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TIGHTNESS AND EXPONENTIAL TIGHTNESS OF GAUSSIAN
PROBABILITIES*
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Abstract. We prove a simple criterion of exponential tightness for sequences of Gaussian r.v.’s with
values in a separable Banach space from which we deduce a general result of Large Deviations which
allows easily to obtain LD estimates in various situations.
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1. INTRODUCTION

Let (X,), be a sequence of E-valued Gaussian r.v.’s, where F is a separable Banach space. This article is
concerned with the investigation of Large Deviation properties at speed g of the sequence (gn 1/ 2Xn)n, where
g: N — RT is a speed function i.e. such that lim,, s g, = +00.

This is a classical problem that is completely understood if the law of X,, does not depend on n (see [§],
Sect. 5 or the exposition in [1], p. 39).

In [2] (see also [6], Sect. 4.5.3) it is proved that if, for every 6 € E’,

lim 1 log E[ed (0 Yn)] .= A () (1.1)

n—oo gn

and the sequence (Y,,), is exponentially tight, then it enjoys some Large Deviations estimates at speed g with
a rate function I which is the convex conjugate of A (see the precise statement in Thm. 3.1).

It is therefore of interest to produce criteria ensuring the property of exponential tightness.

Recall that a sequence of r.v.’s (X,,),, with values in some metric space F is said to be tight as n — +o0 if
for every § > 0 there exists a compact set K such that

P(X, & K5) < 0. (1.2)
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A sequence of r.v.’s (X,,),, with values in some metric space is said to be exponentially tight as n — oo at speed
g if for every R > 0 there exists a compact set K such that

P(X, & Kg) < e &, (1.3)

The main result of this paper (Thm. 2.4) is that if a sequence (X,,),, of Gaussian E-valued r.v.’s is tight, then,

for every speed function g, the sequence (g, 1/ 2Xn)n is exponentially tight at speed g.
This result will allow us to prove the following result.

Theorem 1.1. Let (X,,), be a sequence of Gaussian r.v.’s with values in the separable Banach space E and

converging in law to a r.v. X. Then, for every speed function g, the sequence (gﬁl/2Xn)n satisfies a Large
Dewviation Principle with speed g and rate function

1) = 5 el (14)

where || ||se denotes the Replicating Kernel Hilbert Space norm of the law of the r.v. X — E[X], with the
understanding ||x|| s = +oo if x & F.

In some sense Theorem 1.1 states that if X,, — X in law, then, in a Gaussian setting, the Large Deviations
asymptotics of the sequences (gn, 1 *Xn)n and (gn 12y ) are the same (without any constraint concerning the
speed of convergence of X,, — X).

Theorem 1.1 is well known if the law of X,, does not depend on n (see [8], Sect. 5 or the exposition in [1], p. 39).
This, of course, suggests that Theorem 1.1 should be an immediate consequence of the above mentioned result
for the sequence (gn 12 x )n, using the argument of exponential approximation, as explained in [6] Sect. 4.2.2.
Actually it turns out that Theorem 1.1 can be proved using this argument, see Section 4, but this way of proof
would also require the exponential tightness result of Theorem 2.4.

Recall that Fernique’s theorem states that a Gaussian r.v. has bounded exponential moments. As a, possibly
useful, by-product of our treatment, we obtain (Cor. 2.3) that a tight family of F-valued Gaussian r.v.’s has
uniformly bounded exponential moments.

In Section 2 we prove our main result (Thm. 2.4) i.e. that if (X,,), is tight then (g "
tight at speed g.

In Sections 3 and 4 we give two different proofs of Theorem 1.1 whereas Section 5 is devoted to examples
and counterexamples.

12x n)n 18 exponentially

2. EXPONENTIAL TIGHTNESS OF (GAUSSIAN FAMILIES

Throughout this paper E shall denote a separable Banach space, E' its topological dual.
In order to investigate exponential tightness of Gaussian families we shall take advantage of the following
result which is a particular case of Theorem 3.1 of De Acosta [4].

Theorem 2.1. ([4]) Let (ta)acu be a family of probabilities on the separable Banach space E such that

CL) (.uoz)aegd is tight
b) There exists t > 0 such that

sup/ el dppg (z) < +o0 . (2.1)
acd JE

Then there exists a convex compact well balanced set K C E such that

acd JE
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where qx denotes the Minkowski functional of the set K.

The definition of a Minkowski functional will be recalled shortly.

Remark that in Theorem 2.1 there is no assumption of Gaussianity. In order to take advantage of Theorem 2.1,
we first prove that condition (2.1) is automatically satisfied if Gaussianity, in addition to the tightness condition
of assumption (a) of the theorem, is enforced.

This fact will follow from the next result, whose proof follows the same line of reasoning of the classical
Fernique’s theorem (see [10, 11], p. 11).

Theorem 2.2. Let E be a separable Banach space and ¢ : E — [0,+00] a measurable semi-norm, i.e. a
measurable application such that

[Alo(z), AeR

8(z) + o(y). (22)

=
&
+
N
IA I

Let (pa)aca be a family of centered Gaussian probabilities on E such that pa (¢ < +o00) =1 for every a € o.
If there exists s > 0 such that o (¢ > s) < 5 < % for every a € A, then there exists a > 0 such that

sup/ 19" (®) o (dx) < 00 .
acd JE

Proof. From the relation

a0 >9) << (23

following the lines of the proof of Fernique’s theorem (see also [7], Sect. 1.3) if we define by recurrence the
sequence (t,), by

to=5  tn=V2t,_1+s

i.€e.

s a3 = OO () 24

—_——

-V

we obtain, for every o € o,

where

We can now split the integral

/ ea%* (@) Lo (dz) < / ea%* (@) o (dz) —|—/ ea%* (@) to(dz).
12 {92<C} {92>¢}

<eac
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But
/ eaqb2(ac) Ma(dl') < Z/ eaq>2(x) ,ua(dx)
{$2>¢} o/ {¢an<e2 < antr)
[eS) .
< e pa(6? > ¢ 27)
n=0
Since 2 < (2", (2.5) gives

oo oo
/ ea¢2(g;) ,ua(dﬂf) < ¢ + Z ea4.2n+1ua(¢ > tn) < ¢ + Z eac.zn+1ua(¢ < s) . Kzn,
E

n=0 n=0

1
102g<” , gives a convergent series thus concluding the proof. O

Corollary 2.3. Let (f1o)acy be a family of centered Gaussian probabilities on the Banach space E, such that
there exists s > 0 such that po(|z| > s) < B < & for every a € of. Then

which, for a <

sup / el dpg () < 400, for every t >0 . (2.6)
acd JE

In particular (2.6) holds if the family (ta)acy 1S tight.
Proof. Let a >0 be such that

sup/ ealzl® dpe(z) < +00
acdA JE

as guaranteed by Theorem 2.2, then

/ et dpg (z) = / el dpug () +/ el dpg (z) <
B {lz|<t/a} {lz[>t/a}

< ot /a +/ colz|? dpe(z) < o0 .
E

Finally remark that the condition io(|z| > s) < 8 < 3 for every a € o is automatically satisfied if (1a)acw is
tight, as compact sets are bounded in E. O

Let K C E. Let us recall that its Minkowski functional is a map gx : E — [0, +00] defined as
gk (z) =inf{t > 0;x € tK} .

It is well known that if K is a convex set then ¢y is subadditive and that if K is well balanced then qx is
positively homogeneous. Well balanced means that if x € K then also tx € K for every 0 <t < 1.
The following is the main result of this section.

Theorem 2.4. Let (X, )acu be a tight family of Gaussian E-valued r.v.’s. Then for every speed function g the

family (g;1/2)(a)n is uniformly exponentially tight, i.e., for every R > 0 there exists a compact set Kr C E
such that

P(g,'? Xy ¢ Kg) < e 9nf



TIGHTNESS AND EXPONENTIAL TIGHTNESS OF GAUSSIAN PROBABILITIES 117

for every a € o and for every n. In particular, if a sequence (X)), of Gaussian E-valued r.v.’s is tight, then
1/2

for every speed function g, (gn " Xn)n is exponentially tight.

Proof. Let us assume first that the r.v.’s X, are centered. By Corollary 2.3 also condition (b) of Theorem 2.1
is satisfied. Thus, by Theorem 2.1 applied to the family (14 )acq of the laws of the X,,’s, there exists a convex
compact well balanced set K such that

sup E[qu(X‘*)] =C < 4.
aed

For every a € o let (Z,), be a sequence of i.i.d. r.v.’s with the same law as X,,. Let us assume for simplicity,
at first, that g, is an integer number for every n. We have

G2+ + Zy,) ~ Xa (2.7)
hence

E[eqx(g}/ZXa)] _ E[eQK(ZlJF'“JFZgn):I < E[GQK(ZI)“F“""QK(Zgn)} — (E[qu(Xa)])gn < 9,
Remark the relation

{r €tK} ={z;qx(z) >t} . (2.8)
Hence for every ¢t > 0, by Markov inequality,

P(gvjl/zXa ¢ tK) = P(grll/ZXa ¢ tgnK) = P(QK(gi/zXa) > tgn)

< e_tgnE[qu(g:L/ZXQ)] < olog C—=t)gn

and if we chose t = R + log C, the compact Kr = tK satisfies the requirement (1.3).

In general, if g is not integer valued, (2.7) will become g{l/Q(Zl +-+Zg.1) ~ Lgn] V2 12y, | | denoting
the integer part function and the remainder of the proof is to be modified accordingly.

If we do not assume the X,’s to be centered, let us denote by z, = E[X,] their means and let )?a =X, —Tq.
The assumption of tightness implies that the sequence (x,,), is contained in some compact set K, that we can
assume to be well balanced, and that also the sequence ()?a)a is tight. Let K r be a compact, convex and well
balanced set such that P(gﬁl/zf(a ¢ I?R) < e 9R Then Kp = I~(R + K is a compact set and we have

P(g,/?Xo & Kr) < P(9,"/?Xo & Kg) < e 9% .

O

It is natural, at this time, to inquire whether a converse of Theorem 2.4 holds. It is obvious that uniform
exponential tightness, even with respect to a single speed function implies tightness.

Whether a Gaussian sequence (X, ), that is exponentially tight with respect to every speed function is also
tight is less obvious, as exponential tightness of the sequence is a weaker property than the uniform exponential
tightness of the family (X, ),. A partial answer to this question is given in Example 5.4.

3. LARGE DEVIATIONS

We give two proofs of Theorem 1.1. The second one, in the next section, is much shorter but maybe the first
one gives more insight into the structure of Gaussian probabilities. Both proofs rely on Theorems 3.1 and 2.4.
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In order to prove Theorem 1.1 we shall take advantage of the following result.
Let us recall that x € FE is said to be an exposed point for the rate function I if there exists n € E’ such that,

for x # y,
I(y) = I(x) > (n,y — ) (3.1)

which is a condition of strict convexity of the rate function I. 7 is called an exposing hyperplane. The following
theorem is an infinite dimensional extension of the Ellis-Gértner theorem ([9, 12]).

Theorem 3.1. ([2], see also [6], Sect. 4.5.3) Let (un)n be an exponentially tight sequence of probabilities at
speed g on the separable Banach space E, such that, for every 6 € E’, the limit

1
lim — lo /eg“’<0’$>d n(x) := A0 3.2
Jm 1o | () = A(6) (32)
exists. Let us denote
I(z) = sup ((0,z) — A(6)) (3.3)

0cE’

the convex conjugate of A. Then for every closed set F C E

1
li — log pn(F) < — inf I 34
imsup -~ og pn(F) < — inf I(z) (3.4)
and for every open set G C X,
lim inf — log i (G) > — inf I(x) (3.5)
it log (@) 2~ ipf Iz ~

where & denotes the set of all exposed points of I such that for an exposing hyperplane n it holds A(sn) < +oo
for some s > 1.

The application of Theorem 3.1, in order to obtain a Large Deviation Principle, is not always undemanding
because it provides an incomplete lower bound. We shall see however that from (3.5) a true lower LDP bound
can be easily obtained if the probabilities u,, are Gaussian.

First proof of Theorem 1.1. By Theorem 2.4 the sequence (gﬁl/ZXn)n is exponentially tight at speed g. Let us
denote z,, = E[X,,], X,, = X,, — 2, z = E[X], X = X — 2. We have

log Efe?" -9 *X)] = g1/2(0, ) + log Eleo 9" *X+)]

Hence condition (3.2) is satisfied as the r.v.’s (8, X,,), 8 € E’, are Gaussian so that

1 - 1 —1/2§%
lim — logE[egn(evgnl/ZXﬂ] = lim —(g,l/2<9,acn> +logE[eg"<‘9’gnl/2X">])

n—00 gy 1 N "_”io In B B (36)
= lim Tvar(g;/%axn)) = 5 Var((6, X)) = log E[e!®X)] := A(6) .
n—oo gn

In order to conclude the proof of Theorem 1.1 we must compute the convex conjugate I of A. This is well known
(see [1], Chap II e.g.), however, in order to investigate the exposed points of I we recall some facts about this
computation and about Gaussian probabilities i on a separable Banach space E.
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For every 6 € E’, the function F 3 z — (0, z) defines a r.v. on the probability space (E, u). Hence E’ can be
considered as a Gaussian space of r.v.’s on (E, ). Let us denote by E; the closure of E’ in the Hilbert space

L2(n). E,

. . - .
. 1s a space of Gaussian r.v.’s and for every ¢ € E/, we can define its barycenter

h= /Eng(z) du(z) . (3.7

The convergence of the integral in (3.7) is a consequence of well known facts about the existence of moments of
Gaussian probabilities. The elements h € F of this form constitute a vector space #€ that becomes an Hilbert
space when endowed with the norm

nw%ﬂwmwzém#mm> (3.8)

which makes € isometric with F;L Actually it is easy to see that (3.8) is a good definition: if h is the barycenter
of ¢ and of ¢/, ¢, ¢ € EL, then ||¢||z2(u) = |¢'[| L2 (u) necessarily.

It is important to remark that the Hilbert space #€ is dense in the closed subspace E = supp u. Actually if
0 € E' is such that (0, h) = 0 for every h € S, then, if h is the barycenter of ¢ € EL, we would have

0=(0.1) = [ (0.0)0(0) (o)

The function z +— (#, ) being orthogonal to every ¢ € EL, necessarily (6,z) = 0 u-a.s.
The functional A : E/ — R defined in (3.6) is convex and, as we already remarked, the computation of its
convex conjugate I, i.e.

I(x) = sup ((0,z) — A(6)) (3.9)

0cE’

is a classical fact (see [1], Prop. 1.5, p. 53 and the literature therein). Actually, if z € # and z = [ 2¢(z) du(z)

for some ¢ € E;, we have

I(x

~

1
=;g(é@xw<mm> 2/@z> b(2)) o
= sup (=3 [(0.5) — o) an(2)) + 5 [ o aut:

0cE’

from which, by considering a sequence (6,,), C E’ converging to ¢ in Eil’“ we have

sup (5 [((0.2) - 6(2) (=) =0

ocE’

and

— 5 [ 62 dnta) = glalBe

Moreover if ¢ € E’ (which is a stronger assumption than ¢ € E;) the supremum in (3.10) is attained at 6 = ¢
so that in this case we have also I(z) = (¢, z) — A($) = A(¢@). See [1] Proposition 1.5 p. 53 for a proof that
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I(x) = 400 if x & #€. Then, thanks to Theorem 3.1, the Large Deviation upper bound (3.4) holds with respect
to the rate function (1.4). In order to complete the proof of Theorem 1.1 we must show that the exposed points,
&, of I satisfying the condition of Theorem 3.1 are such that, for every open set A C F,

A T = )

This is the consequence of the following lemma. O

Lemma 3.2. Let us denote by H€ the elements of #€ which are of the form (3.7) with ¢(z) = (N, z), A € E'.

Then the elements ofy,\é are exposed points with exposing hyperplane A and such that A(s)\) < +oo for some
s > 1. Moreover for every open set A C E we have

inf I =inf ] (3.11)
Ang A

where & is as in the statement of Theorem 3.1.

Proof. Remember, from (3.10), that if 2 € # and x = [,(), 2)zdu(z) then the supremum in (3.9) is attained
at # = X\ and that I(z) = A(\) = (\,z) — A(\). Let us prove that such an z is an exposed point with exposing
hyperplane A.

Let y € #6, y # x, be such that y = [, z¢(z) du(z) for some ¢ € E;L. Then

1) =5 [ 0P an) > 5 [ 02 du) - 3 [ (h2) = 01 dute)
>0

1
= [0 aue) — 5 [ a2 aut) = (o) — a0,

Hence, as I(x) = (A, z) — A(N),
I(y) = I(z) > (A y) = AQA) = (A 2) = AQV) = Ay — )

so that every x € H is an exposed point. The condition A(sA) < +oo for some s > 1 is obviously satisfied as
A(s\) = s2A(N).
In order to prove (3.11) we need only to show that infsng I < infs I. As I = +oo outside #,

infl = inf I.
A AN

Let us assume first that supp u = E, so that # is dense in E. As ¥ is dense in JC, for every x € AN JC there
exists a sequence (z,), C € converging to z in the topology of #€, hence such that I(z,) — I(x). As the
topology of # is stronger than the topology of E, (z,), also converges to x in F, whence x,, € A for n large

(recall that A is an open set). Therefore, for every z € ¥ N A and n > 0 there exists y € #€ N A such that
I(y) < I(z) 4+ L. As #€ C &, we can conclude as

infl = inf I = inf I > inf I.
A ANFe ange  ANg

If supp u # E then E = supp p is a proper closed subspace of E and it is immediate that I = +o0 on E \ E.
Actually if z € E'\ F, by the Hahn-Banach theorem there exists A € E’ such that (A, z) = 0 for every z € F
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and (A, z) # 0. Hence

I(z) = eseug((ﬂ,x) —A(9)) > ilelﬂg(t(/\,x) —A(tN)) = ig}gt()\,@ = 400

Moreover, considering p as a Gaussian probability on E, #€ is dense in F (in the topology of E) and by a
repetition of the previous argument we have

infl=inf I= inf I= inf I> inf I=inf I
ANE ANEnye ANEn¥  ANENE Ang

O

Remark that the argument above provides a proof of the LDP of Theorem 1.1 which is new also in the
classical case, i.e. when X,, = X. At least to the author’s knowledge.

4. SECOND PROOF: EXPONENTIAL APPROXIMATION

The second proof of Theorem 1.1 is based on the notion of exponential equivalence (see [6], Sect. 4.2.2).
Theorem 4.2.13 there states that if, for every § > 0,

1
limsup — log P(|g, /2 Y — g /2 X| > 6) = —o0 (4.1)

n—0 gn

then if (gn 1/2 Y, )n satisfies a Large Deviation Principle with speed g and rate function I, the same is true for
(g;1/2Xn)n. We shall apply this criterion with Y,, = X.

By Skorokhod representation theorem, we can assume that the r.v.’s in the statement of Theorem 1.1 are
defined on the same probability space and that X,, — X a.s. Hence

1 1
lim — log E[egvlr/2<9’X”_X>] = lim §Var((9,Xn - X)) =0. (4.2)

By Theorem 2.4 the sequence (951/2(Xn — X)), is exponentially tight at speed g and by (4.2) it satisfies the
relation (3.2) with A = 0. We can therefore apply the upper bound (3.4) of Theorem 3.1 with respect to the
convex conjugate I of A =0, i.e. I(0) =0, I(z) = +oo for every x # 0 and to the closed set F = {|z| > 0} in
order to obtain

1
limsup — log P(|g; Y2 X, — g Y/2 X| > 6) = —infl=—o0. (4.3)

n—r oo gn

Hence (gn 1/ 2Xn)n satisfies a Large Deviation principle with the same rate function as the sequence (g, 12x )n
and the result follows from the classical Large Deviation results of [§]. O
It does not seem immediate to verify the exponential equivalence relation (4.1) under the hypotheses of
Theorem 1.1 without taking advantage of Theorems 2.4 and 3.1.
5. EXAMPLES AND CONCLUDING REMARKS

Example 5.1. Let B be a real Brownian motion and, for every integer n and ¢t < T,

¢
Xt(n) = \/5/ sin(ns) dBs .
0
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We have Xt(n) = WXZL)(t) where A, (t) = 2f0t sin(ns) ds and W™ is another Brownian motion. As A, () — t

uniformly as n — o0, the sequence of processes (X (”))n converges in law to the Wiener measure. Hence (X (”))n is
a Gaussian tight sequence taking values in the Banach space E = 6 ([0, T],R) of continuous paths endowed with
the topology of uniform convergence and, by Theorem 1.1, (g, 12 x (n)),, satisfies a Large Deviation Principle
at speed g with the same rate function as in Schilder’s theorem ([13]) for the Brownian motion.

Example 5.2. Let again £ = € ([0, T],R) and let X,, be a fractional Brownian motion with parameter H,, with
lim,, o H, = H,0 < H < 1. It is well known that X,, —, o X, where X is a fractional Brownian motion with
Hurst index H, the convergence being in law. This follows easily: the convergence of the covariance functions
implies the convergence of the finite dimensional distributions and the equality

B0 (0) — X, (5))] = S0 o 20

implies the tightness of the sequence thanks to Billingley’s criterion ([3], Thm. 12.3). Hence Theorem 1.1 implies
immediately that, for any speed function g, the sequence (g L/ 2Xn)n enjoys a Large Deviation estimate with
respect to the rate function given by the RKHS of the fractional Brownian motion with Hurst parameter equal
to H, as can be found in [5] e.g.

It is well known that, if E is finite dimensional, (3.2) with the assumption that the limit A is finite in
a neighborhood of the origin implies exponential tightness, even without Gaussianity. The author has been
wondering whether (3.2) might imply exponential tightness for Gaussian sequences in infinite dimensions. Here
we produce a counterexample.

Example 5.3. Let us denote, as usual, by ¢y the space of real sequences & = (), such that lim, ., 2, =0
which is a separable Banach space with respect to the sup norm.
Let (&,)n be a sequence of i.i.d. N(0, 1)-distributed r.v.’s and

Xn = (51)527"'757’7/7070"")

be a corresponding cp-valued sequence of r.v.’s. We know that (X,,),, does not converge, hence it is not tight in
co, because this would require lim,, ., &, = 0 a.s.

We prove first that (ﬁ Xn)n is not exponentially tight at speed g, = n, i.e. that, for R > 0 fixed, there exist
no compact set K = Kr C ¢ such that, for n > ny,

P(% X, ¢ K) <e R

Actually we prove that, for every compact set K C ¢,

1

1
lim inf — logP(\/ﬁ

n—oo N

X, ¢ K) ~0. (5.1)

It is easy to see that every such compact set K is contained in a set of the form {z,|zy| < ai for every k =
1,2,...}, where (ay) is a positive sequence converging to 0 as k — +o0o. We have, for every ko > 0 and n > ko,

P(% X, ¢ K) > P(|¢k] > apy/n for at least a k=1,...,n)
2 P(‘5k0| > ako\/ﬁ) = 2(1 - (I)(ako\/ﬁ ))
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where by ® we denote the N(0,1) partition function. Now, thanks to classical estimates on the behavior of ®
at infinity,

liminfl 10g(2(1 — ®(ag,v/n ))) > _ Py

n—oo N 2

hence, ko being arbitrary and (ag)y infinitesimal, we have (5.1).
However the limit (3.2) exists in this case. Recall that here E’ = {1, the space of the sequences 6 = (6,,),
such that >, 0,| < +00. As the r.v.

B

1 1 «
%<03Xn>: n;f)kﬁk

k

is Gaussian, we have

n

PR

log Efen/*(0:Xn)] = g Var((0, X,,)) =
k=1

|3

hence the limit in (3.2) exists and takes the value 3 377, [6x|> < +oo for every 6 € E'.

Example 5.4. Let (£,), be a sequence of i.i.d. N(0,1)-distributed r.v.’s and let
Xn - (algh R 7an£n70707 .. )

be a ¢p-valued r.v. where (a,), is a positive sequence converging to 0. In this example we show that for some
choice of the sequence (a,), the sequence (X,,), is not tight but is exponentially tight, at least for some choices
of the speed function.

Let us investigate the tightness of (X,,),. Let K = {z € co,|zk| < br}, where (bg)r is a positive sequence
converging to 0, be a compact set of ¢y. We have

P(X, € K%) =1~ P(X, € K) =1~ [[ P(ll < o)
k=1

The quantity P(|&]| < 2—2) appearing in the infinite product is always < 1, hence it is well known that the
infinite product converges to a number that is > 0 if and only if the series

oo

> (Plal < 2 -1)

k=1

is convergent. But P(|&x| < Z—’Z) =2F (Z—’Z) — 1, with F" denoting the partition function of the standard Gaussian
distribution. But recalling that, for large x,

1 N1 e 21 2
l—F(J;)z—(JH——) 696/22\/7e””/2
2m x T X

we have

1 1

br/log(k + 1) (k + 1)%/2

b
1-— P(|£k| < —k) > const -
a
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and this is the general term of a divergent series for every sequence (b )i such that by —,_0 0. Hence we have
sup,,>1 P(X, € K¢) =1 and (X,,), is not tight.

Let us turn now to the exponential tightness of this sequence. Let K = {z € ¢y, |zr| < b} be a compact set
of ¢ and R > 0 as above. We must find a sequence (by)y such that, for every n,

P(g;Y?X, € K¢) < e fon

Now

P(g,/?X, € K°) =1-P(g, %X, € K) —I—HP(|§k|<gl/2 bk)
ag
k=1

=1 —exp{ZlogP(|£k| < 91/2 b’;)} )

As1l—e* < —ux,

k=1 k=1 "
n
- S -2(1-#(2 )
Aslog(l —z) > —x — 1 22,
< 2;(1 r( )+ (2;(1 r( ) 6.2

With the well known inequality 1 — F(z) < \/% e~ /2 4 >0,

n

S (1-F(a2 ) <

k=1

5~
3
[
CD\
®
)
=)

If o > Mlogn, n > 2, for some M > 0, let us choose b = 2(R + 2 )a?. We have
b 1 o
1— ( 1/2 )) st e~ Ron — o Ron
kz_l( Qg F n z:: \/7
Going back to (5.2), we find finally
P(g;'%?X, € K°) < const - e 9
so that (X)), is exponentially tight, for every speed function increasing to +oo faster than n — M logn.

For this class of speed functions we can deduce that the sequence (g, Y 2Xn)n enjoys a Large Deviations
Principle at speed g. Actually the dual of ¢j is the space of summable sequences ¢; and, for every 6 € ¢; we
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have,
.1 (.91 X0 ! 1,2 2
nl;rrgo . log E(e97\%9n )= HILH;O = Var((8, X,,)) = 3 Z@kak = A(0)
" k=1

and we find easily for the convex conjugate, I, of A, i.e.

I(x)zzggf(<9,x>—-A(9D ,

that

100
:52
k=1

?rw‘prw

with the understanding I(z) = +oc if the sum is not convergent.

It is now easy to complete this example by showing that actually the sequence (g, 1 2Xn)n enjoys a Large
Deviations Principle at speed g and with respect to the rate function I. As the sequence (ax)x tends to 0 at
infinity, it is immediate that the level sets of I are compact in ¢y. Moreover Theorem 3.1 guarantees that the
upper bound holds with respect to I (this is Eq. (3.4)) and also the partial lower bound (3.5). In order to

conclude we must only prove that the exposed points for I are dense in ¢y. Let us consider the set #€ C ¢o of
the sequences = = (x); that are = 0 for kK > N for some N > 0. Of course # is dense in ¢g. The elements of
F€ are exposed points. Actually, let n € ¢1 be given by

N = —5 > k<N

and ng = 0 for K > N. Then if x € #€ we have for every y € ¢p such that I(y) < 400, y # z,

I(y) — I(z) — (n,y — x) (Yx — xk)

I
N =
M8
|
N =
M8

Eod
l
:rgw‘gm pﬁo‘;ﬁo
bl
l
wgw‘ 8 S ‘ =
TN TN
S ‘?5

i V]

oo
k=1
0o

I
N =
NE
+
N =
NE

R B | 2
3 :5272 ykf.Tk) >0
a — aj

E
I
—
E
I
—

hence 7 is an exposing hyperplane and we are allowed to conclude.
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