stopping terminal time of BSDEs can be converted to constant and this operation is
adapted to the class of BSDEs with stochastic Lipschitz condition. Consequently, when we study the BSDEs
with random Lipschitz coefficients and random terminal time (two randomness), it is sufficient to consider only
one randomness.

Remark 2.15. In [2], the measure solution was only studied for finite time BSDE. The above statement shows
that the finite time can be just extended to the random terminal time by means of time-change. Other results
(e.g. [25, 26, 28, 34, 35]), which were restricted to only finite time interval, may be also directly extended to the
random time interval.

Due to the main interest of Theorem 2.9, it is important to give general results of the BSDE (2.5) under
bounded Lipschitz condition. The next section deals with a class of BSDEs with random terminal time. For the
BSDE (2.5), the integral is respect to Lebesgue measure and g(w,t,Y;—, Z;) = g(w,t,Ys, Zy),dt x dP — a.s. for
the solution (Y, Z), so we shall use Y; in the driver term for notational simplicity.

3. BSDES WITH RANDOM TERMINAL TIME IN GENERAL SPACE

Consider the following BSDE with random terminal time.
Yi=¢+ / o(w, 5, Yo, Z0)ds — / Z.dM,. (3.1)
t t

where [ Z,dM, =Y, [ ZidM.
Proposition 3.1. Let 7 be an almost finite stopping time. Suppose that the following conditions hold.

1. Bounded Lipschitz continuity.
There exist positive, bounded processes a(t) and b(t) such that for any y,y’ € R¥ and 2,2’ € R¥*>,

l9(w,t,y,2) = gw. .y, 2)| < a®)ly — /| +0(t)]|2 = 2|13, -

2. Integrability.
There exists a process p(t) > b?(t) + 2a(t) + & (¢ > 0) such that

E{e”’|§|2+/ ePs
0
where py == fot p(s)ds.

Then, the BSDE (3.1) has a unique solution (Y,Z) in Li(_)(O,T) X Li(.)(O,T, M). Moreover Y belongs to

UpQ(.) (0,7).

g(w,s,0,0)?ds| < oo.
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The proof is very similar to the proof of [19], Theorem 3.4. For the completeness, we give the proof in
Appendix.

Remark 3.2. We can easily extend this result under monotonicity condition using standard argument by a
sequence of Lipschitz drivers. In this case, the growth condition on driver should be added. Also, it is not difficult
to study (3.1) for any stopping time 7, which may have infinite values with a positive probability as in [38].
This allows us to deal with the BSDE with stochastic monotone coefficients and general stopping time. On the
other hand, we discussed the solution in L?—setting whereas many results were established in LP—setting for
any p > 1. However it is difficult to study LP—solutions (p > 1) of BSDEs possibly with jumps (see [46]). So,
we need to restrict the study of LP—solution to the case where the driving martingale is continuous. The BSDE
driven by Brownian motion was well-studied in such various settings which we mentioned above. To avoid the
complexity, and to focus on the main idea, we study the LP—solutions of BSDEs with stochastic monotone
coefficients and general stopping time, in a Brownian setting (see Sect. 5).

Now we discuss the comparison theorem for BSDE (3.1) under bounded Lipschitz condition. We shall restrict
our discussion to the scalar BSDE. A comparison theorem for BSDEs driven by martingales was first studied
by Carbone et al. [10]. They studied the following BSDE, which is a special case of (2.3)

T T
Y, =&+ / 9(w, s, Yy, Zs)A(M), — / Z,dM, — Ny + Ny, t € 0, T]. (3.2)
t t

The solution of (3.2) is a triple (Y,Z, N) and N is a martingale orthogonal to M. Let (Y1, Z1 N') and
(Y2,Z2, N?) be the solutions of (3.2) corresponding to (£!,g') and (&2, g?), respectively. Let us define

1 1 1 1 2 1 1 2 1 1 2 2
g(watvy;:azt)_g(wﬂz}/tazt) 1 g(wvt7}/tazt)_g(w7tvy;tvzt)
Ay (gf) = o Azlg) = :
' v -Yy? ' Zi — 7}

They showed the comparison theorem for (3.2) under the following assumptions using linear BSDE.
(Comp 1) Ay (g}) and Az(g}) are both bounded (that is, the driver is bounded Lipschitz).
(Comp 2) E(Az(g') e M) is a positive uniformly integrable martingale.
2
(Comp 3) E[(sup, exp ( [y Ay (91)d(M),)) [E(Az(g") @ M)7]?] < 0.
Afterwards, Cohen et al. [17] showed a general comparison theorem for (3.2) with dt instead of d(M);, by

means of super-martingale measures which corresponds to the “no-arbitrage” condition in financial sense.
They introduced the following assumptions.

(Comp 4) There exists a measure P equivalent to P such that
¢ t
/ [gl(wv&ysl? Z;) - gl(w7s7yslv Zf)]ds - / (Zsl - Zf)dMs — Ne.
0 0

is a }I}—supermartingale.

(Comp 5) For all t € [0,T7, if

~ t _ t
| [ges i zduln| sy aw| [ gl<w,s,Y£,Z§>dt‘ft}
0 0

then Y,! > V2.
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Furthermore, they extended this result to the BSDE (1.3) with deterministic Stieltjes measure integrator in
[15]. Hence, the comparison theorem for BSDE (1.3) holds if the following assumptions are satisfied.

omp ere exists a measure P equivalent to P such that
C 4’) Th i P 1 P h th
t t
[0 s ¥ 20 — g s v ZDdu. - [ (22~ ZBja.,
0 0

is a I@fsupermartingale.

(Comp 5°) For all t € (0,77, if

ot
Ytl—HEP[/ g (w, s, Y} Z2)dv,
0

. t
]—"t] < Yt2+1EP[/ g (w,s, Y2, Z2)dt
0

7|
then Y,! > V2.

In [17], Theorem 2 (resp. [15], Thm. 7.2), it was proved that the assumption (Comp 5) (resp. (Comp 5°))
1 /
holds if ¢! is bounded Lipschitz in y. Let us define the process X (w,t,y,z,2') := £ (wty2)—g(w.ty.2 )(z - 2. In

=213,

[11], the following sufficient assumption to guarantee (Comp 4’) was given (see Lem. 1 therein).

(Comp 4”) ¢! is bounded Lipschitz in z and for all y € R and 2,2’ € R}*°,

|91(Wat7y72) - gl(watay7zl)‘ |(
Iz =213,

z—2") - AM;| < 1.

In [18], the following weaker assumption than (Comp 4”) was introduced.

(Comp 4”°) ¢! is bounded Lipschitz in z and for all y € R and z,2’ € R1*>,

gl(w7t7 Y, Z) — gl(wa tvya Z/)
EEELES

(z—2")-AM; > —1.

Indeed, if (Comp 4”) (or (Comp 4”°)) is satisfied, then the measure P is obtained by

1 1 1 1 1 2
i g(w7taY7Z)_g(wat7Y7Z)
dP/dP = E(X e M)y, X, := tHth 7, L2tz - 77

for (Y, Z%) € UZ(0,T) x L2(0,T, M) (see the proof of [11], Lem. 1 or [18], Lem. 1). Also, £(X e M) is a
martingale such that E[|£(X e M)7|P] < oo for any p > 0 if g' is Lipschitz in z (see [11], Lem. 2). In addition
to that, if (Comp 4”°) is satisfied, then £(X e M) is positive as one sees easily.

Consequently, we can consider that assumption (Comp 4”’) is the most appropriate to guarantee the
comparison principle for BSDE with Lebesgue integrator and Lipschitz coefficients.

Proposition 3.3. Let us assume that the underlying space is a Kolmogorov type filtered space, that is, whenever
(Q, F:,Q¢) are consistent probability spaces for 0 <t < 00, then there is a probability measure on F = Foo such
that every Qq is a restriction of Q to F;. Suppose (', g") is a pair for which the conditions of Proposition 3.1
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are satisfied with the same coefficients a(t),b(t) and p(t) for each i = 1,2. Let (Y%, Z*) be a solution of BSDE
(3.1) corresponding to (€%, ") for each i = 1,2. We further assume that (Comp 47°) holds for any t > 0. If
> €% and gY(w, t, Y2, Z2) > g*(w, t, Y2, Z2), then we have Y,! > Y2
Proof. Let us define (Y}, Z}) := (e™Y;,e% Z!) for i = 1,2, where a; := fg a(s)ds. Obviously, ;! > Y2 if and
only if ;' > V2. And (Y}, Z}) € Upa(y(0,7) x Liz (0,7, M) as one sees easily. By Ito’s formula, (Y}, Z1) satisfies
Vi—ees [ ot zids - [ Ziao, (33)
t t

where §%(w, 8,9,2) 1= €% g'(w, s, e~ %y, e %z) — a(s)y. From the definition, we obtain

Pty ) =@ty )y glotertyer®s) —glwbery e ) oy (g
2 =213, lle=ae(z = )13,

from which §* also satisfies (Comp 4”°). Also, we see that

~1 1 72\ Al 2 72
pim S0V 20 28 W WY 2D (3.5)
Y1517Yt2

And g'(w,t, Y2, Z2) > g*(w.t, Y2, Z7) implies that §'(w,t, Y2, Z7) > §*(w,t,Y}?, Z2). Define

X . gl(wvtaﬁ17ZAt1) 791(‘*}’@1}2172?) (21 722)
o 12! - 2213, o

It follows from (3.4) that X, = X;. Let T > 0 be a finite time and Q7 := £(X e M)y -P = £(X © M)y - P. Then,
as we mentioned before,

t t
H, ::/ [gl(w,s,ﬁl,Z;)_gl(w,s,zl,zg)]ds_/ (Z} — Z%HdM,.
0 0

is a Q7 —martingale up to time 7. Then, by a simple rearrangement,

t
A / [0} (w5, V2, 22) — %, 5,72, 22))ds
0

is a QT —martingale up to 7. Since QT := £(X e M)y - P, we notice that the measures Q7 are consistent, that
is, Q7| 7, = Q!|F;, for any t < T. As the underlying space is a Kolmogorov type filtered space, there exists a
measure Q such that Q|z, = QT |z, for all T. For any T < oo, it follows from Q| £, ~ P|z, that Q|z, ~ P|7,,
where ~ means the equivalence of measures. By [12], Lemma 5, it follows that Q|z. ~ P|z . Let A € F; be
a set such that Y;' — Y2 < 0 on A. Define a stopping time 7% := inf{s > ¢| Y} — Y2 > 0} < 7. Since H; is a
Q-martingale in R, r, < 0 and §'(w,t, Y2, Z2) — §%(w,t, Y2, Z2) > 0, we obtain

¢

SV VP = 1a(F) - ¥2) = EO [(Y V2 [l s T2 - e V2, Zf)]ds) M
t

> EQ Kf@k -Y2 —/ 17|V — Yf|ds) ‘]—}} >0 (3.6)
t
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which implies 14(Y;' — ¥;2) = 0. That is, ¥;' > Y2, Q — a.s. Since Q|r, ~ P|x,, we get ;' > Y2, P—a.s. O

Remark 3.4. Let (Q,F) := (R B((R)O>])) and {F;};>0 be a natural filtration generated by the
canonical process. Then, (2, F) is a Kolmogorov type filtered space by Kolmogorov’s Extension Theorem (see
e.g. [16], Thm. A.2.6 or A.2.7).

4. THE MAIN RESULTS

From the Theorem 2.9 and Proposition 3.1, we can get the general results for BSDE (2.3) with stochas-
tic Lipschitz coefficients. Recall that o?(t) = 7(t) + u? fo s)ds and X(t) = X(¢1(t)) for any
progressively measurable process X.

Theorem 4.1. Suppose that the following conditions hold.

1. Stochastic Lipschitz continuity: The driver g satisfies the assumption (A1).
2. Integrability: There exists a predictable process B3(t) satisfying B(t) > (1 +¢)(2r(t) + u3(t)), € > 0 (or
equivalently 3(t) = 0(2r(t) + u?(t)) for some 0 > 1) such that

o [ ) [[on( [ o) i

™) x Ly (0.7, M). Morcover Y € U3, (0, 7).

2

dvt} < oo. (4.1)

Then, BSDE (2.3) has a unique solution (Y,Z) in LB( (0,7

Proof. By Theorem 2.9, we obtain the time-changed BSDE corresponding to (2.3)

§+/ g(w,s ys,zs)dsf/ zsdﬁs, 0<t<r (4.2)
¢
~ . . . . . . . 7(t) o u(t)
and ¢ is bounded Lipschitz with Lipschitz coefficients a(t) := ez and b(t) := T

Let us define p(t) := B(t) - a—2(t). From B(t) > (1 + £)(2r(t) + u2(t)), it follows that

(L+e)@Ft) + @)

p(t) > =0+ 20 > 2a(t) + b*(t) + ¢

Now, we can check that the integrability condition for (4.2) as follows.

oo>]E:eXp(/OTB(t)dt>|§|2 / exp(/ B(u du)‘ ’(’)’ 0 dvt]
:]E:exp (/;B’(t)a—2(t)dt)|§|2+/o exp (/0 g(u)&_Q(u)du)‘(Md)a(i)))
_ k[ exp (/O;p(t)dt>§|2 +/;exp (/Otp(u)du) |§(w7t,0,0)|2dt}

2

(o)

Therefore, by Proposition 3.1, BSDE (4.2) has a unique solution (y, z) in Li(_)(077~') X Li(.)(O,?, M) and y €
UPQ( )( ;7). The pair (Y3, Z;) := (Yo(t); 26(+)) satisfies (2.3) by Theorem 2.9. It remains to prove that (Y,Z) €
(L2 (0, 7)N U2 (0,7’)) X L%(_)(O,T, M). But this just follows by observing that

B()
(o [on( [ )] (o [ ] <~
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IE(/OT exp (/Ot,é’(u)du)|a(t)Y(t)|2dt) - E(/:exp </0t p(u)du)|y(t)|2dt> < o0,
o [Ceo ([ swaa)izorann.) <&( [ e ([ ptwan) j=to12acin. ) < .

So, the proof is complete. O

Next, we study the comparison theorem for (2.3). To the best of our knowledge, this is the first time that
the comparison theorem for BSDEs possibly with jumps under stochastic Lipschitz coefficients has been proved.
We need first to establish the following result (the proof is given in appendix).

Proposition 4.2. If (Q,F) is a Kolmogorov type filtered space with respect to F, then it is still a Kolmogorov
type filtered space with respect to F.

Theorem 4.3 (Comparison Theorem). Let us assume that the underlying space is a Kolmogorov type filtered
space. Suppose that the pair (€%, g") satisfies the conditions of Theorem 4.1 for each i = 1,2. Let (Y, Z%) be
the solution of BSDE (2.3), corresponding to (&%, g%) for each i = 1,2. We further assume that (Comp 47°) is
satisfied for any t > 0. If €& > €2 and g*(w,t, Y2, Z2) > g*(w,t, Y2, Z2), then we have Y;' > Y2.

Proof. By Theorem 2.9, it is sufficient to show that the comparison holds for BSDE (4.2) with bounded Lipschitz
condition. Hence we should prove y; > y? for (yi,z{) = (Ydf,l(t), Zj1(yy)- As 9w, t, Y2, Z2) > g?(w,t, Y2, Z2),

we get G (w, t, 92, 22) > §2(w, t, 42, 22). Using M is ¢~ —continuous, we obtain AM, = (AM) g-14).

We recall that || - |52 = || - |as2ls=g-1() - @ 2(t) (see (2.9)). Therefore, we have

g (w, 01 (t),y,2) — g'(w, o7 (1), y,2)
12 = 21137 ls=s=2(0)

gl (w7 tv Y, Z) - .qu (UJ7 ta Y, Z/)
|z — 2

(z—2')-AM, = (z=2")  AMy-1¢y > —1.

'II%
M,
By Propositions 3.3 and 4.2, it follows that y' > 32. O

Comparison with the existing literature
Let us consider the following BSDE driven by a d-dimensional Brownian motion W, as a special case.

Yg=£+/ g(w,s,nzs)dczs—/ ZdW,, 0<t<r (4.3)
t t

where @ is an increasing, continuous process such that d¢t = ¢;d@Q; for some progressively measurable process gq.
Due to (W), = t,i € {1,...,d}, the stochastic semi-norm defined by (1.6) is obtained as |23y, = ||z[|* - ¢ for
z € R**4. The above BSDE (4.3) was studied by Pardoux and Rasscanu [39]. They studied the LP-solution of
(4.3) up to time 7', under the stochastic Lipschitz condition with u; = ¢, - uj for some process u/(¢). In the case
of p = 2, one of their assumptions is given as follows (see [39], Thm. 5.21).

E[exp (/OT 2[r(t) + uz(t)]dt> €| + (/OT exp (/Ot[r(s) + u2(s)]ds> |g(w,t,0,0)|dvt)2} < 0. (4.4)

This is stronger than our integrability assumption (4.1).

The integrability assumptions in Cohen and Elliott [16] (see Thm. A.9.20 therein) is different from ours.
But their result was proved only for bounded terminal value. Moreover, their approach requires the additional
integrability assumptions related to jumps because they use the comparison principle as a key tool.
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If the filtration is generated by a Lévy process, we can take M = (M%), to be the Teugels martingales
associated with a Lévy process from the corresponding predictable representation property in [31]. Hence, the
BSDE driven by a Lévy process which was introduced in [32] is a special case of (2.3). So, Theorem (4.1)
just gives the existence and uniqueness results of the BSDE driven by a Lévy process as a corollary. This is
weaker than those of [26] where the parameter in the integrability assumptions was assumed to be large enough
(see Thm. 3.2 therein). In most papers related to BSDEs with stochastic Lipschitz conditions, the following
integrability assumption with a parameter 8 plays a crucial role.

E[exp (/Orﬁ[r(t) +u2(t)]dt>§|2 + (/O exp (/Otﬁ[r(s) —|—u2(s)]ds) ‘W

If assumption (4.5) holds with 5 = 2, then our assumption (4.1) is just satisfied. So, assumption (4.5) is stronger
than ours in the case of 8 > 2. In [3, 5, 23], 8 needs to be large enough with at least larger than 90. In [10],
B needs to be larger than only 3. The assumption (4.4) in [39] seems to imply S = 2. If the driver g does not
depend on y (hence r(t) = 0), then (4.1) is equivalent to (4.5) with 8 > 1. In this special case, Ankirchner et
al. [2] studied the existence of the measure solution under the following assumption.

detﬂ < 00. (4.5)

T T
]E{exp (/ Bu2(t)dt> £|° +/ |g(w,t,0)|7dt] < oo, for some ¥ > 1,v>1and 3,5 > V. (4.6)
0 0

The above assumption (4.6) seems to be weaker than ours although the integrability parameter 5 on terminal
value needs to be larger than ¥ for some ¥ > 1. However, (4.6) is only suitable for the existence of the measure
solution. Under this assumption, we cannot guarantee the existence and uniqueness of strong solution, which is
the objective of this paper.

For other types of BSDEs such as backward doubly stochastic differential equations or reflected BSDEs, the
basic integrability assumption was similar to (4.5) and 8 needs to be large enough (see [25, 26, 28, 34, 35, 44, 45]).

Now, we describe the main advantage of our result. Suppose that we study the BSDEs with random terminal
time. The stochastic Lipschitz condition is an extension of uniform Lipschitz condition. In principle, the results
obtained under Lipschitz condition should coincide with ones obtained as a special case of BSDEs with stochastic
Lipschitz condition. Our main result (Thm. 4.1) satisfies such nice property. In fact, when we discuss the BSDEs
with Lipschitz coefficients a, b and random terminal time, the parameter ~ in the integrability assumption need

2

to satisfy v > b2 4 2a or more generally v > pbfl + 2a for LP—solutions (see [1, 7-9, 19, 37, 38, 44]). If r(¢) = q,

u(t) = b and B(t) = B > b® + 2a in Theorem 4.1, then B > (1 + €)(2a + b?) is just satisfied for sufficiently
small € > 0. As one occasional (but typical) example, we note that [19], Theorem 3.4 can be seen as a direct
consequence of Theorem 4.1 in this section.

5. SOME OTHER RESULTS

5.1. Wiener-type BSDEs with stochastic monotone coefficients
For £: Q = R¥ f:Q xRt x RF x R¥*4 5 R¥ and 7: Q — [0, 00], we consider the BSDE:

Yt:£+/ f(w,s,Ys,ZS)ds—/ Z,dWs, (5.1)
t t

where W is a d-dimensional Brownian motion. First, we present the following Proposition which is a minor
version of Theorem 5.2 in [9].

Proposition 5.1. Suppose that the following conditions hold.

1. There exist bounded, progressively processes a(t) and b(t) such that for any y,y' € R* and z, 2 € RF¥4,
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(11) (y - y/)(f(watvya Z) - f(wvtvyla Z)) S a(t)|y - y,|27

(1'2) |f(w,t,y,z’) - f(w7t7yaz/)| < b(t)”Z - Z/H

2. For anyt,z, f(w,t,-,2) is a.s. continuous.

3. For allr >0 and n € N, W,(t) := sup|y <, | f(w,t,9,0) — f(w,t,0,0)| belongs to LY((0,n) x Q,dt x dP)
(or L*((0,n) x Q) for the case of k =1).

4. There exists a process p(t) > v(t) := a(t) + % +e(e > 0) such that

E[ep"f|§p + /OT erPs| f(w, 870,0>|pd8:| < 00,
and
E[/OT ep”5|f(w,s,e_”5§(s),e_”sn(s))|pds} < 00.
where p; := fot p(s)ds, vy == fg v(s)ds, &€ = e’ &, £(t) = B(E|F:) and 7 is predictable and such that

-5+ [ naw, e ( ) th)m} <.

Then, (5.1) has a unique LP-solution (Y, Z) such that

T T
IE[ sup ep”t|Yt|p—|—/ eppt|Yt|pdt+/ eppt|Yt”2||Zt||2dt] < 00.
0<t<r 0 0

Proof. We can adopt the same strategy such as in [9], Theorem 5.2 with the use of bounded processes a(t) and
b(t), instead of constant coefficients. See also the proof of Proposition 3.1. O

Theorem 5.2. Suppose that the following conditions hold for BSDE (5.1).

1. There exist non-negative progressive process u(t) and progressive process r(t) such that for any y,y € R¥
and z,z' € RF¥4;
(1.1) &®(t) :==r(t)* +u?(t) > ¢ for some e > 0,
(1.2) (5 — 1) (F(@r b, 2) — [, 1,5/, 2) < r(O)ly — /2,
(1'3) |f(w7t7y’ Z) - f(w7t7yla Z/)l < U‘(t)HZ - Z/H

2. Forallt,z, f(w,t,-,2) is a.s. continuous.

3. Forallr >0 andn € N, U,(t) := sup, <, |f(w,t,4,0) = f(w,t,0,0)| belongs to L*((0,n) x Q,dt x dP)
(or L*((0,n) x Q) for the case of k=1).

4. There exists a process B(t) > w(t)(1 +¢), n(t) :=r(t) + %; e >0 (or equivalently 5(t) = On(t) for
some 0 > 1) such that

E[epwu | epﬁ-*a(s)_z(p_1)|f(%8,0,0)|pd3} < oo, (5:2)
0

and

E{/T epﬂs|f(oJ,s,e‘”%(s),e‘”sn(s))pds] < 00.
0
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where By := s)ds, m = s)ds, € = e™ €, £(t) = E(€|F;) and 7 is predictable and such that
0 0

E=E(@) + / Cawaw, ([ ||n<t>||2dt)p/2} <o

Then, the BSDE (5.1) has a unique solution such that

E[ sup ep’Bt|Yt|p+/ a(t)epﬂt\YtV’dt—i—/ epﬂt|Yt|p_2||Zt|2dt} < 0.
0 0

0<t<r

Proof. We consider the following time-changed BSDE corresponding to (5.1).
Yo =&+ f(w,s,ys,zs)ds—/ 2dW,, t<s<7
t ¢

We note that the process related to time- change is given as ¢(t) fo s)ds, a?(s) = r(s)* +u?(s). The process
W is an F-continuous martingale, but not a F- Brownian motion. So we define W := fo “1Y(s)]"2dW, =

fo dW One can easily check that (W w’ >t = 1y—;t. Thus, W is an F—Brownian motion by Levy’s
characterlzatlon theorem. By the Theorem 2.9, we have

f(w, tyy, @(t)2) — flw,t,y,a(t)z")] < bt)|z — 2|,

(y - y/)(f(w7tvy7 Z) - f(w7t7ylv Z)) < a(t)|y - yl‘Z'

and b(t) = —— 4 ___ On the other hand, for all r > 0 and n € N,

@)
where a(t) := a0 )0

E=EIO)

n - - o~ (n)
/ sup | Fw, t,5.0) — Flw,£,0,0)|dt = / sup |f(w,£,4,0) — f(w,£,0,0)[dt
0 0

ly|<r ly|<r

n/e
< / sup [ £(w,,5,0) — f(w,t,0,0)[dt
0

ly|<r

where we used an inequality ¢(t) > et. The pair (ye, Z:) 1= (ys, 2¢/@(t)) yields the equation:

Yt = 5"_ f(wvsvysaa(s)zs)ds _/ fdeS, t S S S T
t t

The rest of the proof is almost the same as the proof of Theorem 4.1, thanks to Proposition 5.1. O

Remark 5.3. For the comparison theorem of LP-solutions to (5.1) under stochastic monotonicity condition,
the readers may refer to [33].

Comparison with the existing literature
Theorem 5.2 is a generalized version of some known results. In [3], the stochastic monotonicity was considered
in L%-setting. Wang et al. [44] studied the LP-solution of BSDEs with bounded terminal value and stochastic
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Lipschitz coefficients satisfying ¢(7) < L for some L > 0 in the case of 1 < p < 2. They introduced the following
integrability assumptions (see also [35]).

T a00(s) £ (@:5,0,0) 2\ "
E[ep9¢(7)|§|p+ (/0 62%(6)!]%Of)|2) } < o

(s)

When ¢(7) < L and 1 < p < 2, by Holder’s inequality, it follows that

]E|:/‘r 61,6»7‘—30[(8)—2(;0—1)|f(w7 s, 07 0)|pds] _ E|:/7' epeﬂs f(OJ7 S, 0; 0) |P . a(8)2_pd8:|
0 0

a(s)
([ regara)']

e ) ([ o) T <o ([t

So our integrability assumptions are clearly weaker than those of [44]. Moreover, the integrability parameter 0
can be taken as 6 < 2 in our assumptions, whereas 6 needs to be sufficiently large in [44]. Pardoux and Réscanu
[39] studied the LP-solution of BSDEs under stochastic Lipschitz condition, too. One of their assumptions was
given as follows (see Thm. 5.21 therein).

T
E{e’”“l&l” + (/ e“’tlg(w,t,O,O)ldt)p} < oo. (5.3)
0

where (t) :==r(t) + %, Py = fg (s)ds. For 0 ~ 1, we see that

phm, = ph (r(t) + 25%) <p <9r(t) + ;Q_(?L) ~p <r(t) + 1;;%) = pi.

So our Assumption (5.2) seems to be weaker than (5.3). The remarkable result in this context can be found again
in Pardoux and Ragcanu [39] (see Cor. 5.59 therein). They studied the LP-solution of BSDEs with stochastic
monotone coefficients. But in their result, the Lipschitz coefficient in z needs to be only a deterministic process.
On the other hand, their definition of solution to BSDE (5.1) is different from ours, so their integrability
assumptions, which are suitable for the study of such solution, are given with a different nature. Thus, the

u? . .
W(;)*DL 0 > 1 in their

integrability assumption (see [39], p. 443) is very similar to the term pfm, in ours. For 6 &~ 1, it is seen that

PO, = pl (r(t) + 25:%) < ph <r(t) + Mﬁ?_l)) ~p (r(t) + 9%) .

So, our result may be more general in a sense.
Now, let us consider the BSDE with a strict monotone driver (hence r(t) < 0 and the driver is stochastic
Lipschitz only in z). In this case, we can get a useful result by referring to [41].

relation between our assumption and that of [39] is not clear. But the term p(r(t) + 6

Theorem 5.4. Suppose that the assumptions (1.2), (1.3) and (2) in Theorem 5.2 hold with r(t) < 0. Let us
assume that the driver satisfies the growth condition such that |f(w,t,y,2)| < |f(w,t,0,2)| + L (|y|), for some
continuous, increasing function 1. We further assume that V¢t > 0, f(w,,0,0) = 0 and |{| < M for some M > 0.

Then there exists a solution (Yy, Zy) of (5.1) such that |Y| < M and Vt > 0,E[ Ot/\T 1 Z]|2ds] < .

Proof. We only sketch the proof. We define a process ¢(t) := fg (u?(s) + I(s) + 1)ds with which we associate
time-change. Obviously ¢=1(¢) < t. Let f denote the driver of time-changed BSDE.
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Then it is easy to see that fis uniformly Lipschitz in z with Lipschitz coefficient 1 and monotone decreasing

in y. It also satisfies general growth condition with coefficient 1. We can easily check that f(w,t,0,0) = 0.
So there exists a solution (yi,2:) to the time-changed BSDE such that |y| < M and for any ¢,

~ -1
JAT |25]?ds < oo from [41], Theorem 3.1. Noting that Y; = 4« and OMT | Z,||?ds < f0¢ (B)AT |1 Zs|*ds =
f0¢ (BAT 1 Zy()|I2¢' (s)ds = OMT l|zs]?ds < oo, we can complete the proof. O

Remark 5.5. We note that the uniqueness and comparison can be stated under the further conditions using
Theorems 3.6 and 3.7 in [41]. We can also study the stability of solutions by referring to [43].

Remark 5.6. In Theorem 5.4, the exponential integrability condition on terminal value and the driver are not
made and the same conditions as the case of uniformly Lipschitz were used for the study of the BSDE with
stochastic one. This is because the monotone coefficient which makes discounting rate is equal to zero.

5.2. Markov chain BSDEs with stochastic Lipschitz coefficients

As a direct corollary of Theorem 4.1, we can get the results of Markov chain BSDEs with stochastic Lipschitz
conditions. But we shall study this class of BSDEs in other direction. In the preceding discussions, we used
the results obtained under the monotonicity assumption. So, the stronger integrability conditions on the driver
and the solutions were still required as in the previous works. In this subsection, we study the BSDEs driven
by Markov chains without using the monotonicity condition to avoid the stronger integrability assumptions.
BSDEs on Markov chains were first introduced in [13] and have developed in several papers, for example, the
comparison theorem in [14] or the case of random terminal time in [12]. We present some preliminaries of the
Markov chain BSDEs below.

Consider a continuous time, countable state Markov chain X on (2, F, P, F), where F is the natural filtration
generated by X. Without loss of generality, we assume that X takes values from the unit vector e; in RV, (N €
NU {o0}), where N is the number of states of the chain. We denote by II the state space. If A; denotes the
rate matrix of the chain at time ¢, then (A4:);; > 0, ¢ # j and Vj, X;(As);; = 0. For the simplicity, we shall
assume that A is uniformly bounded. The Markov chain X has the following Doob-Meyer decomposition (see
[22], Appendix B).

t
X, = Xo+ / Ay Xo_du + M, (5.4)
0

where M is a pure discontinuous martingale with finite variation. In this section, we further assume the Markov
chain has the strong Markov property. Let us consider the following BSDE to stopping time on Markov chain.

Y, :g+/ flw,u, Yu_,Zu)du—/ ZudM,, 0<t<r, (5.5)
t

t

where f: Q x R* x Rx RN — Rand [ Z,dM, = >V [7 ZLdM. Note that (5.5) is contained in the class of
BSDEs defined by (1.3) due to [13], Lemma 3.1 where it was shown that the sequence (M?),i = 1,2, ... has the
martingale representation.

Definition 5.7. We define 1; := diag(A;X;_) — Aydiag(X;_) — diag(X;_)Al. Then the matrix v is symmetric
and positive (semi-)definite and d{M); = ¢:dt (see [13]).
Due to (1.6), we can set the stochastic semi-norm || - |5z, as follows.

HZH?\/[t = ZJT/)uZua Z e RN, (5.6)

We give further definitions from [12].
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Definition 5.8. We say that the driver f is y—balanced if there exists a random field  : Q x Rt x RY x RV —
RN with (-, -, 2, 2') predictable and n(w,t,0,0) Borel-measurable, such that

B f(w7t71/7z) - f(W7t>y7 ZI) = (Z - Z/)T(U(Wat7 2, Z/) - Ath)

— for each e € I, (e] n(w,t,z,2"))/(e] AX;_) € [y,7~1] for some v > 0, where 0/0 := 1
~ 1"n(w,t,2,2) =0 for 1 € RY the vector with all entries 1

- n(w,t,z+al,2’) =n(w,t,z,2") foralla e R

Remark 5.9. Note that the above definition of y—balanced driver is closely connected to the notion of balanced
driver in Section 2 (see [12], Lem. 3).

Definition 5.10. Let Q. denote the family of all measures @ where X has the compensator n(t,w), for
n a predictable process with 17n(t,w) = 0 and % € [y,77Y for all e; € II, where 0/0 := 1. That is,
X: = Xo + fot nydt + Q-martingale, Q € Q7. l

We give the key result of [12] (see Thm. 3, Rem. 4 therein).
Lemma 5.11. Suppose that the following conditions are verified for Markov chain BSDE (4.2).

1. & is Fr—measurable. _
2. There exist non-decreasing functions Ky, Ky : RT™ — [1,00) and some constants (3,3 > 0 such that

EQ[¢ ) < Ki(8), EQ[(1 + 7)' P\ F] < Ko (1), EQ[K (1) 4P| F) < Ko (),

for allP —a.s. all Q € Q, and all t.

3. f:OAxRT xR xRN — R is y—balanced.

4. The discounting terms are uniformly bounded above, that is, there exists a constant C1 € R such that for
any y,y',z and s < t,

t /
t — t
/ r(w,u,y,y',z)du<Ch r(w,u,y7y’,z) — flw,t,y,2) f/(w7 Y, 2)
s y—vy
5. There ezists Co €R, 3 € [0, 8] such that |f(w,t,0,0)] < Ca(1+ tB).
6. f: QAxRT xR xRN — R is uniformly Lipschitz in y. That is, there exists a constant C such that
|f((JJ,t,y,Z) - f(watvylaz” < C|y - yl| fOT‘ all y,y/7Z-
Then the BSDE (5.5) has a unique solution such that Y| < (14 Cq) exp(C1)| K1 (t)].

In Lemma 5.11, the Lipschitz condition in y is restrictive. We give a simple illustration below with the
motion of a particle on graph. Consider a model for transmission of messages from a node to another node over
a network. Let the chain X describe the motion of a message. Then the probability that the message reaches
its target is given as the solution of the following BSDE (see [12], Sect. 4).

T

Iixtomey =Yi— [ —rx, Yoedust [ 2,001, 0<t<n (5.7
t t

where 7, is the rate by which the node x loses a message. To suppose that the losing rate at each node is
bounded is an assumption rarely satisfied. It depends on the time variable in general and it should be written
as r(t, X;—) which may be unbounded. So, we need to relax the uniform Lipschitz assumption for Markov chain
BSDE. In addition to that, we also aim to relax the growth assumption on driver by using the time-change,
more effectively.

Usually, if one wants to relax the Lipschitz continuity as the stochastic one, it has to be considered that the
stronger integrability conditions on terminal value, driver and the solution are required, instead. However, this
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is not true for undiscounted BSDE. It is because the terminal value and driver of this BSDEs are not needed
to be discounted at some rate and one can consider the direct conditions on them respectively.
The main result of this subsection is as follows (we shall give the proof later).

Theorem 5.12. Suppose that the conditions (1)—(4) in Lemma 5.11 are satisfied for BSDE (5.5). Let the
driver f be stochastic Lipschitz in y, that is, there exists a non-negative predictable process C(t) such that for
any t’ y? Z? Z/)

‘f(wvta Y, Z) - f(w7t7y/7 Z)| < C(t)|y - y,|' (58)

We further assume that f is integrable on every finite interval in R™. Then BSDE (5.5) has a unique solution
such that |Yy] < exp(Cy)|K1(t)].

Example 5.13. Let f(w,t,y,2) = r(t)y, r(t) ;== —2=,/In —%F—. Then r(t) is unbounded, but [, r(t)dt =

T T—tlier

fOT r(t)dt = 1. So f is stochastic Lipschitz and all the discounting terms are uniformly bounded.

In Theorem 5.12, the conditions on stopping time seem to be unfamiliar and it is required to afford an
example when they are satisfied. In this context, S. N. Cohen [12] showed that the direct conditions on stopping
time are satisfied when the stopping time is a hitting time of a subset of II under the uniform ergodicity of the
chain by the way of examining the exponential ergodicity of the chain under the perturbations of rate matrix.
One can observe that the above hitting time only depends on the character of the chain. Our driver is stochastic
Lipschitz only in y and y—balanced condition related to z was still assumed as in the Lipschitz setting. On the
other hand, Theorem 5.12 implies that the conditions on stopping time and terminal value for the wellposedness
of BSDE (5.5) coincide in two uniform and stochastic Lipschitz settings. These lead to the following result (see
[12], Lem. 6).

Proposition 5.14. Suppose that rate matriz is time-homogeneous under the measure P and the chain is uni-
formly ergodic. Let T be the first hitting time of a set = C Il and £ be a random wvariable of a Markovian
form &€ = g(7, X,) for some function g(t,z) < k(1 + t?) for some k,3 > 0. Then there exist functions Ky, Ko
satisfying the requirements of Theorem 5.12.

In Markovian setting, the BSDE (5.5) is closely connected to the ODE system with boundary condition (see
[12], Thms. 6 or 7). If the terminal time and terminal value have the forms like in Proposition 5.14 and the
driver is Markovian, that is, f(w,t,y,2) = f(X¢_,t,y, 2) for some f, we can give the ODE system with boundary
condition which describes the solution of BSDE in the context of stochastic Lipschitz assumption in the same
way as in [12]. Now we seem to prove Theorem 5.12 by means of time-change described in Sect. 2.

Proof of Theorem 5.12 For any m € N, let us define the following process ¢ as follows (this is based on the
same idea as in Sect. 2).

o(t) ::/0 a?(s)ds, a?(s) :=C(s) +ml|fo(s)| +1, fo(s) := f(w,s,0,0). (5.9)

It follows from ¢(t) > fg 1ds =t that ¢ > ¢~ 1(£). We set F; := }'¢_1(t),ﬁ‘ = {ft}tzo as in Section 2. As X is
a strong Markov chain, X = Xgp-1(1) 1s also a strong Markov chain with respect to F ( see e.g. [4], Chap. 22,

Sect. 3).
Using the expression (5.4),

~ 7 (1) _ bt —
X =Xo+ / Ay Xydu + My = Xo + / A, X, du + My, (5.10)
0 0
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where A, = Ap-1() - (1) (u) and M, = My-1(t). We recall that M = (M’) i=1,2,...,N is a sequence of
orthogonal martingales which has martingale representation on (£, 7, P, F) (see Lem. 2. 2.8). Therefore, (5.10) is
the (unique) Doob-Meyer decomposition of X. If we denote by R, the rate matrix of X then

RuX, = A,X,, dtxdP—a.s. . (5.11)
It follows from (¢~1)'(t) = @ 2(t) < 1 that R, is uniformly bounded, so the F—chain X is also regular. We
can consider that the random rate matrix A; plays the role of transition rate matrix of X. Next, we shall

show that f(w,s,y,2) = f(w, ¢ 1(s),y,2) (¢71)(s) is y—balanced with respect to F. We define Nw,t, z,2") =
n(w, = 1(t),z,2") - (¢71)'(t). Then by the definition and (5.11), we have dt x dP—a.s.,

flw,t,y,2) = flw,t,y,2") = (fw, 67 (t),y, 2 ) flw, 07 (1), 5, 2) (¢ (t)

=(z— )T (N(w, ¢ (t),2,2") — Apr(y X101 (1)
=(z— z’)T( (w t,2,2') — 4 Xy) = (z — 2) T (fi(w, t, 2, 2') — ReXy),
(el 7w, t,2,2))/(e] ReXy) = (] f(w, t,2,2"))/ (e] A Xy)
= (e n(w, ( ),2,2))/(e] Ap-11yXp-11)) € 1,77,
177(w,t,2,2") = 1T(w, ( ), 2,2 )(¢‘1)’(t> =0,
Nw,t, 2z +al,2) =n(w, ¢~ (t), z+al,2)- (7)) (1)
= n(w, ¢~ (1), 2,2") - (67 1) (8) = 7j(w, t, 2, 2").

So f is y—balanced. We note that f is uniformly Lipschitz in z under norm || - | 77, Pecause it is y—balanced (see

[12], Lem. 1). From the expressions (5.10) and (5.11), it is trivial that the family of probability measures, where X
has the F—predictable compensator 7j(f,w) such that 1777 = 0 and V1 < i < N; (e] 7(t,w))/(e] R Xe—) € [v, 71,
is also Q.

Finally, we show that the following time-changed BSDE has a unique solution (7 := ¢(7)).

m zf—&—/ f(w7s,ys,zs)ds—/ zsdﬂs. (5.12)
t t

We have already seen that fis v—balanced. _ B
Let us define the non-decreasing functions Ki(t) := Ki(¢~'(t)) and Ks(t) := Ka(¢~'(t)). Then VQ €

Q. BR[| F] < Ki(¢~ (1)) = Ki(t) and EQ[K;(7)+7| F] = EQLRL (1) 2| F s )] < Ka(¢7 (1) = Ka(0).
Using the assumptions on f, we can get the following expressions on f.

_dRwl 1
CO) +mlfo®)+1 ~ m’

[F(w, 8,0,0)] = a~*()|fo(t)] =

f(OJ u,y,z ) f(w’u)y/vZ) ‘ —1 / —1 ¢71(t) /
- du= [ r(w,¢" (u),y,y,2)d¢™ (uv) = r(w,u,y,y', z)du < Ch,
s - s ¢=1(s)

C(t)
C(t) +m|fo(t) +1

|f(w,t,y,z)—f(w,t,y’,z)|S ‘y_y/|é|y_y/‘
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So BSDE (5.12) has a unique solution satisfying |y¢| < (1 + 1/m) exp(C4)|K1(t)| by Lemma 5.11. Taking m —
00, we get |y| < exp(Cy)|K1(t)]. Set (Yi, Zy) := (Ys(t)» Zp())- Theorem 2.9 shows that (Y,Z) is a solution
of BSDE (5.5). Since the solution y; of (5.12) is unique up to indistinguishability, ¥; is also unique up to
indistinguishability. And [Y| = [ys| < exp(Cl)|I~(1(¢(t))\ = exp(C1)|K1(¢)|.O

Remark 5.15. We note that the comparison theorem for BSDE (5.5) holds under the stochastic Lipschitz
condition from the corresponding comparison theorem for BSDE (5.12) (see [12], Thm. 5).

6. CONCLUSION

In this paper, we suggested a technique for dealing with the BSDEs with stochastic Lipschitz coefficients by
random time-change. The technique says that we can study the BSDEs with stochastic Lipschitz coefficients in
a manner that replaces the randomness of the Lipschitz coefficients by the randomness of the terminal time. We
mention that our approach is applicable to other class of BSDEs. For example, we can study reflected BSDE in
the context of stochastic Lipschitz (or monotonicity) condition by referring to [1]. We can use the results in [37]
to study the BSDEs with jumps under stochastic Lipschitz (or monotonicity) condition. To study the backward
doubly SDEs(BDSDEs) with stochastic Lipschitz coefficients, we can refer to [29], which is concerning with the
BDSDEs with random terminal time. By referring to [27], where the results of second-order BSDEs (2BSDEs)
with random terminal time are established, we can study 2BSDEs with stochastic Lipschitz condition.

APPENDIX A.

Lemma A.1. Suppose g and g’ satisfy the stochastic Lipschitz condition with the same coefficients a(t) and
b(t). Then for any k > 0,6 > 0,

||Z - Z/H?W,«, + |g(t,y72) B g/(tayvz)|2

20y — ) [g(t,y, 2) — g’ (1,9, 2)] < PP(A)(L+ k) + 6 + 2a(t)] - [y — ¢/ + T 5

Moreover, if g =g’ then

Iz = 2'I13,,

2y =) [9(t,y,2) — 9ty )] < PO+ k) +2a(t)] - |y — ¢/ + —

Lemma A.2. Let \(t) be a bounded process such that e*~¢ € L?(Q, F,,P), where \; := fot A(s)ds. By the
Theorem 1.2, a square-integrable martingale E[e* €| F;] has a unique representation.:

G(t) = Bl el = Bl e+ 3 / S)AM:. (A1)

Then, for any bounded process O(t) > 0 such that e(~/2¥ )¢ ¢ L2(Q, F,,P) (where 6, := fo s)ds), the
processes ¢ and n satisfy

B[ [ e (IcPas + o6 DML P, )| =E[eClep] - B[]

Proof. We can adopt the same strategy such as in [19], Lemma 4.1, so we omit the proof. O
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Proof of Proposition 3.1
Existence. Set A\(t) := v(t)/2. Recall that A\; means the integral fo s)ds. For each n > 1, let us consider
the following BSDE with finite interval (we omit w for the simplicity).

nAT

Y, (t) = Ele? | Fo) —|—/f [ g(s,e Y (s), e Zp(s)) — As )]ds — Z 7l (s)dM!, 0<t<n. (A.2)

ENT

It follows from [16] that the BSDE (A.2) has a unique solution (Y;, Z,) in UZ(0,n) x L2(0,n, M). Now, we
extend this solution to the whole axis by setting

Yo(t) := C(t) = E[eME[F], Zalt) =n(t),

for t > n. Define, for all t > 0, Y,,(t) := e MV, (t), Zn(t) := e~ Z,,(t). Then, by 1t&’s formula, (Y;,, Z,) satisfies
Yo (t) = €+ / 9n(8,Yn(8), Zp(s))ds — Z 7! (s)dM?. (A.3)
tAT

where g,(8,9,2) = 11s<n}9(5, 9, 2) + A(8)1fs>nyy. Fix m > n and we put AY =Y, -V, ,AZ := Z,, — Z,.
We observe that AY = AZ =0 for ¢ > m. Since AY(m A7) = AZ(m A T), we get

AY(tAT) = / " Agm.n(s)ds — f: AZ'(s)d M. (A.4)

tAT i=1

where Agp, n(8) = gm (8, Y (), Zm(s)) — gn(s, Yn(s), Z,(s)). By integration by parts, we deduce

MAT
e/?(Agmn(s) — p(s)/2 - AY (s ds—z / e’ PAZ (s)dM. (A.5)

tAT

MmAT

PN ZAY (EAT) = /

tAT

Using It6’s formula, we obtain

mAT

eP T IAY (EAT))? —|—/ p(s)e’s

tAT

AY (s)|*ds

mAT

mAT
= 2/ e”* AY (8)Agm n(s)ds — 2/
t

AT tAT

{ZepsAY )AZi(s deZePsAZZ( )AZ(s)d [Mi,Mﬂ‘]s}.

(A.6)

Since (AY,AZ) € UZ(0,m) x L(0,m, M), we can use BDG-inequality to show that fMT > e AY (s—)
AZ¥(s)dM} is a uniformly integrable martingale. It follows from the orthogonality of the martingales M? and
AZ € L(0,m, M) that

AZi<s>|2d<Mi>s}

/OW { Y e AZN(s)AZ (s)d[MT, M) =) e

7 A
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is a martingale. Thus, taking expectations through (A.6) then gives

mAT
E[er |AY (tAT)?] + E[/ p(s)el*|AY (s)[>ds + Z eP |AZ(s)||Pd(M )
tAT :
mAT

= 2E/ e”’* AY (8)Agm n(s)ds. (A7)

tAT
Set 9(s) := p(s) — (b%(s) + 2a(s) + b*(s)k + ). Let d be a constant such that b?(s) < d for any s > 0. We take

§ = £,k = 53, so that J(s) > ¢/3 for all 5. By the Lemma A.1, we obtain

MmAT

E eﬂW|AY(t/\T)|2+/

tAT

(21l (o)Pas+ S sz, )|

< a—lE[ / g5, Yin(5), Zom(5)) — (5, V() Zn<s>>|2ds]

AT

<5z " (s, Yal5), Zu(s)) — AT, (o) ]

< [ fjfeps(<|yn<s>|2+|g<s7o O)ds + 174 (Par), )]
:cE[/nZATePS—%((|<(s)|2+g(s,o 0)| ds—i—ZHn )IPd(M?) )] (A.8)

for some constant ¢ > 0.
In the above expression, we used that E[ [, |Z(t)[|3,,dt] <E[Y; [, [127(s)|[?d(M?);] for any A € B(QxRY).
As ¢g(s,0,0) € Lp( 1(0,7), we can use dominated convergence theorem to see that

mAT
lim E[/ efs g(s,0,0)|2ds] =0. (A.9)
n,m—00 n

AT

Set 0(t) := p(t) — 2A(t) > €. By the Lemma A.2,

E[/O (|§ )|%ds + 0(s Zun Y2d(M?) )] =E[e’/2|¢)?] - |]E[e’\ff]]2 < 0. (A.10)

Therefore, dominated convergence theorem ensures that

mAT
: )
nv}ngM ( 5) ds+§ |l (s) A (M) )] 0 (A.11)

AT

From (A.8), (A.9), (A.11), {(Yn,Z,)} is a Caushy sequence in Li(‘)(O,T) X Li(.)(O,T, M) and it has a limit
(Y, Z). The pair (Y, Z) satisfies the desired equation. Now, it only remains to prove Y € Ug(_)(O, 7). But this is
seen as usual by BDG-inequality (see e.g. [19], Prop. 4.3 or [42], Lem. 5.5).

Uniqueness. Let (Y, Z) and (Y’,Z’) be two solutions of (3.1). Define AY =Y —Y' AZ:=7Z—-Z'. In
the similar way as the existence argument , we first apply Itd’s formula to e?tA7|AY (¢t A 7)|? and then use
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BDG-inequality in order that martingale terms vanish. Then, we obtain for any x > 0,

E|e’  [AY (¢ AT)|? + /

tAT

( (0(s) ~7(5) ~ BB (5)Pds + Yo - '<s>||2d<Mi>s)] <o

which implies (AY,AZ) = (0,0) in sz(‘)(O,T) X Li(_)(O,T7 M).O

Proof of Proposition 4.2 First, we note that Foo = Fuo. In fact, since {¢~(n)}nen is a non-decreasing
sequence of F—stopping times and lim,, o, ™' (n) = oo, we have

Foo = U(Uf¢1(n)> C O'( U ]:¢1(t)> - O’< U -7:¢1(t)> = Foo C Foo-
n >0 >0

Let {Qt}t>0 be a famlly of consistent probability measures with respect to F. For any F— stopping time 7, we
define a measure on QT in a following manner. For any A € Fz, we construct a sequence {Q, ({7 < n} N 4)}en.
Since the measures Qn are consistent, we get for any m > n,

Qu{F<m}nA)>Qu{F<n}nA) =Q.({F <n}nA).

And Q,({F < n} N A) <1 for any n € N. Thus, {Q, ({7 < n} N A)}tnen is a bounded, non-decreasing sequence
and so it has a unique limit. We define Qz(A) := lim, 0o Qn({7 < n} N A). It is easy to check that Q= is a
measure on F.

Particularly, we have @;(Q) = lim, o0 @n(? < n) = 1. This is seen as follows. Suppose that lim,, @n(? <
n) < 1. Then, there exists N € N such that for all n > N, Q, (7 < n) < 1. Observing that

Q7 <n)= lim Qu(F<n)= lim Qu(F<n)=Qu(F<n) <L,

m—r oo

we get @;(? >mn) >0 for all n > N. Let a,, be a number such that @;(7’ > a,) < 27" Since @;(7’ >mn) >0,
for all n > N, we deduce that a,, — oo as n — co. And > 7 | Q+(F > ay) < oo 127" < co. By Borel-Kantelli
lemma, it follows that @;( limsup,, .. {7 > a,}) = 0. This is a contradiction.

So, @; is a probability measure on f;. Consequently, we can construct a family of probability measures

{Q¢}¢>0 such that Q; := Q) is a measure on F; C Fy4). Let us see that the measures Q; are consistent. For
any 0 <t < s and A € F;, we have

Qs(4) = Qu()(4) = lim Qu({e(s) <n}n4) < lim Qu({(t) < n} N A) = Qu(ny(A) = Qe(A)-

If we suppose that Q,(A) < Q(A), then we get Q,,(¢(s) > n) > Qn({o(t) < n < ¢(s)} NA) > 0 except for some
finite number of n, which is a contradiction. This implies that Qs(A) = Q¢(A). By the assumption, there exists

a probability measure Q on F, such that Q|z, = Q;|#,. From the construction, it is obvious that Q| 7= @t| 7

Acknowledgements. We are grateful to the referee for careful reading and insightful comments which substantially
improved the first version of the paper.
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