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LP AND ALMOST SURE RATES OF CONVERGENCE
OF AVERAGED STOCHASTIC GRADIENT ALGORITHMS:
LOCALLY STRONGLY CONVEX OBJECTIVE

ANTOINE GODICHON-BAGGIONT*

Abstract. An usual problem in statistics consists in estimating the minimizer of a convex function.
When we have to deal with large samples taking values in high dimensional spaces, stochastic gradient
algorithms and their averaged versions are efficient candidates. Indeed, (1) they do not need too much
computational efforts, (2) they do not need to store all the data, which is crucial when we deal with big
data, (3) they allow to simply update the estimates, which is important when data arrive sequentially.
The aim of this work is to give asymptotic and non asymptotic rates of convergence of stochastic
gradient estimates as well as of their averaged versions when the function we would like to minimize is
only locally strongly convex.
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1. INTRODUCTION

With the development of automatic sensors, it is more and more important to think about methods able to
deal with large samples of observations taking values in high dimensional spaces such as functional spaces. We
focus here on an usual stochastic optimization problem which consists in estimating

m:= arghmeigE[g(X, hl, (1.1)

where H is a Hilbert space and X is a random variable supposed to be taking value in a space A and g :
X x H — R. One usual method, given a sample Xi,...,X,,, is to consider the empirical problem generated
by this sample, i.e. to consider the M-estimates (see the books of [18, 21] among others)

n
iy = argmin y - g (Xe,h).,
k=1
and to approximate m,, using deterministic optimization methods (see [3] for instance). Nevertheless, one of the

most important problem of such methods is that they become computationally expensive when we deal with
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large samples taking values in high dimensional spaces. Thus, in order to overcome this, stochastic gradient
algorithms introduced by [27] are efficient candidates. Indeed, they do not need too much computational efforts,
do not require to store all the data and can be simply updated, which represents a real interest when the data
arrive sequentially.

The literature is very large on this domain (see the books of [12, 20] among others) and on the method
to improve their convergence which consists in averaging the Robbins-Monro estimates, which was introduced
by [29] and whose first convergence results were given by [26]. Many asymptotic results exist in the literature
when data lies in finite dimensional spaces (see [12, 23, 24] for instance) but the proofs can not be directly
adapted for infinite dimensional spaces. Moreover, an asymptotic result such as a Central Limit Theorem does
not give any clue of how far the distribution of the estimate is from its asymptotic law for a fixed sample size
n. Then, non asymptotic properties are always desirable for statisticians who deal with real data (see the nice
arguments of [28] for example). As a consequence, these last few years, statisticans have more and more focused
on non asymptotic rates of convergence. For example, [22] and [1] give some general conditions to get the rate
of convergence in quadratic mean of averaged stochastic gradient algorithms, while [13], for instance, focus on
non asymptotic rates for strongly convex stochastic composite optimization.

The aim of this work is to seek inspiration in the demonstration methods introduced by [6] and improved
by [4, 14] to give convergence results for stochastic gradient algorithms and their averaged versions when the
function we would like to minimize is only locally strongly convex. First, we establish almost sure rates of
convergence of the estimates in general Hilbert spaces. Furthermore, as mentioned above, asymptotic results
are often non sufficient, and LP rates of convergence of the algorithms are so given.

The paper is organized as follows. Section 2 introduces the framework, assumptions, the algorithms and
some convexity properties on the function we would like to minimize. Two examples of application are given in
Section 3: we first focus on the estimation of geometric quantiles, which are a generalization of the real quantiles
introduced by [8]. They are robust indicators which can be useful in statistical depth and outliers detection (see
[30], [9] or [17]). In a second time, we focus on the estimation of generalized p-means [2, 25], used in several
domains such that computer vision [31] or medical imaging [15]. In a third time, stochastic gradient algorithms
can be applied in several regressions [1, 10] and we focus on robust logistic regression. In Section 4, the almost
sure and LP rates of convergence of the estimates are given. Our theoretical results are illustrated by numerical
experiments in Section 5. Finally, the proofs are postponed in Section 6 and in Appendix.

2. THE ALGORITHMS AND ASSUMPTIONS

2.1. Assumptions and general framework

Let H be a separable Hilbert space such as R? or L?(I) for some closed interval I C R. We denote by (.,.)
its inner product and by ||.|| the associated norm. Let X be a random variable taking values in a space X, and
let G : H — R be the function we would like to minimize, defined for all h € H by

G(h) :=E[g9(X,h)], (2.1)

where g : X x H — R. Moreover, let us suppose that the functional G is convex. We consider from now that
the following assumptions are fulfilled:

(A1) The functional g is Frechet-differentiable for the second variable almost everywhere. Moreover, G is
differentiable and denoting by ®(.) its gradient, there exists m € H such that

®(m) := VG(m) = 0.
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(A2) The functional G is twice continuously differentiable almost everywhere and for all positive constant A,
there is a positive constant C4 such that for all h € B (m, A),

ITallp < Ca,

op —
where I'j, is the Hessian of the functional G at h and ||.H0p is the usual spectral norm for linear operators.
(A3) There exists a positive constant e such that for all h € B(m,¢), there is a basis of H composed of
eigenvectors of I'y,. Moreover, let us denote by A, the limit inf of the eigenvalues of I';,,, then Apiy, is
positive. Finally, for all h € B (m,¢), and for all eigenvalue Aj, of T'y, we have Ap, > A";“ > 0.
(A4) There are positive constants €, C. such that for all h € B (m,¢),

[VG(h) = To(h = m)|| < Cc ||h —m]>.

(A5) Let f: X x H— R, and let C' be a positive constant such that for almost every z € X and for all
he H, [|[Vhg(z,h)| < f(z,h) + C|h —m| almost surely.
(a) There is a positive constant L; such that for all h € H,

(b) For all integer g, there is a positive constant L, such that for all h € H,
E [f(X,h)%] < L.

Note that for the sake of simplicity, we often denote by the same way the different constants. We now make
some comments on the assumptions. First, note that no convexity assumption on the functional g is required.

Assumptions (A2) and (A3) give some properties on the spectrum of the Hessian and ensure that the
functional G is locally strongly convex. Note that assumption (A3) can be resumed as Apin (I'y) > 0, where
Amin (+) is the function which gives the smallest eigenvalue (or the lim inf of the eigenvalues in infinite dimensional
spaces) of a linear operator, if the functional h +— Api, (I') is continuous on a neighborhood of m.

Moreover, assumption (A4) allows to bound the remainder term in the Taylor’s expansion of the gradient.
Note that since the functional G is twice continuously differentiable and since ®(m) = 0, it comes ®(h) =
fol Lptt(h—m)(h—m)dt, and in a particular case, ®(h) — 'y, (h—m) = fol (Trntt(h—m)(h —m) — Ty (h — m)) dt.
Thus, assumption (A4) can be verified by giving a neighborhood of m for each there is a positive constant C.
such for all h in this neighborhood, if we consider the functional ¢y, : [0,1] — H defined for all ¢ € [0, 1] by
on(t) == Tyt — my(h — m), then for all ¢ € [0, 1],

leh (O] < Ce | —m|*.

Assumption (A5) enables us to bound the gradient under conditions on the functional f. More precisely,
(Aba) is sufficient to get the almost sure rates of convergence while we need to assume (A5b) to obtain the
LP rates of convergence. This still represents a significant relaxation of the usual conditions needed to get non
asymptotic results. For example, a main difference with [1] and [14] is that, instead of having a bounded gradient,
we split this bound into two parts: one which admits gth moments, and one which depends on the estimation
error. Moreover, note that it is possible to replace assumption (A5) by

(Ab5a’) There is a positive constant L! such that for all h € H,

E (Vg (X WIP] < Ly (1 + 1= m]?).
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(A5Db’) For all integer g, there is a positive constant L, such that for all h € H,
E[IVag (X, )] < Ly (1 + 1 —m|[*)

Remark 2.1. These assumptions are analogous to the usual ones in finite dimension ([23], [24]) but in our
case, the proofs remain true in infinite dimension.

Remark 2.2. Note that the Hessian of the functional G is not supposed to be compact. Then, if H = R?, its

smallest eigenvalue Apin (I'y,) does not necessarily converge to 0 when the dimension d tends to infinity.

2.2. The algorithms

Let Xi,...,X,,... be independent random variables with the same law as X. The stochastic gradient
algorithm is defined recursively by

ZnJrl = Zn - ’anhg (Xn+1, Zn) (22)
::Zﬁ‘fan%+h

where Z; is chosen bounded and U, 1 := Vg (Xnt1, Zn). The step sequence (7,,) is a decreasing sequence of
positive real numbers which verifies the following usual assumptions (see [12])

n>1 n>1

The term U, 11 can be considered as a random perturbation of the gradient ® at Z,,. Indeed, let (F,,) be the
sequence of o-algebra defined for all n > 1 by F,, := 0 (X1,...,Xpn) =0 (Z1,...,Z,), then

E [Uni1|Fn] = VG(Zy) =: @ (Zy).

In order to improve the convergence, we now introduce the averaged algorithm ([29], [26]) defined recursively
by

— — 1
Zpil = Zn
+ +n+1

(Zn41— Zn), (2.3)
with Z; = Z;. This can also be written as follows

_ 1 &

Zn =~ kz:l .
2.3. Some convexity properties

We now give some convexity properties of the functional GG. The proofs are given in Appendix. First, since
VG(m) = 0 and since G is twice continuously differentiable, note that for all h € H,

1
VG(h) = VG(h) — VG(m) = /0 Lot (h — m)dt.

The first proposition gives the local strong convexity of the functional G.
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Proposition 2.3. Assume (A1) to (A3) and (A5a) hold. For all positive constant A and for all h € B (m, A),

(VG(h),h —m) > ca|h—ml|*,
with ¢4 := min {A‘g—“, %} Moreover, there is a positive constant C' such that for all h € H,
(VG(h),h—m)| < Clh—m]|?*.

This result remains true replacing assumption (Aba) by (A5d’).
The following corollary ensures that m is the unique solution of the problem defined by (1.1).

Corollary 2.4. Assume (A1) to (A83) and (A5a) hold. Then, m is the unique solution of the equation

and in a particular case, m is the unique minimizer of the functional G.

Remark 2.5. Assumption (A3) and Proposition 2.3 enable us to invert the Hessian at m and to have a control

on the “loss” of strong convexity. More precisely, assumption (A3) could be replaced by

(A3’) There is a basis composed of eigenvectors of I',,, and its smallest eigenvalue Ap,in (or the liminf of the
eigenvalues in the case of infinite dimensional spaces) is positive. Moreover there are positive constant

¢, ¢ such that for all A > 0 and for all h € B(m, A),

(VG(h),h —m) > min {c, Z} b —m|?.

Finally, the last proposition gives an uniform bound of the remainder term in the Taylor’s expansion of the

gradient.

Proposition 2.6. Assume (A1), (A2), (A4) and (A5a) hold. Then, there is a positive constant Cy, such

that for all h € H,
IVG(R) = Tyl = m) | < Con |2 = m]*.
This result remains true replacing assumption (A5a) by (A5d').

3. APPLICATIONS

3.1. Applications in general separable Hilbert spaces

In this section, let us consider a separable Hilbert space H and let X be a random variable taking values in H.
Estimating geometric quantiles: The geometric quantile m® of X corresponding to a direction v, where

v € H and ||v|| < 1, is defined by

m = arg min E (| X — A = | X|] - (h,0).

Note that if v = 0, the geometric quantile m® corresponds to the geometric median [16, 19]. Let G, be the
function we would like to minimize, defined for all h € H by G, (h) := E[||X — h|| + (X — h,v)]. Since ||v| < 1,
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it comes

lim G,(h) = +oo,

1Al =00

and G, admits so a minimizer m", which is also a solution of the following equation

VG, (h) = —E [Hiim S

Then, assumption (A1) is fulfilled and the stochastic gradient algorithm and its averaged version are defined
recursively for all n > 1 by

X 1—m”
mv =m’ + < n+ n >
T T R gl )

My 1 =M, v —my),

n+1l — +— n -+ 1 ( +1 n)

with m{ = m{ chosen bounded (choosing a positive constant M, one can take m{ of the form mj := X1 1) x, 1<m
for example). In order to ensure the uniqueness of the geometric quantiles and the convergence of these estimates,

we consider from now that the following assumptions are fulfilled:
(B1) The random variable X is not concentrated on a straight line: for all h € H, there is b’ € H such that
(h,h') =0 and
Var ((X,h')) > 0

(B2) The random variable X is not concentrated around single points: for all positive constant A, there is a
positive constant C'4 such that for all h € B (m?, A),

1 1
E[}gcm E|—| <Ca.
X — Al hX—MJ

Note that assumption (B2) is not restrictive when we deal with a high dimensional space. For example, if
H = R% with d > 3, as discussed in [5, 7], this condition is satisfied since X admits a density which is bounded
on every compact subset of R?. Finally, this assumption ensures the existence of the Hessian of G, which is
defined for all h € H by

1 X —h X —h
S I
V6.0 =& | (0 = = © =) |-

where for all h,h',h" € H, h® h/(R") := (h,h"") k'. Moreover, Corollary 2.1 in [6] ensures that if assumptions
(B1) and (B2) are fulfilled, assumptions (A2) and (A3) are verified, while Lemma 5.1 in [6] ensures that
assumption (A4) is fulfilled. Finally, for all positive integer p > 1 and for all h € H,

2p

+v < 22P,

[mx al

and assumptions (Aba) and (A5b) are so verified.
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Estimating p-means: Les p € (1,2), then, the p-mean of X is defined by
1 1
(p) = i — P1p = in — — p
m arghmell{lIE[HX R arghmellr_}p]E[HX hII"] (3.1)

Note that the cases p =1 and p = 2 correspond respectively to the geometric median and the usual mean. Let
Gp be the function we would like to minimize defined for all h € H by G,(h) = I%E [||IX — h||"]. This function is
convex and

im

ll2ll—o0

and G, admits so a minimizer m®), which is also a solution of the following equation
VG,(h) = —E [(X )X - h||p—2] —0.

Then, assumption (A1) is fulfilled and the stochastic gradient algorithm and its averaged version are defined
recursively for all n > 1 by
p—2

mgtp+)1 = mng) T (XnH B m%p)) HXnH a mslp)

mglp-i,)-l — m(p) +

n+1(

In order to ensure some differentiability properties and the convergence of the estimates, les us now introduce
some assumptions:

(B1la’) The random variable X admits a moment of order 2p — 2.
(B1b’) For all positive integer ¢, the random variable X admits a moment of order q.
(B2’) The random variable X is not concentrated around single points: for all positive constant A, there is a
positive constant C4 such that for all h € B (m(p), A)7

E [||X - h||p_2] <Cyu E [||X - h||”_3] <O

Assumption (B1la’) ensures that the gradient of G), is well defined and that assumption (A5a) is fulfilled while
assumption (B1b’) ensures that (A5b) is fulfilled. Indeed, for all h € H,
p—1 p—1
sy (6,0 = 1 =17 <270 ([ =@ )

p—

< op—1 (HX —m®

1
+ 14 [m@ - hH)

Remark that this example can not be treated thanks to the theoretical tools of [14] and [1]. Indeed, in these
previous papers, uniform bounds of the gradient are needed while in this example, the gradient is bounded by
a term with finite moments and a term depending on the estimation errors. Finally, assumption (B2’) ensures
that the function we would like to minimize is twice continuously differentiable and

. I o X-h X—-h
VG(h)E[HthQ—P (- p>||X—h||®|X—hll>]
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Since p € (1,2), Amin (V2G(m)) > (p — 1E {Hxiimn} > 0 and assumption (A3) is so fulfilled. Finally, thanks

to (B2'), assumptions (A2) and (A4) are also fulfilled.

3.2. An application in a finite dimensional space: a robust logistic regression

Let d > 1 and H = R% Let (X,Y) be a couple of random variables taking values in H x {—1,1}. The aim
is to minimize the functional G, defined for all h € R by (see [1])

G.(h) :=E[log (cosh (Y — (X, h)))].

In order to ensure the existence and uniqueness of the solution, we consider from now that the following
assumptions are fulfilled:

(B1”) There exists m" such that VG,(m") = 0.
(B2"”) The Hessian of the functional G, at m” is positive.
(B3a”) The random variable X admits a 2-nd moment.
(B3b") For all integer p, the random variable X admits a pth moment.

Assumption (B1”) ensures the existence of a solution while (B2') gives its uniqueness. Assumption (B3a")
ensures that the functional G, is twice Fréchet-differentiable and its gradient and Hessian are defined for all
h € R? by

o [=sinh (Y — (X, h))
VGr(h) = E [ cosh (Y — (X, h)) X} ’
9 _ 1
v2G, (h) = E e e

Note that assumption (B2") is verified, for example, since there are positive constants M, M’ such that
the matrix E [X ® Xl{I\X\ISM}l{HYl\SM’}] is positive. Then, the solution m” can be estimated recursively as
follows:

sinh (Yn+1 - <X’n+1a m;>)

nt
cosh (Y41 — (Xpnt1,m5))

r _
mn+1 - mn

Xn+1>

—r e r —r
mn+1 =m, + (mn+1 - mn) ’

n+1

with m] = m] bounded. Under assumptions (B1"”) to (B3a’), hypothesis (A1) to (A5a) are satisfied, while
under additional assumption (B3b"), hypothesis (A5b) is satisfied. Remark that this example is already treated
in [1], but only for a bounded gradient, i.e. under the existence of a positive constant R such that

|sinh (Y — (X, h))]
cosh (Y — (X, h))

X1 < R,

i.e. only in the case where X is bounded.

Remark 3.1. Remark that these results remain true for several cases of regression. For example, one can
consider the logistic regression

m! := arg min E [log (1 + exp (=Y (X, h)))],
heRrd
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with (X,Y) taking values in R x {—1,1}. Then, one can consider estimates of the form

!
. . exp (—Yn+1 <Xn+1,mn>)
— Y1 X
Mt = M A Y (X, ml,y) "l
. . 1 .
M1 :mﬁl—kf+1 (mh . —mh) .

4. RATES OF CONVERGENCE

In this section, we consider a learning rate sequence (7y),~, of the form v, := c¢,n™® with ¢, > 0 and
a € (1/2,1). Note that taking a = 1 could be possible with a good choice of the value of the constant ¢, (taking
Cy > % for instance). Nevertheless, the averaging step enables us to get the optimal rate of convergence with
a smaller variance than the stochastic gradient algorithm with a fastly decreasing step sequence ~, = c,yn’1

(see [23, 24, 26] for more details).

4.1. Almost sure rates of convergence

In this section, we focus on the almost sure rates of convergence of the algorithms defined in (2.2) and (2.3).
First, the following theorem gives the consistency of the algorithms.

Theorem 4.1. Suppose (A1) to (A3) and (A5a) hold. Then,

lim || Z, —m| =0 a.s,
n—oo
lim H?n — mH =0 a.s.
n— oo

This result remains true replacing assumptions (A8) and/or (A5a) by (A3 ) and/or (A5d’).

The following theorem gives the almost sure rates of convergence of the stochastic gradient algorithm as well
as of its averaged version under the additional assumption (A4).

Theorem 4.2. Suppose (A1) to (A5a) hold. For all 6,6’ > 0,

)
120 —m|® = o (““”))

na

— Inn)i+o’
||Zn — mH2 =0 <()> a.s.

n

This result remains true replacing assumptions (A8) and/or (A5a) by (A3 ) and/or (A5d’).

Note that similar results are given in [23], but only in finite dimension. More precisely, the given proofs cannot
be directly extended to the case where H is an infinite dimensional space. For example, these methods rely on
the fact that the Hessian of the functional G admits finite dimensional eigenspaces, which is not necessarily true
for general Hilbert spaces. Another problem is that norms are not equivalent in infinite dimensional spaces, and
consequently, the Hilbert-Schmidt (or Frobenius) norm for linear operators is not necessarily finite even if the
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spectral norm is. For example, under assumption (A3), if H is an infinite dimensional space,

ITllop < Chimis and Tl —s = 400,

where ||.||;_g is the Hilbert-Schmidt norm.

4.2. LP rates of convergence

In this section, we focus on the LP rates of convergence of the algorithms. The proofs are postponed in
Section 6. The idea is to give non asymptotic results without focusing only on the rate of convergence in
quadratic mean. Indeed, recent works (see [4, 14] for instance), confirm that having LP rates of convergence can
be very useful to establish rates of convergence of more complex estimates.

Theorem 4.3. Assume (A1) to (A5b) hold. Then, for all integer p, there is a positive constant K, such that
forallm > 1,

E [IIZn - mllﬂ < B (4.1)

= npa'

This result remains true replacing assumptions (A8) and/or (A5b) by (A8') and/or (A5Y).
Finally, the last theorem gives the LP rates of convergence of the averaged estimates.

Theorem 4.4. Assume (A1) to (A5b) hold. Then, for all integer p, there is a positive constant K, such that
for alln >1,

K

np’

E[Z. - m”]

IN

This result remains true replacing assumptions (A8) and/or (A5b) by (A8') and/or (A5Y).

As done in [6, 14], one can check that, under assumptions, these rates of convergence are the optimal ones
for Robbins-Monro algorithms and their averaged versions, i.e. one can prove that there are positive constants
¢, c such that for all n > 1,

E (12, - ml?] > <. e [|Z, —ml] > %

n

Remark 4.5. One can obtain the same LP and almost sure rates of convergence for the stochastic gradient
algorithm replacing assumption (A4) by

(A4’) There are positive constants € > 0 and S € (1, 2] such that for all h € B (m,e€)

IVG(h) =T (h = m)| < Cp [ —m]|”.
Moreover, one can get the same LP and almost sure rates of convergence for the averaged algorithm replacing
(A4) by (A4’) and taking a step sequence of the form -, := c,n™® with a € (371, 1).

Remark 4.6. Let p be a positive integer, it is possible to get the L?P rates of convergence of the Robbins-Monro
algorithm just supposing that there is a positive integer ¢ such that ¢ > 2 p + 2 and a positive constant L,

such that E [f (X, h)Qq} < Ly (or such that E[V,g (X, h)] < L, (1 + ||h— m||2q>) and taking a step sequence
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e 4\ —e— Gradient
\ -®- Averaged

Quadratic mean error

10 50 500 5000

Sample size (logarithmic scale)

FIGURE 1. Comparison of the evolution of the quadratic mean error of gradient estimates (in
blue) and of their averaged version (in red) in relation to the sample size.

5. SIMULATION STUDY

In this section, we consider a random gaussian vector X ~ N (0, I1g0) taking values in R!%? and we aim to
estimate the p-mean m® of X with p = 1.5. Note that in this case, m® = Ogioo. We now consider ¢ samples
X11s--3 X1y -3Xg1s--.,Xqn with a size n. In order to compare the different estimates, for a fixed sample
size n, we will consider the empirical quadratic mean error of the estimates, i.e. given an estimate m of m and
the associate estimates M1y, ..., 74y, We will consider

) 1~
QME (i, m) = gz 772 — m|* .
=1

In order to initialize the algorithms, we take the first data, i.e. mgﬁ) = X;,1. In Figure 1, we consider a step
sequence v, = cyn~ ¢ with ¢ = 2 and a = 0.66. One can check that the averaged algorithm converges faster
than the gradient and become better after having dealt with a small number of data (about 50). This quite
bad behavior on the first step can be explained by a quite bad initialization of the gradient algorithm which
so spend some time before turning around the target. In Figure 2, we study the impact of the choice of a on
the performance of the estimates for a fixed constant ¢, = 2. The case where o = 1 is not considered since
it needs to have informations on the smallest eigenvalue of the Hessian of the functional we would like to
minimize, informations that are usually unknown. Without any surprise (in view of Thms. 4.2 an 4.3), gradient
estimates seems to converge faster when « increases. Inversely, for small sample size, the averaged version seems
to converge faster when a decreases for small sample size, before having analogous behaviors for n = 1000. This
can be explained by the fact that the less important is «, the more the gradient estimates will “move”, and the
more they have a chance to turn around the target quickly.

Finally, in Table 1, we study the impact on the estimates of the choices of @ and ¢, for a moderate sample
size n = 10%. As expected, one can see that averaged estimates are globally better than gradient ones and are
more stable in relation to the choice of the step sequence. The quite critical choices of step sequence for the
averaged algorithm are when we both take ¢, small and « close to 1. This is not surprising because here again,
the gradient steps need too much data before turning around the target, since, for example,

10*

Zi—‘m ~ 15.7.

i=1
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= — alpha=0.55 = ."-__\ — alpha=0.55
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S o o L)\ -—- alpha=0.75 T o - RN --- alpha=0.75
§ ) alpha=0.85 § ‘-._\\ N alpha=0.85
E °1 % - alpha=0.90 £ © - S\ | - alpha=0.90
2 < o R
T < o T < o X
° °
S o S o~ -
o mEEE i o -
T T T T T T T T T T T T T T
10 20 50 100 500 10 20 50 100 500
Sample size (logarithmic scale) Sample size (logarithmic scale)

FIGURE 2. Comparison of the quadratic mean error of gradient estimates (on the left)
and of their averaged version (on the right) in relation to the sample size for a =
0.55,0.66,0.75,0.85,0.9.

TABLE 1. Quadratic mean errors (.1072) of the gradient estimates (on the left) and of averaged
estimates (on the right) for a sample size n = 10000 for different v and c,.

Gradient estimates Averaged estimates
(0% o

0.55 0.66 0.75 0.85 0.9 0.55 0.66 0.75 0.85 0.9
1 9.95 3.76 1.84 1.07 2.33 1 1.05 1.12 1.41 4.02 12.05
2 2029 739 340 1.52 1.15 2 1.00 1.05 1.11 134 1.63
¢, 5 5034 178 808 337 220 ¢, 5 101 1.01 1.03 108 1.13
10 101.75 36.40 15.79 6.54 4.18 10 1.01 1.00 1.02 1.05 1.06
20 209.05 73.62 31.32 1287 7.94 20 099 1.00 099 1.04 1.03

6. PROOFS
6.1. Some decompositions of the algorithms

In order to simplify the proofs thereafter, we introduce some usual decompositions of the algorithms. First,
let us recall that the Robbins-Monro algorithm is defined by

Zn+1 = Zn — YnUny1, (61)
with U,y1 := Vg (Xnt1, Zn). Then, let &,41 := ®(Z,) — Up41, equality (6.1) can be written as
Zng1 —m=Znp —m —%P(Z,) + nént1- (6.2)

Note that (&,) is a martingale differences sequence adapted to the filtration (F;,). Furthermore, linearizing the
gradient, equation (6.2) can be written as

Zn+1 —m = (IH - 'Vnrm) (Zn - m) + ’7n£n+1 - ’Yn(snv (63)

where 0, := ®(Z,,) — 'y, (Z,, — m) is the remainder term in the Taylor’s expansion of the gradient. Note that
thanks to Proposition 2.6, there is a positive constant C,, such that for all n > 1, |6, < Cp, || Zy — m||*. Finally,
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by induction, we have the following usual decomposition

Zy —m = Bn_q (Zl - m) + Bn-1My, — Bn—1Rn, (64)
with
n—1 n—1
Bn-1:= H (I —I'm) M, = Z“Ykﬁk_lfkﬂ,
k=1 k=1
n—1
Bo = Iy, Ry =Y wBy o
k=1

In the same way, in order to get the rates of convergence, we need to exhibit a new decomposition of the
averaged algorithm. In this aim, equality (6.3) can be written as

Ly — Lnt1 —
Fm (Zn*m) = m - 1 m +£n+1 *5n~
Tn Tn

As in [24], summing these equalities, applying Abel’s transform and dividing by n, we have

n

Fm(Zn—m):l<Z1_m—Zn+1_m+Z<l_ 1 )(Zk—m)—z&g)—i—iz:&fﬂ. (6.5)
k=1 k=1

" Tn o \Vk Vk-1

6.2. Proof of Section 4.1

Proof of Theorem /4.1. Using decomposition (6.2) and since (&,,) is a sequence of martingale differences adapted
to the filtration (F,),

E (1 Zns1 = ml 1Fa] = 120 = mll® = 290 (Zo = m, ®(Z0)) + 22 1@(Z0)| + 22 [[€nsa ] 1P -
Moreover, with Assumption (Ab5a),

E (60117 170] = E (1011 1F0] = 2 (U1l Fal, @(Z0)) + [0(Z0)]]
<E[(f(Xu11, Z0) + C |1 Zn = ml])* | 7] = 0(Z0)
< 2Ly + 202 |2, — m — | (Z)

Thus,
E |1 Zns1 = mll* 17| < (142C%92) 10 = ml* = 290 (@(Z0), Zo = m) + 292 L1,

Since (®(Z,),Zn, —m) > 0 and > -, 72 < +oo, Robbins-Siegmund theorem (see Thm. E.1) ensures that
| Z,, — m|| converges almost surely to a finite random variable and that

Z Y AP(Zy), Zy —m) < 400 a.s.

n>1
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Moreover, since (® (Z,,), Z, —m) > 0, by induction, there is a positive constant M such that for all n > 1,

E[1Zns1 = ml?] < (1420292 E [1Z, — m*] + 2921,

<([I@+2c2) |E [||Z1 —mHZ] 2Ly | [T (1+20%3) | S+
i1 k>1 k>1
< M.

Thus, one can conclude the proof in the same way as in the proof of Theorem 3.1 in [5] for instance. Finally,
one can apply Toeplitz’s lemma (see [12], Lem. 2.2.13) to get the strong consistency of the averaged algorithm.
O

In order to get the almost sure rates of convergence of the Robbins-Monro algorithm, we now introduce a
technical lemma which gives the rate of convergence of the martingale term 3,,_1 M,, in decomposition (6.4).

Lemma 6.1. Suppose assumptions (A1) to (A83) and (A5a) hold. Then, for all 6 > 0,

1Bn_1 M| =0 <(1nn)5) a.s.

nOl

Proof of Lemma 6.1. Since (&,) is a sequence of martingale differences adapted to the filtration (F,), and since
Mn+1 - Mn + ’Ynﬁrtlfn—i-lv

E [180Mus|* 1Fa| = 180 Mall® + 2% (Ba Mo, B [n i1 | Fa) +92E [[€nsa | 1]
= 1BaMal* +22E [I€ns1 ] 1]

<1t = 3Tl 1801 Mal* + 22 [l 1]

Since each eigenvalue \ of Ty, verifies 0 < Apin < A < C and since (7,) converges to 0, there is a rank ng such
that for all n > ng, || Iy — ’ynFmHop < 1= AminYn- Thus, for all n > ny,

E (180 Mot 1] < (1= Amin 1) 181 Mall? +32E [l 1] -

Let 6 > 0, for all n > 1, let V,, := % [|8n—1 My|%, then for all n > nq,
9 (n_’_1)2a71 9 (n_’_1)2a71 5 9
E Vi1l Fn] < (1 = Aminn) (In(n + 1))+ |Br—1Mn|” + W%E [anﬂ” |]:n]

+1\* ! Inn 1+o (n+ 1)%2-1 2
= (11— min’/n 2 n I AN n T T QE n nl -

Moreover, there are a positive constant ¢ and a rank n( (let us take nj, > ng) such that for all n > ny,

20—1 1+6
n+1 Inn
1-— )\min e é 1- _a‘
( “r )( n ) (ln(n+1)) o
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_ a=1 2
Furthermore, cn™Vy, = e |Brn—1My]||". Thus, for all n > ny,

nafl

B l6nsall* 170 = e s 1n- Mall (6.6)

(n+1)2-1

< B
E Vil Fal < Vi + (In(n + 1)>1+5’Y

Finally, since E [||§n+1||2 |}'n} < 2Ly +2C || Z,, —m|* and since ||Z, —m]|| converges almost surely to 0, the

application of the Robbins-Siegmund theorem (see Theorem E.1) ensures that (V},) converges almost surely to
a finite random variable and ensures that

a—1

n 2
Z (nn)+ |1Bn—1 M|~ < oo a.s.
n>ny

Previous inequality can also be written as

1 n® 2
Z winn \ () |Bn-1My]|” ) < o0 a.s,
n>ny

so that we necessarily have, applying Toeplitz’s lemma,

n 2 a.s
(mn)® |1Brn—1My]| — 0 (6.7)

O

Remark 6.2. Note that this proof is the main difference with [24]. Indeed, in order to prove the same result,
many methods were used but they cannot be directly applied if H is a infinite dimensional space. For example,
it is based on the fact that the Hessian of the function we would like to minimize admits finite dimensional
eigenspaces, which is not automatically verified in our case.

Proof of Theorem 4.2. Rate of convergence of the Robbins-Monro algorithm: Applying decomposition (6.4), as
in [23], let

An = 677,—1 (Zl - m) - ﬂn—an = (Zn - m) - ﬂn—lMTv
We have
A’I’L+1 = ZnJrl —m — BnMnJrl
= (IH - ’Yn]-—‘m) (Zn - m) + 7n§n+1 - ’yn(sn - ’7n£n+1 - (IH - 'Yn]-—‘m) ﬂnfan
= (IH - ’anm) A, — 'Ynfsn-

Thus, applying a lemma of stabilization (see [11] Lem. 4.1.1 for instance), and since |0, || < Cp, | Z, — m)?,

18l = O (18u]) = O (1120 = mI*)  a.s.
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Finally, since (Z,,) converges almost surely to m, [|A,|| = o (]| Z, — m||) almost surely and

12 = ml < 1By Mall + 1A
1 6/2
0 ((“")) o[ Zn—ml) as,

na/2

which concludes the proof.
Rate of convergence of the averaged algorithm: With the help of decomposition (6.5),

2
5 IIZl T 5 e - m||
An?® AN

- 1 1 ?
e |7 m (55| -
e Yk Yk—1

As in [14], thanks to the almost sure rate of convergence of the Robbins-Monro algorithm, one can check that

LZ-m| (1)
n?2 n 7

[Z0—m]” <

mm

mln IHID

1 (| Znsr —ml® (1
ET = ﬁ a.s,
1 || 1 1
— Zi—m = — a.s,
n? ,;2( ’ )('Yk V-1 H (n>
1 [|w— ’ 1
- Zék :O(n> a.S.
k=1

Let 6 > 0 and M;, :== W |25 | = \/71“ 1> 51 &k+1]l- Since (&,) is a martingale differences

(Inn n(lnn)

sequence adapted to the filtration (F,,), and since

E [llgnsal® [Fos1] < 2E [f(Xnso, Znsr) 1 Futa] + 202 | Znsa = m]®
< 2Ly +2C% || Zpiq —ml?,

we have
E M2, |Foi] = ) e . E lgn+2® 1Fnsa
n+11Y n+1 (TL n 1)(ln(n ¥ 1))1+5 n (TL I 1)(11’1(71 n 1))1+5 n+2 n+1
1
< 2 2 Zn _ 2 .
< M S it £ 1)) (224 + 202 | Zn sy = )

Since ||Z,4+1 —m|| converges almost surely to 0, applying Robbins-Siegmund theorem (see Thm. E.1), M2
converges almost surely to a finite random variable, which concludes the proof. O
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6.3. Proof of Theorem 4.3

In order to prove Theorem 4.3 with the help of a strong induction on p, we have to introduce some technical
lemmas (the proofs are given in Appendix). Note that these lemmas remain true replacing assumptions (A3)
and/or (A5b) by (A3’) and/or (A5b’) but the proofs are only given for the first assumptions.

The first lemma gives a bound of the 2pth moment when inequality (4.1) is verified for all integer from 0 to

p—1.

Lemma 6.3. Assume (A1) to (A5b) hold. Let p be a positive integer, and suppose that for all k < p— 1, there
18 a positive constant Ky, such that for all n > 1,

B2, —ml*] < 2= (6.8)

Then, there are positive constants cg, C,Co and a rank n, such that for all n > ng,

Cy

n@+a + CovnE |[| 2, — m||2p+2 :

E [ Zns1 = ml®] < (1 = coma) E [|1Z0 = m|*] +

Then, the second lemma gives an upper bound of the (2p + 2)th moment when inequality (4.1) is verified for
all integer from 0 to p — 1.

Lemma 6.4. Assume (A1) to (A3) and (A5b) hold. Let p be a positive integer, and suppose that for all
k <p—1, there is a positive constant Ky such that for allmn > 1,

Then, there are positive constants C1,Ch and a rank n, such that for all n > n,,

/

E||z 2] < (1 2 pH]E Z 2p+2 G C)V2E |12 r
| Zar = ml*?] < (1= 2 (120 = mlP?*?) + —d + C2E 120 — mi ™.

Finally, the last lemma enables us to give a bound of the probability for the Robbins-Monro algorithm to go
far away from m, which is crucial in order to prove Lemma 6.4.

Lemma 6.5. Assume (A1) to (A3) and (A5b) hold. Then, for all integer p > 1, there is a positive constant
M, such that for alln > 1,

E[lZn - mll*?] < M,

Proof of Theorem 4.3. As in [14], we will prove with the help of a strong induction that for all integer p > 1,
and for all 8 € (a, 1%201 — 1%), there are positive constants K, Cz,, such that for all n > 1,

E[|Z, —m|*] < 22

npe’

C
2p+2 ,
E |12, - m|**?] < 252,

Applying Lemma 6.5, Lemma 6.3 and Lemma 6.4, as soon as the initialization is satisfied, the proof is strictly
analogous to the proof of Theorem 4.1 in [14]. Thus, we will just prove that for p = 1 and for all 8 € («, 3 — 1),
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there are positive constants K7, 0’571 such that for all n > 1,

)

2 1

E[lZ0 —ml’] < =2

C/
E[ Zn—m 4} < 2B

120 = mll'] < 2

We now split the end of the proof into two steps.

Step 1: Calibration of the constants. In order to simplify the demonstration thereafter, we now intro-
duce some notations. Let K7, Cﬁ 1 be positive constants such that K{ > 21+aClc 1, (co, Cy are defined in

Lem. 6.3), and 2K] > Cj ; > K| > 1. By definition of 3, there is a rank ng > ng (na is defined in Lem. 6.3
and in Lem. 6.4) such that for all n > ng,

1— - —— =<1
( CO’YYL) < + 2CO’VTL + (n+ 1)5 ~ 1,

2\? [n+1 1
1-= b2y 2dy <1
( n) ( " ) G+ G P s <1

with Cy defined in Lemma 6.3 and C}, C4 defined in Lemma 6.4. The rank ng exists because since > «

n+ 1>a 1 2048+ Oy

n+1\" 1 208+ Oy
+ 500+~

a 1 1
(1 = covn) ( =1—coYn+ —+ =coVn + O <nﬁ>

(n+1)» n 2

; ( : >
=1——-covn+o|—|.
2 no
Moreover, since § < 3a — 1, we have 8 < 2, and

2N (n+1\" o s 1 1 1 1

:1—(4—2ﬂ)711+0<;).

Step 2: The induction on n. Let us take K| > maxi<g<n, {kaE [||Zk - m||2]} and

(3'['371 > Maxi<k<ng, {kﬂE [HZ;c — mHﬂ } We now prove by induction that for all n > ng,

)

E[lZn —ml’] < =2
C/
E[ Zy — 4} < 2B,
12, m]'] < %
Applying Lemma 6.3 and by induction, since 2K} > CAl > K| >1,

E 1201~ ml] < (- com) B [1Z0 = mll] + =L + O 12, — ml**?]

K C K/
<(1- Co%) + —a t2Cm—F5 e
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/

Factorizing by (nfii)a’

n+1\¢ K/ 2°Che ly,  20tPtle 0y K
E [||Zn+1 —m|?| <1 - comm) ( ) : - T
n (n+1)>  (n+1) (n+1)F (n+1)~
Taking K] > 2'**Cyc;'c
n+1\" 1 208+ K/
E [ Zns1 = ml*] < (1= comm ~coYn s -
[Zois =] < (=) () + Goorn+ o) s

By definition of ng,

2 Ki
E[ Zsr — L 6.9
1Z0er =] < s (69)
In the same way, one can check by induction and applying Lemma 6.4 that
2\? /n+1\” O} + Che? cl,
E || Z.1 — 4}< 1-2) (222) o8 7 Bl
Znr =l —<< ) () e
By definition of ng,
4 Ch 1
IE[IlZn+1—m|| <5 (6.10)

which concludes the induction on n, and one can conclude the induction on p and the proof in a similar way as
n [14]. O

6.4. Proof of Theorem 4.4

Proof of Theorem 4.4. Let Amin be the smallest eigenvalue of Ty, with the help of decomposition (6.5), for all
integer p > 1,

| PR E[nzl—mnﬂ - E[||Zn+1—mu2p} 2 s ”
Zn—m|”] < + +
B 17—l < S N | PR
2p 2p
52p 1 n 1 1 521)—1 n
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As in [14], applying Theorem 4.3 and Lemma 4.1 in [14], one can check that there are positive constants
Rip, Rop, R3 p, Rap such that for all n > 1,

L E[IZ -] gy,

2p 2p — n2p
n ’)/1 n

— ml?P
i [

)

ﬁ 77211’ - fn,(Z*CV)P7
2p

1 - 1 1 Rs
_ 7. — - _ 7’1‘7’
n* /;2( k=) (% %—1) n(2-p

2p

1 = Ry,

ﬁ kzék S n2op
=1

We now prove with the help of a strong induction that for all integer p > 1, there is a positive constant C), such
that

2p

E < Cpn?.

n
D bk
k=1

Step 1: Initialization of the induction. Since (&, ) is martingale differences sequence adapted to the filtration

(]:n)a

E

=S E[lgenl’] +2Y° Y Bl &)l = D E [lgenll]
k=1 k=1

k=1k'=k+1

n
D &k
=1

Moreover, since E {||§n+1||2 \}'n_ <E [||Un+1||2 |fn] < 2E [f(Xnt1, Zn)?|Fn] +2C2 | Z,, — m||?, applying The-
orem 4.3, there is a positive constant C; such that for all n > 1,
-

E

n
D &
k=1

<23 E[f(Xis1, Z0)°1F] +20° Y E [||Zk - mﬂ < Oy
k=1 k=1

Step 2: The induction. Let p > 2, we suppose from now that for all p’ < p — 1, there is a positive constant
Cp such that for all n > 1,

2p’

E < C’p/n”/.

n
D bk
k=1

First, note that

n+1 2

D G
k=1

= Z Sk+1

k=1

2 n
+2 <Z £k+1»£n+2> + &nsall?-

k=1
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Thus, let M,, := >, _; &k+1, with the help of previous equality and applying Cauchy-Schwarz’s inequality,

P p—1
1M1 < (1Ml + Nnrall®) " +2 (Mo, Ena) (1Ml + €nv2]l?)

p
p p=k
3 (1)2 I sl (1Ml + 6nsal?)
k=2

We now bound the expectation of the three terms on the right-hand side of previous inequality. First, since

Unt1ll < f (Xns1,Zn) + C | Zn —m]|,
12(Z,)|| < VL1 +C||Zp —m]],

we have

E [[énal™ 1Fns1| <327 (B [f(Xns2, Z0)* | Fsa] + 22C% || Zgr — ml** + L)

< g2kl (Lk + LE 4 22kC2k |\ Z, ) — mH%) .

Then, since M, is F,,+1-measurable,

E (10007 + Unsal®)'] < B [0207] + 3 (7)) [ [lensal™ 17.] 107>

k=1

<E [l +§p:< )32k U(Li+ LE)E (M 7]

k=1

p
# 3 ()32 12 = ™ gy ]
k=1

By induction,
P P
Z( )3% YLy + LY E [||Mn\\2”‘2’“} < Z( >32k V(L + LY) CpoynP™* = O (nP71).
k=1 k=1

Moreover, since for all positive real number a and for all positive integer ¢, a < 1 + a4, applying Holder’s
inequality and by induction, let

p - _
*) - Z (k) 32k 122kCQkE [||Zn+1 . msz ||Mn||2p 2;9}

=1

kol

IN

P
Z (Z) 32k—192k 2k {”Mnnzp—%] + Z (];) 32k—192k 2k |:HZn+1 _ mH2qk HMn”?pf%

k=1 k=1
2p—2k

ZP: (i) 32k—192k 2k (E |:||Zn+1 _ mHQqPD% (E [HMnHzpD 40 (nP~1).

k=1

IN
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2p—2k
Note that <E [||Mn||2p}) ¥ <1+4E [||Mn||2p} Thus, taking ¢ > 2 and applying Theorem 4.3, there are

positive constants Cy, C such that

p
P\ o2k—102k ~2k b 1 2p -1
(*)§;<k>3 2RO () — (14 [IMa]] ) + 0 (n77)
< Co2E [|[My ] + e,

Finally, there are positive constants Cy, C; such that

E[(IMall? + €ns2ll?) ] < (14 Con2) B [|Ma]*] + Cn? . (6.11)

Moreover, since (£,,) is a martingale differences sequence adapted to the filtration (F,,) and applying Lemma E.2,

p—1

p—1 p—1 o
28 (0, nvad (I + lnsal?) ™ | =23 (7B [t o) lgnsal ™ 172
e
p—1
p—1
<3 (7} ) el nagr]
k=1
p—1 p—1
3 (7 VR [l ot ]
k=1

Since p > 2 and by induction, as for (x), one can check that there are positive constants C{, C] such that for
alln > 1,

2 2\P~1 /.2 2p /. p—1
2 | (M, €nv2) (|Mall® + €ns2l®) | < Cor2E [IMal®] + Cinr . (6.12)

Moreover, let

P

p—k
-3 ( ) 2E [nMnnk lgnsall® (100> + lnal?) }

k=2

p p
P\ gp— - P\ op— _
<> (k)z E [l€nsall® M0 ] +Z(k)2p ' [0 | ]

k=2 k=2
We now bound the two terms on the right-hand side of previous inequality. First, let
P

Z( )21’ IE[IM 1 16msnl2 k}

k=2

zp: ( >2p3E [(”Mnﬂz + HMnH%_Q) <||€n+2|‘2p—2k+2 4 Hgn+2”2p—2>:|
=2



LY RATES OF CONVERGENCE OF AVERAGED STOCHASTIC GRADIENT ALGORITHMS 863

As for (x), one can check that there are positive constants C{/, C7 such that for all n > 1,
() < CEA2E [| Mo + €2,

In the same way, let

zp: (1) et 1
i < )27 [(Iensal® + Bmral™ ) (127242 + 1, )

As for (x), there are positive constants C{’, C{" such that
() < CY/2E [IMa]] ] + O,
and in a particular case
(+k) < (Cl + C') 2R [||Mn\|2p] +(CY + Oy, (6.13)
Thus, thanks to inequalities (6.11) to (6.13), there are positive constants By, B such that for all n > 1,

E[I1Mai1?7] < (14 Boy2) B [|Mo ] + Bynr

<<k (1+Bo%3)> [Ia22]] + (
§<k (1+Bo%3)> (1] ] + (

which concludes the induction and the proof. O

3 +

Il
-

k=1

H 1+Bo"}/k )Blnp,

k=1

H 1+BO'7k )ZBlkp 1

)

1

APPENDIX A. PROOFS OF PROPOSITIONS 2.3 AND 2.6

Proof of Proposition 2.3. If h € B (m,€), under assumptions (A2) and (A3) and by dominated convergence,

)\min
2y —

@t m) = ([ T it —m) >

In the same way, if |h —m|| > ¢, since G is convex, under assumptions (A2) and (A3) and by dominated
convergence,

1 =
<<I>(h),h—m):</ rm+t(h_m)(h—m)dt,h—m>>/’ (Tt (h — m), b —m) dt
0 0

)\min
> 288 [lh—m]|.
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Thus, let A be a positive constant and h € B (m, A),
(@(h),h—m) = ca||h—m|*,

with c4 := min { ’\m‘“, ‘“‘“6} We now give an upper bound of this term. First, thanks to assumption (A2), let
A be a positive constant, for all h € B (m, A),

1 1
<(I)(h)7h_m> =/ <Fm+t(h—m)(h_m)ah_m>dt§ / ||Fm+t(h—m)||op ||h—mH2dt <Ca ||h—m||2.
0 0

Moreover, applying Cauchy-Schwarz’s inequality and thanks to assumption (A5a), for all h € H such that
[h—m] = A,

L
(@(h). 1= | < VL =]+ C =l < (4 ) = i

which concludes the proof. O

Proof of Proposition 2.6. Let us recall that there are positive constants e, C, such that for all h € B (m,€),
[©(h) =Ty (h—m)|| < Cc b —m|*.

Let h € H such that ||h — m|| > €. Then, thanks to assumptions (A2) and (A3),

|@(h) = Lo (h — )||

| W+ 1Tl 1h = m]]
E[f(X, M)+ Clh = ml]) + Co [[h — m]|

C C
( 2 DY -,

which concludes the proof. O

IA

APPENDIX B. PROOF OF LEMMA 6.5

We propose here a not detailed proof. For analogous and more detailed calculus, one can see the proof of
Lemma 5.3 in [6].

Proof of Lemma 6.5. We prove Lemma 6.5 with the help of a strong induction on p. The case p = 1 is already
done in the proof of Theorem 3.1. We suppose from now that p > 2 and that for all £ < p — 1, there is a positive
constant M}, such that for all n > 1,

E [||zn - mu%] < M.
Let V,, .= Z,, — m — v,9(Z,), and with the help of decomposition (6.2)

2 2 2
HZH-"-l - mH = ”Vn” + ’7721 ||€n+1” + 2’717, <Vna€n+1>
2 2
<NVl + 92 UngalI” + 29 (Zn = m, Enpr) -
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Thus, applying Cauchy-Schwarz’s inequaltiy
2p 2 2 2\P 2 2 2\P~1
1Zn+1 —m|™ < (IVall” + 95 1Unsal + 20 (Zn — m, &n1) (IVall™ + 90 1 Unsal

p
p k k 2 2\PFk
3 (1)298 120wl Nl (Wl 42 10l (B.1)
k=2

Applying Lemma E.2, for all positive integer k,

||Un+1||k <25 f (X1, Zn) + 2V71C8 || 2, - mHk a.s, (B.2)
k

Enstll® <35 UF (Xngr, Zo)" + 357 12FCF || Z, — m|F +3F L2 s B.3
1

Moreover, since (® (Z,,), Z, —m) > 0,
IVall* < (1 +2C*2) 1Z0 —m|* + 277 La (B4)

We now bound each term on the right-hand side of inequality (B.1).
P
Bounding (%) :=E [<||Vn||2 + 42 ||Un+1||2) } Applying inequality (B.2),

P
() <E [HV"H%} + Z (Z) 72p22p_2L§)_kE [E [f(Xn-H, )2k|.7: ] 4 2k 1 Z,, — ”2;@}
k=1
p
+Z@%%WQ“H@QMEWNWW%@M&% DEF] 4 O 2, - )]
k=1

Moreover, thanks to assumption (A5b) and by induction, there are positive constants Ag, A; such that
() S E[IVal™] + 4002 [1Z0 — m]”] + A1, (B.5)

Thanks to inequality (B.4) and by induction,

p
E |IVal™] < (14 2C%92) E 12, — m|I*?] + Z ( ) (1+20%32)" " 2 LE (12, — ml ]
=1
< (1+2C°) E 12, - mI*] + 0 (12).

Then, there are positive constants As, A3 such that

(4) < (14 A292) E [|Z, — ml|?] + Agr?, (B.6)

p—1
Bounding (xx) := 2pv,E [<§n+1> Zn —m) (||VnH2 +72 ||Un+1|\2) ] Since (&,,) is a martingale differences

sequence adapted to the filtration (F,,), and since V,, is F,,-measurable, and applying inequalities (B.2) to (B.4),
and by induction, one can check that there are positive constants A}, A, such that

(+) < ALE [11Z0 = mll?] + A, (B.7)
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p—k
Bounding (++5) i= S (1294 |12, — ml* [6usr* (V1 + 52 10s11)" |- Appiying Lerama E.2,
and inequalities (B.2) to (B.4) and by induction, one can check that there are positive constants A, A} such
that

(4 % %) < AV2E [ Z, = ml|*?] + 452, (B3)

Conclusion. Applying inequalities (B.6) to (B.8) and by induction, there are positive constants By, By such
that

E[1Zot1 = m|™] < (1+ Biy2) E |1 Z0 = m|[*| + By

( (1+ Bﬂi)) E [”Zl - mHQp} + By (H (14 Bivi > ZV}%
k=1
< M,

k=1
which concludes the induction and the proof.

n",:]S

ApPPENDIX C. PROOF OF LEMMA 6.4

We propose here a not detailed proof. For analogous and more detailed calculus, one can see the proof of
Lemma 4.2 in [14].

Proof of Lemma 6.4. Let p > 1, we suppose from now that for all integer k < p, there is a positive constant K
such that for all n > 1,

E [1Z, —m|™] < 5. 1)

nka

As in the previous proof, let us recall that

2p42 2 2\PH! 2 P
1Znsr =l < (IVal® + 92 10107) " + 20+ D (Zn = m€ara) (IVall® + 52 Ui

p+1
p+1 : k k pri=k
#3 (M3 )2k 1 =l e (Wl 492 10 ) (©2)
k=2

We now bound the expectation of each term on the right-hand side of previous inequality.
2
Bounding (xx) :==E [Z(p + D)vn (Zn, — My Enta) (HVnH2 + 92 ||Un+1||2) } Since (&,) is a sequence of mar-

tingale differences adapted to the filtration (F,,), and applying inequalities (B.2) and (B.3), and thanks to
asumtpion (A5b) as well as inequality (C.1), one can check that there are positive constants A;, As, A3 such
that

As
n+2)a’

(#) < AVE [|1Zn = ] + A3 (|12, — m]*] + (C.3)
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p+1—k
Bounding (x * %) := Y071 (P11)2ky kR [|Z,, —m|* |€ngr | (||vn||2 +42 |\U,,+1||2) } . First, thanks to

inequality (B.3) and Lemma E.2, one can check that there are positive constants A}, A}, A5 such that

AI
2 2 2
(5 %) < A (1120 = mI 2| + 402 |12 —ml] + — T2 (C.4)
Thus, applying inequalities (C.4) to (C.6), there are positive constants By, By, By such that
p+1
E 120 =l < B | (W61 #2100 2) | + BooE 12, = 7]
+B sz[HZ —mnﬂ + D (C.5)
17n n npt2a” ’

+1
Bounding (x) := E |:<|Vn||2 + 2 ||Un+1||2)p } As in the proof of Lemma 6.5, and thanks to induction

inequality (C.1), there are positive constants Ay, Ay, Ay such that

A
n(P+2)a ’

() SE [IVal™®*] + A2E 120 = mll 2] + A2 [[1Z0 — ml*?] + (C.6)

Then, in order to conclude the proof, we just have to bound E {||Vn||2p}. Applying Proposition 2.1, one can

check that there is a positive constant ¢ and a rank n/, such that for all n > nl,

2 2
CllZn = ml" 1z, —mii<eni=ey = (B(Zn), Zn = 1) L(jz, ~m <ent =} 2 - Zn =" Lz, —mi <ent-o)-

o |
Then, since |®(Z,)|* < 2C? ||Z, — m||> + 2L1~2, there is a rank n!, such that for all n > n!,

1Zn = m = 1@ (Zo)lI” 14 2, m<ent-a} < <1 - 2) 1Z0 = ml® {2, —mlj <eni—=} + 2L17;.
Then, one can check that there are positive constants A}’, AY" such that

2p+2
E [”Z’ﬂ —m—= ’Y'nq)(Zn)” e 1{|\Zn—7n\|§cn1_"‘}:|
A

<(1-2 p+1]E[|Z —mlPP2] o+ AR (120 -l + i
= n n 1 /n n nP+2)a’

Moreover, applying Cauchy-Schwarz’s inequality, Markov’s inequality and Lemma 6.5, for all positive integer ¢,

4 —
E (120 = ml™* 112, -mizen-oy] < \/ E (120 = m|"*| VP Z, — ml[ = eni=2]
M

<V M2p+2wlja),

and one can conclude the proof applying inequality (C.5), taking g > % and taking a rank n, such that for
all n > ng, (1— %)pH—F(BO—FA’l”)%QL < (1— %)pH. O
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Remark C.1. Note that in order to get the rate of convergence in quadratic mean of the Robbins-Monro
algorithm, 7.e. in the case where p = 1, we just have to suppose that there are a positive integer ¢ > f’_—aa and a

positive constant L, such that for all h € H, E [f (X, h)zq} < L.

APPENDIX D. PROOF OF LEMMA 6.3
We propose here a not detailed proof. For analogous and more detailed calculus, one can see Lemma 4.1 in [14].

Proof of Lemma 5.2. Let p > 1, we suppose from now that for all integer k < p, there is a positive constant Kj,
such that for all n > 1,

Ky
nka .

E (112, - m|™] < (D.1)

Using decomposition (6.3) and Cauchy-Schwarz’s inequality, there are a positive constant ¢’ and a rank n/,
such that for all n > nl,,

2 2 2
1Znr1 = ml” < (1= ) [1Zn = mll” + 75 1UnslI” + 290 (Zn =m0, Enir) + 290 120 — ml| 18] -
If p =1, thanks to Proposition 2.6, we have

d 2 C% 4
2010l 1Zn = mll < S 1Zn = mll” + 277 [| 20 —ml[,

and since (&,) is a martingale differences sequence adapted to the filtration (F,,), applying inequality (B.2), for
alln >n/,
2 4 2,2 2 2 Cr 4
E[1Zot1 = ml?] < (1= 59 +20%2 ) E [1Z0 = ml*] + 20201 + 290 —2E [ |20 —m|*],
and one can conclude the proof for p = 1 taking a rank n, and a positive constant ¢ such that for all n > n,,
1= S9+ 20%92 <1 — cvyp.
We suppose from now that p > 2. For all n > n/ ,
2p / 2 2p—2 2p—2
E[Zns1 =mll*?| < (0 = ) E [1Z0 = ml* | Zusr = ml]*? 2| + 29.E [11Z0 = ml 100 ] [ Zns1 = m)| 2]
2 2 2p—2 2p—2
+ 92 [[10ns2l* 1 Zns1 = 72| + 290E [(Zo = m. i) 1 Zusa = ml? 2] (D2)
We now bound each term which appear on the right-hand side of inequality (D.2) when we replace
| Zns1 — m||** 2 by the bound given by inequality (C.2).
Bounding (x) := (1 —c¢y,)E [||Zn —m|* | Zps1 — m||2p72} . First, applying inequality (B.4)

p—1
(9= (L= B [120 = ml (Vall + 52 [0 )
< (1= ) (14+20%92) 7 E [ 1120 — ml| ]

p—2
-1 p—1—k
£ 3 (73 1) 4= e (4 22) B |12, -l (24 0l
k=0
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Applying inequalities (B.2) and (D.1), thanks to assumption (A5b) and since for all n > n, we have 1 —c/~,, <1,
and for all K < p—2, we have 2p — 1 — k > p+ 1, one can check that there is a positive constant A; such that

1
(< (1= o+ A E (12, - ml] 40 (). (D.3)

In the same way, since (&,,) is a sequence of martingale differences adapted to (F,,), applying Cauchy-Schwarz’s
inequality, as well as inequalities (D.1), (B.2) to (B.4), one can check that there is a positive constant As such
that

2
(9 s = 20 = 1) (1= ) 120 = ml (2, = i) (W5l 92 Wil

1
< A2E [HZn - m”?p} +0 <n(p+1)a> . (D.4)

In the same way, applying inequalities (B.4) and (D.1), with analogous calculus to the previous ones, one can
check that there are positive constants As, A4 such that

p—1

p_]_ p—1—k
s = =) 3 (70 )R 120l Nl 12 =l (Il 2 0
k

=2

1
< A2E (12, — ] + e 12, - ml™*] 4 0 (). (0.5)

Finally, applying inequalities (D.3) to (D.5), there are positive constants By, By, By such that

By
nlp+ha’

(%) < (1= ¢y + Boy2) E 120 = ml*?] + BayZE 20 — ml*?] +

Bounding (%) := 27,E [||Z,L — 1)) 1l | Znss — m||2”—2} . First, let

p—1
(9 = 2208 120 = ol 1821 (Wl 42 10s1?)

— 2p—2 — — 2p—2
<27 UE (12, = ml 18] VAl 2] + 22729207 E [ 20 = ml] 160l U |7

Moreover, thanks to Proposition 2.6 and inequalities (B.4), (B.2), and (D.1), one can check that there are
positive constants Aq, As, A3 such that

As
n(P"Fl)a ’

/
() < (C% +sz) E[11Z0 = ml™] + Aoy 120 — m|7*?] + (D.6)

4
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Since (&,) is a sequence of martingale differences, let
p—2
(4 s =400 = D52E 10 =l 10,1 (2o = . 02) (VI + 52 10 )

p—2

p—2 2k k

=4<p—1>2( L )73/”21@ [1Z0 = mll 18]l (Zn =m0, €ns2) IVAIPP ™27 [T ]
k=1

Thanks to Proposition 2.6 and inequalities (D.1), (B.2) and (B.3), one can check that there are positive constants
AL, A, AL such that

Ay
nE+tla’

(+) < AZE [1Z0 = ml] + Ap32E (|20 — m| ] + (D.7)

Finally, let

p—1
p—1 k k 2 2\P~1=F
0 s =208 (120 =l 160 3 (7 )2 10 = ml a1 (V7 4 52 10 1P) ]
k=2

With similar calculus, applying inequalities (D.1), (B.2) and (B.3), one can check that there are positive
constants Ay, A}, A} such that

Ay
np+a’

(+)" < AGZE (120 = ml™] + AVAZE |12, — m] ] + (D.5)

Finally, applying inequalities (D.6) to (D.8), there are positive constants B, Bf, B} such that
y ymg 0> P1, D2

By
Do

1
(**) < <4cl'}/n + B(/)’}/72L> E |:HZn _ m||2P:| + BifYnE |:HZ71 _ mH2P+2:| +

Bounding 72E [||Un_,_1||2 | Zns1 — m||2p_2} . First, applying inequalities (D.1), (B.4), (B.2) and (B.3), there

are positive constants Ag, Ay such that

Ay
—oDa

p—1
B Wall (WP + 210 )| < A2 12, - ml™] + (D.9)

Applying inequalities (D.1), (B.2) and (B.3), one can check that there are positive constants Af, A} such that

p—2 A’
\2@ = 02 (10 (2, = i) (I 92 Wal?) \ < A2E (12, — miP?| + . (D.10)

Finally, let

pil k k p—1—k
(=3 (7 )2 Wl 120 =l Bl (1l 42 10l?) |
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Applying inequalities (D.1), (B.2) and (B.3), there are positive constants A, A7 such that

Ay
n(p+1)a ’

(+)) < A2 120 - m)?] + (D.11)

Thus, applying inequalities (D.10) and (D.11), there are positive constants B{/, By such that

By
nP+a’

RE [[Uns1 I | Zusr = ml*? 2] < BY2E 120 - ml|] +

Bounding 2v,E [(Zn —my&nt1) [ Znt1 — m| . First, since (&,) is a martingale differences sequence

adapted to the filtration (F,), let

|2p—2:|

-1
(9 = 20 | (6w, Zo = m) (Wl + 32 10 ) |

p—1 1k k
("% )2 [(lemal® + 120 = ) IVl ).

Thus, applying inequalities (D.1), (B.2) and (B.3), one can check that there are positive constants Ay, A1 such
that

Ay
np+la’

p—1
29 [<sn+1, Zn=m) (IVall* + 52 [Unsa ) } < A2 [[|Z0 — || + (D.12)

In the same way, since p > 2, applying inequalities (D.1), (B.2) and (B.3), one can check that there are positive
constants Ay, A} such that

Ay
nE+a’

p—2
4y~ 128 (2o~ ria)? (VI 422 WWal)” | < 4028 [120 = i) + (D.13)

Finally, applying inequalities (D.1), (B.2) and (B.3), one can check that there are positive constants Af, A}, A}
such that

p—1

(=23 (73 )R (2 - mauin) 12 =l el (IVl? + 22 10w )
k=2

Ay

n+a’

< APRE (20 — mll?] + ALZE (120 — ml 2] + (D.14)

Then, applying inequalities (D.12) and (D.14), there are positive constants B{’, By, BY’ such that

"
BQ
nEtha’

290E [(Zn = M, &ni1) | Zas — I %] < BY'A2E |

1Zn = mll*?] + BY'32E [1Z, — m*?] +

Conclusion
We have proved that there are positive constants cg, C, Co such that for all n > nl;

CI

2

Cy
nEthHa’

E |1 Zns1 —ml*] < (1 — =+ cov,%) E 120 = mlI*?| + Cr1E [1Z, - ml 2] +
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Then, there are a positive constant ¢ and a rank n, > n/, such that for all n > n,,

1 - %"yn + ¢pv2 < 1 — ¢y, and in a particular case, for all n > n,,

C
E [ Zos1 = mll*”] < (1= e3) E [11Z0 = ml?] + CoE 120 = m] 2] + 2

W- (D-15)

APPENDIX E. SOME USEFUL EXISTING RESULTS

Let us recall Robbins-Siegmund theorem (see [12] for instance):

Theorem E.1. [Robbins-Siegmund theorem] Let (V,,),(4n),(Br),(Cyn) be non negative random variables
adapted to a filtration (Fy,) such that

EVii1|Fro]l <V 1+ Ap) + By, — C.

Then, on T’ = {anl Ap <+4ooand ), By < —|—oo}, (V) converges almost surely to a finite random

vartable Vo, and ZnZl Cp < 400 almost surely.

Let us now recall Lemma A.1 in [14]:

Lemma E.2. Let p,n be two positive integers and let aq, ..., a, be positive constants. Then,

(1]
2]
(3]
(4]
(5]
(6]
(7]

(8]
(9]

(10]
(11]
(12]
(13]
(14]

(15]

p
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