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ESTIMATION OF THE MULTIFRACTIONAL FUNCTION
AND THE STABILITY INDEX OF LINEAR MULTIFRACTIONAL
STABLE PROCESSES

THI-To-NHU DANG*

Abstract. In this paper we are interested in multifractional stable processes where the self-similarity
index H becomes time-dependent, while the stability index o remains constant. Using - negative power
variations (—1/2 < 8 < 0), we propose estimators for the value at a fixed time of the multifractional
function H which satisfies an n-Ho6lder condition and for « in two cases: multifractional Brownian
motion (o = 2) and linear multifractional stable motion (0 < a < 2). We get the consistency of our
estimates for the underlying processes together with the rate of convergence.
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1. INTRODUCTION

Multifractional processes have been introduced in order to overcome limitations for some applications of the
fractional Brownian motion, due to the constancy in time of its self-similarity index H. In these processes, the
path regularity can now vary with the time variable ¢. The well-known example is mutilfractional Brownian
motion which was introduced by Benassi et al. in [10] and independently by Peltier and Lévy Véhel [24], where
the self-similarity index H of fractional Brownian motion is replaced by a multifractional function H(t), allowing
the Hurst index to change in a prescribed manner. This flexible stochastic model allows to separate the properties
of local regularity and of long range dependence and to produce sample paths that are both highly correlated
and irregular. In the last twenty years, many multifractional processes have been introduced and investigated,
see e.g., [5, 6,9, 12, 13, 16-18, 21, 23, 25-28].

Therefore, the statistical estimation of the multifractional function H at a variable time-value t for multifrac-
tional processes, has interested many authors since about two decades. In the statistical literature on this topic,
the value of H(-) at a fixed time ¢, is built via [1, 2, 8, 9, 12, 13, 20, 21]. One can mention the work of Peltier and
Lévy Véhel (see [24]) for the estimation of the multifractional function of a multifractional Brownian motion,
based on the average variation of the sampled process. In the case of multifractional Brownian motion, strongly
consistent estimators of H(ty) has been presented in [9], using generalized quadratic variations of this process.
For a more general Gaussian setting than that of the latter process, the increment ratio method is used to get
the estimation of H(tg), see e.g., [6]. Recently, the corresponding estimation problem of the stability function
and the multifractional function for a class of multistable processes was considered in the Le Guével’s paper, see
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[21], based on some conditions that involve the consistency of the estimators. For linear multifractional stable
motions, in [2], the authors presented strongly consistent estimators of the multifractional function H(-) and the
stability index « using wavelet coefficients when a € (1,2) and H(+) is a Holder function smooth enough, with
values in a compact subinterval [H, H| of (1/c, 1). One can refer to [3], in the setting of the symmetric a-stable
non-anticipative moving average linear multifractional stable motion, for an almost surely and L? (), p € (0, 4],
consistent estimator of the multifractional function H(-) when « € (1,2).

The aim of this work is to construct consistent estimators for the value at an arbitrary fixed time ty of the
multifractional function H(-) which satisfies an n-Holder condition and for the stability index «, using 5-negative
power variations (—1/2 < < 0) for multifractional Brownian motions (o = 2) and linear multifractional stable
motions (0 < a < 2). This framework has been introduced recently in a paper by Dang and Istas (see [15]) to
estimate the Hurst and the stability indices of a H-self-similar stable process, in the case H and « constant,
based on the fact that S-negative power variations have expectations and covariances for —1/2 < 8 < 0. The
authors showed that using these variations, one can obtain the estimate of H without a priori knowledge on
«a and vice versa, the estimator of o can be ascertained without assumptions on H. This type of variations
have been used in [7, 22] to obtain the estimators of parameters for linear fractional stable motions. When H(+)
becomes a function, moreover with only Holder regularity, although there are some results on stable random
processes presented in [15] that can be applied to this context, the methods of [15] do not go through. We then
need some new techniques inspired in part by [25] and the paper of Falconer and Lévy Véhel (see [17]) to deal
with the problem. In order to estimate the value of H(:) at tg, using this new framework, requires no a priori
knowledge on «, but only a weak a priori condition on the supremum of the function H(¢). In other words,
these variations provide estimators of H(-) at a fixed time ¢y and « separately, without the assumption on the
existence moment of the underlying processes. We also get the consistent estimator for the stability index « for
the underlying processes. Moreover, the rate of convergence of our estimates is given.

This paper is organized as follows: in the next section, we present the setting and main results needed to
construct the estimators for H(-) at a fixed time ¢y and for « in the two aforementioned cases: multifractional
Brownian motion (o = 2) and linear multifractional stable motion (0 < a < 2). In Section 3, we gather all the
proofs of the main results presented in Section 2. These proofs make use of several lemmas which are introduced
and proved in Section 3.1.

2. SETTINGS AND MAIN RESULTS

Definition 2.1. Linear multifractional stable motion and multifractional Brownian motion.
Let 0 < o< 2and H:U — (0,1) be a function on a closed interval U C R, H satisfies an n-Holder condition:
|H(v) — H(u)| < Clv—u|",n € (0,1] for all u,v € U. Let

X(t) = / (It — s[HO-1/e _ |5 HO-Va)ar (ds) (2.1)

where t € U and M, is a symmetric a-stable random measure on R whose control measure ds is the Lebesgue
measure.

When 0 < a < 2, the process X(t) is called a linear multifractional stable motion (see, e.g., [17]). The
Gaussian case (o = 2) occurs when M (du) is the standard Gaussian measure W (du) on R and the process is
then called a multifractional Brownian motion (see, e.g., [27]).

Let X(t) be the process defined by (2.1) where the exponent n of the Hélder condition of H(-) satisfies

0 <sup H(t) <n <1 and ty be a fixed point in U, the interior U. We now construct estimators of H () and «.
teU
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Let L > 1,K > 1 be fixed integers, a = (ag,...,ax) be a finite sequence with exactly (L + 1) vanishing first
moments, that is for all ¢ € {0,..., L}, one has

K K
> kar =0, ka, £0 (2.2)
k=0 k=0

with the convention that 0° = 1. The aim is to estimate H(ty) and « from a discrete sample of X based on
the filter a. The choice of vanishing moments is to be compared with the analogue in wavelet theory: it allows
to unbiase the estimator up to exponent L. But finding the “best” sequence a is an open problem (see e.g.
[4, 11, 14]). Classical sequences a are given by the discrete derivatives: a = (1, —1), when L =0, a = (1,—2,1)
when L =1, and, for L > 1, we can choose K = L + 1 and

o (L+1)!
_ (_1)L+1-k ( . 2.3
ar = (=1) K(L+1— k) (23)
Let ~ be fixed such that
O<supH(t) <y<n<Ll (2.4)
teU
Define a set v, (to) and its cardinal by
k+p 1
V,%n(to):{keZ:vaO,...7K,n—t0|SW’}7 (25)
U’y,n(tO) = #V'y,n(tO)~ (26)

We can choose n € N large enough so that
k+
{Tlp,k S V»Y’n(to),p = 0,. N ,K} cU.
Then for k € v, »(to), k% € U, the discrete variations Ay, X with respect to the sequence a are defined by

n

K
ApnX =3 a,X (k +p) . (2.7)
p=0

Note that v., ,(tg) = [2n'™7/" — K] or [2n'™7/" — K] 4+ 1 depending on the parity of [2n!~7/7 — K], where [z]
denotes the integer part of a real number x.
Let 8 € (—1/2,0) be fixed and

1
Vi n NpnX|P 2.8
to (ﬂ) U'y,n(to) keu;(to)| k, | ( )
Wiy (B) = nPH 0V, L (B) (2.9)

Let H,(to) be defined by

. (2.10)
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We will prove later that ﬁn(to) is a consistent estimator of H(ty) of the multifractional stable process defined
by (2.1) at a fixed time tg where tg € U.

We now present a consistent estimator of a.

We first define auxiliary functions 9y v, hu,vs @u,0, Where u > v > 0.

Let ¢y, »: RT x RT — R be the function defined by

Yuw(z,y) = —vinz +ulny + C(u,v), (2.11)

where

v

C(u,v) :ug lnw+uln<r(1+g))+vln (F(1;U)>
Uln(F(lJrZ))uln(F(le)).

Let hyp @ (0, 4+00) = (—00,0) be the function defined by

huo(z) = uln (F(l + %)) — ol (r(l + g)) . (2.12)

Let ¢y : R — [0, +00) be the function defined by

0 ifxz>0
#u,0(2) {hl (z) ifz<0 (2.13)

where h,, , has been defined in (2.12). One refers to [15] for the elementary results on functions ¥, v, Ruy.v; Pu,v-
Let 81,82 be in R such that —1/2 < 1 < B2 < 0. The estimator of « is defined by

Qn, = P—B1,—B2 (1!]*31:*52 (‘/Yt0>n(ﬂ1>7 ‘/;507n(62)))7 (2'14)

where ¥y, 4, @y are defined as in (2.11) and (2.13), respectively.

The main results in this paper are presented in Theorems 2.2, 2.3 and 2.4. A consistent estimator of the
value of the multifractional function H(-) at a fixed time to € U is given in Theorem 2.2 for the multifractional
Brownian motion and in Theorem 2.3 for the linear multifractional stable motion. Theorem 2.4 is devoted to
giving a consistent estimator of the stability index « for those two cases.

2.1. Estimation of the multifractional function H

In this section, we state theorems which precise the statement that (2.10) gives a consistent estimator in the
sense that it gives the rate of convergence, for the value of the multifractional function H(-) at a fixed time
to € U for linear multifractional stable motion (0 < o < 2) and multifractional Brownian motion (a = 2). We
start with some definitions.

Forne N ke Z,s € R, let

K

k+ By /g,
Frm(s) :Zap|Tp _ g[H(EB) /e (2.15)
p=0
K H(to)—1/a
k+p
Gin(s) =D ap|—— = (2.16)

p=0
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K
Since > ax = 0 it follows that
k=0

BinX = [ finls)Ma(). (2.17)
R

Let 8 € (—1/2,0), and ty € U. We set

” o 1/
M,, = /Zap\p—SIH(tO)*l/“ ds . (2.18)
R 1P=0
MPCy [ elvl®
= —to d (2.19)

My = =" | —dy,
w0 e ]
R

where C'z is defined by
(2.20)

2.1.1. Multifractional Brownian motion (o = 2)

In this case which corresponds to a = 2 in the multifractional stable process defined by (2.1), for a fixed
to € U, we get a consistent estimator for H(ty) with rate of convergence d,, defined by

d,, = max(n )=, nwgil) (2.21)
(we recall that H(tp) <y <1 and v/n < 1).

The precise statement is

Theorem 2.2. Let X be a multifractional Brownian motion defined by (2.1) with o = 2 and M, (ds) is the
standard Gaussian measure on R. For a fized to € U , one has

1.
Wto,n(ﬁ) — M, 5= OIP’(dn) (2'22)

where Wiy n, My, 3, dn are defined by (2.9), (2.19), (2.21), respectively and Op is defined by:
o X,, = Op(1) iff for all e > 0, there exists M > 0 such that supP(|X,,| > M) <e.

oY, = Op(a,) means Y, = a, X, with X,, = Op(1).
2.

~

H,(to) — H(to) = Op(dy) (2.23)

where H,(t) is defined by (2.10).

The proof of this theorem is given in Section 3.2.
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2.1.2. Linear multifractional stable motion (0 < a < 2)

In this case again for a given point ¢y € U , we define

y/n—1 a(H(tg)—v) . —
max<n = oy ) if aflto)—a(L+l) o _;
a(H(tg)—v) A—v/m)(aH(tg) —a(L+1)) . _
dp, = max(n in T ) if —1<%<0 (2.24)
y/n—1 a(H(tg)—v) . _
max (n > Inn,n- 4 ) if M =-1

The precise theorem in this case is

Theorem 2.3. Let X be a linear multifractional stable motion defined by (2.1) with 0 < a < 2. For a fized
to € U, we have

1.
Wion(B) = Miy 5 = Op(dn) (2.25)

where Wy, n, My, g, dy, are defined by (2.9), (2.19) and (2.24), respectively.
2.

~

H,(to) — H(to) = Op(dy) (2.26)

where H,(to) is defined by (2.10).

The proof of this theorem will be given in Subsection 3.3.

2.2. Estimation of the stable index o

For the multifractional stable process defined by (2.1), we consider the stable index « € (0,2]. Recall that
a, was defined in (2.14) by:

Qp, = P—B1,—B2 (w*ﬂl,*ﬁz (V;fo,’ﬂ(/Bl)7 WO,H(BQ))) .

Theorem 2.4. Let X be a multifractional stable process defined by (2.1). If tg € ﬁ, then Qi, is a consistent
estimator of o, moreover

apn, —a = 0Op(dy,),

where &y, is defined by (2.14), dy, is defined by (2.21) in the case of multifractional Brownian motion (o = 2)
and d,, is defined by (2.24) in the case of linear multifractional stable motion (0 < o < 2).

See Section 3.4 for the proof of this theorem.

Remark 2.5. We remark that in this framework, one needs an a priori upper bound « for the function H(-)
and the rate of convergence depending on the value of . Therefore, the obtained results are not as good as
the ones presented in [15] in the case of fractional Brownian motion and well-balanced linear fractional stable
motion where H and « are constants.
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3. PROOFS

3.1. Auxiliary results

We present here some results related to discrete variations of linear multifractional stable motion and
multifractional Brownian motion. These results will be used in the proof of the main results.

Lemma 3.1. Let X be a multifractional stable process defined by (2.1). For0 < a <2,y € U and k € vy n(to),
let

JAYRD. ¢

O'k,n(t()) = || ntO)HOn (31)

with the notation || X||a = ([ |£(s)|*u(ds))/, where X = [ f(s)My(ds), f € L*(R, y1). Then
R R

0n(to) = M| = O (n=(erDO=H0)) (3.2)

where My, is defined by (2.18) and x Ay = min(x,y).

Remark 3.2. From Lemma 3.1 and since H () < 7, it follows that

lim o, (to) = My,.

n—-+00

Therefore, there exist ng € N and constants 0 < M; < My, < My such that for all n > ng and k € v%n(to), then
M < Uk,n(to) < M.

Proof. We denote by C' a running constant which may change from an occurrence to another occurrence. We
have

@ 1/a

ds

nH(to) ( k+p _ gHE) 1 e |S|H(’°nﬂ’)—1/a)

Ok,n tO /
K

Using the change of variable s = s1/n, and so = s1 — k, combining with the fact that ) a, = 0, one gets
p=0

gkn (|G = o) / Zapimpfsu’“to lejads,
r p=0

K
”_aH(tO)/\Zaplp—82|H(t°)_l/a|ad82
R P=0

_ Mgn—aH(to) (3.3)
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where g, (+) is defined by (2.16). Then following Lemma 4.7.2 in [25], one has

lop o (to) — M| = / n @) (| fr 0 (8)]* = |gr.n(s)]®) ds
R

< / 120 (9)] = lgh o ()]°] ds
R
1IN/«

/ F10(5) — ghn(s)]° ds , (3.4)
R

where

() 1 fo<a<l,
«\O) = .
21/"‘Oé(llfzin(')llﬁH o, Ol ifl<a<?,

e Za ) (B2 _ ey sfe s s/e) i s (o),

k+ —1/a —1/a
5) = Zaan(to) <|np - S|H(t0) e — |5|H(t0) v ) B nH(tO)gk,n(S)'

We now turn to prove that C,(«) is bounded independently of .
From (3.1) and (3.3), one has

1finOlla = o (to), 19k n()lla = M. (3.5)

Applying Lemma 2.7.13 in [25], one obtains

L ()]|2 = neH ) / fron(s)|ds

< Q0N (a=1) o (to) / | fen(8) = grn ()" + |gkn(s)]%) ds (3.6)
R

We come now to estimate [ |f.n(s) — grn(s)|*ds. Applying again K times Lemma 2.7.13 in [25], for 0 < o < 2,
R

one gets

|fk,n (8) - gk,n(s) |a

K «@
< O3 oy (152 st it - [EX2 gt gty )
p=0
K a
k k k
—-cY} apa|h< "n”’, +p,s>—h<+p7to,s> (3.7)
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where

h(t,v,8) = |t — 5|H(U)*1/0t _ |S|H(’U)71/a'

As in the proof of Theorem 7.4 in [17], let h_, hy be such that 0 < h_ < H(t) < hy < 1 for all t € U. With
540,54 M2 applying th lue th since k btains
, L applying the mean value theorem, since k € v, (to), one obtains

k k k
() ()|
n n n
k k k
- \H (52) - 1) \|+p O EER gm0ty g
n n

C
b
Kl(Las)

< n
- il

kAp _ gmo-1ja1, BEP o ga0-1/a ), )
n n

)

3

where H(-) is on a line segment connecting H (knﬂ) and H(tg) and

cimax{1, [t — s|P-—1/> 4 |s|h-—1/21 i |s| <14 2max]|t],

Kl(t,S) = tev

co|s|r—1/a=t if [s] > 1+ 2rgla[;<|t|
€

where ¢; and ¢, are appropriate constants, see [17]. Then [ K;(t, s)*ds < 400 and uniformly bounded for ¢t € U.
R
Combining with (3.7), it follows that there exists a constant C' > 0 such that

noy’

/ () — gin(s)ods < -2 (3.8)
R

From (3.3), (3.6), (3.8) and since H(tp) < 7, there exists a running constant C' > 0 such that

il < C. (3.9)

From (3.5) and (3.9), it follows that C, is bounded as a function of «.
We now consider [ ‘f,%n(s) - gén(s)‘ ds. From (3.8), one gets
R

/ () = ghn(s)]" ds = noH ) / [Fn(®) = gin(s)|* ds
< Cn“® H(to ",
It follows that
07 alto) = M| = O (n~(er0O-H)) (3.10)

Thus, there exist ng € N and constants 0 < M; < M, < My such that for all n > ng, then 0 < M; <
O'k7n(to)< M.
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For 0 < a < 2, # 1, the mean value theorem gives
0 1 (t0) — M2| = aloynlte) — MyyJag !
where 2 € (M1, M>). One gets |04, (to) — My,| = O (n~ (@ DO =H{to)))
Lemma 3.3. Let X be a multifractional stable process defined by (2.1). For 0 < o <2 and k € vy, (o),

DX |P

n*H(tg)

E — My, 5 =0 (n—(aAl)(’Y—H(to))>

and

|EWt0,n(ﬁ) — Mt(),ﬁ' =0 (nf(a/\l)(’Y*H(to))>

where My, g is defined by (2.19)

ApnX
n—H(to)

Proof. Since is a Sa.S- stable random variable, combining with (2.17) and (3.1), one gets

iy Sk X « o
Ee¥a Bt — o~ lul%okn(to)”

Following Theorem 4.1 in [15] and using the change of variable y; = yoy,,, one may write

- Ak’,nx o o
E DNpnX A _ Cs Ee'Yn-HGo dy = Cs e~ 1yl% ok n(to) a
n=H{to) Vo) ly[*+7 v ) ly[*+P

b [ eor
2m R |y, |15 !

where Cjp is defined by (2.20). It follows that

ApnX B s 5, Cs e—lyl®
‘E n-Hto) | My 5| = |Uk,n(t0) - Mto\m |y|1+58 Yy
R

= Cloy(to) = M .
Applying the mean value theorem and Remark 3.2, we get
0% n(t0) = M| = |Bllo%n(to) — Mg |07

where 6 € (M;, Ms). Combining with Lemma 3.1, for n > nyg, it follows that

-0 (n*(aAl)(’Y*H(to))) ,
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One also gets

1 Ak nX
EWion(8) = Muosl = |s—s 30 E( ) Mt()vﬂ)
V0] pen (o)
1 Ak: nX
< z My,
U%n(to) k€u§(t0) n*H(tO) 0,8

Since v, = #V.n, One obtains
IEW,y n(8) — My 5| = O (n—(aAl)(v—H(to))) .
O

Lemma 3.4. Let X be a linear multifractional stable process defined by (2.1). Then there exists a constant
C > 0 such that for k,k' € vy ,(to), one has
B)

cov (

Proof. Since —1/2 < 8 < 0, from Theorem 4.1 in [15] and Lemma 3.1, for n > ng, we can write

ApnX |?
n—H(to)

JAYVIND. ¢
n—H(to)

<C.

b

3 7&,“”)( a _«
B PeanX | Cop [ EViHED Cos [ eV %nd
- y = y
n~fl{to) var [yt Var [Tyt
2 e a
op0 Cag [ e vl M2 Cyy [ eyl

dy < d
V2m 2 Y = T [+ Y
R R

where Cag is defined by (2.20) and M is defined as in Remark 3.2. Applying Cauchy-Schwarz’s inequality, one

gets
B B 28 2\ 1/2 24 gl
E Aka Ak-/,nX <(r Aka Ak-/,nX M1 Cgﬂ € d
n—H(to) | |p—H(to)| = n—H(to) n—H(to) =" o |28 Y
R
Moreover
1/ 3 1/2
DpnX '8< | LrnX 26\ / M2 Cys [ el .
n-H@o) | =\ 7 |p=H) =\ "var J e
R
We deduce:
Ak,nX b Ak’,n)( b <K Ak,nX b Ak/,nAX— b E Ak,n)( IBE Ak/,nAX— b
OV "Gy | |t | || ST mHG | |G | T mHGe | | o H )
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2M{7Cos [
= Vo e T
R

Lemma 3.5. Let X be a a process defined by (2.1) and to € U be in the interior of U. Then

1. if o = 2, there exist ni,ko € N and a constant C > 0 such that for all n > ny,k, k' € vy ,(to), and
|k —k'| > ko, we have

|cov(| A X |2, | A n X |P)| < On~28H () (n2<H<toH> + |k — k’|2H(t°)*2(L“)> . (3.11)

2. 4f 0 < a < 2, there exist ni, ko € N and a constant C* > 0 such that for all n > ny,k, k' € vy, (to),
|k — K| > ko, we have

a(H(tg) =)
2

lcov(| A X |2, | g n X|P)| < Cn=28H (t0) (n + |k — k'|7°"’“°)5““*”) . (3.12)
Proof. Let
I= [ 1) iens)|? ds,
R
where fi.,(s) is defined by (2.15). Since 0 < a/2 < 1, following Lemma 2.7.13 in [25], one gets
| fen ()% < () = grn(8)1*2 + g ()],
| frrn (1% < [ firn(5) = g n()|%7% + gar i (5)|*7
where g, (s) is defined by (2.16). It follows that
1< / (|fk,n(3) — gkn(8)|*? + |gk,n(8)|°‘/2) <|fk:',n(8) — g (8)|*% + |9k',n(8)|a/2) ds
R
= Il+I2+I3+I4, (313)

where

I = /\fk,n(s) — Gk (8)|| frr n(8) — g n(s5)|*/2ds

R

I = / Fion(3) = Ghn ()| g1 n(5)]*/2ds
R

I = / () — Ghr ()| gin(s)]*2ds
R

f= /\gk,n(S)\“/ngk/,n(S)lo‘/Qd&
R
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We estimate I, I, I3, I, separately: For I, we have

- / 195 (8172 (5)]*/2ds
R

g,

R

a/2| g a/2
kl /
E ap | tp — s|H(to)=1/a ds.
n
p'=0

K
k+p HEo)-1/a
§ ap| 8|
n
p=0

Making the change of variable s = s1/n, it induces

I, = n-oH(t) /

R

a/2

a/2| g
Zap/|k'+p’—sl|H(t°)_l/a dsi.
p'=0

K
5"yl 5 01
p=0

Let so = s1 — k, then

Iy = n_aH(tO)/

R

a/2 o/2

K
Z ap [P’ — (s2 4k — K/|AtO=Valdgy
p’=0

K
> aglp — s/
p=0

Following Lemma 3.6 in [19], then there exists k* > 0 such that for |k — k| > k*, one has

aH(tg)—a(L+1)
2

I, < Cp~oHt) |k — §/| (3.14)
To find a bound for I5, one can apply Cauchy-Schwarz’s inequality and obtains
1/2
B < | [ 1ns) = aen@1ds [[low ()]s
R R
Moreover, from (3.3) and (3.8), one gets
JZOIR T
R
[ 1620 = gualo)ds < cnmen
R
where M, is defined by (2.18), C' is a constant.
Thus
12 < Cn_a(H(go)er) (315)
Similarly, one also gets
I < On~ " (3.16)
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For I, applying Cauchy-Schwarz’s inequality, then

1/2

I < /lfk,n(s) _gk,n(s)|ad5/|fk’,n(5) —grn(s)|%ds| | < Cn77% (3.17)
R R

Combining with (3.14), (3.15), (3.16), one gets

I<C (nﬂw n p— 2By n n,aH(to)‘k B k’|w> ' (3.18)
Let
Ak nX Ak/ nX :|
- ’ ’ ’ ’ 3.19
s |:||Ak7”X||O< HAk’,nXHa 9 ( )
where
/f(S)Ma(dS),/g(s)Ma(ds) :/|f(5)9(8)|a/2d3.
R R 9 R
One has

u{ | Fron (8) frr n (8)]*/2ds

Nk, k' =

iz
<f|fk,n(5)|o‘d8f|fk',n(8)|0‘> ds
R R

For n > ny, from Lemma 3.1 and Remark 3.2, for n > ng, |k — k'| > kx and M7 < opn(to) < Ma, using (3.18)
and the fact that [ |fin(s)|*ds = n=*#)gg (t), it follows that
R

aH(tg)—a(L+1)

<Cn_a7+n_w+n_aH(t0)|k_kl‘ -
M k! S =T (to)
a(H(tg)—~) aH(tg)—a(L+1)
—C (na(H(to)*“/) +n+n{ + |k _ k/|of) .

Since H(tp) <y < 1 and w < 0 then there exist ni, kg € Nyny; > ng and 0 < 19 < 1 such that for
n > ny, |k — k| > ko, we have 0 < nyr <1 < 1.
To get the bound for |cov(|Ag, X |?,|Aw »X|?)|, one can follow Lemma A.1 in [15] for Gaussian case (o = 2)
and Theorem 4.2 in [15] for non-Gaussian case (0 < a < 2). We get of course better bounds in the Gaussian
case that leads different bounds for two cases.

We can now consider each case in details.

1. In the case of multifractional Brownian motion (o = 2), since X (¢) is a centered Gaussian variable (see e.g.
[14])) and following Lemma A.1 in [15], there exist a constant C' such that

cov

Pl ApnX
A n X2

2
< O i

‘fk n(s)fk’ n(s)| )2
< C’( : : ds | .
R [ Dk X|[2]|Aprn X2

|8k n X2




ESTIMATION OF THE MULTIFRACTIONAL FUNCTION AND THE STABILITY INDEX 15

Thus, one gets

51

L1
|cov(| Ak n X 1P, | A n X |P)| sc( / |fk,n<s>2ds> ( / | fir |2ds)
R

/ Fen(s)fm(s)] ds
R

Moreover, from Remark 3.2, there exists M; > 0 such that My < o4, (t0), M1 < ok n(to). Then using the
fact that & —1 < 0 and

/|fkn(s) 2ds = n_ZH(t")<7;.ﬂ7n(750)2 > an_QH(tU)7
/|fk;’7n(5)|2d8 — ’I’L_QH(tO)O'k/ ( ) M2 —2H(f0)

combining with (3.18) it follows that
’CO’U(|A]€’nX|’6, ‘Aklan‘Bﬂ

SC(ME QH(tO) /|fkn ) frr n () ds

< O ~2BH (to)+4H (o) (nfzw 12 (t0)+) 4 n74H(t0)|k _ k/‘2H(t0)72(L+1))

< Cp~28H(to) (nQ(H(to)—’Y) + k- k’|2H(to)—2(L+1)> :

from which the conclusion follows.
. In the case of linear multifractional stable motion (O < a < 2), applying Theorem 4.2 in [15], one has

co Akn b Ak’,n)( C/’ fk:n fk’ ( ) %ds
||Ak nXHa ’ ||Ak’,nXHa ||Ak nX” ||Ak/ XHa ’
where C' is a constant. Thus, one obtains
8_1 B_1
@ 2 a 2
cov(1a X%, [ A XP)| < € / enslds | [heatras

/mm i n(s)[F ds.

Moreover,

/|fk,n(5)|ad5 =n o HAW)gr (tg) > Mpn~Hlo),

/|fk/7n(s)|ads = nfo‘H(t“)Uz‘,,n(tg) > anfo‘H(t“).
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From (3.18) and using the fact that g — 3 <0, it follows that

2(5-3) s
[cov(| 80,0 X1, | B0 X|)| < € (MpmmeHi0)) 0 / | fron(5) firn(5)]% ds
R
S C*n_QﬁH(tO) (na(H(go)*’Y) + |k . k/‘o‘H(tO);@([H'l))

where C* is a constant.

3.2. Proof of Theorem 2.2
Proof.

1. One gets

E(Wign(8) = Mig.6)* = EWE ,.(8) = (EWion(8))” + (EWeon(8) — Mey,5)° -

Applying Lemma 3.4 and Lemma 3.5, for n > nj, one has

EWZ . (8) — (EWiyn(8))?

1 > DX |7 | Dpr X |
= 72 cov 7H(t ) ’ 7H(t )
Uy n(to) .k €vy n(to) " i ! 0
1 Ak nX A AIc’ nX 5) ‘
< 2 bl B
'Ury,'n,(to) kk'€vy n(to),| k—k |<ko " i ! 0

n2ﬁH(t(])

Tt 2

k.k'€vy n(to),|k—k'|>ko

LS (uyalte) — I)C

cov (|Ak,nX|ﬁ’ |Ak'*"X|ﬂ) ’

S
U’Y’n(to) |p|<ko,pEZ
n2o —2BH(to) (,,2(H(to)—) 2H (to)—2(L+1)
EpE X 2 (alte) —phOn ) (AT s )
7m0 Ko< |p| <V~ n (to),pEZ
! ¢ 2(H (to)—) 2H (to)—2(L+1)
Somp 2 e -C+ —s 3 (n Tl ).
’ |pI<ko,p€Z ’ ko <|p|<Uy.n (t0),pEZ

Combining with Lemma 3.3 and using the fact that v, ,(to) = [2r' /" — K] or [2n!™7/" — K]+ 1 depending

on the parity of [2n' =7/ — K], it follows that

E(Wto,n(/B) _ Mto,ﬂ)2 <C (nQ(H(to)*’Y) + n'v/nfl)

L Ot Z |p|2H(to)—2(L+1)'
Vyn(to) <o o)
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Since 2H (tg) — 2(L + 1) < —1, from Lemma A.4 in [15], one gets

1
Ty Y BPTETEE =0 (t) ) = O ),
~v,n\t0

|pI<vy,n(to)pEZ

Finally we can write

E(Wto,n(ﬂ) — Mt075)2 S C (n’y/n—l + nQ(H(tO)_'Y)>
< Cd?

— n

where d,, is defined by (2.21).
For € > 0 fixed, using Markov’s inequality, one gets

E(Wtoyn(ﬂ) - Mto,ﬁ)Q < Cdi
€2 - e

P([Wion(B) = Mig 5] > €) <

It follows that
Wto,n(ﬁ) - Mto,ﬁ = O]P’(d'rL)-

2. Let ¢ : Ry x Ry — R be defined by

1
(z,y) = B log, g
Then
1 Wion
¢ (Wigmy2(B), Wi n(B)) = 3 log, vxtfi;,/g((f)})

— 1 to,n/2( )

=58 ,.m T

= Ern(tO) - H(to)

From the proof of the latter part, one has

th,n(ﬁ) - Mto,ﬁ = OIF’(dn)a th,n/Z(B) - Mto,ﬁ = O]P’(dn/Q) = OP(dn)

17

(3.20)

(3.21)

(3.22)

Moreover, ¢ 1is differentiable at (M, g, My, 3), applying Lemma 4.10 in [15], one deduces that

H, — H(ty) = Op(dy,).

3.3. Proof of Theorem 2.3
Proof.

O

1. Following similar changes as in the proof of Theorem 2.2 in Section 3.2 and combining with Lemma 3.3,

Lemma 3.4 and Lemma 3.5, it follows that
E(Wiy.n(B) — Mto,B)z <C <n72(a/\1)(7*H(to)) + /=1y

C aH(tg)—a(L+1)
+ >l 2 -

U’y,n (tO) |P‘§U%n(t0)

a(H(f«o)—’v)>
2
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From Lemma A.4 in [15], one gets

1 aH(tg)—a(L+1)
Sl

o) |y Gpez
O (Uyn(to)™!) = O (n7/771) if eftltelgelltl < 1,
_J)o U%n(to)w) -0 (nu—v/n)(aH(;o)—a(LH))) 1< % <0,
O (Hzst) =0 (/" ) if efllzelltl) _

Combining with the fact that —2(a A 1)(y — H(tg)) < % < 0, one can write

a(H(tg)=%) 1 o H (tg) —a(L+1)
2 2

Pl
’U’y,n(to) [p|<vy n(to),pEZ

< Cd? (3.23)

E(Wign(B) = Myg,5)> < C [0/ 40

where d,, defined by (2.24). For € > 0 fixed, using Markov’s inequality, one gets

E(Wtoyn(ﬁ) - Mtoyﬁ)2 < Cd%

2 2

P(|Wion(B) = My 6| > €) <

€ €

It follows that
Wto,n(ﬂ) - Mto,ﬂ = O]P’(dn)

2. One can use the same function ¢ as in (3.22) and mimic the proof of Theorem 2.2 to get the conclusion.

O

3.4. Proof of Theorem 2.4
Proof. For a fixed ty € U, we mimic the proof of Theorem 2.1 in [15] and get

h_Bla_,BZ (a) = w—ﬁly—ﬁz (Mt0761 ’ Mtoﬁz)v

where the function 9y, 4, hy,» and M, g are defined by (2.11), (2.12) and (2.19) respectively.
From Lemma 4.11 in [15], it follows that h, , is a strictly increasing function on (0, +00) and

mgg—loo hu,v (il?) = 07 31:% hu,v (-T) = —0OQ.

Furthermore, there exists an inverse function
h;i : (—00,0) — (0, +00)

which is continuous and differentiable on (—oo, 0).
In addition,

¢—,61,—/32 (WU,TL(/Bl)v Wu,n(/BQ)) = w—ﬁ17—ﬂ2 (Vu,n(ﬁl)a Vu,n (62))
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and since « € (0,2], one gets

h*ﬁl,*ﬁz (Oé) = w*ﬁl,*ﬂz (Mto,ﬁNMto,ﬁz) <0.

Then

an —a =0, g, (V.5 (Vig.n (1), Vign(82))) = hZps, _g, (B3, —p,(c))
=961, (V81,8: Wion(B1), Wion(B2))) — 01,2 (h—p,,— . ()
= 01,82 (V1,8 Wto,n(81), Wiy n(B2)))
— 0 B1,— 8 (V—p1,— 82 (Mg 8, Mig 8,))- (3.24)

Moreover, from Theorem 2.2 and Theorem 2.3, one has

Wion(B1) — My, 5, = Opa,ys Wion(B2) — My g, = Opa,)

where d,, is defined by (2.21) for multifractional Brownian motion and by (2.24) for linear multifractional stable
motion. Combining with (3.24) and the fact that ¢_g, _g, 0o ¥_g, _p, is differentiable at (My, g,, My, 5,), We
apply Lemma 4.10 in [15] and get the conclusion. O
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