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AN ADAPTIVE MULTICLASS NEAREST NEIGHBOR CLASSIFIER*

NIKITA PUCHKIN"2** AND VLADIMIR SPOKOINY! 23

Abstract. We consider a problem of multiclass classification, where the training sample
Sn = {(Xi,Yi)}ie1 is generated from the model P(Y = m|X = z) = nm(z), 1 < m < M, and
m(z),...,nm(x) are unknown a-Holder continuous functions. Given a test point X, our goal is to
predict its label. A widely used k-nearest-neighbors classifier constructs estimates of 71 (X), ..., nam (X)
and uses a plug-in rule for the prediction. However, it requires a proper choice of the smoothing
parameter k, which may become tricky in some situations. We fix several integers ni,...,nk, com-
pute corresponding ny-nearest-neighbor estimates for each m and each ni and apply an aggregation
procedure. We study an algorithm, which constructs a convex combination of these estimates such
that the aggregated estimate behaves approximately as well as an oracle choice. We also provide a
non-asymptotic analysis of the procedure, prove its adaptation to the unknown smoothness parameter
« and to the margin and establish rates of convergence under mild assumptions.
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1. INTRODUCTION

Multiclass classification is a natural generalization of the well-studied problem of binary classification. It is a
problem of supervised learning when one observes a sample S,, = {(X1,Y1),...,(X,,Y,)}, where X; € X C R?,
YieY={Ll,...,M}, 1 <i<n, M >2 The pairs (X;,Y;) are generated independently according to an
unknown distribution D over X x ). Given a test pair (X,Y), which is generated from D independently of S,
the learner’s task is to propose a rule f : X — {1,..., M} in order to make a probability of misclassification

R(f) =Pxy)y~p (Y # f(X))

as small as possible. In practice, it is a common situation when one has to discern between more than two
classes, so multiclass classification has a wide range of applications and arises in such areas as bioinformatics,
when one tries to predict a protein’s fold [14] or when one wants to classify DNA microarrays [32], finance when
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one predicts a corporate credit rating [2], image analysis [20] when one tries to classify an object on an image,
speech recognition [18] and others.

Concerning the multiclass learning problem, one can distinguish between two main approaches. The first one
is by reducing to the binary classification. The most popular and straightforward examples of these techniques
are One-vs-All (OvA) and One-vs-One (OvO). Another example of reduction to the binary case is given by
error correcting output codes (ECOC) [13]. In [3], this approach was generalized for margin classifiers. A similar
approach uses tree-based classifiers. Methods of the second type solve a single problem such as it is done in
multiclass SVM [9] and multiclass one-inclusion graph strategy [29]. Daniely, Sabato, and Shalev-Shwartz in
[11] provided a theoretical comparison of OvA, OvO, ECOC, tree-based classifiers and multiclass SVM for
linear discrimination rules in a finite-dimensional space. From their study, multiclass SVM outperforms the
OvA method. In [9], Crammer and Singer also showed a superiority of multiclass SVM on several datasets.
Nevertheless, in our work, we will use One-vs-All for two reasons. First, we will consider a broad nonparametric
class of functions and results in [11] do not cover this case. Second, in [26], Rifkin and Klautau showed that
OvA behaves comparably to multiclass SVM if binary classifier in OvA is strong enough.

For each class m, we construct binary labels 1(Y; = m). We denote a marginal distribution of X by Px
and suppose that Px has a density p(X) with respect to the Lebesgue measure p. Given X, we denote the
conditional probability P (Y = m|X), 1 < m < M by 0,,(X). For this model, the optimal classifier f* can be
found analytically

J4(X) = argmax i (X).
1<m<M

Unfortunately, true values n1(X),...,nay(X) are unknown but can be estimated. Since for any classifier f it
holds R(f) > R(f*), then it is reasonable to consider the excess risk

which shows the quantitative difference between the classifier f and the best possible one. One of the most
popular approaches to tackle the classification problem is a (weighted) k-nearest neighbors rule. Given a test
point X € &, this rule constructs nearest neighbor estimates 1’7§NN) (X),... ,ﬁgV]IvN) (X)of m(X),...,nm(X) and
predicts the label Y at the point X by a plug-in rule:

f\(NN)(X) = argmax V) (X).

m
1<m<M

Although the method is simple and known for a long time, several new finite sample results in the binary setting
were obtained quite recently. In [30], the author considers weighted and bagged nearest neighbor estimates with
smooth function 71 (z) and finds optimal vector of non-negative weights. Moreover, the author goes further
and derives faster rates under additional smoothness assumptions if the weights are allowed to be negative.
However, the analysis in [30] requires that the marginal distribution of features must have a compact support
and its density must be bounded away from zero (strong density assumption). In [8] and [16], authors address
this issue. In [8], the authors introduce a novel Holder-like smoothness condition on 7;(z) tailored to nearest
neighbor. This trick allows to avoid the strong density assumption and boundedness of features. Although in
both papers [8] and [16] the authors work under similar assumptions, their approach is different. In [8], the
authors obtain convergence rates in terms of size of the effective boundary, while in [16] the authors use a more
classical approximation-estimation tradeoff technique of statistical analysis. The disadvantage of the modified
smoothness condition in [8] is that it is implicit. Instead of this condition, in [17], the authors introduce the
minimal mass assumption and the tail assumption, which are proved to be necessary for quantitative analysis of
nearest neighbor estimates and cover the case when marginal distribution of features has an unbounded support

and has a density, which may be arbitrarily close to zero. Note that the nearest neighbor estimate ﬁy(nNN)(X )
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strongly depends on the parameter k and its choice determines the performance of the classifier f(N N) Moreover,
as pointed out in [7] and [17], the global nearest neighbor classifier (i.e. the number of neighbors is the same
for all test points) may be suboptimal, while the nearest neighbor classifier with point-dependent choice of k
shows a better performance. In multiclass setting, the situation is even more difficult, because for each class
the optimal number of neighbors may be different and this fact becomes crucial when for two classes (say, 1
and 2) and a test point X the values 11 (X) and n2(X) are very close, and one has to estimate these values as
precisely as possible to avoid misclassification. Since for each test point X and each class m, the optimal value
of k may be different, the tuning procedure becomes tricky. To solve this problem, we consider a sequence of
integers n1,...,nk, compute weighted nearest neighbor estimates for each of them and use a plug-in classifier
based on a convex combination of these estimates.

An aggregation of the nearest neighbor estimates is a key feature of our procedure. We use a multiclass spatial
stagewise aggregation (SSA), which originates from [5], where an aggregation of binary classifiers was studied.
Unlike many other aggregation procedures, such as exponential weighting [21, 28, 33], mirror averaging [19, 34],
empirical risk minimization [22], and Q-aggregation [10, 23], which perform global aggregation, SSA makes local
aggregation yielding a point dependent aggregation scheme. This means that the aggregating coefficients depend
on the point X where the classification rule is applied. The drawback of the original SSA procedure [5] is that
it is tightly related to the Kullback-Leibler aggregation and, therefore, puts some restrictions, which are usual
for such setup and appear in other works on this topic (for instance [6, 27]) but are completely unnecessary
for the classification task. We show that, in a special case of the multiclass classification, one can omit those
restrictions and obtain the same results under weaker assumptions.

Finally, it is worth mentioning that nonparametric estimates have slow rates of convergence especially in the
case of high dimension d. It was shown in [4] and then in [15] that plug-in classifiers can achieve fast learning
rates under certain assumptions in both binary and multiclass classification problems. We will use a similar
technique to derive fast learning rates for the plug-in classifier based on the aggregated estimate.

Main contributions of this paper are the following:

— we propose a computationally efficient algorithm of multiclass classification, which is based on aggregation
of nearest neighbor estimates;

— the procedure automatically chooses an almost optimal number of neighbors for each test point and each
class;

— the procedure adapts to an unknown smoothness of the functions 71 (-), ..., na(+);

— we provide theoretical guarantees on large deviations of the excess risk and on its mean value as well under
mild assumptions; theoretical guarantees claim optimal accuracy of classification with only a logarithmic
payment for adaptation.

The rest of the paper is organized as follows. In Section 2, we give auxiliary definitions and introduce some
notations. In Section 3, we formulate the multiclass classification procedure and then provide its theoretical
properties in Section 4. Section A is devoted to the proof of the main result, which is given in Theorem 4.1.
Some auxiliary results and proofs are moved to the appendix. Finally, in Section 5, we demonstrate a performance
of the procedure on both artificial and real datasets.

2. PRELIMINARIES AND NOTATIONS

We start with a simple observation. Introduce

o(t) = (2]1\4 vt) A (1 - 2]1\/[> . (2.1)
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It is easy to show that for the truncated function

b (X) = ol () = (537 Vi (3)) A (1= 537 ).
it holds

argmax ,, (X ) = argmax 6,,(X),
1<m<M 1<m<M

and, instead of the value 7,,(z), one can estimate 6,,(z) at a point z. In our approach, we consider a plug-in
classifier

f(X) = argmax O (X),
1<m<M

where gm(z) stands for an estimate of 6,,(x), 1
Now, the problem is to estimate 6,,(z), 1 <
ones: 1 (Y; =m). It is clear that

< M, at the point x.

<m
m < M. Fix some m and transform the labels into binarized

(1 (Y; =m)|X;) ~ Bernoulli(n,, (X;)).

This approach is nothing but the One-vs-All procedure for multiclass classification. Then a weighted k-nearest-
neighbor estimate of 6,,(z) at the point « can be expressed as % (z) = (7% (x)) and

wi( Xy, 2)1(Y; = m)

T (2) & = No@)’ (2:2)

where S¥ (z) = > wi(X;, 2)1(Y; = m), Ny (x) = 3 wi(X;, x), is a weighted nearest neighbor estimate of 1, ().
i=1 i=1

The non-negative weights w;(X;, x) depend on the distance between X; and = and w;(X;,z) > 0 if and only if

X; is among k nearest neighbors of z; otherwise, w;(X;, ) = 0. In this paper, we consider the weights of the

following form:

W:M&@:%O&hﬂ» (2.3)

where a bandwidth h = h(k) is a distance to the k-th nearest neighbor and the kernel . (-) fulfills the following
conditions:

— J(t) is a non-increasing funciton,
- x(0)=1, (A1)
1
_ > =
HW)> 5,
- X (t)=0, Vt>1.

This assumption can be easily satisfied. First, note that the rectangular kernel JZ(¢t) = 1 (0 <t < 1) meets
these requirements and, therefore, (A1) holds for the case of ordinary nearest neighbor estimates. There are
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other examples of such kernels JZ". For instance, one can eablly check that Epanechnikov-like and Gaussian-
like kernels, 7 (t) = (1 —t?/2)1(0 < t < 1) and Ji/( ) = e~t/21(0 < t < 1) respectively, fulfill (A1). It is also
important to mention that here and further in this paper, without loss of generality, we suppose that a tie (i.e.
a situation, when there are several candidates for the k-th nearest neighbor) does not happen almost surely.
Otherwise, one can use the tie-breaking procedure described in [8].

The nearest neighbor estimate (2.2) requires a proper choice of the parameter k. Moreover, an optimal value
of k may be different for each test point x and each class m, and the problem of a fine parameter tuning may
become tricky. Instead of using one universal value of the number of neighbors, we fix an increasing sequence
of integers {ny : 1 < k < K}. We only require that there exist constants 0 < up < u < 1 such that

1<k <K, (A2)

and there are positive constants a and b such that n; < a and ng > bn2/(d+2)  Each ng induces a set of weights
(k) (k)
w,y , Wy with

w? =l (0 = o (1=l (24)
k

where hj, stands for the distance to the ng-th nearest neighbor, and a weighted ng-NN estimator:

) = (1) = (537 V@) A (1- 757) (25)

()
() () = Om (@)
T () Ne(z) (2.6)

where S’T(,]f)(x) =5 wgk)(Xi,x)]l(Yi =m), Ng(z) = > wgk)(Xi,x). Then one can use the SSA procedure [5] to
i=1 i=1
construct aggregated estimates 61(z), ..., 0 (). The final prediction of the label at the point z is given by the
plug-in rule (2). The detailed description of the procedure for multiclass classification is given in Section 5. We
will refer to it as MSSA (short for Multiclass Spatial Stagewise Aggregation).

To show a consistency of the MSSA procedure, we will derive upper bounds for the generalization error

Pix,y)~D (Y =+ f ’S ) of the classifier f, which hold in mean and with high probability over training samples

Sp. As a byproduct, we will provide convergence rates for the pointwise error  Jnax |§m(x) — 6% (x)| and obtain
IM

a user-friendly bound on the performance of the nearest neighbor estimates under mild assumptions. Namely,
along with (Al) and (A2), we assume the following. First, the functions 7,,(-) are (L, «)-Holder continuous, i.e.
there exist L > 0 and « > 0 such that for all z,2’ € X and 1 < m < M it holds

[ () = 1 (2)] < Lz — 2| (A3)

Second, since we deal with the problem of nonparametric classification, even the optimal rule can show poor
performance in the case of a large dimension d. Low noise assumptions are usually used to speed up rates of
convergence and allow plug-in classifiers to achieve fast rates. We can rewrite

R(f) =1-Exy)~p1(Y = f(X))
=1-ExP(Y = f(X)[X) =1—Exnsx)(X). (2.7)
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In the case of binary classification, a misclassification often occurs, when 71 (X) = P(Y = 1|X) is close to 1/2
with a high probability. The well-known Mammen-Tsybakov noise condition [24] ensures that such a situation
appears rarely. More precisely, it assumes that there exist non-negative constants B and (3 such that for all
t > 0 it holds

Py (|21 (X) — 1| < t) < BtP.

This assumption can be extended to the multiclass case. Let 11)(x) = n(2)(z) = ... = nar)(z) be the ordered
values of n1(z),...,na(x). Then the condition (2) for the multiclass classification can be formulated as follows
(see [1, 25]): there exist B > 0 and 8 > 0 such that for all ¢ > 0 it holds

Px (n(1)(X) = n)(X) < t) < BtP. (A4)

~

We will use this assumption to establish fast rates for the plug-in classifier f(X) in Section 4.

There are two more requirements we need: the minimal mass assumption and the tail assumption introduced
in [17]. The first one assumes that there exist > > 0 and ry > 0, such that for all r € (0,7¢] and = € supp(Px)
it holds

Px (X € B(z,r)) > sp(x)re, (A5)

where B(z,r) stands for the Euclidean ball of radius r centered at x and p(x) is a density of the marginal
distribution Px with respect to the measure p. The tail assumption admits that there are positive constants
C,ep and p such that for every ¢ € (0, gg] it holds

Px (p(X) <e) < CeP. (A6)

It was discussed in [17] (Thm. 4.1) that the conditions (A5) and (A6) are necessary for quantitative analysis of
classifiers and cannot be removed.

One can pick out a simple case of a bounded away from zero density when for any x € supp(Px) it holds
p(x) = po > 0 with a positive constant pg. The most difficult points x for classification with the nearest neighbor
rule are those points, which are close to the decision boundary or where the density p(x) approaches zero,
because in this case a vicinity of z may not contain the sample points at all. One of the ways to control the
misclassification error in the low-density region is to impose a modified smoothness condition on the regression
function n(-), as it is done in [8, 16]: they assume that there are constants L > 0 and « € (0, 1], such that for
all z, 2’ € X it holds

(@) — n(@)| < L (Bx{B(z, |« — '[)})**.

This assumption ensures that in the regions with a small density p(z) the function n(z) is (L', a)-Holder
continuous with a small constant L’. An approach, considered in [17], uses assumptions (A5) and (A6) instead
of the modified smoothness condition. The assumption (A5) helps to control the minimal probability mass of
the ball B(z,r) in regions where the density p(x) is close to zero. A curious reader can ensure that all the results
we formulate will also hold if p(z) and s in (A5) are replaced with po and p(B(0,1)) respectively in the case
of a bounded away from zero density p(x). Also, note that in this case, the assumption (A6) is satisfied with
g0 < min{1, pp} and the power p = co.

We proceed with several examples of distributions when the tail assumption (A6) holds. For instance, univari-
ate Gaussian N (u, 02), exponential distribution Exp()), gamma-distribution Gamma(k, \), Cauchy and Pareto
P(k,1) distributions meet (A6) with the powers 1, 1, 1 + ¢ (with arbitrary € > 0), 1/2 and k/(k + 1) respectively
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(see [17], Ex. 4.1 for the details). A special case, in which one may be interested in, is the case when supp(Px)
is compact. In this case,

Px(p(X)<e)= [ 1000 <epaido<e [ do—en(upp(Ex)),
supp(Px) supp(Px )
so (A6) is satisfied with p =1 and C' = p (supp(Px)), where u stands for the Lebesgue measure. In general, the

assumption (A6) admits that Py has an unbounded support. For this case, we give a simple sufficient condition
to check (A6).

Proposition 2.1. Let X € R? be such that E| X||" < co. Then X satisfies (A6) with p =r/(r +d) and

_ f ?dd gl ﬁ r-%%d r rdd
O((d) +(2) )wd ®IxI)

where wy stand for the Lebesgue measure of the unit ball in RY.

Proof. The proof of the proposition is straightforward:

Py (p(X) < ¢) = / 1(p(X) < &) ple)dz
Rd

= [ e <op@ar+ [ 1600 <o pd
z€B(0,R) z¢B(0,R)
el

< eR%wg + / ——p(z)dz < eR%w, +

B[ X"
Rr ’

Rr
z¢B(0,R)

Taking R"+% = rE|| X ||" /(dewg) to minimize the expression in the right-hand side, we obtain

Py (p(X) < £) < <(2)” + (d)rid> (wae) ™ (B|X 7)™ |

r

O

In what is going further, we require p in (A6) to be larger than «/(2a. + d). By Proposition 2.1, any Px, such
that E|| X||” < oo for some r > ad/(a + d), satisfies (A6) with p > a/(2a + d).

3. THE ALGORITHM

In this section, we present the multiclass spatial stagewise aggregation (MSSA) procedure, which is precisely
formulated in Algorithm 1. The procedure takes a sequence of integers {nj : 1 < k < K}, which fulfills (A2), a
training sample S,, = {(X;,Y;) : 1 <14 < n}, a test point € X and a set of positive numbers {z;, : 1 < k < K}.
The numbers zi,...,zx will be referred to as critical values. This name is not occasional since the original
spatial stagewise aggregation procedure is tightly related to hypothesis testing. More details can be found in
[5]. It is important to mention that performance of the MSSA procedure crucially depends on a choice of the
critical values z, 1 < k < K. At first glance, one can think that the problem of tuning of so large number of
parameters is very time consuming and impracticable. However, in Section 5 with numerical experiments we
provide a simple tuning procedure leading to a proper choice of the critical values.
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Algorithm 1 Multiclass Spatial Stagewise Aggregation (MSSA)
1: Given a sequence of integers {ny : 1 < k < K} fulfilling (A2), a set of critical values{z;: 1 <k < K}, a
training sample S, = {(X;,Y;) : 1 < ¢ < n} and a test point € X, do the following:
for m from 1 to M do
For each k from 1 to K compute the weights wgk) = wl(k) (Xi,x), 1 < i < n, according to the formula (2.4)

2:

3 )

4:  with a kernel JZ satisfying (A1) and calculate 555)(33) according to (2.5) and (2.6).
5

6

7

Put 85 (z) = 05 (2).
for k£ from 2 to K do

- _ . _ .
8: K (97(,]:) (x), gir—1 x)) =g (z)log @561’?5’81()2) + (1 - 97(7?)(:5)) log 71;5;1)1()2).
9: Find v, =1 (Nk(:v)lC gnf)(x),/&\(ﬁ_l)(xo < zk)
10: Update the estimate 55,’5)(@ = ’yk@(jf) () +(1-— 7k)§($71)(m).
11:  end forPut the final estimate gm(x) =0 (x).
12: end for
13: Return the predicted label f(:c) = argmax {am(m)}

1<m<m

We also emphasize that, by construction, 55,’?)(95) €[1/(2M),1 —1/(2M)] and, therefore, or) (x) also belongs
to [1/(2M),1 —1/(2M)] and K (@(ff) (x), @J_l)(x)) is defined correctly. In fact, K <§£f)(x), é\(ﬁ_l)(x)) is nothing

but the Kullback-Leibler divergence between two Bernoulli distributions with parameters ) (x) and Y 71)(3;)
respectively.

Concerning the computational time of the MSSA procedure, the assumption (A2) ensures that K = O(logn)
and then it requires O (Mnlogn) operations to compute nearest neighbor estimates for all classes and O(logn)
operations to aggregate them. As a result, the computational time of the procedure, consumed for a prediction
of the label of one test point, is O (Mnlogn). If there are several test points, then the computations can be
done in parallel.

4. THEORETICAL PROPERTIES OF THE MSSA PROCEDURE

4.1. Main result

Theorem 4.1. Let the conditions (A1)—(A5) hold and let (A6) hold with p > «/(2ac+d). Choose the parameters
21, ..., 2K according to the formula

8M? 12KM
2L = log , 1<k<K, (4.1)
uo O
where
M3 e .
5, = (#f”) , if 3po : p(x) = poVa € supp(Px), (4.2)
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with r, = logy ! and

M3log?n aB/pt2atd
¢*: () .
n

Then, if the sample size n is sufficiently large, for the MSSA estimates 51(~), . 74§M(-), the excess risk of the

plug-in classifier f(X) = argmax 0,,(X) is bounded by

<m<M

a(1+8)

M3logn) 20+d Zf 3 .
N —ORT , po : p(z) = po Vo € supp(Px),
ES'rLg(f) N "o a(148) (4.3)

<7M3 lng ") affpisatd , otherwise.
Moreover, for any § € (0,1), if
SM? 12KM
zp = log , 1<k<K,
(%) 1)

on an event with probability at least (1 — &) over training samples, it holds

-~ ~

() < Px(FX) £ [*(X) S5 + (

af
M31og(12K M /5)\ *F/r+Eatd)
og( / )) ' (4.4)

n

Here and further in the paper the relation g(n) < h(n) means that there exists a universal constant ¢ > 0
such that g(n) < ch(n) for all n € N.

There are some comments we have. First, the rates (4.3) are optimal up to a logarithmic factor (see [4], Thm.
3.2 for the case of bounded away from zero density, [4], Thm. 4.1 for the case of bounded support (i.e. p =1 in
(A6)), and [17], Thm. 4.5 for the general case). Second, in the case of a bounded away from zero density one
can take p = co. Then the inequality (4.4) transforms into

~

Py (F(X) £ (X)) S 6+ (

_af
M3log(12K M /) ) Zatd
n )

which revisits the result of Theorem 7 in [8].

4.2. Comparison with the nearest neighbor rule

Theorem 4.2. Assume (Al), (A3) and (A5). Fiz any m, 1 < m < M, and a test point x € X. Then, for the
weighted nearest neighbor estimate 7% (x) defined by (2.2) and (2.3), with probability at least (1 — ) over all
training samples, it holds

v (2k + 410g(2/5))a/d + w,

N

() = T €

for any k and § € (0,1), satisfying

2k + 41og(1/5)\ */* .
( noep () ) ST
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The proof of this result is moved to Appendix C.1. The bound in Theorem 4.2 improves the result for the
nearest neighbor regression obtained in [16] since it controls large deviations of |1, (x) — 7% (z)| rather than its
mean value. For the case of a bounded away from zero density, Theorem 4.2 and the union bound immediately
yield

n k

IMx

klog M\*"/*  (log M\"?
o Bx, ma, I (0) - TR(0F 5 (SEM ) (25

for any r > 0. This, together with Lemma A.4 below, implies a bound for the k-nearest neighbors classifier

f(k_NN) (z) = argmax 7 (z):
1<m<M

a(1+p)

Eg € (f(k_NN)(x)) < (logM) 2a¥d |

n

provided that k = n2e/(2a+d),

In the case of the bounded away from zero density, the nearest neighbor rule attains the minimax rate
n~(146)/(2a+d) wwhile the MSSA classifier has an additional logarithmic factor. It can be easily explained by the
fact that in the case p(z) > po, it is enough to take only one number of neighbors k =< n4/(2¢+4) for all points
x € X. At the same time, the MSSA procedure aggregates several nearest neighbor estimates and the factor
log n can be considered as a payment for adaptation. Nevertheless, MSSA is capable to adapt to an unknown
smoothness parameter o € (0, 1] from the condition (A3), while the optimal choice of the smoothing parameter
k of the classifier f(k’N N) is based on the knowledge of a.

The situation is completely different in the case of a general density, fulfilling (A5) and (A6). In [17] (Thms. 4.3
a(148)
and 4.5), it was shown that a universal choice of k for all points = € X leads to a suboptimal rate n~ S8 77T ,

while Theorem 4.1 guarantees that the MSSA classifier has a minimax rate of convergence up to a logarithmic
factor. It was also shown in [17] (Thms. 4.4 and 4.5) that a point-dependent choice k(z) =< (np(x))?*/(e+d)

a(148)

leads to the same rate ((log n)/n) "”“”L””, as for the MSSA classifier up to a logarithmic factor. However, it is
not clear how to implement such a choice of k in practice, since a prior knowledge of the density p(x) is required.
Of course, one can try to estimate p(x) but the density estimates are susceptible to the curse of dimensionality.
In our turn, in Section 5, we describe a simple procedure of tuning parameters of MSSA. Moreover, by Theorem
3.1, the choice of critical values is the same for all test points, while the estimate of p(x) must be recomputed
at each test point x.

5. NUMERICAL EXPERIMENTS

This section serves to illustrate the numerical performance of the proposed MSSA procedure on the artificial
and real datasets. First we specify the choice of tuning parameters, then present the results.

5.1. Parameter tuning by propagation

Performance of the procedure critically depends on the choice of parameters z;. We apply here the propagation
approach originating from [31]. The basic idea is to ensure the desired properties of the method in a specific
homogeneous situation. Let x € X be a fixed test point. We generate artificial labels }71, .. .,}77” which are
sampled independently according to the distribution Bernoulli (3). In this case, 1 (z) = P(Y = 1|X = z) = 1/2.
Now, the proof of Lemma A.2 gives an insight, how to choose the critical values z: in the homogeneous situation
m(z) =1/2, an event {3k : é\(lk) (z) # 5%“(3:)} has to occur with a small probability. Such property of the MSSA
procedure is called propagation. The preliminary critical values zs, ..., 2zx are computed sequentially. Suppose

that Za,...,Zx—1 have been already fixed for k > 1. This allows to compute 9*1’“‘”(33) and the test statistic
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TABLE 1. Information about artificial datasets. ¢(-, u, ) stands for the density of the Gaussian
distribution N (p, ).

Experiment 1 Experiment 2 Experiment 3
Sample size, n 500 500 500
Number of | 3 4 3
classes, M
Prior class | 1/3,1/3,1/3 1/4,1/4,1/4,1/4 1/3,1/3,1/3
probabilities,
Tm
Class densities, | p1(z) = ¢(z,[0,—1],0.512), | pi(z) = ¢ (z,[-1,—1],0.712), | p1(z) = 0.5¢ (z, [—1,0],0.512)
Pm () p2(z) = ¢(2,[V3/2,0],05), | p2(z) = ¢ (z,[1,—1],0.712), | + 0.5¢ (=, [1,0],0.52),
p3(x) = ¢ (z,[~Vv3/2,0],0.5) | ps(z) = ¢(x,[=1,1,0.7]2), | p2(x) = 0.5¢ (,[0.5,v/3/2],0.512)
pa(z) = ¢ (2, [1,1],0.712) +0.5¢ (x,[—0.5, —v/3/2],0.512),
p3(z) = 0.5¢ (z,[—0.5,v/3/2],0.512)
+ 0.5¢ (=,[0.5, —v/3/2],0.51)
Number of [ np = [3-1.25F], 0 <k < 11 ng = 13-1.25F[,0 <k < 15 ng=13-1.25F[,0 <k < 14
neighbors, ng
Localization Rectangular, Rectangular, Rectangular,
kernel, ¢ (t) H(t)=1(0<t<1) A (t)=10<t<1) H () =10<t<1)

Ty = Np(2)K (gﬁk)(x), 5(1’“*1)(33)). Now Zj, is defined from the condition

IP(T}C > Ek ’TQ < gg,...Tk,1 < Ekfl) < 6/K

for some small 6 € (0,1), e.g. 6 = 0.1. This condition is checked by the Monte-Carlo simulations for the artificial
dataset S,, = {(Xs, 371) :1 < i < n}. After that we choose the critical values z1, ..., zx in the form z;, = ¢z}, for
all £ from 1 to K. The constant c is chosen by cross validation. The Monte-Carlo simulations are performed
only for one test point, because, due to Theorem 4.1, the choice of z;’s is universal for all test points.

5.2. Experiments on artificial datasets

We start with presenting the performance of MSSA on artificial datasets. We generate points from a mixture
model: p(z|Y = m) = py(x), P(Y = m) = m,. Then the density of X is given by p(x) = % TmPm (), and
the Bayes rule is defined as f*(X) = argmax m,,p, (x). We provide results for three differentmgclperiments. The

M

information about them is summarized in Table 1 and sample realizations are displayed in Figure 1. For example,
in the first experiment, the sample consists of n = 500 points, each of them belongs to one of M = 3 classes,
and the prior class probabilities 7,,, 1 < m < 3, are equal to 1/3. Class densities p;1(x), p2(x) and ps(x) were
taken ¢ (z, [0, —1],0.515), ¢ (z,[v3/2,0],0.515) and ¢ (z, [—v/3/2,0],0.515) respectively, where ¢(z, y1, X) stands
for the density of a Gaussian random vector with the mean p and the variance Y. Next, we took the sequence
of integers nj; = |3 x 1.25]“J7 0 < k < 11, and considered nj-nearest-neighbors estimates with the rectangular
kernel # (t) = 1(0 < t < 1). We computed leave-one-out cross-validation errors for the MSSA classifier and all
ng-nearest neighbors classifiers. The second and the third experiments on artificial datasets were carried out
in the same way. The results, which are shown on Figure 2, indicate that even the best nj-nearest neighbors
classifier is outperformed by the properly tuned MSSA classifier.

5.3. Experiments on the real datasets

We proceed with experiments on datasets from the UCI repository [12]: Ecoli, Iris, Glass, Pendigits, Satimage,
Seeds, Wine and Yeast. Short information about these datasets is given in Table 2.
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FIGURE 1. Sample realizations in the first (left, M = 3 classes, n = 500 points), the second
(center, M = 4 classes, n = 500 points) and the third (right, M = 3 classes, n = 500 points)
experiments with artificial datasets.
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FIGURE 2. Leave-one-out cross-validation errors for the weighted nearest-neighbor classifiers
(the dashed line) in the first (left), the second (center) and the third (right) experiments. The
solid line corresponds to the LOO CV error of the MSSA classifier. The shaded regions reflect

standard deviations.

TABLE 2. Information about datasets from the UCI repository [12].

Dataset | Train | Test | Attributes | Classes | Class distribution (in %)

Ecoli 336 - 7 8 42.6, 22.9, 15.5, 10.4, 5.9, 1.5, 0.6,
0.6
Tris 150 - 1 3 33.3, 33.3, 33.3
Glass 214 - 9 6 32.7, 35.5, 7.9, 6.1, 4.2, 13.6
Pendigits | 7494 | 3498 16 10 10.4, 10.4, 10.4, 9.6, 10.4, 9.6, 9.6,

9.6, 10.4, 9.6, 9.6

Satimage | 4435 | 2000 36 6 24.1, 11.1, 20.3, 9.7, 11.1, 23.7
Seeds 210 - 7 3 33.3, 33.3, 33.3
Wine s | = 13 3 33.1, 39.8, 26.9
Yeast | 1484 | - 8 10 | 16.4, 28.1, 31.2, 2.9, 2.3, 3.4, 10.1,
2.0, 1.3, 0.3

We compare the performance of the MSSA algorithm with the oracle choice of the nearest neighbor estimate.
For Pendigits and Satimage datasets, we calculated misclassification error on the test dataset, for all other
datasets we used leave-one-out cross-validation. Results of our experiments are shown in Table 3, best ones are
boldfaced. From Table 3, one can observe that MSSA works as good as -NN rule with the best choice of nearest
neigbors and even slightly outperforms ordinary nearest neighbor rule in most situations.
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TABLE 3. Leave-one-out cross-validation errors (in %) with standard deviations for datasets
from the UCI repository. The best results are boldfaced.

Dataset MSSA Best nearest neighbor classifier
Ecoli 128+ 1.8 13.4+1.9
Iris 0.0£0.0 0.0£0.0
Glass 27.6 £3.0 28.0+ 3.0
Pendigits | 2.2+0.2 22+0.2
Satimage | 9.3+ 0.6 9.6 +0.7
Seeds 6.7+ 1.7 6.7+1.7
Wine 22+1.1 22+1.1
Yeast 396+1.3 39.8+£1.3

APPENDIX A. PROOF OF THEOREM 4.1

The proof of Theorem 4.1 is divided into several steps. On the first one, we discuss nice properties of the

MSSA estimates é\m(m), 1 <m < M. Next, we focus on the MSSA plug-in classifier f(x) = argmax,, (z). In
1<m<M

Section A.2, we study the case of a bounded away from zero density and prove the first part of the upper bound
(4.3) for the mean excess risk Eg E(f ) Then, in Section A.3, we extend our analysis to the case of a general
density p(x), which fulfils the minimal mass assumption (A5) and the tail assumption (A6). Finally, in Section
A.4, we obtain the bound (4.4) on the excess risk £(f), which holds on an event with high probability.

A.1 Step 1: pointwise guarantees for MSSA estimates
Theorem 4.2, the union bound and 1-Lipschitzness of the function ¢(-) immediately yield

Corollary A.1. Under assumptions of Theorem 4.2, we have

60(2) — B (@)] < ———— (2n + 410g(6K M1 /5)) "
(nsep(z))
log(12K M /4)
ng

stmultaneously for all 1 <m < M and 1 < k < K on an event with probability at least 1 — §/3.
Next, the MSSA procedure comes into the play. Denote

n

*(k)

X’L? x nm(Xz)

where Ni(z) = Y wgk)(Xi,x), and for any ¢ € (0,1) and any x € X' define
i=1

(2

* * _ (ke 2log(12KM/§
= 1 (0.0) = ma {1 s[5 (a) -V o) < [
v1<m<M,v2<k<k’}. (A1)

We call the set {k: 1 < k < k*} the small bias region. In this region, MSSA has the following oracle property.
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Lemma A.2. Let (Al) and (A2) be fulfilled. Fixz any ¢ € (0,1) and x € X and choose

8M? 12KM
log .
() 1)

ZE =

(A.2)

Then there exists a universal constant C1 (depending only on uy and u from (A2)) such that, with probability
at least 1 — 0/3 over training samples, it holds

log(12KM/9)

10, (x) — O ()] < Oy M3/
ng

simultaneously for all 1 <m < M and 1 < k < k* with k* = k* (6, z) given by (A.1).

The proof of Lemma A.2 is given in Appendix C.2. A natural question arises: how large is the small bias
region? The answer is given in the following lemma.

Lemma A.3. Assume (Al), (A2) and (Ab). Fiz any x € X and ¢ € (0,1). Then
e = e (5.2) 2 ((n%p(l‘))Qa/ (20+d) (1og(12K M/5))Y <2a+d>) V log(12K M/§)

with probability at least (1 — §/3) over training samples.

The proof is moved to Appendix C.3. We will show later that an optimal value of nj is less than ng«, so the
MSSA classifier enjoys a minimax rate of convergence up to a logarithmic factor.

A.2 Step 2: the case of a bounded away from zero density

Corollary A.1, Lemma A.3, and Lemma A.2 imply that, given x € X, with probability at least 1 — ¢, simul-
taneously for all m, 1 < m < M, and k < k* = k*(6,2) (i.e. ng < (naep(z))?e/Ratd) (10g(12KM/5))d/(2a+d) v
log(12K'M/9)), it holds

1Oy () — O (2)] < #(2@ + 4log(6K M/5))

(nsep(x
[log( 12KM/6 OB [log( 12KM/5

Let 7 = 2+ 3. Since |6, (x) — O, ()| < 1 almost surely, the expectation of max |Gy, (x) — O, (2)|" with respect

1<m<M

o/d (A.3)

to training samples can be bounded by

Es, max () = 0n ()

n

sp(a
log( 12KM/6 O [og( 12KM/6 ]



AN ADAPTIVE MULTICLASS NEAREST NEIGHBOR CLASSIFIER 83

Choose any k < k¥, fulfilling
3d 2a d
ng <X M2+ (3enp(x)) 2+ (log(12K M /0)) 2o+

Existence of such k is guaranteed by Lemma A.3. Here and further in this paper, g(n) < h(n) means g(n) <
h(n) < g(n). Then we have

M3log(12K M/5) ) ar/(Zotd) A5

E max é\mx—&mxrﬁd—k(

"1<m<M

In the case, when there exists py > 0, such that p(z) > po for all x € supp(Px), taking 6 = d, according to
(4.2), we obtain

M3 ar/(2a+d)
0gn> , (A.6)

E max §mx70mxrg
o (o) Ol < (42

" 1<m<M

Here we used the fact that, due to (A2), K < logn. Thus, log(12KM/6) < loglogn +log M +logn < logn. The

next lemma helps to transform the bound on moments (A.6) into the bound on the mean excess risk Eg (f) of
the classifier f.

Lemma A.4. Let the low noise condition (A4) be fulfilled. Let 0,,(x) be any estimator of O,,(x) at the point
x € X. Suppose that for some r > 14 3, for all m from 1 to M and for almost all x with respect to Px, it holds

Es, 1<IEmagXM |0 () — Om (2)]" < Xy

with a function x,, which does not depend on x. Denote a plug-in classifier, associated with the estimates
01(x),...,00m(x), by f(x) = argmax O,,(x). Then for the excess risk E(f) it holds

1<m<M

Es, £(f) < B (1 n ‘W) —

Proof of Lemma A .4 is given in Appendix C.4. The inequality (A.6) and Lemma A.4 immediately yield

)

R M3 logn\ “(1F8)/ (2atd)
s £(7) 5 (M)
npo

which finishes the proof of the first part of the bound (4.3).

A.3 Step 3: extension to the case of a general density
Now, consider a density p(x), which fulfils (A5) and (A6). Let

ap
M3 1o 2Tl aftp(2atd)
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Choose d, = 7=, r, = log !, and

M?3log*n o/@atd) M?3log®n aA/rizata
™ ey

Define events By = {p(X) > p.} and B; = {277p, < p(X) <277 Fp, }, 1 < j < J, where

B logy, ! —1
- |a/(2a+d)log?2
Note that such choice of J implies
gia/CGatd)y, el Vi< (A.8)
Then, using Lemma B.2, we have
Es, E(f) = Es,Ex (W*(X)(X) — Ny (X ) 2Es,Ex (‘9f f(X)(X))
J
— 9ExEg, [af*(x)(X) - ef(X)(X)} 1 (f )+ Y 1(B;) + 1( BJH))
j=1
< 2ExEs, [05-(0)(X) = 07 (X)] 1 (1*(X) )) 1(Bo)

J
+2 ) ExEs, |07 (X) — 070 (X)] 1 (f*(X) # J(X)) 1(B) + 2Px (By1).

For the latter term Py (Bjy1) we simply have

Px (BJ+1) < CQinpf:. (Ag)

Consider ExEg, [of*(x)(X) - 9f(X)(X)} 1 ( FHX) # f(X)) 1(By). On By we have p > p, and, again, applying
the argument we used in the case of a bounded away from zero density, we obtain

M3log®n

NPy

a(1+p)/(2a+d)
) (A.10)

ExEs, [0-00)/(X) = 070(X)] 1 (£(X) # F)) 1(Bo) S 01*7 = (

Now, consider ExEg, [Hf*(x)(X) - ef(x)(X)] 1 (f*(X) £ f(X)) 1(B,), j € N. Let {t; : j € N} be a sequence
of integers, which will be specified later. Then

EXEs, [07-(0(X) = 050 (X)| 1 (/7(X) # J(X)) 1(B;)

= ExEs, [07-(0) (X) = 070, (X)] 1 (0 < () (X) = 050 (X) < 2t5) 1(By) (A.11)

+ExEs, [ef*(X)(X) - of(X)(X):| 1 (ef*(X)(X) - of(X)(X) Z Qtj) 1(B;).
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Due to the tail assumption (A6), we have

< 2t;P(B;) < 2Ct; (2 ﬂ“p*)”

For the second term, again, using the inequality

05-() (X) = 0703 (X) = (0700 (X) = Bp- ) (X))
+ (é\f*(X)(X) - é\f(X)(X)) + (é\f(X)(X) - Hf(X)(X))
< (ef*(X)(X)_ (X)(X)) + (af(x)(X)_ef(X)(XD

f*
< 0 —_
RS 21<1'I71na<XM|0m(X) 07n(X)|7

one obtains
EXEs, [07-00)(X) = 0700 (X)] 1 (0500 (X) = 073 (X) > 2t;) 1(By)

< ExEs, [05-00(%) 070 (0] 1 (s, 1006 = 0,001 > 1) 1(5,)

<ExEg, 1 (1 max |0 (X) — O (X)| = tj) 1(B;).

<m<

With probability at least 1 — J, we have

a/(2a+d
M3 log(12K M/8.)\ /) _ gia/(2atd)
2*jnp* =~ * e

0. — <
m 18,0) = 0, ()15 %
Here we used that, due to (A2), K < logn, so

log(12KM/d.) < loglogn + log M + log? ¥t < log?n.

Denote ¢; = 27/2aFd)y, . The Markov inequality yields

R 6. + " e 4 oqhT T
Es,JL( max |9m<X>—em<X>>tj>n<Bj>< e 2
1<m<M t]-* tj* t]-*

and therefore,

T

_j V;
ExEs, |07 (x)(X) = 070, (X)] 1 (07 00)/(X) = 07, (X) > 26, ) 1(By) < 2C (27 1p.)" .
J

Thus, taking (A.11)—(A.13) together, one obtains

EXEs, [0700)(X) = 0700 (X)] 1 (/*(X) # F()) 1(B;) <20 (277 +1p.)" (tj + f) .

85

(A.12)

(A.13)
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Take t; = w;* to balance the two terms. Then

EXEs, 0700 (X) = 0700 (X)] 1 (/*(X) # F(X)) 1(By) < 4C (277 1p.)" /040, (A.14)
Note that

d};*/(mﬂ) 24(2(v+d)(4T*+1)’(/)T*/(r*—i_l) < 209/ atd) oy (A.15)

The last inequality follows from the fact

e/ D T gy log T (rat1) — gy elog T/ (log 1) oy

Inequalities (A.9), (A.10), (A.14) and (A.15) immediately imply

Es, £(f) = ExEsg, (Qf*(x>(X)—9f(x)( )) <¢i+ﬁ+z (27751, )P 209/ Gkl 4 (277, )
j=1

< qpi"l‘/g + 2Pp£¢* Z 2—j(p_“/(204+d) + (2_Jp*)]3 — i"rﬁ +
j=1

pfw* . 2a/(2a+d)
1 — 2—pta/(2a+d)

2Pplap, - 2-Pta/(2a+d)
1— 27p+a/(2a+d)

+277p)"  (A16)

=ylth +(277p.)".

Note that the density level p,, defined by (A.7), balances the first and the second terms. We also have p, < &g
from (A6), provided that n is sufficiently large. Concerning the third term in (A.16), we have

2
27 tp, < (o) e /mp, = ANE T
n b
and, since p > «a/(2a+ d), it holds
a(l+p3)
af/p+2a+d’
and with such choice of p,
a(148) o o
M3 10g2 n\? § M3 10g2 n\ @B/pt2atd _ M3 10g2 n (1+8)/(2a+d) _ w1+5
n n nps o

so the third term in (A.16) is smaller than the first and the second terms. Finally,

a(1+8)

~ M3 1log?p\ #P/pi2atd
Bs £(7) 5 vit = (Ft) .
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A.4 Step 4: a bound on the excess risk with high probability
n (A.3), taking any nj < ng-(5,x), fulfilling

12KM) =

nie = M (np(X)) 227 (1og :

we have

. — 0~ < 0, -
0+ (x)(X) ef(X)(X)\Qlé?nagleem(X> O (X))

3 Pre=]
ce, (M 10g(12KM/5))
np(X)

with probability at least 1 — § over training samples.

Consider an event {p(X) > p.} with p, =< (10%<12KM/6)> D . On this event f*(X) # f(X) only if
O

(X) — 0(X)| > G (ALIs1ZND) ) Ty

np.

0(1)(X) = 02y (X) < Cy (w) 7 orif  max |

nps« 1<m<M
yields,

M3log(12K M/5)\ 77
NP+«

<Px (w )~ 0o)(X )<C2<

Jrﬂ”( max |§m(X) — 0, (X)| > &) <M310g(12KM/§)>2a+d>

1<m<M 2 NPy

. _aB
M?31og(12K M/§)\ 2o+
nps '

< 4§+ BCY <
Then, the probability of an incorrect prediction can be bounded by

Py (£7(X) # F(0) =B (£7(X) £ F0, p(X) = p2)
+Px (f1(X) # FX) [ p(X) < p.) Px (0(X) < p.)

apB
M3 log(12K M/5)\ =+
ogsw / )) +op

<5+Bc§<

ap
3 aB/p+(2atd)
<oq (M 10g(12KM/6)) e
n

and it finishes the proof of Theorem 4.1.
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APPENDIX B. AUXILIARY RESULTS

Lemma B.1. Denote the Kullback-Leibler divergence between distributions Bernoulli() and Bernoulli(d") by
K (9,9). Then for any 9,¢ € [1/(2M),1 —1/(2M)] it holds

3

(0 =0 <K (0,9) < M9 - 9')

Proof. The proof relies on some properties of the exponential family of distributions. For a random variable
Z ~ Bernoulli(¥) the log-density log p(z,?¥) can be written in the following form

logp(z,9¥) = zlog 1 v 3 +log(1 —9).

Denote v = v(9) = log% and D(v) = log(1l + €¥). v is called a canonical parameter of the Bernoulli
distribution. The direct computation shows that

log p(z,9) = zv(¥) — D(v(9)),
9= D'(v(9)),
Var(Z) = D" (v(9)),

K@,9)=D'w)(v—-v)—Dw)+ D)= D7) (v -2

In the last formula we used a notation v = v(¢), v/ = (') and £ is a number between v and v’. The Lagrange
theorem yields

9= = D'(v) = D'(v) = D"(Q)(w 1),

for some ¢ between ¥ and 1. Thus, we obtain the equality

/_& — 92
0.9 = oo @~

which implies

Dy 2 / D, N2
5z (0 =0)F <K (0,9) < 5757 (9 =)
2D? 2D2

with Dg = min D”(¢) and Dy = max D" ().
Eev,v’] Eelv,v']

Now, we use the formula Var(Z) = D”(v(9)) and obtain
D" (v(9)) =9(1 —9).

If (9,9) € [1/(2M),1 —1/(2M)]? then, taking into account the fact that M > 2, one has Dy = 1/(2M)(1 -
1/(2M)), Dy = 1/4 and

Dy 4 1 3
= (1- 57 ) = =
202~ M oM )7 M
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Dy M? 1N\ 2
o (1-—) <M,
2D2 ~ 2 ( ZM)

and the proof of Lemma B.1 is finished. O]

Lemma B.2. Fiz a point x € X and denote m* € argmaxn,,(x). Then for any m # m* it holds
1<m<M

Nm= () = M (2) < 2 (0= () — O () -

Proof. There are three cases we have to consider: (i) ny«(z) > 1 —1/(2M), (ii) N () < 1 —1/(2M), N () >
1/(2M) and (lll) N> (‘T) <1- 1/(2M)’ nm(x) < 1/(2M)

Consider the case (i). Note that in this case the condition 7, (x) > 1 —1/(2M) immediately yields n,,(z) <
1/(2M) for all m # m*. Then O,,-(x) =1 —1/(2M), ,,(z) = 1/(2M) for all m # m* and one has

1

Om=(2) = O (2) =1 = 1/M > 5 > 5 (e () = 1 (@) ,

DO =

where we used M > 2.
Consider the case (ii). In this case, for all m # m*, it holds

Nm= () = N (2) = O (2) — O (2) < 2 (O () — O (7)) -

Finally, consider the case (iii). Since, n,«(z) > 47 (otherwise, one gets a contradiction with the fact that

m* € argmax 1, (x)), it holds
1<mEM

and we have for all m # m*

1
O — O = Tlm~ YV 5 m .
(#) = () = e () — a7 > & () — ()
O
Lemma B.3. Fiz a point © € X, an integer 1 < m < M and a set of weights {w;(X;,z) : 1 <i < n}. Denote

1

ZL'

T (2 (X5, 2)1(Y; =m),

2

Xux nm 1)

P
X

2

(a:

where

i=1
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Assume that 0 < w;(x) < 1 for 1 <i < n. Then, for any t > 0, it holds
Ps.. ([fim(x) = 7, (2)] > | X1, ..., Xp) < 26 2N@F
Proof.
Ps, ([ (2) = N (@) > t] X1, ..., Xn)

=Pg, <| Zwi(Xi,:c) (L(Y; =m) — nn(Xy)) | > N(z)t ‘ Xq,.. .,Xn> .
i=1
The Hoeffding inequality yields

2N?(x)t?
> wH(Xi, )

Ps,, ([1hm(x) =7 (@) > ] X1, ..., X)) < 2exp § —

APPENDIX C. ADDITIONAL PROOFS

C.1 Proof of Theorem 4.2
Proof. Fix any x € X and 1 < m < M. Denote

nw (x) = Ny ' (z) Z w; (X, ©) 1 (X)),

where

The triangle inequality yields
[N () = T ()] < [0 () = 757, ()] + |77 () = 7055, ().

Consider |9, (z) — 7% (x)]. Since, according to (A3), nm(+) is (L, a)-Holder continuous, it holds

(@) =T @] = @)~ oy S KX
w w; (X;,2)>0
1
S V@ Yo wilXi, @) (@) = nm(X5)]

Bw; (X;,2)>0
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<L max ||X;—z|® = L|| X0 (z) — ||,
i:wi(xi,m)>o” I 1 Xk () — ]

where X (i) (z) is the k-th nearest neighbor of x. The last equality holds, because w;(X;,z) = 0 if the point X;
is not amongst ny nearest neighbors of x.
For any ¢ € (0,7], it holds

P (|| X (2) — | > t) = (an eth))<k>
=1

< P (Binom(n, sep(2)t?) < k),

where Binom(n, »p(z)t?) stands for the Binomial random variable with parameters n and sp(x)t?, and the last
inequality follows from (A5). Next, the Bernstein’s inequality yields

P (| X (z) =z > 1)
(naep(z)t? — k)2
S oxp {_2n%p(x)td(l — sep(x)t?) + 2(nsep(z)td — nk)/?)}
(noep(z)t! — k)2
S exp {_ 2nsep(x)td + 2(nsep(x)td — k)/3} ’

provided that nsep(z)t? > k. Denote u = nsep(z)t? — k. We want to choose u > 0 in such a way that

N S GO O )
PN 2wk r 203 S 2

This is equivalent to choose u > 0 satisfying

8
u? > Eulog 5 +2klog 5 (C.1)
Take u = k + 41og(2/6). The chain of inequalities
2 8 2 2
k441 1 k 1
+4log - 6 0og — 5 + + 0og < ;

.8 2 4. 2\? 2
1 v/ - “log = z
30g5+ 2klog§ 1g5+\/(3 og(;) +2k10g5

ensures that such choice of v fulfils (C.1). Thus, the choice

t¢ =

(2k 4+ 41og(2/9))

nxp(x)
yields

(nsep(x)td — k)2
oxp {_ Dmsep(@)te + 2(nep(x)td — K) /3} S

N



92 N. PUCHKIN AND V. SPOKOINY

Thus, we proved that, on an event with probability at least 1 — §/2, it holds

X (@) — o < —— (2 + 41og(2/0).

#p(x)
It remains to bound |7 (x) — 7 (z)|. Lemma B.3 implies
PE™ (|72 (z) — 7% (x)| > s| X1,...,X,) < 2e~2Nks” < 2~k
Then, taking the expectation with respect to X,..., X,, one obtains
PO ([ (2) — T ()] > ) < 27

Bringing the two bounds together, one obtains that, with probability at least 1 — § over training samples, it
holds

[ () = T (2)| < L X gy (2) = 2| + |75, (2) = 75, ()]
L log(4/6)

———(2k+ 410g(2/5))a/d + .

<
(nsep(x))*/ k

C.2 Proof of Lemma A.2
Proof. Equations (A.1) and (A.2) and 1-Lipschitzness of the funciton ¢(-) imply

(k) 7k=1) [ %k *
M - < , 1<m <M, 1<k<E,

where 97(5)(33) = gp(ﬁslrf)(x)) and ?Si_l) (x) = @(ﬁg,]ffl)(x)). Next, we need an auxiliary result, which is formulated
in Lemma B.1. It claims that

3~ ~ ~ ~ ~ ~_
V0 (@) = 05 (@) < K2 (050 ), 055 (@) ) < M) () — O ().
Then for any fixed 1 < m < M and 1 < k < k* it holds

P, (Nk(x)/c (§;§>(x), éfjfﬂ(x)) > zk’ Xy, ,Xn)

=P, (ICW (§$>(x),§§5—1>(x)) > 7NZ’(“ ) Xl,...,Xn>
kX
< Ps, (M@,’f)(:p)—@(ffl)(:ﬂﬂ > 7NZ’(€ ) X1,...,Xn>
kT

~ —(k —(k —(k—1
<P, (M) () =8, ()] + MPB,, (2) = 8, (@)
MU= (z) — g * X, X

<P, (MIFP (@) - 8, (@) + M @) - 0, ()]
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4J\Z’“(x) Xl,...,Xn>
<P, (M|§5,’§)(x) W @) > 16;77’;@) Xl,...,Xn)
+ P, <M|§$—1>(x)—9f7’j“(x)| > 16;72(@ Xh...,Xn)
<o, (MA@ T > | [ ] X x,)
B, (MITE @) TV @1 | 1 s X X))

Lemma B.3 yields

Ps | MF® (z) — 7k kX, X ) < 20/ (BMY)

Sn ( |nm ({E) Mm, (ZL’)| > 16Nk($) 1, ’ € )

Ps, ( M7k B () > [—2E X)X, | < 200/ (8M7)
s ( @) - T @] > e | K e ,

and then

Ps, (Ne(@)K (05 (@), 65D (@) > =

g 267216/(8M2) +267u0zk/(8M2) < 467u0zk/(8M2).

Xl,...,Xn)

*

The union bound implies that the next inequality holds simultaneously for all 1 < m < M and 1 < k < k*:
P, (Nk(x)lC (5@(@,5&6—1)@)) > zk‘ X1,... ,Xn) < 4K Me~uom/(8M?),

Now, it is easy to observe that, given ¢ € (0,1/3), the choice

8M? 12KM
ZE = log 5

Uo

ensures that é;,’f)(x) — o) () simultaneously for all m, 1 < m < M, and k, 1 < k < k*, with probability at
least 1 — ¢/3 over training samples.
Next, following the proof of Theorem 5.3 in [5], one can easily obtain that it holds almost surely

K (08 (2),0% V(@) < —2—, ¥1<m<MV1I<k<k.
(@00 @) < 5 m< M,
This and Lemma B.1 imply

Mzk

6% (x) — 9D (z)| <

/
w
=
&
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Due to (A1) and (A2), ug < Ni—1(z)/Ni(z) < u holds almost surely. Then

~ Ko Mz
O () — 08 ()] < Y 10 (2) — 09 V(2)] < Z J

j=k+1 j=k+1

2M3/2\/210g 12K M/6) Z
V3ug Parerit

2M3/2,/210g(12K M /9) Z
J=1

N

N

2M3/2, /210g(12K M/6)
N z
2M3/2,/210g(12KM/5)  /u 1
V/3uo 1=Vu \/Ny(w)
2M3/%\21og(12KM /)  Ju  [2
vV 3UO 1-— \/E '

//\

N

N

Here we used that, due to (A1), Ng(z) < ng < 2Ng(x) for any x. Thus, with probability at least 1 — ¢ over
learning samples, sunultaneously foralll<m < M and 1 <k < k*it holds

log(12KM/9)
ng

0 () — O (2)] < LM/

with the constant C7 = 4, /51-(1 — N O

C.3 Proof of Lemma A.3

Proof. Fix some 1 <m < M and 1 < k < K. Let hx_1 and hj stand for the distance from x to its ny_1-th and
nk-th nearest neighbors respectively. Then

710 (x) =75~ (@) < [ (2) = Do ()] + [ () = 75V ()]

(k)
wy (Xivx)nm(Xi)
S 1 — ()
)| X — || <ha Ni(z) K
(k—1)
Wy (Xi, 2)1m (X))
’ 1 — ()
)| X —|| <hg—1 Ni-1(z)
- N;() Z ’wz(k) (Xi, ) (nm(X;) — nm(x))‘
R xR <
1 (k—1)
Yo o e ) () — e

|| X —x||[<hg -1

1
Sy 2w Ew) n(X) = (@)

|| X —xl|<hg
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1 (k—1)
v 2 e ) (X0 = (@)

| X~ || <hp—1

Since Ny () is (L, @)-Holder function, the last expression does not exceed

1 (k)
w,"(X;, 2)L|| X; — x||¢
W@, o, el
|| X —z||<hg
1 (k—1)
+ Ww; Xi,xLXifxo‘
D DI e SO LI e

|| X —z||[<hg—1
< LA + LhY_, < 2LhS.

Thus,
7% () — D (2)| < 2LAS.

For any t € (0, 70] it holds
i=1

P(hy >t) =P (Zn: 1(X; € B(x,t)) < nk> < P (Binom(n, sp(2)t?) < nk) ,

where Binom(n, s»p(x)t?) stands for the Binomial random variable with parameters n and sp(x)t?, and the last
inequality holds since the condition (A5) implies Py (B(xz,t)) > »p(x)t?. Next, the Bernstein’s inequality yields

P(hy >t) <exp { (nsep(z)t? — ny)? }

 2n5ep(x)t4(1 — sep(a)t?) + 2(nzep(a)td — ny) /3
_ (nsep(@)t? — i) }
2nsep(x)t? + 2(nsep(z)t? —ny) /3 |’

o

provided that nsep(z)t? > ny. Let u = nsep(x)t? — nj. We want to choose u > 0 such that

ex - u < 0
PV 20w+ ) +2u/3 ) S 3EM
This is equivalent

8u, 3 3KM
3 log 5 + 2ny log 5 (C.2)

u? >

Take u = ng, + 41og(3K M /). Again, as in the proof of Theorem 4.2, the chain of inequalities

ni +4lo 3KM>§10 M—i—n +110 SKM
>§1 3KM+ o 1 3KM>§1 3KM+ él 3KM 2+2 1 3KM
/308' 5 ng log 5 /30g 5 30’8; 5 ng log 5
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ensures that such v fulfils (C.2). Thus, the choice

1
d_
t* = rep (@) (2ny + 41log(3K M /9))
yields
d_ )2
exp - (nsep(x)t® — ny,) < 0 .
2nsep(x)t? + 2(nsep(z)t? — ny) /3 3KM

Thus, with probability at least (1 — 6/(3KM)) over training samples, one has

hi <

(@) (2ng + 41og(3K M /9))

and
7% — 7D < 2L (nsep(a) ™ 20y + 41og(3K M /6))™/? .

Now, fix any 1 < ¥’ < K. The union bound implies that, with probability at least 1 — /3, for all k, 1 < k < ¥/,
and all m, 1 < m < M, it holds

76 () = 78 (@)] < 2L (nsep()) ™/ (2ny + 4log(3K M/5))*/* .
It remains to find values of n; when

2L (nsep(a))~ ' (2n + Alog(3K M /8))*/? < | | LEUZEM/0)
UeNE

Let nj, = ¢? - log(12K M /§) and find such values of ¢ that

ol

2L (naep(x)) ™ (26 + 4)*/% (log(12K M /5))*/* < \F :

Uo

It is equivalent to

2, gyosd o V2 nap(a) N\
(2 + )7 < 2L /iy <10g(12KM/5)) '

Denote ¢; = ¢V 1. One can easily observe that any c; fulfilling

J2atd)/d _ V2 nep(x) o/d
! = 2L /ug \ 5log(12K M /6)

ensures the previous inequality. Thus, we finally obtain that if

e < ((n%p(x))2a/<2a+d> (log(12K M /)" m*f”) Vlog(12KM/8), 1<k<K,
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then

8log(12KM/6)
UpNg

76 () = 7~V ()] <
holds simultaneously for 1 < m < M and 1 < k < k¥’ with probability at least 1 — §/3. This yields

N > N =< <(n%p(x))2°‘/ (2atd) (1og(12K M/5)) Y <2“+d)) Vlog(12KM/§) .

C.4 Proof of Lemma A.4
Proof. Define ¢ =1+ . B +5- Fix an arbitrary ¢ > 0 and denote

A= {g M <m0 (0 =g (0 < gt izt
Then, due to (2.7) and Lemma B.2, we have

Es,£(f) = Es, R(F) - B(f")

[ (X) nf(X)(X)]

= Es,Ex [ns00(X) = 00 (0] 1 (1(X) # f(X))
(1700 (X)

= B, Ex [1-(0) (X) = 1050 ()] 1 (0 < - 30 (X) =m0 (X) < t)

=Es,Ex |n7+(x)

£ Es Ex (1506 (X) =m0 (X)]| 1(F*(X) # F(X))1(4:)

i=1

< tEs, Py (0 <0 (X) — 7 (X) < t)

+23 B, Ex [605-(x)(X) = 050 (X)] 107 (X) # F0)1(4))

i=1

<HPx (non) (X) = 1) (X) < 1)

+2 ) ¢'tEs, Ex [L(/7(X) # F0)1(4)]

i=1

< B 42 g By [1(7(X) £ FOONL(A) .

=1
Note that f(X) # f*(X) if and only if §f(X)(X) > 6. (x)(X). Then

07 (x)(X)

97
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For each 7 € N we have

Es, Ex1(f*(X) # F(X)) 1(40) < Es, Ex1(0-00(X) < 0 (X)

185+ 00y (X) = 0500y (X + (750 (X) = B30, (X)) 1)
< Es, ExT ([0 x0)(X) = 050 (X)| + 70 (X) = 0550 (X)| > ¢'7¢) 1(A)
< Es, Ex1 (|- (x) (X) = 0700y (X)] = ¢'721)
+11(|1(X)(X)—ef(x) ¢ %) 1(A

=2ExPg, ( max |§m(X) — 0 (X)| = qi_2t>

1<m<M
Xr :
< QEXm]l (9(1)(X) - 9(2)(X) < qlt)
2Xr ; X
< — . B¢PtP = 2B¢* - —A—.
qT'(z—2)t7' q q (qzt)rfﬂ
Then
Es, &(f) < Bt'™P 2Bg . X
= Bt'P 1+ Z D AR C—
1(r B—1)¢r
— Bt1+ﬁ 1+ ZQQQT . Xr
1(7‘ B—1)¢r
— BB (1 Jr QQZTXT
7 ,8 1 _ 1)t7
B (14 7‘+6+2) gy, .
(r—p—1tr
Note that
5 1 r+5+1
ARl — (4 —— <e<3
1 < r+ B+ 2)
Now, the choice t = Xi/r implies the assertion of Lemma A.4. O
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