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UNIFORM LSI FOR THE CANONICAL ENSEMBLE ON THE
1D-LATTICE WITH STRONG, FINITE-RANGE INTERACTION

YouNGHAK KWON AND GEORG MENZ*

Abstract. We consider a one-dimensional lattice system of unbounded, real-valued spins with arbi-
trary strong, quadratic, finite-range interaction. We show that the canonical ensemble (ce) satisfies a
uniform logarithmic Sobolev inequality (LSI). The LSI constant is uniform in the boundary data, the
external field and scales optimally in the system size. This extends a classical result of H.T. Yau from
discrete to unbounded, real-valued spins. It also extends prior results of Landim et al. or Menz for
unbounded, real-valued spins from absent- or weak- to strong-interaction. We deduce the LSI by com-
bining two competing methods, the two-scale approach and the Zegarlinski method. Main ingredients
are the strict convexity of the coarse-grained Hamiltonian, the equivalence of ensembles and the decay
of correlations in the ce.
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1. INTRODUCTION

In this article, we study a one-dimensional lattice system of unbounded real-valued spins. The system consists
of a finite number of sites i € A C Z on the lattice Z. For convenience, we assume that the set A is given
by {1,...,N}. At each site i € A there is a spin z;. In the Ising model the spins can take on the value 0
or 1. Here, spins z; € R are real-valued and unbounded. A configuration of the lattice system is given by
a vector € RY. The energy of a configuration z is given by the Hamiltonian H : RN — R of the system.
We consider arbitrary strong, pairwise, quadratic, finite-range interaction. For the detailed definition of the
Hamiltonian H we refer to Section 3.

We consider two different ensembles: The first ensemble is the grand canonical ensemble (gce) which is given
by the finite-volume Gibbs measure

1 N
o (dx) = — €XP (02@ - H(a:)) dez.

Here, Z is a generic normalization constant making the measure ;1 a probability measure. The constant o € R
is interpreted as an external field. The second ensemble is the canonical ensemble (ce). It emerges from the gee
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by conditioning on the mean spin
N
1
— N2
The ce is given by the probability measure

N
o 1 —
m(dx) = (dz | N;xlm>

:—]l{ SN e m} ) exp (UZ{)BZ ).,?N H(dx)

= 2 s sy (0) ep(—H ()2 ),

where £V~1 denotes the N — 1-dimensional Hausdorff measure. The last identity follows from the observa-
tion that Zf\il x; = Nm and therefore the factor o vazl x; = o N'm can be cancelled out by the same factor
appearing in the normalization constant Z.

The logarithmic Sobolev inequality (LSI) — introduced by Gross [13]- is a powerful tool for studying spin
systems. For example, the LSI implies Gaussian concentration viea Herbst’s argument, is equivalent to hyper-
contractivity and characterizes the exponential rate of convergence to equilibrium of the naturally associated
diffusion process. By the equivalence of dynamic and static phase transitions, a uniform LSI also indicates
the absence of a phase transition (see e.g. [14, 33]). For an introduction to the LSI we refer the reader
to [2, 20, 21, 29].

On the one-dimensional lattice, a uniform LSI holds for the gce p even for infinite-range interactions, given
the interaction decays fast enough (see [26]). Deducing a uniform LST becomes a lot harder when considering
the ce p,,, instead of the gce u?. Even if there is no interaction term in the Hamiltonian H, the ce u,, is not a
product measure. There are long-range interactions due to the conditioning onto the mean spin m = % Ef\il ;.
For {0, 1}-valued spins on arbitrary lattices, a classical result of Yau [31] states that the ce p,, satisfies a uniform
LST as soon as the correlations of the gce u” decay exponentially, which is the case on the one-dimensional lattice.
The original proof by Yau [31] is based on the Lu-Yau Martingale Method [23]. Later, Cancrini et al. [7] gave
an alternative, self-contained proof of the same statement.

Extending Yau’s result [31] to unbounded, real-valued spins is still an open problem. The main result of this
article (¢f. Thm. 3.5) solves this problem. Considering unbounded, real-valued spins instead of {0, 1}-valued
spins yields a technical challenge: Because spins are unbounded compactness is lost and many arguments do
not carry over from the discrete case. Therefore, it was already quite a challenge to establish the LSI for the
canonical ensemble in the case of a non-interacting Hamiltonian (¢f. [6, 11, 22, 27] for unbounded, real-valued
spins). The main difficulty was to obtain the optimal scaling behavior of the LSI constant in the system size.
More recently, the uniform LSI was deduced for arbitrary weak interaction in [24]. The method used in [24]
is of perturbative nature and different ideas are needed when considering strong interaction. Therefore it is
not surprising that deducing the LSI for the ce i, under a mixing condition for the gce p” remained an open
problem.

A major breakthrough was recently accomplished in [18] where a non-perturbative result on the equivalence
of ensembles of the gce and the ce was deduced. In [18], only attractive, nearest-neighbor interaction was
considered. In Section 4 we extend those results to arbitrary finite-range interaction. A consequence is that
the coarse-grained Hamiltonian of a single block is uniformly strictly convex (see Cor. 2 in [18]). This rises
hope that the uniform LSI for the ce could be deduced via the two-scale approach [11]. It turns out that the
situation is more complicated and the result of [18] is not sufficient to directly apply the two-scale approach.
The strict convexity of the coarse-grained Hamiltonian was deduced in [18] for only one block. One would need
strict convexity for all blocks simultaneously. This is a lot harder to show due to the strong interaction between
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blocks. However, we still manage to build up on the results of [18] and deduce the uniform LSI for ce under a
mixing condition for the gee (see Thm. 3.5). We overcome the obstacle of strong interactions between blocks
by combining several ideas and methods from the two-scale approach (see [11, 25, 28]), the Zegarlinski method
(see [34]), decay of correlations (cf. [19]) and a decomposition method for Hamiltonians introduced in [25]. For
more details on the argument we refer to Sections 3 and 5.

Deducing a uniform LSI for the ce p,, has another special importance: It is one of the main ingredients when
deducing the hydrodynamic limit of the Kawasaki dynamics via the two-scale approach [11]. Because the uniform
LSI controls the entropy production, it also plays an implicit role in other approaches to the hydrodynamic limit
via the entropy method, the martingale method or the gradient flow method (see for example [8, 12, 17, 30]). The
Kawasaki dynamics is a natural drift diffusion process on the lattice system that conserves the mean spin of the
system. The ce p,, is the stationary and ergodic distribution of the Kawasaki dynamics. The hydrodynamic limit
is a dynamic manifestation of the law of large numbers. It states that under the correct scaling the Kawasaki
dynamics (which is a stochastic process) converges to the solution of a non-linear heat equation (which is
deterministic). It is conjectured by H.T. Yau that the hydrodynamic limit also holds for strong finite-range
interactions on a one-dimensional lattice. So far, this conjecture also is wide open. Deducing a uniform LSI for
the ce p,, on the one-dimensional lattice with arbitrary strong finite-range interaction is an important interim
result to attack this problem.

Let us comment on open questions and problems:

— Instead for finite-range interaction, could one deduce similar results for infinite-range, algebraically decay-
ing interactions? More precisely, is it possible to extend the results of [26] from the gce to the ce? If yes,
is the same order of algebraic decay sufficient, i.e. of the order 2 + ¢, or does one need a higher order of
decay? For solving this problem one would have to overcome several difficulties. For example, generalizing
the equivalence of ensembles (see [18]) would need new work. Also, because we use ideas of the Zegarlinski
method, the arguments of this article are restricted to the one-dimensional lattice with finite-range inter-
action. Applying our method to infinite-range interaction would yield a cyclic dependence of the different
parameters. A possible alternative approach to this problem is to generalize the approach of [25, 26, 28]
from the ce to the gce.

— Can one show that, as it is the case for the gce, there is a phase transition for sufficiently slow decaying,
infinite-range interaction (see for example [5, 9, 10, 16] for related results on the Ising model)?

— Is it possible to consider more general Hamiltonians? For example, our argument is based on the fact that
the single-site potentials are perturbed quadratic, especially when we use the results of [18]. One would
like to have general super-quadratic potentials as was for example used in [27]. Also, it would be nice to
consider general interactions than quadratic or pairwise interaction.

— Is it possible to generalize the results to vector-valued spin systems?

There are many ways to proceed from this article:

— Motivated by the results for discrete-spin systems (¢f. [7, 31]), one could try to deduce the hydrodynamic
limit of the Kawasaki dynamics under a mixing condition for the gce on arbitrary lattices. The first strategy
would be using the two-scale approach [11]. However, this approach needs more non-trivial ingredients
than the ones provided in this work and [18, 19].

— Is for the ce g, a uniform LSI equivalent to decay of correlations, as it is the case for the gce p? (see for
example [14, 32, 33])?

We conclude the introduction by giving an overview over the article. In Section 3 we introduce the precise
setting and present the main results. In Section 4 we provide several auxiliary results. In Section 5 we give the
proof of the main result of this article, namely the uniform LSI for the ce (see Thm. 5). The proof of Theorem 5
is based on three auxiliary statements, which are deduced in Sections 6-8.
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2. CONVENTIONS AND NOTATION

— The symbol T\ denotes the term that is given by the line (k).

— We denote with 0 < C' < 0o a generic uniform constant. This means that the actual value of C' might
change from line to line or even within a line.

— Uniform means that a statement holds uniformly in the system size IV, the mean spin m and the external
field s.

— a < b denotes that there is a uniform constant C' such that a < Cb.

— a ~ b means that a <band b < a.

— LF denotes the k-dimensional Hausdorff measure. If there is no cause of confusion we write L.

— Z is a generic normalization constant. It denotes the partition function of a measure.

— For each N € N, [N] denotes the set {1,...,N}.

— For a vector € RY and a set A C [N], 2 € R# denotes the vector (z4); = z; for all i € A.

— For a function f : RN — C, we denote with supp f = {i1,...,ix} the minimal subset of [N] such

that f(z) = f(@i, ..., 24,)-

3. SETTING AND MAIN RESULTS

We consider a lattice system of unbounded continuous spins on the sublattice A = [N] = {1,...,N} C Z.
The formal Hamiltonian H : RY — R of the system is defined as

N

H(z) = Z V(i) + sizi + % Z M;jzix; |, (3.1)

i=1 ji 1<[j—i|<R

where ¢(z) = $2% 4+ 1 (2) and for all j ¢ [N] we set ; = 0. For each i € [N] we define M;; := 1 and assume
the following:

— The function v : R — R satisfies
[¥bloc + [Whloc + |15 00 < 00

It is best to imagine 1) as a double-well potential (see Fig. 1).
— The interaction is symmetric, i.e.

M;; = Mj; for all distinct 4,5 € [N].

— The fixed, finite number R € N models the range of interactions between the particles in the system i.e. it
holds that M;; = 0 for all ¢, j such that | — j| > R.

F1GURE 1. Example of a single-site potential 1.
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— The matrix M = (M;;) is strictly diagonal dominant i.e. for some § > 0, it holds for any ¢ € [N] that

> Myl +6< My =1.
1<|j—i|<R

— The vector s = (s;) € RY is arbitrary. It models the interaction with an inhomogeneous external field.
Because the interaction is quadratic, this term also models the interaction of the system with boundary
values.

Definition 3.1. The gce ¢ associated to the Hamiltonian H is the probability measure on RY given by the
Lebesgue density

1 N
p’ (dx) == - &P <O’ Z TE — H(m)) dz, (3.2)
k=1

where do denotes the Lebesgue measure on RY. The ce emerges from the gce by conditioning on the mean spin

L XN
=D =m (3.3)
N k=1
More precisely, the ce u,, is the probability measure on
1
XN,nL = {1‘ S RN : N kzﬂxk == m} C RN (34)

with density

N
- 1
m(dz) = p (dx| N};ka>

1

= Eﬂ{%Zlek:m} (z)exp (—H(z)) £N~1(dz), (3.5)

where £V ~1(dx) denotes the (N — 1)-dimensional Hausdorff measure supported on Xy .

To relate the external field o of 4 and the mean spin m of u,, we make the following definition which will
be justified in Section 4.

Definition 3.2. For each m € R, we choose ¢ = o(m) € R such that

LN
L) S
k=1
where my, := [ zpp7 (dz).

Definition 3.3 (Logarithmic Sobolev inequality (LSI)). Let X be a Euclidean space. A Borel probability
measure p on X satisfies the LSI with constant ¢ > 0 (or LSI(p)) if, for all nonnegative locally Lipschitz

functions f € L1 (u),
2
/ fin fdu / fduln ( / fdu) <o / 'V]f'du, (3.6)

where V denotes the gradient in the Euclidean space X.
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It is well known that on the one-dimensional lattice, the gce satisfies a uniform LSI if the interaction decays
fast enough.

Theorem 3.4 (Theorem 1.6 in [26]). Let H : RN — R be the formal Hamiltonian defined as in (3.1). Assume the
interaction is symmetric and the interaction range is infinite. That is, M;; is not necessarily 0 when |i — j| > R.
Assume further that the matrix M = (M;;) s strictly diagonal dominant in the sense that there is a 6 > 0 with

Z|Mij|+5§Mii:1 for all i € [N].
ji

If the interaction decays fast enough, i.e. there are positive constants C and o such that

|M;;| < C for all i, j € [N],

i — g2t + 1
then the gee pu° satisfies a LSI(o), where o > 0 is independent of the system size N and the external fields o, s.

The main result of this article is that the ce also satisfies on the one-dimensional lattice a uniform LSI for
arbitrary strong, finite-range interaction.

Theorem 3.5. The ce u,, given by (3.5) satisfies a uniform LSI(p), where o > 0 is independent of the system
size N, the external field s and the mean spin m € R.

Remark 3.6 (From Glauber to Kawasaki). We want to point out that the ce p,, is defined on the space Xy
given by (3.4). Because the space Xn ,,, is endowed with the standard Euclidean structure inherited from RY,
the bound on the right-hand side of the LSI (see (3.6)) is given in terms of the Glauber dynamics. By the
discrete Poincaré inequality one can recover the bound for the Kawasaki dynamics (¢f. [4] or [11], Rem. 15)
in the sense that one endows Xy, with the Euclidean structure coming from the discrete H ~!-norm. The so
obtained diffusive scaling of LSI constant for the Kawasaki dynamics is known to be optimal (see [31] and also
Remark 2 in [24]).

We give the proof of Theorem 3.5 in Section 5. There are several basic criteria for the LSI (¢f. Appendix A),
but none of them applies to the ce. The Tensorization Principle [13] for LSI does not apply because of the
restriction to the hyperplane Xy ,, and the presence of interaction i.e. M # 0. The criterion of Bakry and
Emery [1] does not directly apply because the single-site potentials v; are non-convex. A combination of the
Bakry and Emery and the Holley and Stroock [15] would only yield a LSI with constant g that is exponentially
small in the system size N. The criterion of Otto & Reznikoff [28] does not apply because of the restriction to
the hyper-plane Xy .

More advanced methods are needed for deducing a uniform LSI for the ce p,,,. The most common approach
to LSI for Kawasaki dynamics is the Lu and Yau martingale method [6, 22, 23]. Using this method Landim
et al. [22] proved Theorem 3.5 in the special case M = 0 for the Kawasaki bound. An adaptation of this approach
by Chafai [6] lead to the stronger bound for Glauber Dynamics. Providing a new technique, called the two-scale
approach, Grunewald, Otto, Westdickenberg (former Reznikoff) and Villani [11] reproduced Theorem 3.5 for
M = 0. In [24], the uniform LSI was deduced for weak interaction, i.e. ||[M| < 1, by perturbing the two-scale
approach.

The drawback of the two-scale approach is that it elementarily takes advantage of having no interaction term
in the Hamiltonian i.e. setting M = 0. The basic idea in the two-scale approach is to decompose the lattice [N]
into blocks. This yields a decomposition of the ce ., into a conditional measure, conditioned on the mean spins
of the blocks, and a marginal measure for the mean spins. The task is then to deduce two LSIs: A microscopic
LSI for the conditional measure and a macroscopic LSI for the marginal measure. After that, the two LSIs are
combined into a single LSI for the ce p,,. If there is no interaction term, blocks do not interact for the conditional
and marginal measure. This helps a lot when deducing the microscopic and the macroscopic LSI. If there is a
small interaction term, i.e. ||M]| < 1, blocks only interact weakly. In [24], one took advantage of this observation
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by essentially perturbing the two-scale approach. If there is a large interaction term in the Hamiltonian H then
blocks also interact strongly. It becomes very difficult to deduce the microscopic and macroscopic LSI in the
original setting of the two-scale approach.

In this article, we overcome this difficulty by using the following strategy. In [34], Zegarlinski deduced the
uniform LSI for the gce p? with strong finite range interaction on the one-dimensional lattice. We follow his
approach and decompose the lattice [N] into odd blocks A; and even blocks Az (see Fig. 2). The difference
to the two-scale approach is that one does not condition on the mean-spins of blocks but on the spin-values
of every even block. The resulting conditional measure p,, (dCEAl |:cA2) is also a canonical ensemble but with
the advantage that spins in distinct odd blocks do not interact within the Hamiltonian of p, (dscAl |acA2) due
to the assumption of finite-range interaction. The next step in the Zegarlinski method is to deduce a uniform
LSI for gy, (dQ?Al |xA2). In our situation this is achieved wia the two-scale approach described above. The main
new ingredient is a recent result of the authors i.e. the local Cramér theorem (c¢f. [18], Thm. 3). The last step
in the Zegarlinski method [34] is to iteratively condition on the spin values in Ay and Ay deducing a LSI via
a convergence argument. This is where we deviate from the Zegarlinski method. Instead of using an iterative
argument we apply the two-scale criterion for LSI (¢f. [28] or Thm. A.5 in the appendix), which in the opinion
of the authors is a more direct argument.

In the two-scale criterion for the LSI one needs two ingredients: a uniform LSI for the conditional mea-
sure fin, (dz?t|z*2) and a uniform LSI for the marginal measure fi,, (dz*2). Then, the criterion combines
both LSIs into a LSI for the full measure pu,,. Let us explain how we deduce the LSI for the marginal mea-
sure fiy, (dxAz) which is active on Ay and integrates out A;. For this, we use the Otto-Reznikoff criterion for
LSI (¢f. Thm. 1 in [28] or Thm. A.4 in the appendix). The main observation needed is that blocks in Ay only
interact weakly, if the block size of A; is large enough. We deduce this subtle fact by a series of calculations,
building up on the equivalence of ensembles, the decay of correlations, and the moment estimates for the gce.
For details of the argument we refer the reader to Section 5.

4. AUXILIARY LEMMAS

In this section we provide several auxiliary results. All those results were proved in [18] for lattice systems
with attractive, nearest-neighbor interaction. It is not hard to see that the arguments in [18] can be generalized
in a straight-forward manner to lattice systems with finite range interaction R < oo, which is considered in this
article. The main reason that this is possible is the following. The main technical method used in [18] is to
decompose the gce (see Def. (3.2))

N
1
p’(dz) == 7 OXP (0295;.3 — H(m)) dz
k=1
by conditioning onto even spins Teyen into

/”LU (d.’E) = /j’g (xodd|meven),aa (dxeven) .

Then one takes advantage that under nearest-neighbor interaction the conditional measure p”(Zoqd|Teven) iS @
product measure. To extend the results of [18] to finite-range interaction, one would have to decompose the
lattice [N] into even and odd blocks of size at least the interaction range R. Then instead of conditioning onto the
even spins, one would have to condition onto the spins in the even blocks. By the finite range of the interaction
the resulting conditional measure would again be a product measure, which is one of the main properties used
in [18].

In this section we also show that the results of [18] can be extended to arbitrary and not necessarily attrac-
tive interaction. More precisely, the interaction M;; can take on any sign and not only M;; < 0. In [18], the
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assumption of attractive interaction, i.e. M;; < 0, is only needed to show the lower bound (see Lem. 3 in [18])

1
C’ N var,e (Z X k)
In the next lemma, we provide this lower bound for general and not necessarily attractive interaction. This

extends all results of [18] to arbitrary interaction.

Lemma 4.1 (Extension of Lemma 3 in [18]). There exists a constant C € (0,00), uniform in N, s, and o such
that

1

G < Nvarﬂ (Zxk> <C. (4.1)

We give the proof of Lemma 4.1 in Section 4.1. The free energy A : R — R of the gce p? is defined by

1n/RNeXp<az=:xk— )

By Lemma 4.1 we are able to apply Lemma 1 in [18] which yields that the free energy A is uniformly strictly
convex. More precisely, it holds

Lemma 4.2 (Lemma 1 in [18]). There exists a constant C' € (0,00) such that for all o € R,

1 d?
— < —A(0) <C.
¢ S gl =¢
With the help of Lemma 4.2, we relate the external field o of 4 and the mean spin m of u,, as follows:
Definition 4.3. We choose o = o(m) € R and m = m(o) € R such that

4 o) = m. (4.2)

Setting my, := [ zxu” (dz) we equivalently get

szk N/ (Zxk> (dz) (4.3)

By strict convexity of A(o), for each m € R there exists a unique o = o(m) satisfying (4.2) or vice versa.
We need the following moment estimates for the gce p?.

Lemma 4.4 ((23) in [18]). For each k € N, there is a constant C = C(k) such that for each i € [N]

Eyo [\Xz‘ - miﬂ < C(k).

Lemma 4.5 (Lemma 5 in [18]). For any finite set B; C [N] and k € N, 4t holds that

l Z Z i1 mll (Xlk _mik)

i1 €B1 ik EBy

S|Bi| - | Bl

Next, it holds that on the one-dimensional lattice with finite-range interaction, u” has uniform exponential
decay of correlations.
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Lemma 4.6 (Lemma 6 in [18]). For a function f : RN — C, denote supp f = {i1,...,ir} by the minimal subset
of [N] with f(x) = f(xi,,...,x4,). For any functions f,g: RN — C, it holds that

lcovys (f(X), 9(X))| < ClVfllL2u) Vgl L2 (uey exp (—Cdist (supp f,suppg)) .

Let g be the density of the random variable

1 & (4.3) 1 &
— (Xk - m = — Xk — mk
P> !
where the random vector X = (X;);¢[n] is distributed according to p?. The following proposition provides
estimates for g(0).

Proposition 4.7 (Proposition 1 in [18]). For each o >0 and 8 > %, there exist uniform constant C € (0, 00)
and Ng € N such that for all N > Ny, it holds for all o0 € R that

d d2
(1029(0)' < NP

< < —_—
<g(0) <C, Y

(O)‘ < Ne and

Ql =

We also need the following statement.

Proposition 4.8 (Corollary 2 in [18]). Let H : RN — R be a Hamiltonian that satisfies the assumptions made
in Section 3. The coarse-grained Hamiltonian H : R — R is defined by

H(m) = —Z]\-Iln/zeRN e exp(—H (z))L(dx).

Then there is an positive integer Ny such that for all N > Ny the coarse-grained Hamiltonian H is uniformly
strictly convex. More precisely, there is a uniform constant 0 < C < oo such that for all m € R

1 d?
— < —H C.
C ~ dm2 (m) <
The last statement is the decay of correlations of the canonical ensemble.

Proposition 4.9 (Theorem 4 in [19]). For each f,g: RY — R, denote C(f,g) by

C(f,9) = IV ((f(X) = Eue [f(X)]) (9(X) = Epe [g(X)]) L2 (o)
+ IV FllLauo) IVl La(ue)

Then for each € > 0, there exist constants Ny and C = C(g) € (0,00) independent of the external field s = (s;),
and the mean spin m such that for all N > Ny, it holds that

= su + |su .
cov (£ = € C(fg) (PRI oy (ot (supp . supp ) ).

4.1. Proof of Lemma 4.1
We begin with providing an auxiliary lemma. It is an estimate of single-site variance.

Lemma 4.10. Let X € RN be a random vector distributed according to p°. Then there is a universal con-
stant 0 < C' < oo (depending only on the interaction matric M and the nonconvexity ) such that for
all i € [N]

var,-(X;) > C. (4.4)
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Proof of Lemma 4.10. By conditioning it hols that

varye (Xi) = Ee [varye (Xl (X,);20)] + varue (BIX](X;);4])
> Eyo [varye (Xil(X;) )] -

The desired estimate (4.4) will follow from the uniform bound
var e <X2|(X])j;ﬁz) Z C >0.

Indeed, the conditional measure p” (d;|(x;) i) has the Lebesgue density

1 1 -
w7 (dail(zg)j0) = — exp (—295? — 8w — %(l‘i)) :

where §; is given by
_ 1
S;i = 8; + 5 ZMijxj.
J#i

Let v denote the one-dimensional measure given by the Lebesgue density

1 1
v(dz) = 7 eXP <—222 - §z> dz

Using the bound |¢p|s < C and the optimality of the mean for the variance, and the fact that var,(Z) = 1 we
obtain the desired estimate

174

var,e (X;|(X;)j2i) > exp (—2C) Zi / (z —E, [X,])” exp (—;zz - §z) dz

> exp (—2C) var,(Z) = exp (—2C) =C > 0.

Let us now see how the Lemma 4.10 yields Lemma 4.1.

Proof of Lemma 4.1. For the proof of the upper bound, we refer to the proof of [18], Lemma 3. Here, we shall
only provide the proof of the lower bound in (4.1). Let @ be the set {R+1,2(R+1),3(R+1),---} N[N]. By
conditioning we get that

var o ZXZ- =E,- |varye ZXi

1€[N] ieQ

(Xj)jG[N]\Q

+varye | E ZXi
|i€Q

(Xj)je[N]\Q]

Z ENU vare ZXZ
i€Q

= ZEW [Var#a <XZ-

i€Q

(Xj )je [N]\Q)

(Xj)jelnne ] ,
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FIGURE 2. Arrangement in the cell [1,2(L + R)] for L = 10 and R = 6.

where we used in the last line the fact that because the interaction range is R, different sites in () become
independent after conditioning onto the spin values (X;);c;n)\q- Now, an application of Lemma 4.10 yields that

var,e (X;) > Y Byuo [var,e (Xi|(X;)jevne)]
1€Q
C
>C —N
Q= 5V,
which is the desired statement. O

5. PROOF OF THEOREM 3.5

In the proof of Theorem 3.5 we use an idea of Zegarlinski and decompose the lattice [N] into two parts.
This idea was used to prove the uniform LSI for the gce p” on the one-dimensional lattice (see [34]). However,
instead of using an iterative argument as in [34] we make use of ideas outlined in [28] and [11].

We decompose the lattice into two types of blocks (see Fig. 2):

A:=[N]={1,2,---,N},

M
=UJAn(L L+ (ZL+R)(n-1) UA(”
nez n=1 y
=JAN(L+1LL+R+(L+R)(n—1) =AY,
nez n=1

where R is the range of interactions between particles (cf. (3.1)). The number L will be chosen later.
Recall the definition (3.5) of the ce

o) = 1o () exp (< H (2) £57 (da).

The decomposition of A = A; U Ay into odd blocks given by A; and even blocks given by As yields a decom-
position of the ce p,, into conditional measure i, (d;UA1 |xA2) and a marginal measure i, (dxAQ). That is, for
any test function f, it holds that

[ @nn) = /(/f i A1|$A2))ﬂm(dIA2)- (5.)

Now, the strategy is to deduce uniform LSIs for the conditional measure i, (dxAl |:cA2) and the marginal
measure fiy, (dch2). The uniform LSI for the full measure ., is then deduced wvia the two-scale criterion for the
LSI (see e.g. [28] or [11]).

Let us explain how the uniform LSI for the conditional measures p,, (dacAl |xA2) is deduced. By conditioning
onto the even blocks Ag, the spins in one odd block (say z; € Agn)) do not interact with the spins in another odd
block (say z; € AY, I # n) within the Hamiltonian of i, (da?t|22). The only way they interact is through
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the constraint (3.3). With this observation one can modify the proof of Theorem 14 of [11] (see also Thm. A.5)
to deduce a uniform LSI for the conditional measure g, (dxAl |zA2) via the two-scale approach (see Prop. 5.1).

Let us turn to the uniform LSI for the marginal measure fi,,. We observe that the marginal measure fi,, is not
constrained onto a hyperplane. Because ji,,, can be interpreted as a gce on a one-dimensional lattice, the marginal
measure [i,, should heuristically satisfy a uniform LSI. Rigorously, the uniform LSI for the marginal measure fi,,
is deduced wvia the the Otto-Reznikoff criterion for LST (¢f. Thm. A.4). For this we need two ingredients: The

s 1 # n) satisfy

first ingredient is to show that on each block Aén)7 the conditional measures fi,, (dxA;")

. . . . .. ® . . . . .
a LSI with a constant that is uniform in the conditioned values x5 ,1 # n. This ingredient is derived via an

adaptation of the argument of [25]. The main ingredients for this part are the local Cramér theorem (see [18],
Thm. 3), the Holley-Stroock Principle (see Thm. A.2), the decay of correlations of the gce (see Lem. 4.6) and
a decomposition method for Hamiltonians introduced in [25]. The second ingredient is to show that, in the

Hamiltonian of fi,,, the interactions between blocks A(Ql) and Ag"), l # n, are sufficiently small. This is achieved
by observing that the correlations of the conditional measure p,, (dacA1 ’xAz) decay due to Theorem 4 of [19]
and choosing the parameter L sufficiently large. For more details, see Proposition 5.2 from below.

Now, let us turn to the detailed argument. We prove the following three propositions. The first one is the
uniform LST for the conditional measure j,, (dat |22).

Proposition 5.1. The conditional measure pi, (dncA1 ‘x/\?) satisfies a LST with constant o1 > 0 that is uniform
inm, s and the conditioned spins x2. The constant o1 > 0 is uniform in K = |Ay|, z*2, s and m.

The second proposition states the LSI for the marginal measure fi,, (dxA2).

Proposition 5.2. There is a constant Loy such that if L > Lo the marginal measure fi, (dmAQ) satisfies a LSI
with constant g9 > 0 that is uniform in m, s and L. The constant oo only depends on the interaction range R.

The last proposition is
Proposition 5.3. Let u,, be the ce defined by (3.5). Assume that

— The conditional measure fiy, (dacA1 |:EA2) satisfies LSI(p1). The constant o1 is uniform in m, s and the
conditioned spins 2.
— The marginal measure [y, (dxAQ) satisfies LSI(02). The constant oo is uniform in m, s and L.

Then the ce i, satisfies LSI(p) with a constant o > 0 that is uniform in N, m and s.

The main work of this article consists of deducing Propositions 5.1 and 5.2 which are done in Sections 6 and
7 respectively. Proposition 5.3 is a slight modification of Theorem 3 of [11]. For convenience of the readers, we
give the proof of Proposition 5.3 in Section 8.

Proof of Theorem 3.5. Without loss of generality, it is sufficient to prove the uniform LSI for large enough
system size N > Ny. For small system size NV < Ny the LSI can be deduced via a combination of Bakry—Emery
criterion (c¢f. Thm. A.3) and the Holley-Stroock perturbation principle (see Thm. A.2). The uniform LSI for
large systems N > Ny is obtained by choosing L large but fixed and a combination of Propositions 5.1, 5.2 and
5.3. O

6. PROOF OF PROPOSITION 5.1

The goal is to deduce a uniform LSI for the conditional measure p, (dacAl |xA2). As described in Section 5,
the proof of Proposition 5.1 is an adaptation of ([11], Thm. 14), where a uniform LSI was deduced for a ce with
non-interacting Hamiltonian. As explained in Section 3 the main observation is that by conditioning on even
blocks, odd blocks do not interact within the Hamiltonian and the setting of [11] applies with minor adaptation.
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More precisely, let us fix 22 € R2 and denote K := |A;|. We can rewrite the spin restriction (3.3) as

1 N 1 -
szkzgm_?zxi:;m. (6.1)
keAy 1€A2

Assume that we have M blocks in A;. That is,

M
Ay = A,

n=1

Then the Hamiltonian H can be written as

M
H(e)=Y H, (xAi”’) +C () (6.2)

n=1

where

(n) 1
Hy (JCAI ) = Z Y(xi) + siwi + 5 Z Mijriz; |
ieAl™ j: 1<|i—il<R

and C (xAQ) is a constant that only depends on z*2. We observe that for each n the potential H,, (xAgn)

only depends on z! through the spin values MY The potential H, (mA(ln)) depends on the condi-

tioned spin values 22 only wia a linear term. Most importantly, there is no interaction between odd
blocks {Agn) n=1,..., M} within the Hamiltonian H.

Let us now explain how the argument from Theorem 14 of [11] applies. We only point out the main differences
and leave the details as an exercise. We start with observing that the conditional measure i, (dncA1 !xAQ) is a

ce wrt. the fixed mean spin m given by (6.1). Let L denote the size of a block in Ay i.e. L = |A§1)|. Let P be
defined as the map

1
A
Pzx™ = Z Z()fri = (yn)nE[M] =Y
e n€[M]
that associates to every block A§") it’s mean spin ¥y,. The mapping P yields a decomposition of the
measure i, (dz1|2*2) into a conditional measure i, (do™|Pz™ =y, 2*2) and a marginal measure

,um (dy| .I‘Az) i.€.
Lhm (docA1 }xAQ) = lm (dgcA1 ’PxAl =1, xAz) Hm (d| xAz) .

The core of the argument in [11] is to deduce a LSI for the measure p, (d:cA1 |PxAl =y, [L’Az) and
for fip, (d| xA2). Those two LSIs then combine into a LSI for the full measure p, (dfrA1 ’xA2).

Let us consider the LSI for the conditional measure (i, (d;lcAl |P:UAl =y, ;vAZ). We observe that due to (6.2)
and the conditioning onto 222 the measure Lo, (dmAl‘PxAl =y, acAz) is a product measure on the blocks.
It follows that the measure p,, (docA1 ’PxAl =y, xA2) satisfies a LSI wia a combination of the Bakry—Emery
Criterion (c¢f. Thm. A.3), the Holley-Stroock Perturbation Principle (¢f. Thm. A.2 ) and the Tensorization
Principle (¢f. Thm. A.1). Because the conditioning z*2 only enters the Hamiltonian of fi,, (dl‘Al ’PxAl =y, xAQ)
as a linear term, the obtained LSI constant is uniform in the conditioned values z*2, the mean spin m, the linear
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term s and the overall system size N. The constant may depend on the size of the odd blocks. Let us turn to
the LSI for the marginal measure fi,, (d| J?A2). We use the same strategy as in the proof of Theorem 14 of [11].
We observe that the Hamiltonian H(y) of fi,, (d‘ IAQ) can be written after cancellation of constant terms as

where the function v, is given by

&n(z) = _l In

(n) Al
n n exp(—Hn(.’L'Al ))‘C(dx ! )'
L /{x/\(l )ERAg ) | %EieAS") xi=2}

We observe that Hn(xAgn)) satisfies the same structural assumptions as the Hamiltonian H in Section 3. Hence,
an application of Proposition 4.8 yields that the function ), is uniformly strictly convex for large enough L.
Hence, it follows that H(y) is uniformly strictly convex and therefore the marginal measure fi,, (df xA2) satisfies
a uniform LSI by the Bakry-Emery criterion (¢f. Thm. A.3). Again, the LSI constant is uniform in the conditioned
values 2. Tt is left to combine both LSIs to a single LSI for the measure s, (dxA1 {IAZ) which is done in a
similar fashion as in [11].

7. PROOF OF PROPOSITION 5.2

The goal is to deduce a uniform LSI for the marginal measure fi,,(dz’?) given by (5.1). We recall the
decomposition of A = A; U Ay into odd blocks given by A; and even blocks given by As (c¢f. Fig. 2). The
marginal measure [i,,(dz?) arises from p,, by integrating out the spins located in the odd blocks A;. We
will deduce the uniform LSI for fi,,(dz?2) by applying the Otto-Reznikoff criterion [28] (see Thm. A.4 in the

appendix). Applying this criterion needs two ingredients. For explaining the first ingredient let us consider the
.. _ (n)
conditional measures i, (dxA2

A’ 1 # n) This measure arises from the ce u,, by conditioning on all spins
in even blocks except of one and integrating out all spins in odd blocks. The first ingredient is a LSI for the
measures iy, (dmAgn) ’xAg”,l #* n) that is uniform in the conditioned spins xA;”, I # n (see Lem. 7.1). The

second ingredient is that the interactions in the measure fi,,(dz"?) between even blocks are sufficiently small
(see Lem. 7.2).

The first ingredient looks innocent on the first sight. By integrating out the odd blocks, the marginal mea-
sure fi,, (dz’?) is not restricted to a hyperplane anymore. Therefore a LSI should hold because one considers a
gce on a one-dimensional lattice. The difficult part is to show that the LSI constant is uniform in the conditioned

spin values :rAél), I # n. Those values enter the Hamiltonian of the measure fi,,(dz?) via a subtle interaction
term, namely the free energy of the ce pi,,, (dz™1|222). This interaction term is non-quadratic and has infinite
range and therefore is hard to control.

We derive the uniform LSI by extending a method of [25] for gces of one variable to ces of multiple variables
(see (cf. [25]), Lem. 3.1, Lem. 3.2). In the first step of the argument we use the Holley-Stroock Perturbation
Principle (see Thm. A.2) to modify the interaction term in the Hamiltonian. By the equivalence of ensembles
(see [18], Thm. 2) this allows us to consider in the Hamiltonian an interaction term that is the free energy of the
associated gce, which is easier to control than the free energy of the ce. Then we follow the approach of [25] and
write the Hamiltonian H on a block Ag”) as a bounded perturbation of a uniform strictly convex potential and
deduce the uniform LSI wia a combination of the Bakry—Emery criterion (see Thm. A.3) and the Holley-Stroock
Perturbation Principle (see Thm. A.2).

In the next two lemmas we formulate the main ingredients for the proof of Proposition 5.2. They correspond
to Lemma 3.1, Lemma 3.2 of [25] with the difference that the lemmas in this article are more general in the
sense that we consider multi-variate measures and that the interaction term is more complicated.
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Lemma 7.1. Assume K = |Ay| is large enough. Then for each n € {1,...,M}, the block marginal mea-
sure [, (dxA;n)‘scAg),l #* n) satisfies the LSI(T) for some T > 0 that depends on R but is independent of

the mean spin m, the external field s and the conditioned spins ahs’ U #n.

Lemma 7.2. Let Hy, be the Hamiltonian of the marginal measure fiy, (dxAz), i.e.

Hy, (xA2) = —ln/ exp (—H (xAHxM)) L5 (daM) (7.1)
~ EkEAl xk:m—% ZieA2 Ti
& —ln/ exp (—H (a:Al,xA"’)) LE=(daM).
® ZkeAl Tp=mm

Let € > 0 be given. Then for any n,1 € {1,--- M} with n # 1, There is a constant C' = C(&) such that

_ - R .
|(ViV;fn, (%)) | < Gz + CRexp (~CLin —1)).

ieAl™, jeAld

Here, || - || denotes the operator norm of a bilinear form and L denotes the size of a single odd block and K
denotes the overall size of all combined odd blocks, i.e. K = |A;| = LM.

Lemmas 7.1 and 7.2 are proved in Sections 7.1 and 7.3, respectively.

Proof of Proposition 5.2. Recall that K = LM. By choosing L large enough, a combination of Lemma 7.1,
Lemma 7.2 and the Otto-Reznikoff criterion (¢f. Thm. A.4) yields that the marginal measure fi,, satisfies a LSI
with the desired properties. [

7.1. Proof of Lemma 7.1

We note that the block Hamiltonian A A of the block marginal measure fi,, (dmA(zm |xA§l) L # n) is written
2
as follows:

_ OIENG
H, ) (.Z‘Aé ‘xAQl , £ n) = —ln/ exp (—H (mAl,xAQ)) L(dz™)
2 ~ >ken, Tp=m—gy 2ieny Ti

€ _ ln/ _exp (-H (1’A17£L'A2)) L(dz).
®

ZkeAl Tp=m

For notational convenience we abbreviate

_ Aén) 7 A;n)
HAgn,) ($ = HAén) x

acAgl)7 1 # n) .

Our aim is to decompose the block Hamiltonian H A(m into a strictly convex function and a bounded func-
2

tion. Then the proposition will follow from the Bakry—Emery criterion (¢f. Thm. A.3) and the Holley-Stroock
Perturbation Principle (¢f. Thm. A.2). More precisely, we want to find functions LR RAS” 5 R such that

HA(") (xAén)) = 1;“ (xAgn)> + z;b (a:A(;)) , (7.2)
2

HessRA(Qn) 1/30 >c>0 and |1/~)b\oo < C < o0. (7.3)
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Let us introduce auxiliary set F,, and Hamiltonian H,., : R — R. These are

E,:={keA: FiecAl such that |k —i| < S},
Hyux(2) == H(z) = > 9"(x;), (7.4)

JjEE,

where S is a positive integer that will be chosen later. By definition, H,,y is strictly convex in the space restricted
to the spins z; with i € E,,. The associated gce g, (dz?1) and the ce plaux.m (dxAl) are

e (A1) = i (™ [ah2) = exp( 3 a1~ Ha >>d

keA;

Haux,m (dxAl) = Maux,m (dxAl ‘xAQ)
1 A AL A K—1(4..A
= Eﬂ{%zml =)} (™) exp (—Haux (z™t,2"2)) L5 (da™). (7.5)
As described in Section 4, we choose o = o(m) such that (cf. Def. 4.3)

= Z /xkﬂaux dxAl :: E Z Tfﬁk' (76)

k€A1 ke
Motivated by the approach of [25], the first attempt to decompose H ALY (:17‘\(2”)) according to (7.2) is to set

FIAW (a:Aén)) = - ln/ exp (—Haux (xAl,xA"’)) L(dz)
2 L Z zk*fﬁ
keAq

f Seen, T _sexp (—H (2™, 282)) L(da)

l .
T 5 n, v P (~Hau (2 282)) L(da™)
€

(7.7)

The motivation for decomposition is the following. Because H,,x is strictly convex on the spins in FE,,, and
log-integration conserves convexity, one expects that the first term on the right hand side of (7.7) is strictly
convex. One expects that the second term on the right hand side of (7.7) is bounded because the Hamiltonian H
and the auxiliary Hamiltonian H,.y are close up to bounded perturbations.

However when doing so, it is not clear if the strict convexity of the first term on the right hand side of (7.7)
is uniform in the conditioned spins z2", [ # n. We circumvent this obstacle by adding and subtracting an
additional term, i.e.

H (x/\ém> = — <ln/ exp (fHaux (:cAl,:cAQ)) C(dxAl)
: ~ ZkeAl TE=Tm

—|—K0ﬁzﬁz—ln/ ex T H, .« A,xA2 da™
()i~ | p( ) D )

keAy

+ (Ka(ﬁz)ﬁl —1In /RM exp <a(ﬁ1) Z Tk — Haux (:CAl’x/b)) dxA1>

keA;
f Shen, o= _exp (—H (1, 242)) L(dz)

—1In .
f Seen, T i €XD (= Haux (21, 282)) L(dah)
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We define

,ll;c (xA;”)) := Ko(m)m — ln/ exp (0(7%) Z T — Haux (xAl’xA2)> dl’A17
RA1

ke,

PP (xAén)) = — <ln /1 - _exp (—Haux (ajAl,xA"’)) £(dxA1)
i kEA7 TEp=m

. exp (O’(ﬁl) Z Tr — Haux (xAl,zA2)> dxA1> (7.8)

ke
f% ZkeAl S exp (—H (xAl ) $A2)) [:(dxAl)
n .
T 50or, v OB (—Ha (@1, 282)) £{d2 )

+Kdmm7m/

R

-1

Hence, we have the splitting
_ (n) ~ (n) ~ (n)
H, (mA2 ) =° (:vA2 ) + o (:cA2 ) .
2

Let us now explain, why the terms 1¢ and " heuristically satisfy (7.2) and (7.3). Let us start with the
property (7.3) i.e. that PP (x/\;"’) is bounded. We observe that t? (xAén)> consists out of two terms, namely (7.8)

and (7.9). The term (7.9) is unchanged from the first attempt and should be bounded by the same argument as
above. The term (7.8) is representing the difference between the free energy of an canonical ensemble and the
free energy of an associated modified grand-canonical ensemble. Hence, this term should be uniformly bounded
by the equivalence of ensembles. - .

Let us explain why (7.2) is satisfied i.e. why the term ¢ is uniformly strictly convex. We observe that )¢
is a Legendre-transformation. By basic properties of the Legendre transform the convexity properties of 1[)6 are
determined by the convexity properties of the log-partition function of the associated grand-canonical ensemble.
In the first attempt we would have to analyze the convexity of the log-partition function of a canonical ensemble.
Now, we only have to analyze the convexity of the log-partition function of a grand-canonical ensemble. This is
easier to analyze and turns out to be more robust wrt. the conditioned spin-values.

This argument is made rigorous in the following two statements.

Lemma 7.3. For both K = |A1| and S large enough (cf. (7.4)), the function ¢ is strictly convez in the sense
that there is a positive constant ¢ > 0 with

Hess ) ¢¢>cld
NG P> RAGY

. . (n)
where IdRA<n) denotes the identity map on R™2 .
2

Lemma 7.4. The function 1[)1’ is uniformly bounded. More precisely, it holds that
0000 ST+ R+S.

We shall see how the statements from above yield Lemma 7.1.

Proof of Lemma 7.1. By choosing S large but fixed, the block Hamiltonian H A(m is a sum of strictly convex
2

function QZC and a bounded function {ﬁvb. Then the Lemma 7.1 follows from a combination of Bakry-Emery
criterion (see Thm. A.3) and Holley-Stroock Perturbation Principle (see Thm. A.2). O

It remains to prove Lemmas 7.3 and 7.4. Let us begin with providing auxiliary statements which will be
verified in Section 7.2. For the notational convenience, we simply write & = o(m) (cf. see (7.6)).
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For the proof of Lemma 7.3 we need to show that there exists a positive constant ¢ > 0 such that the following
holds for K and S large enough.

e ~ A1 A A
HeSS]RA(zn) <K0m —1In /]RAl exp <O’ Z Ty — Haux (gg 1y 2)) dz 1) > CIdRAg"M (7.10)

keA;

where IdR L denotes the identity map on RAS™ . As a first step, we calculate a formula for the left hand side
of (7.10).

Lemma 7.5. For eachi,j € Ag"), it holds that

d? .
Tosde; (K&m —In /]RA1 exp (5 Z Tk — Hauz (xAl,xAz)> dxA1>

keAr
do do
=var,s | Xk> — (7.11)
(kGAl dxz d{L‘j
+E, s iH (X)| — covys iH (X) iH (X) (7.12)
nga: 8xzaxj auxr ng“m 8xl auxr b) 8xj auxr . .

Next, we provide an auxiliary estimate of partial derivative of & with respect to z;, where i € Ag").

Lemma 7.6. For each i € Aé”), it holds that
do
da:i

<1

The last step towards to the proof of Lemma 7.3 is the strict convexity of (7.12).

Lemma 7.7. There is a positive constant ¢ > 0 such that for both K = |A1| and S large enough (cf. (7.4)) the
following holds.

o2 o o
5 Y — 5 - - > n) . .
(EMW [ HW(X)} oV, ( 5y Houa(X), ax'Haux(X)>>i,jeAé”) > cld o (7.13)

8561'8%]' i j

The proof of Lemma 7.5, Lemma 7.6 and Lemma 7.7 are presented in Section 7.2. Let us see how these
statements yield Lemma 7.3.

Proof of Lemma 7.3. Due to Lemma 7.6 it holds that for i,j € Agn)

d? e ~
dxidxj <Kom —1In /]RAl exp <O’ Z Tk — Haux (QL‘A171'A2)> dxA1> = T(7_11) + T(7.12),

ke,

Hence, the desired statement follows from Lemma 7.7 and the estimate

1
|Tra1)| S

S % (7.14)

Indeed, (7.14) directly follows from a combination of Lemma 7.6 and the observation that (¢f. Lem. 4.1)

var,s <Z Xk> < K.

keA,
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Let us turn to the proof of Lemma 7.4. We need an auxiliary statement to begin with.

Lemma 7.8. Let X = (Xi)kea, be a random variable distributed according to the measure qux- Denote gauz
by the density of the random variable \/% > ken, (Xi —myg). It holds that

In g4u2(0) = <ln/ exp (fHaM (xA1’$A2)) £(d1’Al)
® ZkEAl TE=m

+Kom — ln/ exp (a > @k~ Hous (mAl,;Em)) dxm) :
RA1 kEA,

The proof of Lemma 7.8 is given in Section 7.2. Let us now turn to the proof of Lemma 7.4.

Proof of Lemma 7.4. We observe that

~ (n)
P ($A2 ) =T(7.8) + T(7.9)- (7.15)
Estimation of T g): Because ug,, is a one-dimensional gce, the desired estimate
ITiz.s)| S 1 (7.16)

follows from a combination of Lemma 7.8 and Proposition 4.7.
Estimation of T{7 9): It holds that

J% S pen, on=iit P (—H (281, 2%2)) £(da™)
T 1o o O (— Ha (1 282)) L(da™)

|Ti7.9)| = |In

(7.5) ln/exp - Z 1/)b(xj) Haux, 7 (dxAl)

jeE’!L

< 3 [ SRS (7.17)

JEEn
Then a combination of (7.16) and (7.17) yields, as desired,

[V’)so <1+ R+S.

7.2. Proof of auxiliary statements

In this section, we provide the proof of Lemma 7.5, Lemma 7.6, Lemma 7.7 and Lemma 7.8. Let us begin
with providing the proof of Lemma 7.5.

Proof of Lemma 7.5. A direct calculation yields that

d ~ ~ _ Ay Ao Ay
dxj<Km ln/RAlexp<UZxk Haux(x X ))dx )

keA,

:K( d &)ﬁz—l—Kédm
dxj d

Lj
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/ exp (5 Z T — Haux (mAl,xA2)> d:rA1> (ini

ke,

/ exp (& Z T — Haux (xAl,xA2)> da:A1>

keA,

. dm
(7.6) K&£ — ;‘;J <ln /RM exp (& Z T — Haux (xAl,xA2)> da:A1>

ke
0

6.1) .
= —0—-E,;; |——=—H,x(X
o Maux[ o, ( )}

0
= —0 +Eug“x |:aa;‘jHauX(X):| .

Taking further derivative, one gets

d? -

ke,

do d 0
= — —KFE — H (X
dx; + da;  Haws [axj e )]

A [?Haux<x>] LA { 0 Hau)((X)}

de; 95 Mew | Oz, do; = Ox; Mowe | Owg

d& 0
T (Covug"x (Z X, aJclzerm(x)> — 1)

keA; J
0? 0 0
E,.s 7Haux X - 4 7Haux X 77Haux X
+ Haux |:8502an ( ):| COVhZu (31‘z ( ) aﬂjj ( )>
(7.18) dé do
= Varugux ( Z Xk) dxl @
ke

m, - g )] —covie (<2 Hae(X), 2 Ho (3)
I’l’g\lx aJ;l@x] aux p,gux 8xl aux b 81‘7 aux .

Let us now turn to the proof of Lemma 7.6.

Proof of Lemma 7.6. A combination of the definition (6.1) of m and the equality (7.6) yields

N 1 1 ~
Rm—EZm:? ka.
P€EA ke

We recall that pg,, (dzt) = pd,, (da™ ‘xAZ) depends on x;,7 € Aén) via the field & and the conditioned spin
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value 2. Then differentiating both sides with respect to x;,i € Aén) gives

11( K dz, (Z m’“)

ke

10 - d
= > 4= Z my Z mk)
K 05 <k6A1 > K O <k6A1
= —Var <Z Xk> ot E ! cov,, (Z Xy, —=—— aux(X)) : (7.18)
keA, keA,

Our strategy is to estimate every factor appearing in (7.18). Then rearranging (7.18) will yield the desired
estimate. Note that the measure uJ, . is only active on A; while i € Aén)

adding constants, it holds that

. Since the covariance is invariant under

COVILWX (Z Xk, ) aux(X)> | = COVHg“x Z Xk,Xi —+ S; + % Z Mile

ke keAq 1:1<|l—4|<R
1
= 5 COV#g“x E Xk, E Mile . (719)
ke e
1:1<|l—i|<R

We note that the properties described in Section 4 hold for ug, . because it is a gce in the one-dimensional
lattice. In particular pg,,, has exponential decay of correlations as in Lemma 4.6. Therefore it holds that

1
T(7‘19) < 5 Z Z |C0V'uguX (Xk, M11X1)| S R 5 1. (720)
ke leA;
1:1<|l—3i|<R

As a consequence, by rearranging (7.18) we get

COV (Z Xkai aux(X)> _%

keA;

| _
dZEZ‘

K
varug, (Zen, X )

Lemma 4.1, (7.20) 1
<

~ ?‘

O

The proof of Lemma 7.7 consists of a lengthy calculations. We provide the proof of Lemma 7.7 modulo an
auxiliary statement (see Lem. 7.9 from below).

Proof of Lemma 7.7. The argument is inspired by calculations done in Lemma 3.1 from [25]. The main difference

is that we consider the multi-variable case (in RA(ZH)) while ([25], Lem. 3.1) only considers the single variable
case. Recall the definition (7.4) of the set E,,. Let us decompose the auxiliary measure uJ, . into the conditional
and the marginal measure as follows:

ngx (dxAl) = #Zux ((dxk)keAl,keEn | (xl)leAl,leEn) ﬂgux ((dxl)leAl,leEn) .
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We write 13,y « = 5y ((dxk)keAhkeE" (xl)leAhlgE,L) for notational convenience. Then it follows that

B, |- u (X)] = covye (<2 Hue(X), 2 Hoe ()
:u‘gux axlaxj aux lu,g“x 8.]:‘ aux k) axj aux

K2

0? 5 0 0 _5
= / ( W‘Haux(‘r):u’aux,c — COV s c (axiHauX(x)v (%jHaUX(x)>) Haux
_COVﬂgux (/ axiHaUX(x):u’aux,c?/%Haux(x)/u’aux,c> . (721)

As noted before, if restricted to spins x; with ¢ € F,,, the Hamiltonian H, is strictly convex. Then by Brascamp-
Lieb inequality (cf. [3]), there is a constant ¢ > 0 with

. Hau (2) 11 co Iy () Iy () > cld
aux aux,c  COVy,s aux ’ aux = n) -
02,0z Haux, Hauxe \ 9, z; g RAS™
and as a consequence,
Py (2) U8 o — COV 5 Iy ()iH (z)) ) m2 > cld (7.22)
63%8.’1,‘] aux\L)Haux,c Vﬂgu&C oz, aux (L), ox; aux \L Haux g = C IRA(ZH) . .

%,

Then a combination of (7.21), (7.22) and Lemma 7.9 from below yields the desired property (7.13) by choosing S
large enough. O

The following statement, Lemma 7.9, is an estimation of the second therm in the right hand side of (7.21).

Lemma 7.9. Recall the definition (7.4) of the set E,,.
E,:={keA: 3iecAY such that |k —i| < S}.

For each i,j € A(Qn), it holds that

0 5 0 5
Covag,, (/ %Hﬂum(x)NZum,m / MHaux(x)NZux,c> ‘ S 52 exp (—CS).

i J
Proof of Lemma 7.9. We begin with a simple observation:
0 1
a—xiHaux (x) =z + s + 3 Z M;px,.
p:1<|p—i|<R

As the measures ug,,, . and i, are defined in the subspace of 2™ we may regard x;’s with [ € Ay as constants.
As a consequence, it holds that

9 5 9 5
covgs </ axiHaux(x):uaux,cv/(rh,jHaHX(x):u'aux,c)

1 . .
= Z Covﬁf;’ux / Z Mipxp :u’gux,m/ Z quxq lugux,c

PEAL, q€AT,
1<|p—i|<R 1<|g—j|I<R
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To estimate the covariance from above, let us double the variables to get

8 E . a E . 4
COV;E;“X / Mlpxp Maux7c7/ qul'q Maux,c

pEAL, qeA,
1<|p—i|<R 1<|g—j|I<R

= // / Z Mipérp /j’gux,c(d‘r|y) _/ Z Mipxp /”Lgux,c(dx|z)

pEATL, pEAL,
1<|p—i|<R 1<|p—i|<R

X / Z quxq Mgux,c(dx|y) 7/ Z quxq p’gux,c(dx|z) ﬁgux(d)ﬁgux(dz)'

qEA, g,
1<|g—jI<R 1<]g—jI<R

Then it follows from the fundamental theorem of calculus that

/ Z Mipxp lu’gux,c(dx‘y) - / Z Mipxp lu’gux,c(dx|’z)

pEAT, pEA,
1<|p—i|<R 1<|p—i|<R

1
d g
B / %/ Z Mipxp :U‘aux,c(dx|ty + (1 — t)z) dt

0 pEAL,
1<|p—i|<R

pEAL, ri€E,
1<|p—i|<R s1¢Ey
1<|r1—s1|<R
< Z Z |MipHMms1||yS1 - 281| sup ’
0<t<1

pEA1, r1€EE,
1<|p—il<R _ s1¢E,
1§|’I"17$1 |§R

1
= / COVpE o (dafty+(1—1)2) Z Mipy, Z My s, (Ysy — 2s,)
0

Covpj;’ux)c(d:c|ty+(1—t)z) (xpﬂ 1'7"1) :
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(7.23)

(7.24)

We note that pd,., ,uguX’C are also goes on the one-dimensional lattice and they satisfy properties listed in

Section 4. Therefore an application of Lemma 4.6 yields

T(7.24) 5 Z Z |Mip||MT151Hy81 — Zsy | exp (_Clp - Tl') .

pEAT, r€kb,
1<|p—i|<R s1¢E,
1§|7‘1—81|§R

(7.25)
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Similarly, one gets

Z Mlpxp p’auxc d$|y / Z MJQ‘T(I /U‘auxc(dx‘ )

f

g€, q€AL,
\q JI<R la—jl<R
Z Z |quHMT252||y82 - ng|eXp (—C|q—r2|) : (726)

qEN, ro€bE,
lg=jI<R  s2¢En
‘Tz*SQ‘SR

Note that
// |yS - ZS| |y7“ - Z’f’| /‘Laux( )/u‘aux dZ // - ZS y’l‘ - ZT)2 ﬂgux(d)ﬁgux(dz)

=3 (var# (y; )Jrvar (yr))

1 Lemma 4.1

=3 (var,s (ys) + var,s (yr)) S 1. (7.27)
We also note that finite range interaction with strictly diagonal dominant condition

Y IMyl+6<My=1 forallic[N]
1<|j—i|<R

imply there is a constant C' such that for all ¢,j € [N]
|Mij| < exp (—=Cli — j|). (7.28)

Plugging the estimates (7.25), (7.26), (7.27) and (7.28) into (7.23) yields

A

S MM ep(<Clo—r) | | S S (Mgl My [ exp (—Clg — 2])
pEA1, T1EE, qEAL, ro€E,
|p—i\§R 51¢En |q_j‘§R 52¢En
‘Tlfsl‘SR |T27$2‘SR

|Ti7.23)|

A

Yo > exp(=Cli—pl)exp(=Clr1 = si|)exp (=Clp — 1)
pEAL, rie€b,
|p—i‘§R 51¢En
‘Tlfsl‘SR

x > > exp(—Clj — ql) exp (=Clra — s2]) exp (~Clq — 72|)
qENy, ro€E,
lg—j|I<R s2¢En
|7’27SQ‘SR

< R*(R+25)%exp (—CS) < S%exp (—CS).
as desired. O

It remains to provide the proof of Lemma 7.8. This follows from a straightforward calculations.
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Proof of Lemma 7.8. This follows from a direct computation. Indeed, it holds that
<1n/ exp (—Haux (xAl,mAz)) E(dxAl)
® ZkeAl TR="m

~ _ A1 A A
N exp (a Z T — Haux (:U , T 2)) dx 1)

+Kom — ln/
ke

R

_1 Y _Haux Ala Az d A1
Il/RAleXp<O'Z.’Ek (.27 x )) X

k€A,
f% EkeAl Tp=m €Xp (& ZkeAl T — Haux (mAl y fL'Az)) £(d$A1)
f]RAl exp (5 ZkeAl T — Haux (wAl,xA2)) daAs
a5 im0 P (5 Xen, T = Haux (™, 2%2)) L(da™)

(26) In —/&
f]RAl exp (5 ZkeAl x — Haux (xAlva2)) dat

= 1n

= In gaux(0).

O
7.3. Proof of Lemma 7.2
Let us begin with computing the second derivatives of Hy,.
Lemma 7.10. Assume i € Aén) and j € Aél) with n £ . Then it holds that
ez A 9 Ay A 9 Ay A
drida, Hy, (1‘ 2) = —COV“m(dmA1|rA2) (axiH (33 LT 2) — 8%;RH (aj L 2) )
0 0
—~ H A A2\ H Ay A2 ]
ij (33 - ) ij_R (l‘ - )
Proof of Lemma 7.10. Recall the definition (7.1) of Hj, (:vAZ) given by
Hy, (;vAz) = —ln/ exp (—H (:rAl,xAQ)) LB (dgM).
~ ZkeAl Tp=m— g ZieA2 i
Fix 22 € R** and define a vector 2z € R as
if k A
o TR ARFREN, e ke Ay, (7.29)
0 otherwise,
and let
yh = ah 4 M (7.30)

Note that ),y 2k = D ;cp, ®i- In particular, it holds that

N
Zxk:Zxk+in:Zxk+sz:Zyk. (7.31)
k=1

keA; 1€A2 keAq keAy keAr
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With this observation, it follows from change of variables that

Hy, (:cAQ) = fln/ exp (—H (yAl - zAl,xA2)) LE=1 (@) (7.32)
%ZkeAl Yr=m
Note also that a direct calculation yields for i € Ao,
d A_AA_a Ay Ay o Asy i A AA_de
dxiH(y 2™ 2) = 8xiH(y T—zM 2) k; 6ka(y t—zM 2) az,
1
_ 0 A AL Ay O Ay A A
= 8xiH(y M 2) 97 n (y 2t 2)
_ 0 A Asy O Ay A
= axiH(z L) 8$i,RH(I L) (7.33)

Then a combination of (7.31), (7.32) and (7.33) followed by change of variables yields

d
dxi

Ha, (2"2)

Jyse e e (H (= 28, %)) exp (- (3 — 2, 2)) 251 (@)
e

T oo, o X0 (H (7 = 2 22)) ZR1(aN)

__9
R

H () ¢ gl H (o)) e (C (50,00)) 250t

T s e 5D (—H (a1, 202)) 2R (dzh)

)
(6.1) f% 2ken, TH=M ( Oz

(a0 B (o, 0%) ) exp (—H (5,0%)) 25 aa)
Tt 50 (1 (a0 290)) 2 T(d)
0

A1 A2
(%ci,RH(z , X )}

0
8xiH(xAl’xA2) -

= Eum<dzA1‘zA2) |:

Let us turn to the computation of the second derivative of H. Observe that for any distinct k,1 € [N],
32

A A2y _
8l‘kale(x 1,.1’ 2) —Mkl~

In particular if |k — | > R, we have
52
Oz 0x;
Suppose i € Agn) and j € Ag) with n # [. For L > 2R (see Fig. 2), it holds that |i — j| > L > 2R. This implies
dist ({i,s — R},{j,7 — R}) > R.

H (xAl,xA2) = Mk‘l =0.

With this observation, a similar computation from above yields the desired formula

. Hy, (%) = —cov 0 H (z™,2"2) — 0 H (z™,22)
dﬂfidiﬂj 2 L, (dxAl ’;cA‘z) (’9362 ’ 3%‘_3 ) y
48 A A2 9 A Ao
&EjH(a: ,z1?) 8Ij_RH(:c T )).
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The main ingredient for proving Lemma 7.2 is the decay of correlations. We consider the conditional mea-
sure L, (d:vAl |xA2) which is a ce with mean spin m given by (6.1). We define the corresponding conditional
gce (dzA1 |:cA2) as

u” (dmAl‘xAZ) = %exp <T Z xp—H (acAl,xA2)> da™, (7.34)
ke
where 7 = 7(m) is given by (¢f. Definition 4.3)
= [ 3 e,
ke,

Note that p” (dxA1 |IA2) and fum, (d:cAl |a:A2) satisfy the same structural assumptions made in Proposition 4.9.
As a consequence, Proposition 4.9, i.e. decay of correlations, also holds for u™ (dxAl |£EA2) and i, (d;z:Al |9:A2).
Now we are ready to give a proof of Lemma 7.2.

Proof of Lemma 7.2. Assume n # [ and let i € Aén), JjE Ag) be given. It is enough to prove that

d2 HA (xAQ) <
dl‘idl‘j 2

S Rise +exp(—CLln—1]).

Note that for each k € [N]

%H (SL’Al,iEAQ) :xk—kwl’,(xk)—&-sk—l— Z Mpx;.
I: 1<|l-Kk|<R
In particular for L large enough we have
dist | supp 0 H(xA1 acA?) — LH (xAl xAz)
81‘,‘ ’ 81‘1'_13 ’ ’
supp Iy (z, 22) — 0 H(z™,2%2) ) ) > (L - 2R)|n — 1| > £|n—u. (7.35)
6$J‘ ’ 8$J‘,R ’ - -2

Recall the definition (7.34) of u”. Because it is the gce on the one-dimensional lattice, one has the uniform
moment estimate as in Lemma 4.4, i.e. for each n € N, there is a constant C' = C'(n) such that for each ¢ € A4,

EHT HX, - ]EHT [X,'Hn] < C’(n) (736)

Therefore a combination of Proposition 4.9, Lemma 7.10, the fact that covariances are invariant under the
addition of constants, (7.35), and (7.36) yields the desired estimate

d2

_ 1
dxidmj HA2 (SCA2) 5 Kl-e

+exp(—CL|n —1]).

8. PROOF OF PROPOSITION 5.3

The proof is a slight adaptation of the argument for the two-scale criterion for LSI (¢f. Thm. A.5, [11],
Thm. 3). For the convenience of the reader we give all details. Let ® : R — R denote the function ®(x) = z1lnz.
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Observe that we can decompose the relative entropy into

[ 2 @hn(an (/f 2o dx)

= [ [ ot @) o ( [ st (@) )] o (@) (8.1)

+/<I><f(xA2))u (da"2) — </f h2) dw“)>7 (8.2)

where f(xA2) = [ f(x)pm (dxAlleZ). Let us begin with estimation of (8.1). As i, (dxAllmAQ) satisfies
LSI(p1), it follows that

S ot iety —o (] s 1) ) e 12

2
S/[Q;/|me| L (dxAl‘J;Az)] fim (dxAg)

1 |Va S
2P1 f

fim (d) .

Let us turn to the estimation of (8.2). It holds by the assumption on fi,, (dz*2) satisfying LSI(ps) that

@) o (a0 - (/f A i A2))§2;2/Mj§f’2ﬂm (da?) . (8.3)

Lemma 8.1 (Analogue of Lemma 21 in [11]). [t holds that

. 9 0
Vil = (E#m (dx/‘l |$A2) [al‘if(x) a 3$in(x)]>ieA2
7]

o A1 A2 _ L Al A2
covum<dxAl‘xA2> (f($)7 (8%}[ (m , T ) 3xi7RH($ » T )>z‘eA2> :

Proof of Lemma 8.1. Given 22 € R2, recall the definition (7.29) and (7.30) of 2 and y”!, respectively.
Similar calculations as in Lemma 7.10 implies

A A1 A2 - A1 A1 Ay
0 im0 T S0 =) s () 0
axi axl fé ZkEAl Yr=m €Xp (_H (yAl - ZAl’xAz))‘C(dAl)

0 0
= ]Eum(dxM’mAz) {&le(iﬁ) - 8131'—Rf(x)

0
- COVIU‘M (d1A1 ‘mAz) <f<x)a axl H (.’EAl s JjA2) —

0

0xi_R

H (xAl,xA2)> )

The next ingredient is the estimation of covariances.
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Lemma 8.2 ([11], Lem. 22). Let u be a probability measure on an Euclidean space X . Suppose p satisfies LSI(p)
for some p > 0. Then for any two Lipschitz functions f : X — [0,+00) and g : X — R,

o g < 70 [0 50y ()

Now we estimate the integrand in the right hand side of (8.3) with the help of Lemma 8.1 and Lemma 8.2.

Lemma 8.3. It holds that
\Y%
[V fI A2f| /|vA1f| (do™ ) /IVA2f| o (A [
Proof of Lemma 8.3. An application of Young’s inequality yields
0 0
E i _
( Hom, (da:Al ‘a:“) |:(9£Cl f(-%') 0zi_p f(x):| ) i€y

. A1 Az _ L Al A2
COV#m (dzAl‘z/\z) <f($), <asz (1‘ & ) al‘ifRH (gj o ) 1€As

|vA2fT|2 Lemma 8.1 1

f -7

2

< 7| o oon o) |57 ), o
7| (Bun o) [ @)DHQ | o
+§_ OV, (s (f(rm, %H (:cA%w“))ieAQ 2 (86)
3 ooy ([ g ) &0

Let us begin with estimation of (8.4). Cauchy’s inequality implies that
Vo fI*
[ @ (@) [EIL 0 @t

2
=7 ) [ o),

2

IN

B, (s o) (V22 ()]

and as a consequence

2
Tig.4) < 4/ |VA;f| Hm (dxAl\xM).

Let us turn to the estimation of (8.5). Note that i — R € A; for each ¢ € As. Then a similar computation from
above yields

2 2
<o [T, (ash)a).
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Let us turn to the estimation of (8.6).

2
a Ay Ao
COV#m (dzAl ’zAQ) <f($)’ al‘iH ($ ' )>ieA2
2
= |21|l§pl {covum (dxA1|mA2) (f(x), Va,H (mAl,xAz) y)}
yeRA2

Proposition 5.1,Lemma 8.2 ]

Vi (V A gha) )|
A\ o, 0 [V (T () )
yERM2

Ax| A Va, I Arp s
X </ f(@)pm (dl‘ |.I )> </ ¥ Hm, (de |JC ))
Leonay [ [IVAFE oa
Sp%f( )(/ f fim, (dz | )>

v
SG)N*/‘ A1f‘ dA1|A2)-

Therefore

Similar computation also yields

1 [ |V, S A
T(8.7)5p%/Ame(dA|x ).

Let us now give a proof of Proposition 5.3.

Proof of Proposition 5.3. A combination of (8.3) and Lemma 8.3 yields that

1 1 vl
T(g‘g) S 2p2IHELX{17p2}/ </ J‘Cf/,l,m (d$A1|l‘A2)> i (d$A2)
1
2
P1

Therefore

/‘I’(f)dﬂ—q) (/fd/i) =Ty + 152
VP, 1mx{ 1} v/
2,)1/ pon (o) 4 5 max g 1. g / 7t (d2)

1 1o LN IV
<2(p1+p2 * {1 p?})/ gt ()

This finishes the proof of Proposition 5.3.




UNIFORM LSI FOR THE CANONICAL ENSEMBLE ON THE 1D-LATTICE 371

APPENDIX A. CRITERIA FOR THE LOGARITHMIC SOBOLEV INEQUALITY

In this section we state several standard criteria for deducing a LSI. For proofs we refer to the literature. For
a general introduction and more comments on the LSI we refer the reader to [2, 20, 21, 29].

Theorem A.l (Tensorization Principle [13]). Let p1 and upg be probability measures on Euclidean spaces X1
and Xo respectively. Suppose that pi and ps satisfy LSI(p1) and LSI(ps) respectively. Then the product
measure 1 Q) pa satisfies LSI(p), where p = min{py, p2}.

Theorem A.2 (Holley-Stroock Perturbation Principle [15]). Let p; be a probability measure on Euclidean
space X and 0 : X — R be a bounded function. Define a probability measure ps on X by

1
pz(dx) = 7 exp (—0v(x)) p1(dz).
Suppose that py satisfies LSI(p1). Then us also satisfies LSI with constant
p2 = p1exp (—osc 0v),
where osc 01 := sup 61 — inf d1).

Theorem A.3 (Bakry-Emery criterion [1]). Let X be a N-dimensional Euclidean space and H € C%(X). Define
a probability measure p on X by

p(dz) == % exp (—H (z)) dz.
Suppose there is a constant p > 0 such that Hess H > p. More precisely, for all u,v € X,
(v, Hess H (u)v) > plv|?.
Then u satisfies LSI(p).
Theorem A.4 (Otto-Reznikoff Criterion [28]). Let X = X7 X --- X Xn be a direct product of FEuclidean spaces
and H € C%(X). Define a probability measure p on X by

p(dr) == % exp (—H(z)) dx.

Assume that

- For each i € {1,--- , N}, the conditional measures p(dz;|Z;) satisfy LSI(p;).
— For each 1 <i# j < N there is a constant k;; € (0,00) with

|ViV;H(2)| < Kij. forallz € X.

Here, |- | denotes the operator norm of a bilinear form.
- Define a symmetric matric A = (Aij)i1<ij<n by

Ay = {” S
—Kij, i 1F]
Assume that there is a constant p € (0,00) with
A>pld,
in the sense of quadratic forms.

Then u satisfies LSI(p).



372

Y. KWON AND G. MENZ

Theorem A.5 (Two-Scale Criterion [11]). Let X and Y be Euclidean spaces. Consider a probability measure p
on X defined by

p(dr) == % exp (—H (z)) dz.

Let P: X =Y be a linear operator such that for some N € N,

PNP! =1dy .

Define

r :=max {(Hess H(z) - u,v) : u € Ran(NP'P),v € Ran(Idx —NP"'P),|u| = [v] =1} .

Assume that

- K<
— There is p1 € (0,00) such that the conditional measure p(dx|Px = y) satisfies LSI(p1) for ally € Y.
— There is pa € (0,00) such that the marginal measure fi = Pyp satisfies LSI(paN).

Then p satisfies LSI(p), where

1 K2 K2\ 2
p==|p1+p2+—— (,01-|-,02—|—) —4pipa | > 0.
2 P1 P1
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