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A PROBABILISTIC APPROACH TO QUASILINEAR PARABOLIC
PDES WITH OBSTACLE AND NEUMANN PROBLEMS*

LISHUN X1A0Y**, SHENGJUN FAN? AND DEJIAN TIAN?

Abstract. In this paper, by a probabilistic approach we prove that there exists a unique viscosity
solution to obstacle problems of quasilinear parabolic PDEs combined with Neumann boundary con-
ditions and algebra equations. The existence and uniqueness for adapted solutions of fully coupled
forward-backward stochastic differential equations with reflections play a crucial role. Compared with
existing works, in our result the spatial variable of solutions of PDEs lives in a region without convex-
ity constraints, the second order coefficient of PDEs depends on the gradient of the solution, and the
required conditions for the coefficients are weaker.
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1. INTRODUCTION

We will adopt a probabilistic approach to study the following obstacle problems of second order quasilinear
parabolic PDEs combined with Neumann boundary conditions and algebra equations, with some slight abuse
of notions,

(u(t,z) — L(t,2)) A{(u(t,z) = U(t,z)) V [-Owu(t,z) — (Lou+ g)(t, 2, u,v)]} =0,
(t,x) = o™ (t,z, ut,z),v(t, ) Vu(t, z), (1.1)
(

T,x)=®(z), zeO0y g%(t,x) =0, xz€d0,

<

u

where we write (Lyu+g)(t, ,u,v) := & tr {(00™) (¢, , u(t, z), v(t,z))D*u(t, )} + (b(t, z, u(t, ), v(t, x)), Vu(t, z))
+g(t, z,u(t,z),v(t, z)). From the viewpoint of nonlinear Feynman-Kac formula, proposed by Peng [16], the above
PDE system (1.1) should be related with the following fully coupled forward-backward stochastic differential
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equation with reflections (FBSDER for short):

dX‘:’z = 6(87 X;’z7 }/St’m7 Z§7I) ds + U(S’ Xﬁ’z7 )/St’z7 Zzz) ng + dn27x7
AYS® = g(s, X, Y7, Z0%) ds = (27, dB,) + d¢*, s € [t,T), (1.2)
XE® = Vi = 0,

where n.t’m and ¢"" are two adapted processes with bounded variations, which are the reflection processes that
keep X" living in a bounded connected region @, without convexity constraints and Y."* living in O := [L,U],
respectively. The probabilistic interpretation for PDE (1.1) can be expressed as u(t, x) = Ytt’w, in viscosity sense.
Probabilistic approaches to obstacle problems and Neumann problems have been studied by many researchers.
El Karoui, Kapoudjian, Pardoux, Peng and Quenez [5] first presented the existence and uniqueness for viscosity
solutions of semilinear parabolic PDEs with one obstacle by backward stochastic differential equations (BSDEs
for short) with reflections. Recently, Li, Peng and Liu [10] showed the quasilinear case by reflected BSDEs coupled
with stochastic differential equations (SDEs for short) when b(t,z,y,2) = b(t,z,y) and o(t,z,y,2) = o(t,z),
i.e., b is independent of z and ¢ is independent of (y, z).

Pardoux and Tang [15] first proposed the probabilistic interpretation for viscosity solutions of quasilinear
PDEs with Cauchy problems by forward-backward stochastic differential equations (FBSDEs for short), which
is extended from the semilinear case of Peng [16] and Pardoux and Peng [13]. For technical reasons, however,
their result requires that o does not depend on z, then the second order coefficient o of PDEs is independent
of the gradient of solutions, Vu(¢,z). Abraham and Riviere [1] attempted to deal with the case of o being
dependent of z by imposing an identity of oo™ involved in z. Nevertheless, they need that the coefficients b and
g are independent of z. Recently, Wu and Yu [18] addressed this issue by solving an algebra equation (see the
second identity in (1.1)) when o (¢, z, y, z) satisfies Lipschitz continuity and a so called G-monotonicity conditions
with respect to z. When showing the probabilistic interpretation for Hamilton-Jacobi-Bellman equation by a
controlled system of fully coupled FBSDE, Li and Wei [9] also solved this algebra equation by a contraction
method, which is different from the method of Wu and Yu [18]. Yet they impose a monotonicity condition on
the test function in the definition of viscosity solutions for PDEs.

Earlier works on Neumann problems by probabilistic approaches are referred to Hsu [6], Hu [7] and the refer-
ences therein. Ma and Cvitani¢ [11] first considered the obstacle problems of quasilinear PDEs with Neumann
boundary conditions by FBSDER (1.2). They obtained both existence and uniqueness for viscosity solutions.
However, the main weakness of their study is also the independence of the second order coefficient o in the
gradient of solutions u(t, ). They still required that the spatial variable = of u(t,x) lives in a closed convex
region, and the coefficients b(¢, x,y, z) and g(t,z,y, z) are differentiable in z when proving the existence result.
For more precise results on probabilistic approach to Neumann problems we refer to Pardoux and Zhang [14],
Ren and Xia [17], Biswas, Ishii, Saha and Wang [3], etc.

The main purpose of this paper is to generalize the results of Wu and Yu [18] and Ma and Cvitanié [11]
to the quasilinear parabolic PDEs with obstacle and Neumann problems. We will prove that there exists a
unique viscosity solution for quasilinear parabolic PDE (1.1) in a general setting. Our existence result will enjoy
the following features: (i) the region O; of spatial variable z is not necessarily convex; (ii) the second order
coefficient o of PDEs may depend on the gradient of solution, Vu(t, z); (iii) the algebra equation is solved
without the G-monotonicity condition; (iv) the differentiability for coefficients b and g in z is eliminated. Our
conclusions seem to be new because anyone of these four issues has not been addressed in the literature as
far as we know. For the previous four issues to make sense, the conditions for coefficients of FBSDER (1.2)
should be weakened accordingly. FBSDER, (1.2) is solved under some monotonicity and Lipschitz conditions by
the method of contraction mapping, since other approaches to FBSDEs are invalid for the case of FBSDERs
(see Ma and Cvitanié [11] for details). The regularity of solutions with respect to the initial conditions is also
proved in our framework. The uniqueness result for viscosity solutions is proved by the same methods of Barles,
Buckdahn and Pardoux [2] and Ma and Cvitani¢ [11] with necessary modifications, under additional restrictions
that o(t, z,y,2) = o(t,z) and g(t,x,y, z) is nondecreasing in y.
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The rest of this paper is organized as follows: Section 2 gives all necessary preliminaries and the assumptions
on coefficients of FBSDERs; Section 3 proves the existence and uniqueness for solutions of FBSDERs by a
contraction mapping method; Section 4 shows the procedures of solving the algebra equation and the quasilinear
parabolic PDEs with obstacle and Neumann problems; Appendix A illustrates some standard a priori estimates
for FBSDERs.

2. PRELIMINARIES AND ASSUMPTIONS

Let T > 0 be a given real number, (Q, F, P) a probability space carrying a standard d-dimensional Brownian
motion (By)i>0 and (Fi)i>o the natural o-algebra filtration generated by (B:)i>0. We assume that Fr = F
and (Fy)>0 is right-continuous and complete. The Euclidean norms of a vector x € R™ and a matrix z € R™xd
will be denoted by |z| and |z| := \/tr (22*), where and hereafter z* represents the transpose of z. Let H be an
Euclidean space. We denote by S?(0,T; H) the set of H-valued, (F;)-progressively measurable and continuous
processes (u¢)¢cjo, 7] such that E[SUPte[o,T] lug|?] < oo. Let H?(0,T;H) denote the set of all H-valued and

(F¢)-progressively measurable processes (v¢);ejo,r) satisfying that ||v]|3. = E[fOT [us|? ds] < oo. Moreover, let
A(0,T;H) represent the set of all H-valued, continuous and (F;)-progressively measurable processes whose
paths are of bounded variation and vanish at initial time ¢t = 0.

Let O; be an open connected bounded subset of R" given by O; = {z € R" : ¢(x) > 0} with ¢ € C2(R™;R),
and such that 007 = {z € R" : ¢(z) = 0}, with Vg(x) = 1 for all z € 90;. Observe that V¢(z) coincides with
the unit normal pointing toward the interior of @; at & € 0;. Another observation is that ¢, V¢ and D?¢ are
bounded in @;. Then there exists a constant Cy > 0 such that

20z’ —2,Vo(x)) + Colz —2'> >0, VaecdO;, Vi cO. (2.1)

We suppose that 0 € O;. Next we consider a moving interval Oy (w,t,z) := [L(w,t,z),U(w,t,x)], where both
L and U are continuous random fields such that L(w,t,2) < 0 < U(w, t,z) for all (w,t,2) € @ x [0,T] x R™.
We always suppose that L and U are Itd’s processes with parameter 2 of class C2, i.e., (L(o.)7t7 ), U(w,t, )) €
C?(R™;R x R), and

L(w,t,z) (or U(w,t,x)) :/0 J(w,s,x)ds—l—/o (K (w,s,z), dBs),

where J and K are measurable random fields with (J(~7 ), K(- ,a:)) € H2(0,T;R x R?) for each z € R".
It is obvious by the It6-Wentzell formula that L(w,t,u:) and U(w,t,ut), t € [0,T] are also Itd’s processes for
any It0’s process (u¢)sefo,7]- For simplicity of notations, we will denote M := O1 x R x R%; an element in M is
denoted by 6 := (z,y, z) with € O1, y € R and z € R%. Similarly, we use © := (X,Y, Z), and so on. We will

solve a fully coupled FBSDE with reflections of the following type:

t t
X :m—i—/ b(w, s, Oy) ds+/ o(w,s,05)dBs + 0,
0 0 (2.2)

T T
Y= 0w, Xe)+ [ g5 0)ds— [ (ZidB) G- Gu te(0.T)
t t

Here, the functions b(w,t,0) : Q x [0,T] x M +— R", o(w,t,0) : Q x [0,T] x M — R4, g(w,t,0) : Q x [0,T] x
M~ R and ®(w,z) : 2 x R" — R are continuous with respect to § € M. And for each 6, the processes
b(-,-,0), o(-,-,0) and g(-,-,0) are (F;)-progressively measurable and ®(-,x) is Fpr-measurable. Henceforth, we
will suppress w in the coefficients of FBSDERs. Actually, in FBSDER (2.2), the first equation is a SDE with
reflection and the second equation is a BSDE with two reflecting barriers. The adapted solutions of FBSDER
(2.2) is defined analogously in Definition 2.1 of Ma and Cvitani¢ [11], which is rewritten as follows.
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Definition 2.1. A quintuple process (©y,7;,(t)iefo,7 is called an adapted solution of FBSDER (2.2) if it
satisfies FBSDER (2.2) almost surely and

(1) (Xta}/t)tE[O,T] S 82(077-‘7 R™ x R)7 (Zt)te[(],T] S HQ(O,T, Rd) and (’I]t, Ct)tG[O,T] S A(O,T, R™ x R),
(ii) P-as., X; € O1 and Y; € Oy(t, X;) for each t € [0,T7;
(i) P— a.s., for each ¢ € [0, 77, || = fot 150, (Xs)d|n|s and n, = fot Vo(Xs)d|nls;
(iv) for any continuous and (F;)-progressively measurable process (Y):cpo, ) with P—a.s., Y/ € Oa(t, X) for
each t € [0,T], we have P— a.s., (Y; —Y})d¢: <0 for each ¢t € [0,T].

Remark 2.2. It should be noted that, thanks to assumptions on L and U, i.e., 0 € (L,U), we can choose
Y/ =0 1in (iv) of Definition 2.1, whence P — a.s., Y; d¢; < 0 for each ¢ € [0,T].

Throughout this paper we shall make use of the following assumptions, which are similar as that in Pardoux
and Tang [15] and weaker than those in Ma and Cvitanié [11]. In stating them, we use a common constant
K >0.

(H1) E[ [ |9(t,0,0,0)[2dt] + E|®(0)|> < oo;
(H2) The coefficients b, o, ¢, V¢ and D?¢ are uniformly bounded by K;
(H3) The coefficients b, o and g are monotone, of linear growth and Lipschitz continuous, i.e., there exist
constants Ky, Kgy € R and L,, > 0 such that dP xdt— a.e., for each 0, 6; and 0, € M,
(a) (1 — x2,b(t,21,y,2) — b(t, 22,y,2)) < Kp|T1 — 72|?,
b(t, , Y1, 21) — b(t, @, Y2, 22)| < Kly1 — yo| + K21 — 22];
(b) |o(t,61) — o(t,02)]? < K2|w1 — m2|? + K2|y1 — yo|? + Lo.2|21 — 20|%;
() (yr —y2)(g(t 2,1, 2) — g(t, 2,2, 2)) < Kgylyr — y2|?,
|g(t,x1,y, Zl) - g(ta r2,Y, ZQ)' < K‘xl - 332‘ + K|Zl - Z2|a
l9(t,0)] < lg(t,2,0,2)] + Klyl; .
(H4) The function ® satisfies P—a.s., L(T,z) < ®(x) < U(T,x) for each x € Oy, and there exists a constant
Lg > 0 such that P— a.s., for each z1 and x5 € Oy, |®(21) — ®(22)| < La|z1 — 22|

3. EXISTENCE AND UNIQUENESS FOR SOLUTIONS OF FBSDERS

For any A > 0, we define an equivalent norm on H?(0,T; R?) by [|£]3 := E[fOT e M|&|? dt]. Next we present
a priori estimates for solutions of FBSDER, (2.2), which are useful for constructing the contraction mapping.
Some general estimates are referred to Appendix A. It is emphasized that the lack of convexity for the domain
O, makes the steps of a priori estimates for the SDE with reflection more complicated than those in Ma and
Cvitanié¢ [11].

Lemma 3.1. Assume that (H2)-(H4) hold with K, Ls., Le >0 and Ky, Ky € R, (04,1, Ct)eefo,r) and
(©4, M, ¢ )eepo, ) are two solutions of FBSDER (2.2). Set Ei=¢—¢, where E=X,Y, Z, n, ¢, respectively.
Let \>0 and C; >0 (i =1,2,...,6) with Cs < 1. Then we have

e ME[Xr | + M[IX[R < BallY[5 + k20 2113, (3.1)

where Ay = XA — e? K (2K, + C171 + Oy 7' 4+ K2 + CoK?(2 + 5K + 2C,K? 4+ 2057 + 2C4 7)), ky =
?CR(K20 + K2 4+ 2CoC3K*) and ks := K (K205 + L,.* + 2CoC4K?L,.%); and

Xa|lVIIR + (1= Co)lI ZI3 < La’e TEIXr[* + C5]| X3, (3-2)

where Ay := —\ — 2K, — K2C5™ ' — K2Cs™".
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Proof. Denote ¢, := e~ Colé(Xn)+(X0] for each r € [0, T). 1t6’s formula to e=*"¢,.| X,.|2 on the interval [s, ] gives
that, for each 0 < s <t < T,

t
e M| Xy |? + A/ e o, | X, 2 dr
t
— MG X2 + / eV, [(2X,,0(r,0,) = b(r, ©))) dr + 2K, (0(r,0,) — o(r,6})) dB,)|

t
+ / ey (2%, VO(X,) dinly — V(X)) dli|,) + |o(r,©,) = o(r, )| ]

= Co [ € IR [((V60X0). 60, 01)) + (60X, b6 ©0)))
+{(Vo(X,),0(r,0:)dB;) + (VO(X]), 0(r, 0,) dB,) + [Vo(X,) [ dlnlr + [VH(XT)[* dln'];
+ 5t {D26(X,)(00")(r,0,) + D?6(X!)(00")(r, ©))} ]

C\102 K —Ar 2 O (2] % * / \12
+ S [0 R Pl (1.0 V6(X,) + 0" (. O V(X)) dr
t
=200 [ €6, (0,0,) ~ (. 00)(0" (1,8, VOLX, ) + 0”1, 0] V(X)) (33

Note that |[Vé(z)| =1 for each x € 0O;. Tt follows from (2.1) and (iii) in Definition 2.1 that P— a.s.,

t
e [202,,90(%)) - GOl VoY) il <o

S

t
/ eV, [<2X, V(X)) = Col X, V(X)) ], < 0.

Plugging the previous two inequalities into (3.3), then using (H2) and the inequality tr {AB} < |A||B|, we
deduce that

t
ef)\t672CUKE|Xt|2 + )\672C0K/ ef}\T’E|Xr|2 dT

S

t
< e ME|X2 + / B (6125, b(r,0,) — b(r, ©)) + |o(r, 1) — o(r, O))2] dr

S

t t
+C’OK2(2+K+2(JOK2)/ e’ATE|Xr|2dr+200K2/ e ME [2|Xr||a(r,@r)—a(r,@;)\] dr.

Therefore, after taking ¢ = T and s = 0, it is not hard to verify (3.1) by (H3)(a), (H3)(b) and the basic inequality
2ab < ca? + b?/c for each ¢ > 0.

Now applying 1t6’s formula to e*)‘s\f/s|2 from t to T, we derive that for each ¢ € [0,T],

T

T
e_’\tE|Yt\2—)\/ e‘ASE|YS|2ds+/ e ME|Z,* ds
t t

T
= TE[®(X1) — &(X5))? + /t e ME[2Y, (g(s,0,) — g(s,0))) ds + (2Y5, dé,)].
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Then, by taking ¢ = 0, (iv) in Definition 2.1, (H3)(c), (H4) and the basic inequality mentioned above we can
derive (3.2). Then the proof of Lemma 3.1 is finished. O

Now we introduce a mapping I" from H2(0, T; R™) to itself defined as follows: for each z € Oy, let X. := I'(X.)
be a solution of the SDE with reflection,

t t
X, = er/ b(s,YS,YS,ZS)der/ o(s,Xs,Ys, Zs)dB, +7,, te€(0,T], (3.4)
0 0

where (Y., Z.) is the solution of the following BSDE with reflections,

T T
Yrt :(I)(XT)+/ g(S,XS,YS,ZS)dS—/ <ZSv dBS>+CT_<ta te [OaT] (35)
t t

We note that Theorem 1 in Marin-Rubio and Real [12] and assumptions (H2), (H3)(a)-(H3)(b) ensure the
existence and uniqueness for the adapted solution of SDE with reflection; and Theorem 2.2 in Xu [19] and
assumptions (H1), (H3)(c) and (H4) guarantee that BSDE with reflections admits a unique solution. Next we
need the following assumption (H5) to ensure the mapping I' is a contraction, leading to the existence and
uniqueness for solutions of FBSDER (2.2). We use the same notations A, C;, A1, A2, k1 and ko defined in
Lemma 3.1.

(H5) The constants A >0, C; >0 (i = 1,...,6) such that Cg < 1, A\ > 0, A2 > 0 and

Cs kq ko
= Le? v =2 — 1.
0 < p(A1, A2) <q> VA1)<A2\/106><

Theorem 3.2. Let assumptions (H1)-(H5) hold. Then FBSDER (2.2) admits a unique adapted solution.

Proof. We choose any (X% n%) (i =1,2) in H?(0,T; R") x A(0,T;R"™), and let (Y, Z¢ () and (Yiﬁz) be the
corresponding solutions of (3.5) and (3.4), respectively. Set A& := ¢! — €2, where £ = X, Y, Z, X. Since )1,
A2 > 0 and Cg < 1, it is not hard to deduce from (3.1) and (3.2) in Lemma 3.1 that

e MME|IAX 7|2 + M[[AX R < p(A1, x2) {e MEIAX? + M| AX |3}

The assumption (H5) leads to 0 < p(A1,A2) < 1. Then T' is a contraction mapping. Therefore, we know that
FBSDER (2.2) admits a unique solution (©;);c[0,1] € H2(0,T;R" x R x RY), (1, Ct)eepo,r) € A0, T;R" x R)
satisfying (ii)—(iv) in Definition 2.1. It reduces to prove that (X;,Y;)iepo,7] € S*(0, T; R"™ x R). It6’s formula to
¢(X,) on the interval [t,T] yields that, for each ¢ € [0, 7],

il = 0(xr) 6060 = [ |3t {D0(X, )00 (0} + (Vo(X). 00, | = [ (VoL o0, ).

It follows from (H2) and the Burkholder-Davis-Gundy (BDG for short) inequality that E[sup,c(o 7 [1l7] < o0,
whence E[sup;c(o 7y [7:/*] < oo. Thanks to (H2), BDG’s inequality and the SDE with reflection in (2.2), we obtain
that (X¢)eecjo,r) € S2(0,T;R™). Then by Ité’s formula to e=**|Y;|? on the interval [t, T], the linear growth of g,
Remark 2.2 and BDG’s inequality we can deduce that (Y;):ep0,1) € S82%(0,T;R), which completes the proof of
Theorem 3.2. O

Remark 3.3. From the quantities of parameters A1, Aa, k1 and ko and assumption (H5), we can find some
further restrictions on the constants appearing in (H2)-(H4), such as K, is negative with a large enough
absolute value and Kj, may be negative ensuring A; and Ag are positive, L,,Le may take value in [0, 1]
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ensuring £4(A1, A2) small enough. More analyses on the parameters are referred to Pardoux and Tang [15] and
Ma and Cvitanié¢ [11].

Example 3.4. In order to show that the assumption (H5) is not void, we give a simple example. If parameters
appearing in (H2)-(H4) are all prescribed as K = L,, = 1, K, = —25, K4, = —50 and Lo = 1/8, we can take
Co=0C1=0C3=C5=1,Cy =1/8, Cy =1/16, Cg = 11/16 and suitable A € [52,97] to satisfy (H5).

4. OBSTACLE PROBLEMS OF QUASILINEAR PARABOLIC PDES WITH
NEUMANN BOUNDARY CONDITIONS

In this section we investigate obstacle problems of second order quasilinear parabolic PDEs with Neumann
boundary conditions by solutions of FBSDERs, including the probabilistic interpretation and the uniqueness
for solutions in viscosity sense. For that purpose, we need the following assumption to put the FBSDER in a
Markovian framework.

(H6) The coefficients b, o, g, ® and the moving boundaries L and U are all deterministic, i.e., independent of
w; and b(t, 8), o(t,0), g(t,0) are continuous with respect to (¢, ).

We consider the FBSDER over a subinterval [t, 7] C [0,7], and the initial data is (¢,z) € [0,T] x Oy,

Xto gt / b(r, 017) dr + / o(r,057) dB, + / Vo(Xt) |,
t t t

T T (4.1)
Yot —e(xp)+ [ g @) dr— [(Zi aBy + g -G, se T,

Note that (H1) is trivially satisfied if (H6) holds. By Theorem 3.2 we know that FBSDER (4.1) admits a unique
solution (©%*,nb*, C1*) s, m) provided that assumptions (H2)-(H6) hold. Here, the process (Y)*)sep, 1) is Fi-
adapted with standard techniques of time shifting, where F! is the natural filtration generated by (B — By)selt,m
and augmented by P-null sets. Consequently, Yt’ is deterministic. We define the function u : [0, T] x 61 — R
as u(t, x) = Y;"*. From the uniqueness for solutions, we obtain the Markov property of u, i.c., u(t + ¢, X; +€) =

t4e, X0
Y e =Y/;% holds for each ¢ > 0.

We now relate the function u(t,z) = Ytt’w to the following obstacle problem for second order quasilinear
parabolic PDEs combined with a Neumann boundary condition and an algebra equation:

(u(t, @) = Lt 2)) AM(ult,2) = U(t2)) V [=0pu(t, z) = (Lyu+ g)(E @, ult, @), o(t, )]} = 0,

u(t,z) = " (t, z, u(t, z), v(t, x))Vu(t,z), () €[0,T) x Oy,

u(T,z) = ®(x), =€ O, )
gz( x) =0, (t,z)€[0,T)x 00,

where we have written, for each ¢ € [0,7] and 6 € M,

n 2u
(Lew)(t,0): == Y (00™)(t, H)afa (t,z) +Zb (t,0 gxl(t ),

ij:l

Z aml axl (¢, ).

N | =
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The reason of the presence of the algebra equation lies in that o (¢, z,y, 2) may depend on z. We now give a
notion of viscosity solutions for PDE (4.2), which is adapted from Crandall, Ishii and Lions [4], Ma and Cvitanié¢
[11] and Wu and Yu [18].

Definition 4.1. A function u € C([0,7] x O1;R) is called a viscosity sub- (resp., super-) solution of PDE
(4.2) if w(T,z) < ®(z) (vesp., u(T,x) > ®(x)) for all z € Oy, and for any ¢ € C12([0,T] x O1; R) whenever
(t,z) € [0,T) x O is a global maximum (resp., minimum) of u — ¢, then there must exist a v(t,z) € R?
satisfying,

(u - L) A {(u - U) \ [_at(p - (‘Ct(p + g)(ta a:,u(t,x),v(t, x))]} < 07
v(t,x) = o*(t, z,u(t,x),v(t,z))Ve(t,z), z¢€ O (4.3)

% A {(u — DA {(u=TU)VI[=-0p— (Lo —|—g)(t,x,u(t,x),v(t,x))]}} <0, z€090,.

(u—L)VA{(u—U)A[=0wp — (Lo + g)(t,z, u(t, ), v(t,2))]} =0,
resp., v(t,x) = o*(t, z,u(t,x),v(t,x))Ve(t,z), x€ O

g—z V{u—-L)V{(u—-U)A -0 — (Lip+g)t,z,ult,z),vt z)]}} >0, ze€dO.

Moreover, a function u € C([0,7] x O1;R) is called a viscosity solution of PDE (4.2) if it is both a viscosity
subsolution and a viscosity supersolution.

We also need the following notations of parabolic second order semijets of function u at (¢, z).

PHHu(t,x) = {(dep(t,x), Vo(t,z), D*¢(t,x)) : p € C12([0,T] x Op; R)
and u — ¢ has a global maximum at (¢,z)},
Pult,x) o= {(uplt, ), Viplt, 1), D2p(t,)) : o € CH2((0,T] x Oy R)

and u — ¢ has a global minimum at (¢, z)}.

With the same notations, we record the closures of the superjets P> as follows, and the closures of the subjets
P2~ can be defined similarly.

52’+u(t,x) ={(p,q,X) € R x R" x S : there exists a sequence (tn,Tn, Pn,qn, Xn) €

[0,7) x R" x R x R"™ x S™ such that (p,,qn, Xn) € P> u(t,, z,)
and (tn, Tns Py Gns Xn) = (62,0, ¢, X))},

where and hereafter S™ denotes the collection of all n X n symmetric matrices.

4.1. Regularity of solutions with respect to initial data

This subsection aims to interpret the regularity of the function u(t,z) = Y;**, (t,x) € [0,T] x Oy, i.e., u(t, )
is Holder continuous in ¢ and Lipschitz continuous in z. The following proposition shows the accurate Lipschitz
constant, which will be used later. A general version of regularity of solutions of FBSDERs is referred to
Appendix A.

Proposition 4.2. Assume that (H2)-(H6) hold. Then the function u(t,z) = Y"", (t,x) € [0,T] x Oy enjoys
the following reqular property,

lu(t,z) —u(t',2')| < Clt — t'|*/? + Lbt)z — o],
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where C' > 0 depends on ¢, b, o, g, ®, Cy, K and T, and

, At/ —t|+Co K C
L= <L 2y 5).
ur \/1 — /.L(/\l7 )\2) ® /\1

Particularly, |u(t, z) — u(t, )| < Lug|z — 2|, where Ly, := LbE |y

Proof. Let all assumptions hold and (¢, ), (¢',2') € [0,T] x O; are given. Without loss of generality, we assume
that #' > t. Since Y;"* is deterministic, we have that

u(t, ) —u(t',2")| = E[Y;" =Y " | <E[Y" = Yo" | + BlY," -V, "), (4.4)

We now estimate the first term on the right hand side of the previous inequality. Let us set ?ffz =Y hr — Yj’z,
and €(r, 0) := &(r,x,y +Y,", 2) for each r € [t, T] and § € M, where ¢ = b, 7, g. Note that (047, nL, D) st

is the unique solution of FBSDER (4.1). Then (X?”,?Z’I,Zﬁvx,n?”, U%) et is a solution of the following
FBSDER,

S S S
Xt :x—i—/ B(nx,évx,ﬁ“,zﬁvx)err/ E(T,Xﬁ’x,?i’m,Zf,’x)dBr—&—/ Vo(XE)dnh*|,,
, It St t
—t.x

t
Y—s7 - / ?(r, Xﬁﬂa?:xa Z1t~7w> dr — / <Z;57$7 dBT> + Ctt’)a: - <2,17 s € [t7t/]‘

S S

Thus, we know that Y.* € Oy(s, Xt%) for each s € [t,]. Tto’s formula to V|2

Remark 2.2 yield that

on the interval [¢,¢'] and

t t
E|Y§’x|2+E{ / Zﬁ’$|2dr} < E{ / 2V g(r, OL%) dr|. (4.5)
t t

Note that (H6) and (H3)(c) imply that [g(¢,0)] < C(1 + |z[ + [y| + [2]) for each ¢ € [0,7] and 6 € M. In view
of X" € O, and (H6), we know that Oy(s, X:*) is bounded for each s € [t,T] since L and U are continuous.
Thus we get that Y5 is bounded. Hence, there exists a constant C' > 0, whose value could vary from line to

line, such that

t’ t’ t’
. e 1
E[/ ZYZ g(r,0L")dr| <Ot —t| + C’E{/ 2|Yi7 |ZE®|dr| < Ol —t] + 2E[/ |ZL*|? dr] .
¢ ¢ ¢

Plugging the previous inequality into (4.5) yields that

<t

BJY;" Y, = BV, "[* < O’ ~ 1] (4.6)

We proceed to estimate the second term on the right hand side of (4.4). For simplicity, we denote ©. :=
O"" — """ . Analogous arguments to Lemma 3.1, we can deduce that for each A > 0,

T T T

e_’\rE\YT\er—Fkg/ e ME|Z, |2 dr,

!

e_ATE|XT|2 + A\ /

t

e NE|X, P dr < e MWEIXE — 2P + ky /
t

’
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and

T T

e—ArE|YT|2 dr + (1 — Ce,)/ e—AT-E|ZT|2 dr
t

’

e—kt’E|ﬁ/|2+>\2/

t/
A T A~

< Lg?e ME|X7|? + 05/ e ME|X, |2 dr, (4.7)

+

where we use the same quantities of A; and k; (i = 1,2) defined in Lemma 3.1. Applying similar computations
to construct the contraction mapping in the proof of Theorem 3.2, we have that

T —\t’

AT ¥ (2 AR Y (2 € X 12
E| X A EX, |*dr < ——E|X,)" — .
B 0 [ VL P € 1S B -
Combining the previous inequality with (4.7) yields that
- 1 Cs
EV/?< ——— (Ls?v =2 | EIXL* — 2|2 4.8
Tl e Lt (49

Next we estimate E|X/” — 2/|2. Set ¢, := e~ D?X) for each s € [t,T]. For each A > 0, Itd’s formula to
e Mgy | Xb® — 2'|? from ¢ to ' arrives at

t/
e_)‘t/EqStf|Xtt,’I —2|? <e Mpylx — !> + E/ e Mo [(2X5T — 2 b(r, 0%)) + |o(r, 0L%) ] dr
t

t/
1
— COE/ e Mo | XET — 2/ P(V(XDT), b(r, OL)) + 3 tr {D*p(XE")oo* (r, OL%)}] dr
¢

2 t’
+ CTOE/ e N | X0T — 2! Plo* (r, 007 V(X)) dr
t

t/
— QCOE/ e Mp (XLT — 2')*o(r, 0L%) 0" (1, L")V (X L®) dr.
¢

By the aid of (H2) and XP* a' € Oy, we can derive that there exists a constant C' > 0 such that
E|Xtt;w . x/‘z < eAlt’—tHCUK‘x _ xl|2 + C\t _ t’|.

Combining the previous inequality with (4.4), (4.6) and (4.8) and then applying Hélder’s inequality yield the
desired result. O

4.2. Solving the algebra equation

A significant procedure to handle the dependence of o in z is solving the algebra equation. To this end, we
need the following auxiliary conclusion whose proof is omitted here since it is classical in the theory of viscosity
solutions.

Lemma 4.3. Assume that u € C([0,T] x R";R) is Lipschitz continuous in x. For any ¢ € C*([0,T] x O1;R)
whenever (t,z) € [0,T) x Oy is a global mazimum (resp., minimum) of u — ¢ and u(t,x) — @(t,z) = 0, then
|[Vo(t,z)| < L, where L is the Lipschitz constant of u.

We would like to solve the algebra equation in the case where o(t, z,y, z) is Lipschitz continuous in z, without
the G-monotonicity condition which Wu and Yu [18] and Li and Wei [9] relied on heavily. As a compensation,
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we need a compatibility condition for the constants appearing in (H2)—(H5). We adopt the contraction mapping
method which is similar to Li and Wei [9]. But compared with their Definition 4.9, we impose the restriction
(H7) to the parameters instead of the test function in the definition of the viscosity solution, which seems to
be more reasonable. Example 3.4 is still applicable to show the validity of the following assumption, where the
same notations in Lemma 3.1 are adopted.

(H7) The constants A >0, C; >0 (i =1,...,6) such that Cg < 1, Ay >0, Ay > 0 and L,, Ly, < 1, where L,
is defined in Proposition 4.2.

Proposition 4.4. Assume that (H2)-(H7) hold, u(t,r) = Y*, (t,z) € [0,T] x Oy, and given some ¢ €
CL2([0,T] x O1;R) such that u — ¢ attains a global mazimum (or minimum) at (t,x) € [0,T) x O; and
u(t,z) — @(t,x) = 0. Then there exists a domain

Ub(8) :={(s,q) € [0,T] x Oy : |s — t| < 8,|q — x| <},
where § > 0 is a constant depending on t, x and @, such that the following algebra equation

z=0"(s,q,u(s,q),2)Ve(s,q)

admits a unique solution z = v(s,q) for any (s,q) € U"*(4); and z = v(s,q) is continuous in UH*(§).

Proof. Let the assumptions hold. By Proposition 4.2 we know that u(¢, x) is Lipschitz continuous with respect
to z. Then Lemma 4.3 implies that |Vo(¢, x)| < L. Moreover, there exists a a > 0 such that L,.|Vo(t, )| <
L,.Ly, < a< 1. It follows from (H7) and the continuity of V¢ that there exists a small enough constant 6 > 0
such that L,.|Vp(s,q)| < a for all (s,q) € UH(4).

We first treat the existence of unique solution. If |V (s, ¢)| = 0, then z = 0 is the solution. Now we consider
the case |V¢(s,q)| > 0. For fixed (s,q) € Ub*(6), take any z € R? and define an operator ¥ : z > Z as
Z = 0*(s,q,u(s,q),2)Vp(s,q), which is actually a mapping from R? to R?. Take another 2z’ € R% and set
Z':=W(), Z:=Z— 7 and % := z — /. Then it follows from (H3)(b) that |Z| < L,.|V(s,q)||2|, which
means that ¥ is a contraction mapping. The fixed point theorem indicates that the algebra equation admits a
unique solution z € R%. Since z is determined by (s, q), we can put z = v(s, q).

We proceed to handle with the continuity of v. Since V¢ is continuous, for the a given above, there exists a
0 > 0 satisfying

Lo:|Ve(s,q) = Ve(t, )| <1 —a, V(s,q) € U"(3).
For fixed (sg,q0) € U"®(4), we have that, for each (s,q) € U»*(J),

U(Sv q) - 1}(807 qO) = G*(57 q, U(S, Q)7 1)(807 QO))V<P(5a Q) - U*(So, q0, U(S()v QO)7 U(So, QO))V¢(807 QO)
+ [0%(s,q,u(s,q),v(s,q)) — " (s,q,u(s,q),v(s0,q0))|Ve(t, )
+ [U* (57 q, ’LL(S, Q)7 ’()(87 (])) - U*(S7 q, ’LL(S, C])7 /U(SO: QO))] [V<P(5a CI) - V(P(t7 {L‘)]

We denote by 17 the first line on the right hand side of the above equality. Hence, making inner product with
v(s,q) — v(so,qo) in the above equality yields that,

‘U(Sv Q) - U(SOa q0)|2 < |IU||U(57 Q) - ’U(So, QO)| + La‘zLum|U(S; Q) - U(‘SO’ q0)|2 + (1 - OL)|U(S, q) - U(‘SO? q0)|27

from which it follows that (a — LUZLM) [v(s,q) —v(s0,q0)| < |I7]. Then the continuity of u, V¢ and o implies
the continuity of v in U*(§). O
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4.3. Viscosity solution: existence result

Now we can give the probabilistic interpretation for viscosity solutions of PDE (4.2) and its proof.

Theorem 4.5. Let assumptions (H2)-(H7) hold. The function u(t,z) = Y,"*, (t,x) € [0,T] x Oy is a viscosity
solution of PDE (4.2).

Proof. The continuity of u follows from Proposition 4.2. It is sufficient to show that u is a viscosity subsolution
of PDE (4.2) since the proof of the other assertion is symmetric. Noticing that u(T,z) = ®(z) for all x € Oy,
we only need to prove (4.3).

Let ¢ € CY2(]0, T] x O1; R) such that u — ¢ attains the global maximum at (¢, ) € [0,7) x Oy, and by slight
modifications we can assume without loss of generality that u(t,z) — p(t, ) = 0. Accordingly, Proposition 4.4
yields that there exists a domain U%®(§) with § > 0 depending on ¢,  and ¢, such that the following algebra
equation admits a unique solution v,

v(s,q) = 0" (s,q,u(s,q),v(s,0))Vep(s,q), V¥ (s,q) € U(0).
It reduces to prove the two inequalities in (4.3). From (ii) in Definition 2.1 we know that L(¢,z) < u(t,z) =
Y»* < U(t,x), and u(t,z) = L(t,z) would imply the two inequalities of (4.3) no matter (¢,z) € [0,T) x O; or
(t,z) € [0,T) x 00;. So we assume without loss of generality that u(t,z) — L(¢t,2) > 26 > 0. Here the § can be
chosen as different symbols and we choose the same one just for simplicity. Let us set

Ts = inf{s >t : | X" — 2| A Ly.|Vip(s, XE¥) — Vo(t, )| > 6, u(s, X5") — L(s, X1*) < 6}.

From the continuity of xh Vo, v and L, we can derive that P— a.s., 75 > t holds. Setting 75 := 75 A (t +¢€)
with 0 < e < (T —t) A §, we have that for each r € [t,T], P— a.s.,

Lrcr; 0(r X0") = Loars 07 (r, X%, u(r, Xp%), v (r, X07) Vg (r, X007). (4.9)

Since u(t,z) is continuous in (¢, z), analogous arguments to Proposition 2.6 in Wu and Yu [18] yields that
u(t,€) = Y¢ for any stopping time 7 valued in [0, 7] and random variable ¢ € L2(€), F,,P; R"™). Hence, for
any 0 <t <t+e < T with € small enough, we have

T5,e T5,e
u(t,x) = Ytt,ac — u(757E,X££) —&—/t g(r,0L7) dr —/t (Zb® dB,) + ifs.
Note that u(r, X;»*) = YV, and (75, X3;") < ¢(756, X137 ). It6’s formula applied to ¢(r, X»*) implies
T8, Ts,e
p(t,z) = @156, X77) = / Orp(r, X1) dr — / (Veo(r, X07), b(r, X0 u(r, X727), Z27)) dr
" t t
TS,e 1
- / 3 tr{oo* (r, X2® u(r, X5), Z87)D2p(r, X2%)} dr
t
TS,e T§,e 8@
= [ Xl X0, 20 Vel X07), B+ [ S X0 o, (X0 i,
t t n

Thereby, setting 2% := o*( -, X" u( -, X5), Z8")V( -, X)) and Z5° .= 207 — 757,

T8, e Ts,e 7—5,58
[ ettt xen 2y ar - [z s+ - [ X 0,0 ) 2 0, (410)
t t ’ t n
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where G is defined as G(r,0") := 0,¢(r, ') + (Lr) (1, 0') + g(r,0’) for each §’ € M. By the aid of (H2) and (H3)
we can deduce that there exists a bounded and adapted process C(r) such that P — a.s., for each r € [t, 5],

|G (r, X% ulr, X707), Z07) = Gr, X2, u(r, Xp7), o(r, Xp7)| < C(r)o(r, X27) = Zp7). (4.11)

In the sequel, we will estimate the right hand side term of the previous inequality. In view of (4.9) and the
definition of Z"*, we have that P — a.s., for each r € [t, Toel,

v(r, Xp*) = 207 = [0" (r, X027 ulr, X2, 0(r, X00)) = o™ (r, X2* ulr, X27), 207 Vi(t, @)
+ [O—* (7”, X;E’ma U(Ta Xﬁ’z)a ”U(?“, Xrt”w)) -0 (7”, Xﬁma U(Ta th”’z)7 Zﬁ’w)] (V@(Tv X;f@) - v@(ta x))

Lemma 4.3 and the assumption (H7) indicate that there exists a @ with 0 < av < 1 such that L,,|Ve(t, z)| <
Ly, Ly, < a. Hence, by the definition of 75 . and choosing § < (1 —«)/2 we have that P — a.s., for each r € [¢, 75..],

1—
Loz|vsp(r7 Xf’x) - v@(tv‘x” < 2 a'

Thus, we can deduce from (H3)(b) that

l1+a

<U(T’ Xi’x) - Zﬁ,z7v(r7 Xﬁ,m) - Zﬁ’z> < ‘U(T’ Xi’x) - Z£7m|2'

Then by adding and subtracting Z%% in the first term of the inner product we have that

((v(r, Xb®) — Zb%) — (ZE® — Z5%), u(r, XE®) — Z5%)
= 1
= ‘,U(T’ Xﬁ@) - Zf"w|2 - <Z'rt’)$ - Zﬁ’ww(r, ijw) - Z'rt*)I> < —;a "U(T, X;EJ) - Zﬁ’w|27

from which it follows that

2

—

Jo(r, X0%) = 2072 < == Jo(r, X07) = 207|207 — 70

Hence, the previous inequality together with (4.11) indicates that

2 ~
(G X2 ulr, X0, ZE%) = Glr, XE2 ur, X0%), o(r, X)) | £ 1= C()IZE7].
—

Thus, there exists a bounded process ¢(r) with |¢(r)| < 2C(r)/(1 — «) such that

Glr, X% ulr, X07), Z5%) = Gr, X% u(r, X7, o(r, X27)) = (e(r), Z17).

r

Then (4.10) becomes

T35,e . Ts,e
[ 6t i, ol 0 + (), 2 = [ SR X o, () i,
t

t

Ts,e
_/ <Z7é’zv dBT> + Ct@ > 0.
t

TS, e
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The boundedness of ¢(-) renders the process e’. := exp{ [, (c( -3/ |c )2ds}, re[t,T),isa martmgale
Thus, by Girsanov’s theorem we can define a new probablhty measure P via dP/ dP = €k, so that B,
B, — B; — ft s)dsis a P-Brownian motion on [t, T]. Hence, we see that

-~ Ts5,e TS,e a
E [ G0 Xl X0 o X dr — B [ G2 (X0 o, (X0%) diy', + BlGk?] 20,
t t

where E represents the expectation with respect to P. Note that u(r, X5%) € Oy(r, X27). It follows from the
definition of 75, that P— a.s., for each r € [t, 5],

L(r, X") < u(r, Xp7) = 0 <u(r, X3") < U(r, Xp7),

which together with (iv) in Definition 2.1 implies that

oz/“ [V — (u(r, X5%) — §)] d¢® = 6¢te
t

Thus we get that E[Cﬁfg] < 0, whence

. [Tée Ts.e
E/ G(r, X% u(r, X5%),v(r, X57)) drfE/ gw(r X0 1g0, (XET)d|nb",. > 0. (4.12)
t t n

We first consider the case (¢,z) € [0,T) x O;. It reduces to show that
0 < Owp(t,x) + (Lrp)(t, z,ult,x),v(t,x)) + g(t,x,u(t,m),v(t,x)) = G(t,z,u(t,x),v(t, z)).

Because X1 ¢ 00, for r € [t,75.] with § and ¢ sufficiently small, the second term on the left hand side of
(4.12) vanishes in this case. Dividing both sides by ¢ leads to

1 . t+e
CE [ LGl X X, o, X0 dr 2 0,
E t -

Then Lebesgue lemma (see Proposition 2.2 in Jiang [8]) after taking ¢ — 0 yields that G(¢, z, u(t, x), v(¢, z)) > 0.

We now consider the case (¢,z) € [0,T) x d0;. We aim at showing the third inequality in (4.3). It suffices to
show that either dp/0n < 0 or G(t,z,u(t,z),v(t,z)) > 0 hold. We suppose that both —dp/dn < —ey < 0 and
G(t,z,u(t,z),v(t,x)) < —eo < 0 hold, then we will obtain a contradiction. Let us set

0
T = inf {s >t (_£(S’X;T)> AG(s, X" u(s, XE7), v(s, X57)) > _50} .

We still have that P— a.s., 79 > t, thanks to the continuity of d¢/0n and G. Analogous arguments as previous
to obtain (4.12) yield that (4.12) still holds true when the stopping time 75 . is substituted by Tgs = T5.e N\ To.
Noticing that |p»*|. is nondecreasing, we deduce that

Tﬁsagp x s T s T T x
B [ G20 X a0, (X | < < T Bl ey~ Il <0
t
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Moreover, it follows from the definition of Tga that P(T(gs > t) = 1. Thus, we have that f)(T(SO,E > t) =1, whence

E[Tg . — t] > 0. Therefore, we can derive that

0
~ Ts,e ~
E [ G X0l X)X dr < - S Bl - 1] <0,
t

which contradicts the inequality (4.12) with 75, replaced by 7'3 .- The proof of Theorem 4.5 is completed. [

4.4. Viscosity solution: uniqueness result

In this subsection we proceed to prove the uniqueness for the viscosity solutions of PDE (4.2). The uniqueness
result is an immediate consequence of the following comparison theorem, whose proof is an variation of Barles,
Buckdahn and Pardoux [2] and Ma and Cvitanié [11].

Theorem 4.6. Assume that (H2)-(H7) hold, o(t,0) = o(t,x), and g(t,0) is nondecreasing in y for each
(t,z,2) € [0,T] x Oy x R%. Let uy and usy be a viscosity subsolution and supersolution of PDE (4.2), respectively,
such that uy(t,z) > L(t,x) and uz(t,x) < U(t,z) for all (t,x) € [0,T] x O, and both u; and us are continuous
in t and Lipschitz continuous in x. Then uy(t,z) < ua(t,z) holds for all (t,x) € [0,T] x O;.

Proof. Analogous to Ma and Cvitanié [11], we only need to prove u; < ug in [0,7] x O; since both u; and
uy are continuous. We define a subset of 01 as Of := {z € O : d(x,00;) > a} for each a > 0. We choose
a ag > 0 such that Of # @ for each 0 < a < ag. Hence, we only need to prove that for each 0 < a < ay,
up(t,x) < wg(t,x) for all (¢,z) € [0,T] x OF. We first show the following auxiliary lemma. Since our conditions
are weaker than the exiting works, we give the detailed proof for completeness.

Lemma 4.7. Suppose that the assumptions of Theorem 4.6 are in force. Then for each 0 < a < ayg, the function
w(t,z) :=ui(t,x) —uz(t,x), (t,x) € [0,T] x O is a viscosity subsolution of the following PDE:

(4.13)

w(t, ) A Fy(t, o, w, 0pw, Vw,D?w) =0, (t,x) € [0,T) x OF;
w(T,z) =0, z¢€Of,

where Fy,(t,x,w,p,q, X) := —p — %tr {oo*(t,x) X} — (b(t, z,u1(t,x),0),q) — I~((|w| + |qllo(t, x)|), and K is a
positive constant depending on K, g and the Lipschitz constants of uy and us.

Proof of Lemma 4.7. Let us fix arbitrarily a o € (0, ap], ¢ € CH2([0,T] x O%; R) such that (¢, z0) € [0,T) x
Of is a global maximum point of w — . Without loss of generality, we can assume that w(tg, z9) = ©(to, zo).
Then Lemma 4.3 implies that V¢ is uniformly bounded by L., + L,,, where L,, and L,,, denote the Lipschitz
constants of u; and wusg, respectively. Note that ui (T, z) < ®(z) and us(T,z) > ®(z). Thereby, w(T,z) < 0
holds. By the definition of viscosity subsolution, it reduces to prove the following inequality,

’LU(t(), iIJO) A Fw(t07 Zo, W, at@a VQO, D2(P)|(t,m):(tg,rg) <0. (414)

Since w; is a viscosity subsolution and ws is a viscosity supersolution, Definition 4.1 indicates that uq(t,z) <
U(t,z) and us(t,z) > L(t, ). In conjunction with assumptions u; (¢, ) > L(¢,z) and uz(t,x) < U(¢, ), we have
that uy(t,x), ua(t,x) € [L(t,x),U(t, )] for all (t,x) € [0,T] x Oy. Thus, if (t9,x¢) satisfies either u;(to, zo) =
L(to,zg) or us(to,zo) = U(to,xo0), then w(ty,zo) < 0, whence (4.14) holds. Hence, we assume without loss of
generality that

[u1(to, x0) — L(to, zo)][uz(to, xo) — Ul(to,z0)] # 0. (4.15)
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Next we define a function as follows, for each € > 0, t € [0,7T] and z, y € OF,

—o(t, x).

_ 2
Ye(t,z,y) ;= ui(t, x) —ua(t,y) — M

For each € > 0, we suppose that (t%, 2%, y¢) is the maximum point of .. Then Proposition 3.7 of Crandall, Ishii
and Lions [4] implies that (t5,2°,y°) tends to (to, %o, 7o) and |z° — y¥|?/c tends to 0 as € — 0. Moreover, it
follows from Theorem 8.3 in Crandall, Ishii and Lions [4] that there exist (X,Y) € ™ x S™ and a € R™ such
that, denoting p® := 2(z° — y)/e and the identity matrix by I,

(a + at@(tea SCE)ap6 + V@(tsa Ia)v X) € ﬁ27+u1 (tsa xa)a (a’ps’ Y) € ﬁQ)_UQ(tea ye)’

X 0 2(1 -I D2p(t5,2°) 0
(0 —Y> Sz <—1 I > + < 0 0/ (4.16)
Then Definition 4.1 and the definitions of semijets yield that

(ur — L) A{(u1 = U) V [=(a+ 0wp) — F(t,z,u1,p* + Vo, X)|}He,z)=t=,2) <0,
(uz —=U) V{(uz — L) A [=a — F(t,y,u2,p°, Y )|} t.)=(t=.p2) = 0

where for each (¢,z,u,q,X) € [0,7] x R® x R x R" x ",
1
F(t,z,u,q,X) := 5 tr{oo*(t,z) X} + (b(t,z,u,0*(t,x)q),q) + g(t,z,u, " (t,x)q).

The continuity of uy, uz, L and U, and the fact that (t°,z%,y°) — (tg, To, o) indicate that (t°,z°) and (¢, y°)
can also satisfy (4.15) when e is small enough. Thus, we get uq(¢°,2%) > L(t°, %) and uo(t¢,y°) < U(t%,y°),
which results in

(4.17)

—a — Opp(te, %) — F(t5, 2%, u1 (15, 2%), p° + Vp(t5,27), X) <0,
—a— F<t67y€7u2(t87y6)7p57y) > 0.

Subtracting the second inequality from the first one in (4.17) yields that

1
Opp(t%,2%) + [tr {oo*(t°,2°) X} — tr{oc™ (t°,y°)Y'}]
+ [(b(t7, 2%, ua (15, 2%), 07 (5, 2%) (0 + Vo (15, 2))), p° + Vip(t*, 2%)) — (b(t7, 7, ua(t5,5%), o™ (%, 5%)p%), )]
+ [g(t%, 2%, wn (15, 2%), 0™ (15, 2%) (p° + Vep(t°,2%))) — g(t°, 4%, ua (17, 47), 0™ (t°,5)p%)] > 0. (4.18)
The second term of the first line, the second line and the left hand side term of the last line in (4.18) are denoted
by If, IS and I5, respectively. Then it follows from the inequality (4.16) and (H3)(b) that
€ 1 * (1€ L €\T)2 € € |x —Y |2
I < itr{aa (t°,2°)Dp(t°, )}—l—f

Using (H3)(a) and (H3)(b) we can deduce that

I3 = (%, 2%, ua (17, 2%), 0™ (85, 2%) (" + Vo (t7, 2%))) = b(t%, 4%, ua(t°,y7), 0 (t°,57)p%), p°)
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+ (0%, 2%, un (7, 2%), 07 (87, 2%) (p° + Ve(t7, 2%))), Vip(t°, 2%))

|xe_ye‘2 15 € ,.€ g € |x6_y6|2 e € £ €
< 2K, + Kp | (Jun (1%, 2%) = uz (1%, y7) | 4+ 2K ———— + |0 (1%, 2%) | Vo (t°, 2%)])

+ (b(t°, 2%, uy (t°,2%),0), Vo(t°,2%)) + K|Vp(t°, 2%)||o(t%, %) ||p° + Ve(t5, ).
Since g satisfies the monotonicity condition in (H3)(c) and g(¢,z,y, z) is nondecreasing in y, we have

g(tﬁf:yhz) - g(tuxayQVZ) S |Kgy||y1 - y2|

Hence, it follows from (H3)(b) and (H3)(c) that
€ _ .2
I < Ko — 7]+ Kyl (8,2 — st y7) 4 262V E 4 Kiore a9t 09,

In view of w(t®, 2°) — ¢(t¢,2%) < w(ty, x0) — ¢(to,x0) = 0, we can deduce by the definition of ). that

€ _ ,E|2
0 = ulto, 70, 0) < elt,2%,57) = (w1, 2%) = (1%,2%)) + (ualt, %) — a1, 7)) — YL
€ _ |2
< (us(t,2%) — ot ) — YL
€
Then we have that |pf| < 2|ua(t, %) — u2(t%,y°)|/|x° — y¢| < 2L,,. Thereby, plugging the estimates of I
(1=1,2,3) into (4.18) and then sending ¢ — 0, we compute by the boundedness of |[p¢| and |Vy| that,

1 *
— Opp(to, 20) — B tr{oo (to,xo)Dst(tmeo)} — (b(to, zo,u1(to, 20),0), Vo(to, z0))
— (K + KLy, + 5K Ly,)|0(to, 20) ||V (to, w0)| — ([ Kgy| + 2K Ly, ) [w(to, 7o) < 0.

After choosing K = K + |Kgy| + KLy, + 7K L,,, we obtain the desired result. O

Coming back to the proof of Theorem 4.6. It suffices to prove that for any 0 < a < ap, w(t,z) <0
holds for each (t,z) € [0,T] x Of. Let us fix arbitrarily a a € (0, ap]. For each (¢,z) € [0,T] x OFf, we define
the function W(t,z) := exp{(C(T — t) + A)p(z)}, where ¥(x) := (1 + |2|>)*/2 and constants A, C' > 0 will be
chosen later. By some easy computations we have the following estimates of the first and second derivatives of

w(x)’

zx*

I 1 fe?
P(x)  ¢3(z)

= 3@ T 92 o)

Vo@) = L <1, D) - \

(@) <n+1.

In what follows, we denote t :=T — A/ C. Then the previous estimates yield that, for each ¢ € [¢t1,T],

8t\I/(t,9c) = —5w($)\l’(t,$)7 V(L z)| = (5(T - t) + A)¢($)|‘I’(t73«”)\ < 2A¥(t, x),
ID2U(t,z)| = [(C(T — t) + A)*U(t, 2) V() (Vi (x))* + (C(T — t) + A)U(t, 2)D*y ()]
<2424 +n+1)U(t, z).

Thus, it follows from (H2) and ¥ (z), ¥(¢,x) > 1 that, for each (¢, x) € [t1,T] x OF,

Fy(t,z,¥,0,¥, V¥, D*V)
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> Cop(z)U(t, z) — %K2|D2\Il(t,x)\ — K|VU(t,z)| — KU(t,z) — KK|VU(t,z)|
> U(t,2){C — KAQA+n+1)— 24K — K —2AKK} > 0,

provided that Cis large enough.
Next we choose suitable A and C' such that lim,|_,o |w(t, z)| exp{—A|z|} = 0. For each € > 0, define

M*(g) := [tlgpl]axxoa {(w(t,z) — e¥(t,z)) exp{—K(T — t)}}.

In the sequel, we will prove that M*(g) < 0. Recall that (¢, z) belongs to the compact set [t1,T] x OF, w(t, x)
and ¥(¢,x) are continuous. Then for each € > 0, there exists (t°,2°) € [t1,T] x O where the maximum value
M®(e) is achieved. Even if Of is unbounded, the maximum point can also be taken since w(t,z) — e¥ (¢, z) <
0 when |z| — co. For each (t,z) € [t1,T] x O, define ¢(t,x) := eU(t,x) + M*(¢) exp{K(T — t)}. Then
p € CL2([t1,T] x O%;R), o(t°,2°) = w(t*,2°) and w(t,z) — p(t,z) < 0 for all (t,z) € [t1,T] x OF. From
Lemma 4.7 we know that w(t,x) is a viscosity subsolution of PDE (4.13). We suppose that M*(e) > 0 for
some ¢ > 0, from which it follows that w(¢®,2°) > 0. Then by the definition of viscosity subsolution we have
F,(t5, 2%, w, 0rp, Vip, Dg(p)|(t7z):(ta7ms) < 0. On the other hand, by some direct calculations we derive that

Fw(tsv xsv w, 81530’ VQO7 D2@)|(t,m):(t5,z5) = EFw(tEa 'rsa \117 8t\1’a qu: D2qj)|(t,a:):(t5,:r5) > 0.

This contradiction indicates that M*(e) < 0 holds for each € > 0. Thus, we have that w(t,z) < eU(¢,x) for
all (t,x) € [t1,T] x O%. Sending ¢ — 0 yields that w(t,z) < 0 for all (¢,2) € [t1,T] x Of. Finally, applying
the same arguments on the intervals [t;11,;] (i = 1,2,---), where t;41 := (t; — A/C)*, we obtain that for any
0 < a < ap, w(t,z) <0 holds for all (¢,x) € [0,T] x OF. O

APPENDIX A. STANDARD ESTIMATES FOR SOLUTIONS OF FBSDERS

In this section we illustrate some a priori estimates for FBSDERs, which are useful for investigating the
theory of FBSDERs. With analogous arguments to Lemma 3.1 and recalling that 0 € Oy and 0 € (L,U),
we can conclude the following a priori estimates for adapted solutions of FBSDER (2.2), in which we set

& =¢£(t,0,0,0), £ =b, 0, g.

Lemma A.1. Assume that (H1)-(H4) hold with K, L,., Ls >0 and Ky, Kgy € R, (O, 1, (t)ielo, 1) 15 an
adapted solution of FBSDER (2.2). Let A\ >0, >0, C; >0 (i=1,...,6) with Cs < 1, we have

eQCoK

e ME[X7[? + AT X <R al? + K IR + 511213 + (1715 + (e + 1+ 2CGoK?)[l0°3], (A1)

€
where N5 == \| — ee?C0K(1 4 K2 + 2CK?), kS := ky + ce?C0K K2 ks := ko 4 ee?“K L, .2 and \1, k1, ko are
defined in Lemma 3.1; and

_ 1 1
IV + (1= CollZIE < o |1+ LB + (142 ) BIOO)F | + 21678 + GolXIE. (42

where A5 := Aoy — € and A2 is defined in Lemma 3.1.

By (H5) and the procedure of establishing the contraction mapping in the proof of Theorem 3.2, we can
prove the following estimate for solutions of FBSDER (2.2) with the help of Lemma A.1.
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Proposition A.2. Assume that (H1)-(H5) hold, (©¢,1:,Ct)iefo,r) i an adapted solution of FBSDER (2.2).
Then there exists a positive constant C' such that

T T
E[/ <|Xs|2+m|2+|zs|2>ds} SCE[I$I2+|@(0)2+/ (622 + 10°P + [g°7) ds|.
0 0

Proof. Let all assumptions hold. Then by Lemma A.1 we have that

e MTE[X7* + M|IX3 < Ale) + ASIYIR + 511213,
MIYIR + (1= Co)lZIR < Ble) + (1 + ) Lo M E|Xz|” + C5]| X3,

where we write

0200 K
Afe) := 20K g2 4 ———
€

1\ _ 1
[15°13 + (= + 1 +2Cok )0 3], B(e) := (1+ 2 )e B[RO + < lg° -

Note that AS — A\;, k§ — ki, (1 = 1,2), as € — 0. So (H5) implies that there exists a sufficiently small £ > 0
such that A, A5 > 0. Then it is easily follows from the previous inequalities that

B(e)

e MEXT® + ATIXR < Ale) + =
2

+p(AE,A3) [ MEIX P + AT X

where we denote

kI kS C
A )G = 1 2 1 L 2 5 .
‘LL( 1» 2) |:A§ \ 1_06:| <( +5) @ \ )\?

Since p(A§, \§) tends to u(A1, A2) as € — 0, we choose a small enough € such that 0 < u(A§,A\§) < 1. Then

A(e) B(e)
L= u(8 %) " x5 (1— n05 )

A(e) n B(e)

e—)\TEX 2 S 7

IX113 <
) Ai

from which we can deduce the desired result. O

Analogous arguments to Lemma 3.1, the following standard estimates for solutions of (4.1) can be obtained
with the help of Proposition A.2 and BDG’s inequality.

Proposition A.3. Assume that (H1)-(H5) hold, and (05", n"" (") and (@F””"',n?/’z/,gf"”“") are the adapted
solutions of (4.1) corresponding to the initial points (t,x) and (t',2"), respectively. Then there exists a positive
constant C such that

T
E[ up |X§@|4} <O+, E[ sup [V + [ |z st] < O(1 + [2)
se[t,T] se[t,T] t
E[ sup | XBT — Xﬁl’””/‘*} <C(lz—2'|*+ |t —t'P),
se[tvt!, T
!’ !’ T
E|: sup |Y8t,ac _ Y'St \T |2 +/
se

[tve!, T TVt

|zt — Z§’7$’2ds] <C(lz -+t —t).
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