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LARGE DEVIATION ESTIMATES FOR BRANCHING
RANDOM WALKS*
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Abstract. For the branching random walk drifting to —oco we study large deviations-type estimates
for the first passage time. We prove the corresponding law of large numbers and the central limit
theorem.
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1. INTRODUCTION

1.1. Branching random walk

We consider a discrete-time one-dimensional branching random walk. An initial particle is located at the
origin. At time 1 it gives birth to N new particles, and then dies. Each of the particles is positioned randomly
on the real line. Their displacements with respect to the parent are given by independent copies of some given
random variable X. Next, at time 2 all the individuals produce independently their own children and die. All
the particles in the second generation are located according to the same rule, with respect to the positions of
their parents. This procedure perpetuates itself. The resulting system is called a branching random walk. It can
be represented as an infinite tree T = Uk>0{1, 2,... ,N}k, where o = () denotes the initial ancestor and word ~y
of length n corresponds to individuals in the nth generation. With every node -y one can associate a real random
variable X, representing its displacement according to the parent. Then, the position of v is given by S, the
sum of all weights on the path from o to 7. The collection of positions {S,}ye7 forms the branching random
walk.

In this paper we are interested in the behavior of

M,, = max S,
[vl=n

the maximal position of the branching random walk after n steps. (Usually one considers the minimal position,
however it is sufficient to replace the displacement of every particle X, by —X,.)
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The starting point of our considerations is the law of large numbers proved in a sequence of papers by
Hammersley [15], Kingman [19] and Biggins [6],

M,
lim —* = p* a.s. (1.1)

n—oo N

(see (1.4) below for the definition of p*). Last years, in a number of papers, the problem of fluctuations, i.e.
behavior of M,, — np*, was considered. Addario-Berry and Reed [1] and Hu and Shi [17] exhibited a logarithmic
correction and next Aidékon [4] proved that the normalized fluctuations converge in law to some random shift
of a Gumbel variable. Precise large deviations were proved by Rouault [22], see also [12, 14] for recent results.
We refer the reader to a recent book by Shi [23] for an overview of the related results.

In this paper, we consider the case when the branching random walk drifts to —oo, i.e. p* < 0 however X > 0
with some positive probability. Some of the particles can still exceed a large level u and apart from knowing
the probability of large deviations, we point out the moment when it arises. More precisely we consider the first
passage time

Tu :=1inf{n: M, > u}. (1.2)

Then, conditioning on the event {7, < oo} we prove limit theorems related to 7,: the law of large numbers, the
central limit theorem and large deviations. All these results are formulated as Theorems 1.1 and 1.2.

1.2. Main results

Let T = Uk>0{1,2, ..., N}* be an infinite tree, where {1,2,..., N} = {0}. For v = (iy,...,i,) € T we
denote the length of v by |y| = n, by 7i we denote the vertex (i1,is,...,i,,%) and we put v|x = (i1, ..., ) for
k < |y|. Thus, every node v € T has N children of the form ~i. With the tree 7 we associate an i.i.d sequence
{X,}ye7 with the law of some generic random variable X. We assume that the distribution of X is non-lattice,
i.e. it is not supported on any of the sets aZ + b, a > 0. For any v = (i1,...,i,) € T define

Sy =Xy + Xivyio) T+ Xirsingooin) = Xa + -+ X515
then S, denotes the position of the particle represented by +.

In this paper we are interested in the behavior of M, = max|,—,S,, i.e. the maximal position of the
branching random walk after n steps. Its properties are determined by the moment and the cumulant generating

functions

N

Zesxi] = NE [esxl] =: NA(s),

i=1

U(s) =logv(s), A(s) = log A(s).

P(s) =E

We define two parameters

oo = sup{a: ¥(a) < oo}, Poo = sup {¥'(a)}.

a<®oso

Our rate function is just the convex conjugate (the Fenchel-Legendre transform) of ¥ and is defined by

U*(z) = sup{sx — ¥(s)}, =z €R,
seR
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similarly one can define the rate function of displacements A*. Its various properties can be found in Dembo,
Zeitouni [13]. We will often use that given a < a and p = ¥'(«)

T (p) = pa — ¥(). (13)

Now we are able to explain the parameter p* in (1.1). It can be expressed both in terms of ¥ and the rate
function of displacements A*:

p" = inf ¥(s) = inf{s: A*(s) > log N}. (1.4)

s>0 S

We assume that p* < 0 and we study the behavior of the first passage time 7, defined in (1.2). It is known
(see Jelenkovic and Olvera-Cravioto [18]) that if ¢(a) = 1 for some g € (0, ), then

P, < oo] =P[sup Sy > u] ~ cye” " (1.5)
YET

Here we obtain limit theorems for 7,, conditioned on {7, < co}.

Theorem 1.1 (Law of large numbers and Central limit theorem). If ¥)(ag) = 1 for some ag € (0, o)
and the distribution of X is non-lattice, then

u P 1
— Ty <00 —> —
Po

and

Tu —U/po

3/2

— Tu < 00 =55 N(0,1),
00Pg Vu

where po = ¥'(ayp), o9 = ¥’ (ag).!
Theorem 1.2 (Large deviations). Assume that the distribution of X is non-lattice, p € (0, pso) and let «

satisfies ¥'(a) = p.
If () > 1 (in particular p > po), then

IP’{TU < 1] O %M v,
u o p

Y (1.6)

for ©(u) = u/p— |u/p].
If (@) < 1 (in particular p < po if po is well defined), then

Tu 1] Cpp()™ ™ v,
Pl%> |~ 2t o 1.
[u g p] Vi ¢ (.7

Moreover

P[Tu - UH ~ W s (1.8)

IThe symbol N (resp. i>) denotes convergence in probability (resp. in distribution).
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The above results generalize classical estimates for random walks (von Bahr [24], Lalley [20], Héglund [16],
see also Buraczewski and Maslanka [11]). Similar results were proved recently for analogous first passage times
in the context of random difference equation (see [7, 8]) and branching process in random environment (see
Afanasyev [2, 3] and Buraczewski and Dyszewski [10]).

2. AUXILIARY DEFINITIONS AND RESULTS

2.1. Some further definitions

Here, we collect some additional definitions that will be needed in the proof. If v = i{i3..i;, € T and
Yo = i7i3..i2, € T then we write v1y2 = i1i3..ip, i3i3..i5, for the element of T obtained by juxtaposition. In
particular v} = @y = . We write v/ < « if 4/ is a proper prefix of v, i.e. v/ = (41,...,1) for some k < n. For
two vertices y; and 5 we denote by 9 = y1 A 2 the longest common subsequence of y; and s, i.e. the maximal
~o such that both vy < v; and 9 < 72. Moreover, we write v/ <y if 7/ <~y or 7/ = 7.

We will consider different subsets of the tree and maximums over these subsets, namely we define
Ty ={r": Wl=n}

Tyn = U Tyr={7: 0<|y|<n}
k=1

Thus T, ,, is the set of progeny of v in the generation |y| + n and T, ,, consists of all descendants of  up to
time |y| + n. If v = 0 we omit the vertex in the subscript and just write

Ty

To,n = {’7/ : |’7/| = TL},
that is 75, is exactly the nth generation. Moreover we define

M

y = max S,

n<|yl

My = max S, for any A C T,
YEA

M, = max S, = max M.
[vI<n k<n

To simplify our notation we consider a generic random walk S = X; + --- + X, where X; are i.i.d. copies of
X. Then for any v € T, S, and S,, have the same law. Define M,, = maxi<r<n Sk and 7, = inf{k : S > u}.
We define also S} =S,, =S, = Xpjp1 + - + X,

2.2. Large deviations for classical random walks

The proofs of our results strongly base on large deviation estimates of the usual random walk. We recall
here Petrov’s Theorem [21]. Similar result was proved independently by Bahadur and Rao [5], but since we
need uniform estimates we follow here [21]. We state here slightly more general version that will be needed in
subsequent sections.

Lemma 2.1. Assume that the law of X is non-lattice. Choose p such that EX < p < poo, let a be the parameter
satisfying A'(a)) = p and let o = A" (a). Then

1
aoy2mn

_ (=pintnen)?

]P’[Sn_,_jn >n(p+ 5n)} ~ e—nA*(p)/\(a)jn e~ OMEn o o
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as n — oo uniformly with respect to

Vnlen] <0, =0 and |j.| < by/nlogn.

Proof. First let us recall Theorem 2 in [21] saying that

1 .
P[S, > n(p+ )] ~ men(fA (p)—aen— 2 (1+[a]))

827

as n — oo, uniformly for |e,| < 6, — 0. Replacing in the formula above (n,&,) by (n + jn, —% + %) we
obtain
, Pin nén
P(Sn+j, >n(p+en)| =P|Sut,, > n+ - — + .
[ n+jn (p n)] n+jn ( ]n) (p 7+ jn 7+ jn )]
—pintnen)?
oL N () gmalpiatnen) o~ ST
ao\/2n(n+ jn)
-~ 1 e—nA*(P))\(a)jn,e—ananefi(_pj;;f")z
aoV2mn
(—pintnen)?  (—pjntnen)?
The last line follows from the fact, that in the considered region e 20°(n+in) e 2020 converges uniformly
to 1 as n tends to oc. O
2.3. Large deviations for first passage times for random walks
The following Lemma was proved in [11, 16]
Lemma 2.2. If the distribution of X is non-lattice, EX < 0 and p = A’'(«) > 0 for some p, «, then
—A"(p)n
c(p)e
P[Tp, =n] = P[Mn_l <np, S, > np] ~ (p)\/ﬁ
Proof. The Lemma is just Theorem 2.3 in [11]. O
However, for our purpose a uniform version of this result is needed.
Lemma 2.3. If the distribution of X is non-lattice, EX < 0 and p = A'(«) > 0 for some p, «, then
c 670411"67/\* (p)n
Plrapta, =l ~ S (2.1)
uniformly as n — oo for any sequence a,, such that —Klogn < a,, < Klogn for some constant K.
If p = pg and o = «, then
. _ptin
P[?npo =n +.]n] ~ C(pO) 67A (po)ne 2o5m (2.2)

J/nNin

uniformly as n — oo for any sequence jn such that |j,| < by/nlogn for some constant b.

We omit the proof since it is very close to the arguments presented in [11]. Only a few places require some
minor corrections. Below in the proof we use similar techniques and we will explain in details the role of

uniformity.
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3. UNIFORM LARGE DEVIATIONS FOR T,

The aim of this section is to prove a stronger version of (1.8) with perturbed parameters. In the next section
we will use this result to deduce Theorems 1.1 and 1.2. To simplify our presentation we state both results
separately.

Proposition 3.1. For any p € (0, pso) and « such that ¥'(a) = p,

67aan67\11*(p)n

P(Tnpta, =n| =P[My_1 <np+ an, My, > np+a,| ~ C(p) Tn (3.1)
uniformly as n — oo for any sequence a,, such that —Klogn < a, < Klogn for some large constant K.
If p = pg and o = «, then
. C(po) —agn 7‘)8;3
P[Tnpo =n +]n] = Pwnﬂn—l < npo, My j, > npo] ~ e~ 0nPoe  2ogm (3.2)

Jn

uniformly as n — oo for any |jn| < byv/nlogn.

Before passing to the proof let us explain in more details the meaning of uniformicity in the statement of
the Proposition. Denote by L(n, a,) the left side expression in (3.1) and by R(n,a,) the right one. Then we are
going to prove for fixed constant K the following: for every ¢ > 0 there exists IV such that for all n > N and all
sequences {ay }, satysfying —Klogn < a,, < K logn we have

| e < Lnan)

3.1. Lower and upper estimates

Lemma 3.2. There are constants c1,co > 0 such that
e < \/ﬁeaanev{/*(ﬂ)np [Tnp-i-an = n] < ey (33)

uniformly as n — oo for any a, such that —Klogn < a, < Klogn for some large constant K.
Moreover, if p = pg and o = «v, then for cz,cqy >0

pajﬁ

c3 < \/ﬁeaoponezogn]p[Tnpo =n +]n} < ey (34)

uniformly as n — oo for any |jn| < bv/nlogn.

Proof. We prove here only the second part of the Lemma, i.e. (3.4). The first part (3.3) can be proved exactly
in the same way with obvious changes.

Step 1. Upper estimates. For v € T}, define
C’y = {M'Y‘7L+jn—1 g npOa S’Y > npO}

to be the event that the path from o to v exceeds npg for the first time exactly at v. Then

{Tnpo :n-l-jn} C U cy

YETn+j,
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and Lemma 2.3 implies immediately

P[Tnpoznﬂn}g]}»{ U cv}g > Pley)

V€T n+jy V€T n+jn

2.2

. _ P0In

ClTﬂJrJnl ce—opon, 20(2;:1
c edin

—appon ,  202n
_ e 0P0 e agn

vn

)

which gives the upper bound (3.4).

Step 2. Lower estimates. Unfortunately, to obtain the lower bound the way we need to pass is quite long
and tedious. The idea is quite simple and bases on arguments presented in [9]. We choose a sparse subset U of
T+j,, prove that the corresponding trajectories are almost independent and we apply Lemma 2.3. For a large
constant L (its value will be specified below) we define

U={v€Thtj,: ¥="n+jn-r (1,..., 1)}
——

L times

This is the set of elements of T}, ;,, whose last L indices are 1's. Note that |U| = N*Fin—L,
For v € U denote

W, ={y €T,,,, _.L—1 and ¥ is not an ancestor of v}.
Thus W, is the set of all elements of T, . _ 11 except those lying on the path between 7,4, and 7.
We define
6’7 =C,N{X, <0foraly e€W,}.
Observe

{(Tpo =1+ jin} D ( U 07> N{Mz,,, , <npo}> |J (@ N{Mr,,, < npo})
yeU yeU

Our proof consists of two steps. First we prove that (see step 2A below)

2.2
~ 61(L) —« n 7%

for £1(L) = cpr N~ and next (see step 2B below)

2.2

~ L _ P0oIn

PK U Cv) N{Mz,., . > npo}} < PP oo™, (3.6)
ot 2y/n
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Then combining (3.5) and (3.6) we obtain

P[Tnpo =1+ i) = P[( U (’l) N{Mr,,, , < npo}}

~yeU
= ]P’{ U 6’4 IP’K U 57) N{Mz,,, . > npo}}
yeU yeU
0252
51(L) X efaoponeimggz
2/

Step 2A. Proof of (3.5). We observe that by the inclusion-exclusion formula

]P’[ U @} >Y P(C) - > P(C,nCy). (3.7)

=1 ~yeU v, €EUNAEY
Since S, and X,/ for v/ € W, are independent
P(év) =pLP(Cy),
for

pL :P|:X’y/ <Oforally e W,| =P[X; < O]\Ww\ > 0.

We prove that the sum of intersections in (3.7) is of smaller order. For this purpose we group all ~" € U depending
on the level of the first common ancestor with 7. Given k < n+ j, — L + 1 there are N"+»—L=F yertices v/ € U
such that |y A 4’| = k. Therefore, applying the Markov inequality (with some 8 such that ¥(8) < 1), we have

> P(CnCy)=p. Y, P(C,NCy)
VY EUNFY vy EUNFEY
n+jn—L—1
<pr Z Z IP’[C&, N {S,|, < npo and S, > npy for some v’ € U with [y Ay| = k}]
yeU k=0
ntjn—L—1
Spry, Y, NUTERPICP(Snig,—k > 0]
yeU k=0
n+jn—L—1
<pry P[CINTE Y gyt
yeU k=0
<pLOAB)" ) P[C].

yeU

Therefore by Lemma 2.3, for large L such that e;, = CprA\(B)F < 1/2,

]P’{ U cv} >(1-e1) ) P[Cy]
yeU yeU
2.2
pL|U| —aopone_%%
~ 2\/nNntin

2.2
_ PoIn
> 51(L) . e @opom 2a§n

= \/ﬁ )
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which proves (3.5).

831
Step 2B. Proof of (3.6). Pick any amin < < ag. Define 71 =
¢ such that 7o < 1. We define

_ 2®
Aao)

=9Y(B) <1and n = ne®@ =8 Take

VoL = {8y, <npo—9d(n+j, —k) forall k <n+j, — L}
for v € U and estimate

(3.8)
EI{( U 57) n {MT tin-1 2 npo}] S Nn+jn_LP[57 N {MT tin-1 2 nPOH
yeU
< N E (PG, N VE L] +PIC, N Va0 {Mr,, > npo}] )
In the next steps we estimate separately the probabilities above.

Step 2B;. We prove that for any L > 0

- Cprk PRz,
]P)[ny N V’yC,L] = pL]P)[CA/ N V,YC’L] < fT]\T:Le_aopone 208n
for some xk; < 1 and C > 0.
We write

(3.10)

P[C,NVSL] <P [Snyj, > u, Sk > npo — 6(n + jn — k) for some k < n+ j, — L]
7l+jn_L
< Z P [Sn+j, > npo, Sk > npo — 6(n + jn, — k)]
k=1
n+jn—L oo .
< Z ZIP’ [SkJrSZi;:_k > npo,m < Sk —npg + 6(n + 5, — k) <m+1}
k=1 m=0
n+jn—L oo

S'ﬂ"rjn
n+jn—L oo

n+jn
k=1

< > ZP[Sk>nPO—5(”+jn—k)+m]P[
k=1 m=0

> 0 — ) = (m+1)]
m=0

> P[Sk > npo — 6(n+ jn — k) +m]P[Snij, k> 0(n+jn — k) — (m+1)]

Fix K > 0 such that & 8" < —L
independently.

2
_ pob
—5a for d = 207

. We divide the sum into two terms and study both of them

Case 1: We first consider indices k < n + j, — K logn. By the Markov inequality
n+jn—Klogn oo

S D PS> npo — 8(n+ jn—k) + mP[Snyj,—k > 6(n+ jn—k) — (m+1)]
k=1 m=0
n+jn,—Klogn
<

)\(ao)ke*aoponeao5(n+jn*k)A(ﬁ)ﬂJrjn*ke*ﬂ5(n+jn*k)
k=1 m

oo
Z efozomeﬂ(erl)

=0
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—« n n+jn—Klogn — n
Ce 0P0 ntjin—k Ce 0Po0 Klogn
S 2 < 12

Nn+in Nn+in
k=1

e~ opon _ p%ji
15} e 20%71
\/ﬁNn+]" ’

Case 2: Consider n + j, — Klogn < k < n+ j, — L. By Lemma 2.1 and the Markov inequality

n+jn—
E E P[Sk > pno — §(n+ jn —k) + m| P [Spyj, —k > 0(n+ jn —k) — (m + 1)]
k=n+j,—K logn+1 m=0
ntjn =L ‘ (po =) +8(ntjn =) —m)? ‘
<O § ' § \ka e~ @0pon ,aod(ntjn—k) ,—aom 202n e~ B3(n+jn—k) Bm)\(ﬁ)n-&-h—k
k=n+jn,—Klogn+1m<nl/4
n+jn—0L 1
+ C § § Nk efaopgneoz()&(njt]nfk)efaom . €7ﬁ6(n+j"7k)€ﬂmA(ﬁ)n+j"7k
k=n+jn,—Klogn+1m>nl/4
. f’ Jn
Ce_aopon n+jn—L . 200
< nn+]n_k 6—(040 B)m + e—(ao B)m
= Nntin Z 2 Z Z
k=n+j,—K logn+1 m<nl/4 m>nl/4
_ p%;‘% I 2.2
—Qopon 205N _ PoJ
067 . 77L e ° 4 e—(ao—ﬁ)n1/4 < C#e—aopone 2032 )
=N Nntin 2 vn = /nNnin

This proves (3.10).

Step 2B5. Now we are going to prove

2.2
P5in
Cleiz —fo

[C nViyLn {MTn+J 1> npo}] /nNntin e 0rme g (3.11)

We have

]P’[éay NVyrN {MTan—l > npo}} < ]P’[év NVyrN {Svr > npo for some |y Ay <n+ g, — LH

n+jn—L oo
<pr Z Z]P’[C',, N {C’W<u_5(,L+jn_i) and S|, > pon for some |7/| = k and |’y A (’y|i)'y'} = z}]
i=0 k=1
n+jn—L oo
<pr Y. ZNk P[Sk > 6(n + jn — i)]
1=0 k=1
n+Jn—L oo
< pLP[C Zw k e—B(ntjn—i)
=0 k=1
n+jn—L o
< C’pLP[CA,] Z e~ BO(n+in—i)
i=0

< Cpr(e ") P(C,).
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Step 2Bj3. Estimates (3.9), (3.10) and (3.11) imply that for some k3 < 1

o CpLIigl:‘ _%2]1
—« n osn
P|: U C’y N {MTn+jn—1 > ’I’Lpo} < NL\/ﬁe 0PON e 203
yeU
2.2
< Me*aoponei%
vn
and choosing large L such that C’n% < 1/2 we conclude (3.6) and complete proof of the Lemma. 0

3.2. Proof of Proposition 3.1

The proof of the asymptotic behavior relies again on the block decomposition. We focus here on the proof of
(3.2). Fix large L and consider the family of N"*J» =1 disjoint sets T., , for v € T,,4;, . Given such a ~y define

B’Y;L = {M’Y < npOaMT'y,Lfl < np07MT’YyL > Tlpo}

= max S, <nmpg, max S, <npg, m
{ksnﬂ'wL e S0 I 7T "y

2% 8,0 > o} (3.12)

This is the event that on the path from o to v and in the subtree T, ;_; the value npy is not exceeded, but
S > npo for some v' € T, 1, C Ty4, . The set T, 1, consists of NI elements and the corresponding paths from
the root are dependent. The following Lemma is the main step of the proof.

Lemma 3.3. There exists Ly such that for any fized L > Lo and any v € Ty4j, L

CCL pgj’%

B(Byr) ~ Jonmemre e

as n — oo uniformly for |j,| < by/nlogn, where Cp, = E[(eaﬁL — e“”[L*1)+}

Proof. Observe first that for fixed v € T),4;, -1 we have

IP[MT%Lf1 < npo, Mr, , > npo]
=P [M, > npo, Mz, ,_, < npo, Mz, , > npo
+P [M, <npo, Mz, ,_, <npo, Mz, , > npo|
=P[M, > npy, Mz, , , <npo, Mz, , > npo] +P[ByL].

Step 1. Notice that

L P2j72L
nN?TIn=

P [My > npo, Mz, , > npg] <

where § = ¢(8) < 1 provided 8 < ag. Indeed, by Lemma 3.3 in [11] (appropriately modified), for some fixed
[76| = L we have

P [M7 > npo, Mt , > npo] =P [ max S|, > npo, lng

ax S~ > npo
k<ntjn—L ~l=r 7

L
< N&P {kgﬂ?ﬁf—LSVlk > npo, SV“/(,) > np0:|
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L _rdia
_ s e~ @opon 202n

\/,ﬁanL
which proves (3.13).

Step 2. Thus, in order to prove the Proposition, it is sufficient to show that for some large fixed L

2.2
OCL _ ,Poén
P []\411‘%1471 S Tlpo,MT%L > npo] ~ Wg QOPON o 208n

We write

]P)I:MT—y,L—l < npo, Mr, , > npo] =P [Sv < npg — ni,]\/[qr%L_1 < npo, M, , > npo}

-HP’[npo _ni <8, < npo, Mt ,_, < npo, Mt , > npo, lmlaXL Sy > nﬂ (3.14)
Y= ’

—HP’[npo —ni < S, <mnpo, Mt ,_, < npo, M, , > npo, H/laXL Sy < nﬂ
We prove that the first two terms are negligible and one needs to consider the asymptotic behavior of the third
one.
To estimate the first summand fix § > a and observe that by Markov’s inequality with functions e*°® and
e’ for fixed |y/| = L we have
1
B[S, <npo —nt, Mr, , > npo]
1
< NF Z P [—(m +1) <Spij,—r — (npo —n) < —m, Spyj, > nPO}
m=0
m=0

< NT Z P {San_L > npo —ni — (m+1)] P [SL > n% +m}

. 1 1
< NL Z )\(ao)nJr]n*Le*Oéopo’ﬂeOéon‘l 6ag(m+1)A(B)Lefﬁn4 6fﬁm (315)
m2>=0

_ e—aoponNL—n—jne(oco—ﬁ)n% A(QO)_L)\(B)L Z eao(m—i-l)e—ﬁm

m2=0
1 ,PSJ;L
_ —aoppon, 202n
The same argument proves
1 1 1 _p%j%
I , 3] — —Qppon 202n
P[S, > npo n4,|zyr/1‘a=>§:5'7 > ni| O(\/ﬁNn-irjn—Le e %% > (3.16)
Finally we write
]P’{npo i< Sy <npo, Mt ,_, < npo, M., , > npo, lm‘aXL Sy < n%}
: b
(3.17)
= /  Plnpy —x <Spyj, -z <npo—y]P [ max S, €dy, max Sy € dx] .
oyLe<n4 |’Y/‘<L_1 "Y":L
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Now we apply Lemma 2.1

p%j%

P (Snij.—1 = npo —y) ~ C(pp)e *0ronN=(nHin=bleaove 2efn,

Analogously

B[Suj, 1 > npo — o] ~ Cpo)e 20rm N~ (mhin =) goare " 2ege

Back to (3.17) we end up with

1
Pinpo —nt < Sy <mnpo,Sy+ max Sy < npo, n/l‘aixL Syt > npo,

1
max S, < n4}
|y |<L—1 [y =L

Iy
2.2
__P0In J—
- C(pO) e~ Q0PoT zggnE (eaML _ eOtML—l)
J/nNnFin—L 4

Note that by the moment assumptions the expectation above is finite, hence we conclude the Lemma. O

Proof of Proposition 3.1 — formula (3.2). We apply Lemma 3.3 and proceed similarly as in the proof of
Lemma 3.2 i.e. we divide all the elements of 75, ;, into disjoint sets and use strongly that

{Tnpo =n +.7n} - U Bv,L7

YETntjp—L

for B, 1, defined in (3.12).
We will prove that for any € > 0 there is a constant C';, depending on the parameter L, that will be specified
below, and such that

p%ji
Cr — e < liminf P[r,,,, = n + jn] - \/nevorong2agn
n—oo
252 (3.18)
<limsup P10 =1+ Jin] - \/neorone2egn < O 4 e,
n—oo
Then, passing with € to 0 and applying Lemma 3.2, we obtain
Pgin
lim P70 = 1+ jn] - VRE*P"e275" = C,
n— oo
for some C € (0, 00).
Our proof consists of two steps. First we prove that
2.2
e __P0In
R [
n

’YeTn+jn—L 'YeT”‘an*L
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which in view of Lemma 3.3 entails

2.2
PoIn
. . 2
cr, —€/2 < hmlnf]P’{ B%L} - \/neforoneg2ogn
n— o0

YE€Tn4j,—1

2.2
PoIn
< limsupIP’{ U B%L} . \/ﬁeaf’p""ez”gn <CL+¢g/2
n— o0
VE ntjn—1
Next we show

pdin
P|: U B’Y,L ~ {Tnﬂo =n +]n}:| < %e—aopone g, (320)
"YETn+J'n—1
Thus, (3.19) and (3.20) imply (3.18) and the main result
Step 1. Proof of (3.19). By the inclusion-exclusion formula
([ U |- X RBalc Y EBanBul
YETn+j, —L Y€ n+jn—L

VY €T ntjn—LYEY
Choose 3 such that ¥(8) < 1, then the Markov inequality entails

n+jn—L—1
> P (B, N By 1]

VsV €T ntjp —LYEY

’YeTn+Jn L k=0
n4+jn—L—1

< 2 X 2

P\ B,y N {Sﬂk < npp and MT—y’,L > npo}}
Y€Tntjn—L k=0 {W'ETnﬂ'n—L? [yAY'|=k}

P[By.1 N By, 1]
{V €Tntjp - ANy |=k}

n+jn—

< Z Z Nn-i—jn—L—kNLP[B

V’L]P[Sn+jn7k > 0]
YETn+jy—1L

n4+jn—L—1 ‘
< ) PBl ) Wt
-

YETn4jn—L

SOPB) - Y PByl

'YGTn-FJ'n —L

which proves (3.19).

Step 2. Proof of (3.20). We proceed as in the proof of Lemma 3.2. Recall the definition of V, 1. given in (3.8)
Then for some v € T4, -1

1@{ U B%L\{Tnpoznﬁin}}zp[ U

V€T ntjn—1L

B'YaL N {Mn+j7l_1 > npO}:|
Y€ ntjn—1L

= N"t=LP[B, N { My, -1 > nPo}]

Nk (BB, L A VS L] + P[Byn N Vo 0 {Mag,-1 > npo}] )
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Reasoning as in the proof of Lemma 3.2 (see the proof of (3.10) in step 2B;) one can prove
P[B,,L NVSL] < CkiP[B, L] (3.21)
and (see the proof of (3.11) in step 2B5)
P[By, NVy,p N {Myyj,—1 >u}| < CriP[B, 1]. (3.22)
Combining (3.21) with (3.22) we obtain (3.20). O

4. PROOFS OF THEOREMS 1.1 AND 1.2

4.1. Law of large numbers for 7,

The law of large numbers follows essentially from the following Lemma

Lemma 4.1. Assume that V(ag+¢) < oo for somee > 0. Let ng = n, —by/ny logn,, and ng = n,, +by/ny, logn,
for ny, =wu/po. Then for any § > 0 one can choose large b > 0 such that

Plr, < ny] < Ce™%0uy=° (4.1)
and
Plr, > ny] < Ce™ %04y =0 (4.2)

Proof. Taking v some fixed elements of T,,, and applying the Taylor expansion

2
U(owp +€) + pe + %W’(s)

for s € [ap, ag + €], we obtain

vl vl
PMy >ul <Y PGk >ul <Y AMag +¢)Fe (@0t
k=1 k=1
C(e)N"’”w(ao + 6)|’Y|e—(040+€)u
C(

E)N*W‘e\’ﬂ(€P0+C€2)67(ao+e)u.

Therefore choosing € =

o™ (epo +ca2)e—(ao +e)u
e(nu=bvnuTogna)(epotee?) ;= (ao+e)u

6(527176;)0) log Ny, —Qou

C
C
C
C

INCINCIN NN

for appropriate large b.
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The proof of (4.2) is similar, but instead of A, one has to consider {S,; > u for some k > ny} for some
infinite path ~. O

Proof of Theorem 1.1 — LLN. The result is a direct consequence of even stronger result, namely using (1.5) and
Lemma 4.1 we see that for any ¢ > 0 and large u

P{ZL >ETu<OO:| ]P’[Tu<u O—E|Tu<OO]+IP[Tu>’U,(p0+€’Tu<OO]
g]P’[Tu <n1|7u < oo] +]P>[Tu >n2|7u < oo]
<Cu™?

4.2. Central limit theorem for 7,

Proof of Theorem 1.1 — CLT. Fix y € R and choose b as in Lemma (4.1). Let n = u/py. Then applying
Lemma 4.1

P[oopi;g?ﬁ < y} ~P[n—by/nlogn < 75, < n+oopy vyl
0
- Z P[Tpon =1+ 7]

—by/nlogn<j<oopy vy
2 N2
_Po_(_i
~ (e~ @opon § 1 e 203 (ﬁ)
n
7b\/nlogn<j<agpgl\/ﬁy

Observe that the last expression is just the Riemann sum, thus

o0y

]P|: _1/1'/p0 <y:| Nce—aopon/po 67%(’;0) dS—Cl —aoU@( )
900 *Vu -

o0

O
4.3. Large deviations of 7,
Lemma 4.2. If p > po, then
1 _vw,
P[My,-Diogn, > u] =P[My > u for some k < n, — Dlogn,] = 0(\/ae Z > (4.3)

for appropriately large constant D.
If p < po, then

1
P[My, > u for some k > n, + Dlogn,] =o( —e™ " » “ ). (4.4)
N
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Proof. We prove only the first part of the Lemma i.e. (4.3), the second one requires similar arguments. By the
Markov inequality for € > 0 we have

Ny, —D logn,, Ny, —D logn,,
P[Mn, —piogn, >u]l < > PMy>u< > Y PS>
k=1 k=1 yETY,
Ny —D logny, Ny —D logn,

N

S ONPSe>u< > NFA(ate)ler ot
k=1 k=1

Ny —D logn,,
< E e‘l’(a—i—e)kke—(a—&-a)u.
k=1

Now we expand ¥ into a Taylor series

62

U(a+¢e) = V(a)+ pe+ E\I/”(s)

for some s € [+ a + €] and choose e = 1//u. Then

P[M,-Dlogn, > u] < Ny el (@ Fpetes?)(nu=Dlogny) o= (ate)u

1 ¥ (p)
< Ce 2. nifD\Il(oc) _ O(\/ﬁé-p”u)
u

for appropriately large D. O

Proof of Theorem 1.2. First we prove (1.8). Take ©(u) = n, — [ny]. Then by Proposition 3.1

Pl7u = [nu]] = P[T(n, Jprop = [1u]]
Ce—2O9W)po¥" (p)[nu]

V I_nuj P

Cp(a)=®W v,

~N — P

Vi

~

Now, Lemma 4.2 and Proposition 3.1 entail

Plry < my) ~ ]P’[nu — Dlogn, <1, < nu]
D logn,,

> Plru = |nu] - 4]

=0

D log n.,
> Plrna-ie+©@-ie = [nul = J]
=0
Dlog nu =T () ([nu)—d)
~ Z C@)g&@(@ﬂ)ﬁf
=0 p([nu] = J)
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Clp)p(a) O _wrw, EN
~N ——— P w(a) j
" =

1 e,

~ BOZRD) ()0 =5,

B

which proves (1.6). Analogous arguments can be used to prove (1.7). We omit details O
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