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MULTIPLICATIVE ERGODICITY OF LAPLACE TRANSFORMS
FOR ADDITIVE FUNCTIONAL OF MARKOV CHAINS

Loic HErRVEY?3, SANA LouHIicHI* AND FRANCOISE PENE®"

Abstract. This article is motivated by the quantitative study of the exponential growth of Markov-
driven bifurcating processes [see Hervé et al., ESAIM: PS 23 (2019) 584-606]. In this respect, a key
property is the multiplicative ergodicity, which deals with the asymptotic behaviour of some Laplace-
type transform of nonnegative additive functional of a Markov chain. We establish a spectral version
of this multiplicative ergodicity property in a general framework. Our approach is based on the use of
the operator perturbation method. We apply our general results to two examples of Markov chains,
including linear autoregressive models. In these two examples the operator-type assumptions reduce
to some expected finite moment conditions on the functional (no exponential moment conditions are
assumed in this work).
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1. INTRODUCTION

Let (X, X) be a measurable space, let (X, )n>0 be a sequence of random variables taking their values in X,
and finally let £ and k be two measurable functions on X with values in [0, +00) and in N* (the set of positive
integers) respectively. Define

Vn >0, S,:= ang(xk). (1.1)
k=0

The authors in [13] investigated the exponential growth of some branching processes, for which the process
(Xn)n>0 is used to describe the model, while £(-) and k(-) are seen respectively as lifetimes of cells and as
numbers of new cells (see also [19]).
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This exponential growth is defined in [13] provided that the two following quantities are well defined and
finite

v:=inf{y >0, G(y) <oo} and C,:= lim

1.2
i TG +) (1.2)

with G : [0, 400) =0, +00] defined by G(v) := 3", <, 9gn(7), where g,(7) is expressed in terms of the following
Laplace-type transform of S, B

gn(7) = E 1:[ K(X;) | (5(X,) = 1)e 7S
3=0

The following notion of multiplicative ergodicity, introduced in [16, 17], has proved to be efficient in [13] to
study the finiteness of v and the existence of C,,.

Definition 1.1. Let 73 > 0. We say that (S, k(X,))n is multiplicatively ergodic on J = [0,71) if there exist
two continuous maps A and p from J to (0,+00) such that, for every compact subset K of (0,71), there exist
Mg > 0 and 6 € (0,1) such that, for every n > 1,

Vy e K, [gn(v) =AM (p(M))"| < Mk (p(7)0x)". (1.3)

When «(+) is constant, we simply say that (S, ), is multiplicatively ergodic on J.

Let us briefly explain why this definition is of great interest for obtaining the finiteness of v and C, (see in
[13] for details). Assume that (S,, k(X,)), is multiplicatively ergodic on J = [0,71). Then

— For every v € J we have: G(7) = 3,5 gn(7) <00 < p(7) < 1.
— For every compact subset K of J, we obtain from the definition of v in (1.2) that

Aly) | Mk
L=p(y)| = 1=p(n)0k

Vy e KN (v,+00), |G(y)—

— v < means that v =inf{y e J : p(y) <1} <.
— If moreover p is differentiable at v with p(v) = 1 and p'(v) # 0, then

— L i - _
Cy = %E)%,y_‘_VG(V""Y) vp' (V)

: (1.4)

Throughout this paper (X,,), is a Markov chain on (X, X’) with Markov kernel P(z,dy), invariant probability
m, and initial probability p (i.e. u is the distribution of Xj). In this context, the multiplicative ergodicity can
be investigated via the spectral behavior of Laplace-type operators associated with (P, ,£). Indeed an easy
induction gives (see [13], Sect. 2.2 for details)

Yn>1, gu(y) =p (ke PP (Phys)) (1.5)
where hy, ., = (/-i - 1) e~7¢ and where P, is the nonnegative Laplace kernel on X defined by

VeeX, Py(z,dy):=r(y)e @ P(z,dy). (1.6)

In others words P, acts on functions h : X —C as : Pyh := P(hke 7).
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The purpose of this work is, first to present operator-type assumptions on the Laplace kernels P, ensuring
that the multiplicative ergodicity holds, second to apply this approach to two Markov models. Actually the
kernels P, are assumed to continuously act on some suitable Banach space B and to have on B some nice
spectral properties involving the spectral radius r(y) of P, and the associated eigen-projector (see Hyp. 2.1).
Those assumptions, together with perturbation-type hypotheses (see Hyps. 2.3 and 2.3*), are needed in order
to study the behavior of the iterated operator P and to deduce from (1.5) that v is finite and is given by (see
Thm. 2.4)

v =inf{y >0, r(y) < 1}.

The existence and the finiteness of C,, are discussed in Theorem 2.5.

Our spectral approach is based on the quasi-compactness property and on the method of perturbation of
operators. This method, introduced by Nagaev [21, 22] and by Le Page and Guivarc’h [8, 18] to prove a wide
class of limit theorems (central limit theorem, local limit theorem, large and moderate deviations principles), has
known an impressive development in the past decades (e.g. see [3, 11] and the references therein). Unfortunately,
since no exponential moment condition on £ is assumed in this work, the classical perturbation method does not
apply in general in our context to the family of Laplace operators (see Rem. 2.2 for details). Instead, through
our Hypotheses 2.3 or 2.3*, we use the Keller and Liverani perturbation theorem [1, 15] which involves several
Banach spaces instead of a single one (e.g. see [14] and the references therein). The fact that we work with
several spaces complicates our study compared to the classical approach. This is the price to pay for obtaining
the multiplicative ergodicity property in Markovian models under weak moment assumptions on &, as illustrated
in our instances presented in Theorems 5.1 and 6.1.

Further complementary discussions and reductions of our operator-type hypotheses are addressed in Section 3,
especially when the spaces involved in those hypotheses are assumed to be Banach lattices. The proofs of the main
Theorems 2.4 and 2.5 are given in Section 4. Finally we present in Sections 5 and 6 two applications, namely
two Markovian examples satisfying our Hypotheses 2.1 and 2.3 (or 2.3*), thus the multiplicative ergodicity
property of Definition 1.1: the first one is derived from Knudsen gas (Thm. 5.1); the second one concerns the
linear autoregressive processes (Thm. 6.1). These two theorems, already used in [13], are obtained under weak
integrability assumptions on the observable £ (the lifetime).

2. NOTATIONS AND MAIN RESULTS

For any normed complex vector spaces (Bo, || - ||8,) and (Bi, || - ||5,), the space of continuous C-linear operators
from By to By is written £(By, B1). We endow the space L£(By, B1) with the operator norm || - ||5,,5, given by

vQ € £(BO’81)5 HQHBO:BI = sSup HQf”Bl
f€Bo, IfllBy=1

If By and B; are the same Banach space (say B to simplify), we simply write (L(B), || - ||5) for (£(B,B),] - |5,8)-
If Q € L(B), then we write o(Q) for the spectrum of Q:

o(@):={AeC : (Q— AI) is non invertible},
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where I denotes the identity operator on B. The spectral radius of @ (resp. its essential spectral radius) is
denoted by r(Q) (resp. 7ess(Q)). Recall that

r(@Q) = lim [Q"|§"

n—-+oo

Tess(Q) = sup{|A| : A € C and (@ — A1) is non Fredholm}

Gl dnf Q" = Fllg

where K(B) denotes the set of compact operators on B. Finally the topological dual space of B is denoted by
(B*,|| - llg+), and the adjoint operator of @ is denoted by Q*. Recall that @ and Q* have the same norm in £(B)
and L(B*) respectively. They also have the same spectrum (thus the same spectral radius), as well as the same
essential spectral radius.

With the notations introduced in Introduction, the Laplace kernels (P, ), are given by

Vv € [0,400), Py f = P(ke "*f) and Psf = P(k1lie—oyf). (2.1)

Since the action of P, is considered latter on several Banach spaces, the notation P,z will sometimes be used
in order to indicate that the action of P, is considered on B. Finally L!(r) = L*(X, X, ) denotes the usual
Lebesgue space on (X, X') associated with the stationary distribution 7 of P.

Hypothesis 2.1. Let B be a Banach space composed of functions on X (or of classes of such functions
modulo the 7-almost sure equality) such that B C L!(7). Let J be a subinterval of [0,+o0c]. We will say
that Hypothesis 2.1 holds on B and J if, for every v € J, P, continuously acts on B and if

(i) r(y) =r(Py5) > 0, and P, is quasi-compact on B (i.e. ress(Py5) < (7))
(ii) r(vy) is the only eigenvalue of modulus r(y) for P,, and r(y) is a first order pole of P, with moreover
dim Ker(P, — r(y)I) = dimKer(P, — r(y)I)? = 1.

Under Hypothesis 2.1, we know from the spectral theory (e.g. see [11], Prop. XIV.2) that, for every v € J,
P, has the following spectral gap property: there exists a rank-one projector I, € £(B) (i.e. the eigenprojector
associated with the eigenvalue (7)), and some constants 6, € (0,1) and M, € (0,400) such that

Vyeld, VfeB, ||Prf—r()"Lf]z < My (6,7(9)" [ f]s. (2.2)

If moreover u(rke= %) € B*, P(hy~) € B, and B(y) := u(r e 7*IL,(Phs_)) is positive, then we deduce from
(1.5) that (1.3) holds with A = B/r and p = r in the specific case K = {v}.

Remark 2.2. To establish the multiplicative ergodicity of Definition 1.1, further regularity properties are
needed. Due to (2.2), a natural way is to apply the perturbation theory of linear operators. Unfortunately, the
classical operator perturbation method [8, 9, 21, 22] does not apply to our context. Indeed, because we do not
assume any exponential moment condition on £ (contrarily to the above mentioned papers), the map v — P, is
(in general) not continuous from (0, +00) to L£(B). For instance, for linear autoregressive models (Thm. 6.1), we
will work with Banach spaces B, = Cy.« linked to some weighted-supremum Banach spaces. For the Knudsen
gas (Thm. 5.1), we will work with B, = L%(n). In these two cases, the map v — P, is not continuous in general
from (0, +00) to L(B,), but only from (0, 400) to L(B,, By) for a < b for the linear autoregressive models (and
for b < a for the Knudsen gas). This is the reason why we use below the Keller-Liverani perturbation theorem
[1, 15]. The price to pay is to consider a chain of Banach spaces instead of a single one.

In view of the previous remark we introduce two sets of hypotheses which are nothing else but the assumptions
of the Keller-Liverani perturbation theorem when applied, first to the family (P,), (Hyp. 2.3), second to the
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family (PJ), (Hyp. 2.3%): both of them will be relevant for our examples in Sections 5 and 6 (Knudsen gas and
linear autoregressive model). Below the notation By < B; means that By is continuously injected in Bj.

Hypothesis 2.3. Let By and B; be two Banach spaces, let J be a subinterval of [0, +00]. We will say that
((Py)~eg, Bo, B1) satisfies Hypothesis 2.3 if

— By — By,

— for every v € J, P, € L(By) N L(B1),

— the map v — P, is continuous from J to £(By, B1),
— there exist ¢y > 0, dop > 0, M > 0 such that

VV € Ja Tess (PV‘BO) < 60 (233)

Vy €, Vn>1, Vf € By, [IP]flls, < co(d5lflls, + M f]l5,) (2.3b)

Hypothesis 2.3*. ((P,)~es, Bo, B1) satisfies all the conditions of Hypothesis 2.3, except for (2.3a) and (2.3b)
which are replaced by the following ones:

VV € J, Tess((P;)wI) < 60 (2.4&)

Vyed, vn =1, VT e By, [(P))"f]

B; < co(dg ]l f7]

sy + M"[|f*8;) (2.4b)

Hypothesis 2.3* can be seen as a dual version of Hypothesis 2.3, but it is worth noticing that the conditions
(2.4a) and (2.4b) cannot be deduced from (2.3a) and (2.3b) (and conversely). Under Hypothesis 2.3 or 2.3* we
define the following set:

Jo:={yeJ:r(y)>d} (2.5)
Finally recall that we have set hy , := (K — 1) e 7%,

Theorem 2.4 (Existence of v).
Let By < B3 < LY(7) be two Banach spaces such that 1x € By, let J be a subinterval of [0, +oc]. Assume that
((Py)yeg,Bo, B3) satisfies either Hypothesis 2.3 or Hypothesis 2.3%, and that

e Hypothesis 2.1 holds on Jy and B := By under Hypothesis 2.3
e Hypothesis 2.1 holds on Jy and B := B3 under Hypothesis 2.3*.

Then, setting r(7y) := r(Pyg) for every v € J, we have

Vv € J, limsupr(vy) < max(do,r(70)), (2.6)
Y0

and the function v — r(v) is continuous on Jy. Moreover there exists a map v — II, from Jo to L(B) which
is continuous from Joy to L(By,Bs) such that, for every compact subset K of Jo, there exist 0k € (0,1) and
Mg € (0,+00) such that

Vye K, VfeB, |[PIf—r()"Lf|z< Mg (0xr()"f]ls. (2.7)
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Consequently, under the previous assumptions, the following assertions hold:

(i) If the maps v +— Phy -, and v — p(ke=7%:) are continuous from Jo to By and to Bj respectively, and if
Vy € Jo, w(41x) >0 and B(y):=p (ke I, (Phyy)) > 0, (2.8)

then, under P, (S, K(X,))n is multiplicatively ergodic on Jy with A(y) := f((;’)) and p(v) = r(v).

(11) If moreover inf r(y) <1 < sup r(v), then, under P,, v is finite and
YE€Jo ~y€eJo

v=inf{y>0:r(y) <1} (2.9)

Formula (2.7) can be interpreted as a spectral multiplicative ergodicity property.
To prove the existence of C,, we reinforce our assumptions by considering a longer chain of Banach spaces.

Theorem 2.5 (Existence of C,).
Assume m(€ > 0) > 0. Let By < By < By < By — LY(7) be Banach spaces containing lx and let J be a
subinterval of [0,400]. Assume that one of the two following conditions holds

(a) Either: fori=0,1,2, ((Py)yes,Bi, Biy1) satisfies Hypothesis 2.3, and Hypothesis 2.1 holds with (Jo, B;); in
this case we set B := By.

(b) Or: fori=0,1,2, (Py)yes, Bi, Bix1) satisfies Hypothesis 2.3%, and Hypothesis 2.1 holds with (Jo, Biy1); in
this case we set B := Bs.

Assume moreover that the map ~y + P, is continuous from J to L(B;,Bit1) for i € {0,2} and C* from J
to L(B1,By) with derivative P f = P.(=£f) (f ~— &f being in L(By,Bz)). Then (2.7) holds with C*-smooth
maps y = 7(v) 1= r(Py ) and v = 1L, from Jo into R and into L(Bo, Bs) respectively. Consequently, under the
previous assumptions, the assertions (i)—(ii) in Theorem 2.4 can be specified and completed as follows:

(i’) If the additional assumptions in Assertion (i) of Theorem 2.4 hold with the present spaces By and Bs,
then the functions A(-) and p(-) :=r(-) are C'-smooth on Jy.

(i4°) If moreover inf. e s, 7(v) < 1 < sup, ¢y, 7(v) and if r'(v) # 0, then the constant C,, of (1.4) is well defined
and finite.

Assertions (¢) and (#¢) in Theorem 2.4 and 2.5 follow from formula (1.5) (see the remarks after Def. 1.1)
and from the respective first part of these two theorems. The proof of the first part in Theorems 2.4 and 2.5 is
presented in Section 4.

Note that the two above results require, not only to check the spectral property (2.3a) (or (2.4a)) and the
Doeblin-Fortet inequalities (2.3b) (or (2.4b)), but also to prove (2.8) and moreover 7/(v) > 0 in Theorem 2.5.
This is discussed in the next section.

3. COMPLEMENTARY RESULTS ABOUT THE PREVIOUS HYPOTHESES

Recall that the spaces linked to Hypothesis 2.1 in the assumptions of Theorems 2.4 and 2.5 are contained in
L' (7). In this section we investigate Hypothesis 2.1 and condition (2.8) by using some assumptions involving
the notion of positivity and non-negativity on such a space (or on its dual space), as defined below. Moreover
we give complementary results on the spectral radius () of (P,)|s for some Banach space B.

Definition 3.1. Let B be a Banach space composed of functions f : X — C (or of classes of such functions
modulo 7). If f € B is a class of functions, we say that it is non-negative (resp. positive) if one of its representant
is so. We say that it is non-null if the null function is not one of its representant. An element ¢ € B* is said
to be non-negative if for every non-negative f € B, we have ¥(f) > 0. An element ¢ € B* is said to be positive
if for every non-negative non-null f € B, we have ¥(f) > 0.
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Hypothesis 3.2. For every ¢ € B, ¢ > 0, ¢ # 0, there exists v € B*, ¢ > 0, such that ¥(¢) > 0. For every
W e B*, 1 >0, # 0, there exists ¢ € B, ¢ > 0 such that ¥(¢) > 0.

Hypothesis 3.3. Let J C [0, +00] be such that: Vy € J, P, € L(B). For every « € J such that r(y) > 0, the
following properties hold: if ¢ € B is non-null and non-negative, then Py¢ > 0 (modulo 7) and every non-null
non-negative ¢ € B* N Ker(P} — r(y)I) is positive.

Note that Hypothesis 3.2 is quite general. Let us recall the definition of a Banach lattice.
Definition 3.4. A complex Banach space (B, ] - ||5) of functions f : X — C (or of classes of such functions

modulo 7) is said to be a complex Banach lattice if it is stable by | - |, by real part and if

VigeB, f(X)Ug(X)CcR = min(f,g), max(f,g) € B,

VigeB, fl<lgl = [flls=1flls<lglls =119l ls-

Such a space satisfies Hypothesis 3.2. Classical instances of Banach lattices of functions are the spaces
(LP(m), || - Ip) and (By, || - [|v) (see (5.1) and (6.5)), as well as the space (L>(X),] - |c) composed of all the
bounded measurable C-valued functions on X, and equipped with its usual norm || f||oc 1= sup,ex | f(2)]-

3.1. About Hypothesis 2.1

Proposition 3.5. Let J be a subinterval of [0,+00] and let B be a Banach lattice (as described in Def. 3.4).
We assume that Hypothesis 3.3 holds, that B C L!(w), and that for every v € J

(i) Py, € L(B), 7(y) := r(Py) >0, and P, is quasi-compact on B,
(ii) for every f,g € B with f >0, Pyf =r(v)f and Pyg =1r(v)g, we have g € C- f,
Assume moreover that the Markov kernel P satisfies the following condition: 1 is the only complex number A of

modulus 1 such that P(h/|h|) = Ah/|h| in LY(7) for some h € B, |h| > 0 (modulo 7). Then Hypothesis 2.1 is
fulfilled with J and B.

Proposition 3.5 follows from standard arguments derived from the spectral theory of positive operators. For
convenience the proof of Proposition 3.5 is postponed to Appendix A.

Proposition 3.6. Assume that Hypothesis 2.1 holds for some Banach space B as described in Definition 3.1
and for some subinterval J of [0,+o00]. Let v € J. Then

. b .

I, = ngrfmr(v) P is well defined in L(B), (3.1)
and there exist some nonzero elements 7, € B* N Ker(P; — r(y)I) and ;Z)\n, € BnKer(P, —r(y)I) such that
%7(;{7\7) =1 and

VieB, ILf=7(f)¢, and Vf*eB*, If*=f(¢,)7,. (3.2)

If B satisfies Hypothesis 3.2, then q@v and T, are non-negative in B and B* respectively. Under the additional

Hypothesis 3.3, ¢, > 0 m-a.s. and 7, > 0 and, for every non-null and non-negative f € B, we have I, f > 0
T-a.8.

Proof. Properties (3.1) and the existence of (57 and 7, in (3.2) follow from Hypothesis 2.1. Now assume that
Hypothesis 3.2 holds. Then (3.1) and the first assertion in Hypothesis 3.2, applied with ¢ = ¢, and the associated
Y, € B*, ¥, > 0, imply that, for every g € B, g > 0, we have 0 < lim,, 4 o0 7(7) "9~ (P)'g) = T (9) ¥~ (65),
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hence 7., > 0 since ¢y(¢7) > 0. Next the second assertion in Hypothesns 3.2, applied with ¢ = 7, and the
associated ¢, € B, ¢ > 0, gives 0 < limy, s oo 7(7) " Py = ﬂw(qﬁy)(by, hence gb,y > 0 since 7 (¢~) > 0. Finally,
assume that Hypotheses 3.2 and 3.3 hold. Let v € J. Then equation quﬁ,y =r(y )gb,y and Hypothesis 3.3 nnphes

that q% > 0 m-a.s. Moreover, if vy € J and if f € B, f #0, f >0, then 7,(f) > 0 and so IL,f = 7, (f) gb,y is
positive modulo 7. O

Corollary 3.7. Assume that, for some subinterval J C [0,+00), Hypothesis 2.1 holds on two Banach spaces
By and By (as described in Def. 3.1) both containing 1x and satisfying Hypotheses 3.2 and 3.3. Then

Vyed, r(Pys,)=r(Pys,) = lim (x(PI1x))"/"

n—-+oo

If moreover By < By and if, for i = 1,2, Il ; denotes the rank-one eigen-projector associated with P, g, in
(2.2), then the restriction of 11y 2 to By equals to IL, ;.

Proof. For i = 1,2, Property (2.2) and Proposition 3.6 applied to P, |3, (with the notations ggw and 7, ; related
to Prop. 3.6) gives

T(PP1x) = (r(Pys,)) " Roi(10)7(0y0) + 0(r(Pyjs,)")

with 7r($77i) Ty,i(1x) > 0 from Proposition 3.6. Hence the first assertion holds. Now let f € By. Then IL, 1 f =
limy, s 4 oo 7(Py8,) " (Py8,)" f in By from Proposition 3.6 applied to P, 3, and from the previous fact. It follows
from By < By that this convergence holds in By too. Now Proposition 3.6 applied to Py p, gives 1L, 1f =

I, f. m

3.2. About condition (2.8)

Proposition 3.8. Assume that (P,), and p satisfy the assumptions of Theorem 2.4(i), excepted (2.8). Then
the real number B(y) given in (2.8) is well-defined for every v € Jy, and

Vy € do, B(Y) =7y (Phyy)p ("? 6775(}57) ) (3.3)

where (EA, and 7., are given in (3.2). Assume moreover that the space B involved in the assumptions of Theorem
2.4 satisfies Hypotheses 3.2 and 3.3 on Jy and that one of the following assumptions holds true

(i) w is absolutely continuous with respect to ,
(ii) the first part in Hypothesis 3.3 is reinforced as follows: for every v € J, if ¢ € B is non-null and non-
negative, then P,¢ > 0 everywhere on X.

Then (2.8) holds.

Proof. Let v € Jy (thus () > 0). First, by assumption Ph,, ,, € By. Thus IL,(Ph, ) € Bz since IL, € L(By, B3)
(see Thm. 2.4), and B(v) in (2.8) is then well-defined from the assumptions on g in Theorem 2.4(i). Formula (3.3)
follows from (3.2) since IL,h = %v(h)aw Also note that QASW > 0 (modulo 7) and that 7, > 0 from Proposition 3.6.
Thus the first condition of (2.8) holds since 7(Il,1x) = ﬂ(av)%ﬂ,(lx) > 0. Moreover Ph,,, > 0 and Ph, , # 0
in L(7) since m(Phy ) = 7(hy,) > 0. Since By < Bs < L!(7) by hypothesis, it follows that Ph, , # 0 in
By and in Bs. Thus 7 (Phy ) > 0 from Proposition 3.6. Finally we have 7/1\'AY(]-7h,§N)($V > 0 (m-almost surely in

Case (i) and everywhere in Case (ii) since (Ev = V(% /r(y) > 0), which ensures the second condition of (2.8)
due to (3.3). O
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3.3. About the monotonicity of the spectral radius

Proposition 3.9. Let J be a subinterval of [0,+o0]. If (B, - ||5) is a complex Banach lattice (as described in
Def. 8.4), and if P, € L(B) for every v € J, then the map v — r(7) is non-increasing on J.

Proof. For any 0 < v < 4/ < oo and for any f,g € B such that |f| < |g|, we have 6_7/5|f| < e ¢g| and
so Py|f| < Py|g|, which implies by induction that PJ|f| < PJ[f| for every integer n > 1. We conclude that
P78 < [|[Py||s since (B, |- ||5) is a Banach lattice. This implies that r(y') < r(7) and so the desired statement.

[

If B is not a Banach lattice, but only a Banach space as described in Definition 3.1, then the non-increasingness
of 7(+) can be obtained under Hypotheses 3.2 and 3.3. More precisely:

Proposition 3.10. Assume that Hypothesis 2.1 is fulfilled for some subinterval J of [0,+o0] and for some
Banach space B (as described in Def. 3.1) satisfying Hypotheses 3.2 and 3.3. Then v — r(7y) is non-increasing
on J.

Proof. We use the notations of Proposition 3.6. Let 7,72 € J such that s < ;. Then %WI(PA?I%%) <

T, (P, (571) since 7., and <Z71 are non-negative (see the previous proof). Moreover 7., (P}, 571) = (r(y))"™
and

By (P 6ny) = (1(72)) "Ry (6 )Ty (D) + 0 ((r(2))™) -

Since 7., and 7, are positive and since (g% and ngSW are non-null non-negative, we have %72((?571)%71 (ngSW) > 0.
Thus (r(71))" = O ((r(72))"), so (1) < 7(72). O

Remark 3.11. The non-increasingness of r on J implies that the set Jp in (2.5) is an interval. Let us also
indicate that it can happen that r(-) is constant on [0, 4+00) (see Appendix B).

The next result is relevant to check the strict decreasingness of r(-).
Proposition 3.12. Assume that the assumptions of Theorem 2.5 hold.

(i) Let v € Jo be such that w (I1,1x) > 0 and 7 (IL,(£I1,1x)) > 0. Then r'(y) < 0.
(i1) Assume moreover that the space By involved in the assumptions of Theorem 2.5 satisfies Hypotheses 3.2
and 3.3 on Jo, and that 71({{ = 0}) < 1. Then v'(-) < 0 on Jo, thus v — r(7y) is strictly decreasing on Jy.

Proof. Assertion (i) follows from Proposition 4.5. Let us derive (ii) from (7). Let v € Jy. First note that
&I, 1x € Bsy. Indeed it follows from the assumptions of Theorem 2.5 that IL,1x € By (use also Cor. 3.7) and
that the map f+— £f is in £(By, B2). Hence (I, 1x € By. Moreover, under the assumptions in (i¢), we know
from the last assertion of Proposition 3.6 (applied on Bs) that II,1x > 0 modulo 7, thus £I1,1x # 0 in L(m)
(since T({¢ = 0}) < 1), and so {11, 1x # 0 in By from By < L (7). Then it follows again from the last assertion
of Proposition 3.6 (applied on B;) that I, (£I1,1x) > 0 modulo , thus «(IL,({I1,1x)) > 0. Hence 7/(7) < 0
from (z). O

Recall that the parameter v has been defined in (1.2). Proposition 3.12 is of interest to check the con-
dition 7’(v) # 0 in Theorem 2.5. Moreover a consequence of the monotonicity of v — 7(v) is the following
characterisation of v < oo.

Proposition 3.13. Assume that the assumptions of Theorem 2.4(i)—(ii) hold (with J and §y given in Hyps. 2.3
or 2.3%); in particular for every v € J the Laplace kernel P, is assumed to continuously act on the Banach
space B chosen in the assumptions of Theorem 2.4. Assume moreover that §g < 1. Then, under P,

(i) For every v € J we have: G(v) < oo < r(y) < 1.
(ii) If r is non-increasing and if J = (a,+oc] for some a > 0, then v < 0o < r(00) = r(Pxp) < 1.



616 L. HERVE ET AL.

Proof. First, if v € Jy, then G(y) < 0o & r(y) < 1 due to Theorem 2.4(i)—(ii) (use (2.7) with K = {~}) and
to the first remark after Definition 1.1. Second, if v € J\ Joy, then r(v) < §y < 1, so that, for some fixed
d € (dg, 1), we can deduce from the definition of g,(v) and r(v), and from assumptions of Theorem 2.4(i)—(ii),
that there exists Cs > 0 such that G(v) < ::6 C56™ < o0o. Hence (i) is fulfilled. Now, under the assumptions
of (i), it follows from (i) that: v < oo < limsup,,_, ,, 7(y) < 1. Moreover, due to Theorem 2.4, we know that
limsup,,_, ., 7(7) < max(dg,(00)), and even that lim, . 7(7) = r(00) if 7(c0) > Jo. Considering the cases
r(00) < dp and r(00) > dg then gives the desired equivalence in (7). O

3.4. About the positivity of the spectral radius

Recall that we have set Jg := {7y € J : () > o} under the assumptions of Theorem 2.4. Another consequence
of the monotonicity of v — r(v) is the following lemma.

Lemma 3.14. Let v1,72,73 be such that 0 < 1 < 72 < 73. Assume that the assumptions of Theorem 2.}
hold with J = (y1,72) and that r is non-increasing on J. Moreover suppose that, for every v € (v1,73), Py
continuously acts on B and that the map f + w(ke "¢ f) is in B*, where B is the space given in Theorem 2.4.
Assume moreover that B satisfies Hypotheses 3.2 and 3.3 and that

Ap := limsup (w(n Pg’lx)> " <. (3.4)

n—-+oo

If Jo # 0, then we have r(y) > 0 for every v € (vy1,7s3).

Proof. Let vy € Jo, 70 # 0. Then r(v) > r(y9) > 0 for every v € (v1,70] from Proposition 3.10. Next let
v € (70, 73) and set p := v/~ > 1. Due to Proposition 3.6, 7, is positive and ¢, > 0 (modulo 7), so that

1 n 1
v . -2 n [ -15, "
0= r(,yO) - (p> - nEI—ﬁl:loo (W(/ie e P%IX)) o ngrfoo (Eﬂ- [(EK(XJ)> € :|>

due to (2.7) since 1x € B and f — m(ke” 75 f) is in B*, and due to a formula similar to (1.5) (in which we replace
hy~ by ke 78). Let ¢ = p/(p — 1). Writing &(X;) = x(X;)"9%(X;)!/?, it follows from the Holder inequality
that

(%) < limsup (EW {f{(}’f(xj)} ) K x lim sup (]Eﬂ K f[()/f(Xﬁ) e—vsn} ) &

n—-+00 n——+00

1

< lim sup (ﬂ'(/s: PO"1X)> " X lim sup (71'(/4: e ¢ P,?lx))”%’ .

n—-+oo n——+oo

The above first limit superior equals to A(l)/ ? by hypothesis, and the second limit superior is less than (r(’y))%
from the definition of () and from the fact that 1x € B and f ~ m(ke 7 f) = (P, f) is in B*. Thus 0 <

r(v0) < Ay (r(7))7. 0

Remark 3.15. Condition (3.4) holds if Py € £(B) and if the map f — w(kf) is in B* since Ag < r(0) from
the definition of the spectral radius r(0) of Py. Moreover note that (3.4) holds also if x is bounded by some
constant d > 0 since Py < dP.
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4. PROOF OF THEOREMS 2.4 AND 2.5

Let us state the Keller-Liverani perturbation theorem. We use the operator-norm notations of the beginning
of Section 2.

Theorem 4.1 (Keller-Liverani Perturbation Theorem [1, 6, 15]). Let (Xo,| - ||lx,) be a Banach space and
(X1, ]| - lx,) be a normed space such that Xy — Xy. Let J C [—o0,+00] be an interval and let (Q(t))ies be a
family of operators. We assume that

~ For every t € J, Q(t) € L(Xy) N L(X1),
-t Q(t) is a continuous map from J in L(Xy, A1),
— There exist 6g > 0, co, My > 0 such that for everyt € J

VfeX, VneZy, Q)" fllxy < cologllfllxe + Ml f]lx,)-

Let tg € J. Then, for every € > 0 and every § > &g, there exists Iy C J containing to such that

sup [|(z1 = Q1)) M|, < o,
t€lp, z€D(d,e)

with D(6,¢) :={z € C, d(z,0(Q(t0)x,)) > 5, |z| > 6}
Furthermore the map t — (21 — Q(t))™! from J to L(Xy, X1) is continuous at ty in a uniform way with
respect to z € D(d,¢), i.e.

lim  sup {||(z] — Q(t)) ™" — (21 — Q(t0)) a2, : 2z €D(6,e)} =0.

t—to, ted

In particular,

limsup r((Q(1)),x,) < max(8o, r((Q(t0))x) (4.1)

t—to

Finally the map t = r((Q(t))|x,) is continuous on {t € J : r((Q(t))|x,) > 00 > Tess (Q(F)) ;) }-

The next subsections are concerned with the proofs of the first part of Theorem 2.4 and of Theorem 2.5
under Hypothesis 2.3 or under Hypothesis 2.3*. Recall that the assertions (i) and (ii) of these two theorems
are then provided by Formula (1.5).

4.1. Proof of Theorem 2.4 under Hypothesis 2.3

Here we assume that ((Py) e, Bo, Bs) satisfies Hypothesis 2.3 and that Hypothesis 2.1 is fulfilled on Jy with
B := By. From now on, to simplify notations, we write R, () := (I — P,)~"! for the resolvent when it is well
defined. Recall that Jo := {y € J : 7(y) > do}, where r(7) := 7((Py)|5,). The property (2.6) and the continuity
on Jy of the function v — r(y) follow from Theorem 4.1. Moreover we know from Hypothesis 2.1 on Jy with
B := By that (2.2) holds. It remains to prove that, if K is a compact subset of Jy, then the constants 6, and
M, in (2.2) are uniformly bounded by some 0k € (0,1) and Mg € (0,400), and that v — IL, is continuous
from Jy to £(By, Bs). To that effect we use below the spectral definition of II,.
Let x : Jo — (0,+00) be defined by x(7) := max (Jp, A(7)), where we have set A(7) := max{|A| : A €
o(Py5,) \ {r( )}} Due to Theorem 4.1, x is continuous on Jy. Let K be a compact subset of Jy. We set

6 := max,cx ( . Since x(y) < r(y) for every v € K and since r(-) and x(-) are continuous, we conclude that

6 € (0,1). Next we consider any 1 > 0 such that § 4+ 21 < 1. Let us construct the map « +— IL, from K to L(By).
Let 79 € K. Since r is continuous on K, there exists € > 0 such that, for every v € K such that |y — | < ¢,
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we have |r(y) — r(v0)| < nr(y0). Let us write K () for the set of v € K such that |y — 49| < e. Observe that,
for any v € K(70),

x(y) < 0r(y) <01 +n)r() < (0 +n)r(v0) < (1 =n)r()
and so the eigenprojector II, on Ker(P, — r(v)I) can be defined by

1

- () dz, 4.2
5w . B 42 (42)

Y0)

Y

where I'; (70) is the oriented circle centered on () with radius n7(7p). Due to Theorem 4.1, v + IL, is well
defined from K (7o) to £(Bp) and is continuous from K (o) to L(By, Bs).

Now, for every v € K, we define the oriented circle T'o(y) := {z € C: [z| = (§ + n) 7(y) }. By definition of 6,
for every v € K, we have x(v) < 0r(y) and so x(v) < (6 +n) r(v) < r(v). Hence, by definition of x(v), R.(7)
is well-defined in £(By) for every v € K and z € I'g(7y). From spectral theory, it comes that

1

NI =P} —r(y)"I, = %ir ) 2" Ry(v)dz (4.3)
and so
1P} =7 ()" I, < My (0 +m)r(7)™" with M= sup  |[Re(9)]s, (4.4)
|z|=(0+mn) r(7)
We have to prove that
Mg = sup M, < oo. (4.5)

yeK

Let vy € K. Since v — r(7) is continuous at vy, there exists & = a(y9) > 0 such that, for every v € K satisfying
|7 — 70| < a, we have

0+ 3
0+

0+ 3
0+n

r(v0) <7(v) < 7(7Y0)-

Set 6 := 5 (). If [y — 0| < @ and if |z] = (6 4+ 1) 7(7), we obtain since dg < x(y0) < 07(70) and 0 +2n < 1:

So+6<x(v)+6<(0+ g) r(70) < |2 < (6 + 377]) r(70) < r(70) — 0.

From the previous inequalities, let us just keep in mind that x(vo) + § < |z] < r(7) — d. Then, by definition of
X(70), we conclude that every complex number z such that |z| = (6 + n) r(~y) satisfies

|z| > 00+ 6 and d(z,0(Py,)) > 6.
Hence, up to a change of «, due to Theorem 4.1, we obtain that

sup M, =sup{||R:(7)|l, : |v =l <a, |z|=0+n)r(y)} < oc.
>0 |[y—vo|<a
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By a standard compacity argument, we have proved (4.5). Consequently, with 85 := 6 + 7, we deduce from
(4.4) that

1P} = ()" L[|y < M (05 7(7))"
from which we derive (2.7) with B = By.

4.2. Proof of Theorem 2.5 under Hypothesis 2.3

First we prove the following lemma.
Lemma 4.2. For every v € Jy and for i = 1,2, the spectral radius of Py p, is equal to v(vy) := T(Pﬂgo).

Proof. For i = 0,1,2 set r;(v) := r((Py)s,). Due to Theorem 2.4 applied to ((P),J, Bi, Biy1), m(P)1x) ~
¢; (7)™ as n goes to infinity, with ¢; := 7(IL,1x) > 0 from (2.8). This proves the equality of the spectral
radius. 0

Proof of Theorem 2.5 under Hypothesis 2.3. We define x; as x in the proof of Theorem 2.4 for each B; (i =
0,1,2). We define now y := max(xo, X1, x2)- Let us prove the differentiability of  and IT on Jy. Let vo € Jp.
Let n > 0 be such that r(y9) > x(70) + 217 and let € > 0 be such that for every v € Jy satisfying |y — v < ¢,
we have 7(y) > r(v0) —n > x(70) + 1> x(7). We set Iy := Jo N (70 — €,7 +¢) and

Do:={2€C: x(vw)+n<|zl<r(yw)—ntU{zeC:|z—r(vw)|=n} (4.6)

Due to the hypotheses of Theorem 2.5 and to an easy adaptation of Lemma A.2 in [14] (see Rem. 4.3), we
obtain that, for every z € Dy, the map v — R.(y) is C' from Iy to L(Bo, Bs) with R.,(y) = R.(y)P,R.(v) and

Jim sup |R.(v0 + ) = R.(v0) — hR.(0) 5,55
h=0;eD, |h|

=0. (4.7)

Moreover, for every v € Iy, we deduce from spectral theory that II, and N, (already defined in Sect. 4.1) are
given by

1
I, = i : R.(v)dz and N, = 7% Z2R.(v)dz,

where T'y is the oriented circle centered at r(vy) with radius n and Ty is the oriented circle centered at 0
with some radius 9y satisfying x(70) + 7 < 9o < r(y) —n. Thus v +— I, and v — N, are C'-smooth from
Jo to L(Boy,Bs). Since 1x € By by hypothesis this implies the continuous differentiability of v — N,1x and of
v+ IL,1x from Jy to Bs. Since r(y) = % and v — P,1x is C* from Iy to B3 and since m € B3 by
hypothesis, we obtain the continuous differentiability of r on I. O

Remark 4.3 (Proof of the differentiability of v — R,(7y)). We adapt the arguments of ([14], Lem. A.2), writing
RZ(’Y) = Rz(’YO) + RZ(VO) [P’Y - P’YO} RZ(VO) + ﬂz(’y)v

with — 9.(7) := R:(70) [Py — Pyo] Bz (70) [Py — Py] R (7).
Then

[9=(Ml 5o,

By P"/ —P%
< |R:(v)lls, || ———
17 =70 :

- 1R-(v0) 18, 1Py = Py |l 0,8, [ (7) ] 35 - (4.8)

B1,B2
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From the hypotheses of Theorem 2.5 and from the resolvent bounds derived from Theorem 4.1, the last term
goes to 0, uniformly in z € D, when ~ goes to 7. Similarly we have:

| R=(70)(Py = Pyo) R (70) — (v — ’Yo)Rz(’Yo)PéoRz(’Yo)HBO,BS
< M”P’Y - P’Yo - (7 - 'YO)P»{/OHBl,Bg - 0(7 - ’)/0)

when again the finite positive constant M is derived from the resolvent bounds of Theorem 4.1. This shows
that R.(y0) = R.(70)P,, R-(70) in L(Bo, B3). To prove that v +— R (7) is continuous from Jy to L£(Bo, B3) in
a uniform way with respect to z € D, observe that v — R,(y) is C° from Jy to L£(Bo,B1) (use Thm. 4.1),
that v ~— P; is C° (uniformly in z € D) from Jy to L(By, B2) by hypothesis, and finally that v — R (v) is C°
(uniformly in z € D) from Jy to L(Bz, Bs) (again use Thm. 4.1). Observe that (4.8) gives the differentiability
at o of the map v — R, () considered from J to L(By, Bz). The additional space Bs is only required to obtain
the continuous differentiability.

4.3. Proof of Theorems 2.4 and 2.5 under Hypothesis 2.3*

Here the Keller-Liverani perturbation theorem must be applied to the dual family (Pj;)y. Actually the
hypotheses of Theorem 2.4 are:

- B — B,

— For every v € J, Py € L(Bf) N L(B3),

— v+ Py is a continuous map from J in £(B3, By),

— There exist &y, co, My > 0 such that, for all v € J, ress((Pﬂ,)rgg) < §p and

vn>1, Vit eBs,  [[(P)" ]

B; < co(dg ]l f7]

B: + M™[f*|lsg)-

— Hypothesis 2.1 holds on (Jy, Bs).

Proof of Theorem 2.4 under Hypothesis 2.3*%. Under these assumptions it follows from Theorem 4.1 applied to
(P})yes with respect to (B3, Bj) that, for every e > 0 and every § > &, the map v+ (21 — P7)™! is well
defined from Jy to L(B3), provided that z € D(d, ) with

D(b,e) :={z €C, d(z,0((P}) ;) >¢, 2| >0} ={z € C, d(z,0((Py,)5,)) > ¢, |z| > d}.
In addition, the map y — (21 — PZ)~!, considered from Jy to L(Bj, ), is continuous at every 7o € Jo in a
uniform way with respect to z € D(4,¢). By duality this implies that v — (zI — P,)~! is well defined from Jj
to L£(Bs) for every z € D(d,¢e). Moreover, when this map is considered from Jy to L(By, Bs), it is continuous
at o in a uniform way with respect to z € D(d,¢). Finally Hypothesis 2.1 on (Jy, Bs) enables us to identify
the spectral elements associated with r(v) := 'r((P.y)| 53). Consequently one can prove as in Subsection 4.1 that
there exists a map v +— IL, from Jy to £(Bs), which is continuous from Jy to £(By, Bs), such that (2.7) holds
with B := Bs. O

Proof of Theorem 2.5 under Hypothesis 2.3*. When Theorem 2.5 is stated with Hypothesis 2.3%, then Theorem
2.4 applies on (By, By), (B1,B2) and (Bs, Bs) (with Hyp. 2.3* in each case). Thus, for every v € Jy, the spectral
radius r;(7) := 7((Py)5,) are equal for i = 1,2,3 (see the proof of Lem. 4.2). Observe that, from our hypotheses,
Hypothesis 2.1 holds on (Jo, B;) for i = 1,2, 3. Since P; on B; inherits the spectral properties of P, on B;, we
can prove as above that, for every v9 € Jy and for every ¢ > 0 and ¢ > Jp, the map v — (21 — P;‘)_1 is
well defined from some subinterval Iy of Jy containing ~ into £(B%), provided that z € Dy where the set
Dy is defined in (4.6). In addition, by applying Remark 4.3 with the adjoint operators (P}), and the spaces

v
B; — By — B} < B}, we can prove that the map v — (2I — P2)~!, considered from Jy to L(Bj,B5), is C* in
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a uniform way with respect to z € Do. By duality, this gives (4.7). We conclude the differentiability of v+ IT%
from Jy to £(B%, B}) and so the differentiability of v — IL, from Jy to £(B1, Bs). O

4.4. Complements on the derivative of r(-)

Let us first prove the following.

Lemma 4.4. Let J; = (a,b) C [0,400) and let By < Ba be two Banach spaces such that f — £f € L(By, Ba).
Assume that, for every v € Ji, Py, € L(B1) N L(Bz2) and that there exist elements ¢, € By and w, € B such
that Py¢~ = r(v)¢, and Pim, = r(y)m,. Moreover assume that v — P, and v — r(v) are differentiable from
Jv to L(B1,B2) and to C respectively, with respective derivatives at vy € Jy given by P : f + Py(={f) and
' (7). Finally assume that vy — ¢~ is continuous from Jy to By and differentiable from Jy to By with derivative
v = Bl

Then we have for every v € Ji: r'(Y)my (¢y) = —1 ()7, (ﬁgb,y). In particular, if r(y) > 0, 7,(¢) > 0 and
7y (£0y) > 0, then v'(v) < 0.

Proof. Let 7,70 € J1. We have Py¢, = ()¢ in By. From Py¢, — Py dyy = Py (0y — ¢rg) + (Py — Py ) (04),
we obtain that

T(%)dyo + T/(70)¢WO = P’)’O(Q%yo) + Py (—€py,)  in Ba.
We conclude by composing by 7., and using the fact that m, o Py, = r(y0)my,. O

Proposition 4.5. Assume that the assumptions of Theorem 2.5 hold. For every v € Jo, set ¢, := IL,1x and
7y i= 13w, Then the assumptions of Lemma 4.4 hold with J, = Jo and with respect to the spaces By < B
(resp. By < Bs) when the assumptions of Theorem 2.5 hold with Hypothesis 2.3 (resp. with Hyp. 2.8%).
Consequently, for every v € Jy,

7(1x) >0 and 7(IL(€1,1x)) > 0 = 7/(y) < 0.

Proof of Proposition 4.5 under Hypothesis 2.3. We have 7., € B3 since m € B3 and I is well defined in £(B5).
Moreover ¢, € By since 1x € By and II, € £(B1), and v — ¢, is continuous from J to Bi by Theo-
rem 2.4. Finally v — ¢, is differentiable from J to B2 (see the end of Rem. 4.3). We have proved that the
assumptions of Lemma 4.4 hold as stated under Hypothesis 2.3. Finally, since r(y) > 0 when v € Jy, the
desired implication in Proposition 4.5 follows from the conclusion of Lemma 4.4 because 7., (¢,) = 7(¢~) and

7T7(§¢7) :W(H’y(gr['ylx))- O

Proof of Proposition 4.5 under Hypothesis 2.5*. Note that 7., := II*7 € B since m € B3 and II? is well defined
in £(B3). The function v +— P, is differentiable from Jy to L£(Bi,B2), thus from Jy to L£(Bi,B3). We have
¢ :=1I,1x € By since 1x € By and II, is well defined in £(B;). Moreover «y + ¢ is continuous from J to B,
since IL, is well defined in £(1), continuous from Jy to £(By, B1), and 1x € By. Finally v — ¢, is differentiable
from J to Bs since II, is well defined in £(B3) and differentiable from Jy to £(B1,B3) and 1x € B;. O

5. APPLICATION TO THE KNUDSEN GAS

In this section, we apply our general results for the Knudsen gas. In this model, at each step, either we follow
a Markov chain Z = (Z,,),, (with probability (1 — «)) or we generate an independent random variable with
distribution the invariant probability measure of Z (with probability «). See [2] for more about this model.
Knudsen gas. Let X := R?, let = be some Borel probability measure on X, and let U be a Markov operator
with stationary probability w. We fix o € (1/2,1). Let X = (X,)n be a Markov chain with transition kernel
P:=ar+(1-a)U.
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Here we apply the assertions (i)—(ii) of Theorems 2.4 and 2.5 to Knudsen gas by considering the action of
the Laplace-type kernels P, on the usual Lebesgue space (L*(7), || - ||o) for some suitable a € [1,+00), where

IULuz(AJﬂ@Pdﬂ@)i- (5.1)

Mention that Theorem 2.6 of [13] directly follows from the next theorem.

Theorem 5.1 (Knudsen gas). Letp > 1. Assume that X = (X,,),, is a Knudsen gas as above described, and that
its initial distribution p on X is absolutely continuous with respect to w, with density in LP(w). Assume moreover
that k = 2. Then, under P, (Sy,), is multiplicatively ergodic on the interval Jy = {y >0 : r(y) > 2(1 — o)},
where () denotes le spectral radius of P, on LY with b := p%' If moreover a > 1/2 and if

20 ) (2(1 - a)) (Zg Z) _0><1 (5.2)

n>0 k=0

where (Zp)n is a Markov process with transition U, then v defined in (1.2) is finite. Finally, if 7(§7) < oo for
some T > 1 and if p > =5, then the constant C,, in (1.4) is well defined and finite.

Theorem 5.1 straightforwardly extends to the case k() = m, where m > 2 is any integer. To prove
Theorem 5.1, we will check that the hypothesis of Theorems 2.4 and 2.5 are fulfilled via Hypothesis 2.3 on
J =10, +00) and on some suitable spaces L.%(7). Before we prove the following.

Lemma 5.2. Let1 <b<a.

(i) For every v >0, ress(PyjLa(ay) < 2(1 — ).
(i) The function v — P, is continuous from (0, +oo] to L(L%(r),L(r)).
(iii) For any~ € [0,+00] and any f € L*(7), [|Pyflla < 2((1 = a)[[flla + el f]1)-
(iv) For any v > 0, for any non-null non-negative f € L%(x) and every non-null non-negative g € L () with
a' = %5, we have (9P, f) > 0 and P, f > 0.
(v) Ifr(y) > 2(1 — ), for every f,g € L*(w) with f >0, Py f =r(v)f and Pyg = r(7)g, then we have g € C- f.
(vi) 1 is the only complex number \ of modulus 1 such that P(h/|h|) = Ah/|h| in L1 (7) for some h € B, |h| > 0

(modulo ).

(vii) Let 7 > 1. If 7(§7) < 0o and if b < = +1’ then f v &f is in L(L(7),L%(x)) and v — P, is C' from
[Oa +OO) ‘C(H"a( )a]L’b( ))7 with P—{/f - (gf)

Proof.

(i) Observe that P, = 2(am(e™7¢:) + (1 — @)U,) with U, := U(e™7¢:). Since the sum of a Fredholm operator
with a compact operator is Fredholm, we directly obtain ress(Py) = 2(1 — a)ress(Uy) < 2(1 — @).

(i1) For every 0 < 7,7’ < oo and every f € B such that ||f|lo = 1, we have

1Py f = Py fllo = 2 P((e™¢ =) f)llo
<2l(e7 — e V) flly < 2[e77 — e E,

where ¢ is such that X + 2 = §. Hence ||Py — Py |[pa(r) 1o (r) < 2[le77¢ — e~ 7€, which converges to 0 as 7 goes
to 7, by the dominated convergence theorem. In the same way, we prove that || Py — Puol|La(r),Lo(r) < 2|le=7¢ .
and hence the continuity of v — P, at infinity.
(t13) For every v € [0,400] and every f € L%(7), ||Pyflla < 2|Pflla <2((1 — )| flla + e/ f]|1) since ||Uflla <
Il /|l This gives the Doeblin-Fortet inequality.
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(v) For any non-null non-negative f € L%(r), we have P, f > 2am(e~7¢ f)1x > 0. The other assertion of (iv) is
then obvious.

(v) Let f, g € L*(n) such that f > 0, P, f =r(y)f and Pyg = r(7)g in L*(r). Set 8 := :g::::% and h:=g— B f.
Then (e~ h) = 0 and P,h = r(v) h, which gives r(y) h = 2(1 — a) U(e~7¢h), so that r(7) |h| < 2(1—a) U(|h]).
Since 71U = 7, we obtain: r(y)w(|h]) < 2(1 — a) w(|h]). Finally we conclude that w(|h|) = 0 because r(y) >
2(1 — a) and so g = Sf in L%(7).

(vi) Let k € L'(7r) and X € C be such that |A\| = 1, |k| = 1x and P(k) = Ak. Then \k = an(k) + (1 — a)U(k).
Taking the modulus, we obtain 1 < a|n (k)| + (1 — a)U(1x) < 1. By convexity we conclude that |w(k)| = 1 and
that k is constant modulo 7, so that A = 1.

(vii) Let f € L(r). Observe that ¢ £]lo < [|€f]| = < 1€]lr]flla, thus

Ta+l —

¥y 20, [Py(EN)lls = P77 EN)b < lle™*Ef Il < IEF Nl < lIEll 1 £lla-

This proves that, for every v > 0, the map f — P, (£f) is in £(L(r),L°(7)). Next, for any f € L%(r) and
~,7 > 0, we have

1Py f = Pof + (" = NP, EN o = [I1P((e7 " = e + (v = 7)e ) f)lo
< e et (= et
< e = et (=t Nl
and [le™€ — e 4+ (v — 4)e €| converges to 0 as 4’ goes to v by the dominated convergence theorem. We

have proved that v — P, is differentiable from [0, 400) to L(IL%(7),L°(x)), with P, f = —P,(£f). Finally, since

b < -r%3, we can choose d > 1 such that % =2+ %Zl, so that we obtain for any f € L%(7) and ~v,~7 > 0

IPy(Ef) — Py (€N lo = IP((e7€ — e I < (e — el
< e — e €| g [|€£]] e

Ta+1

< le™ = e ¢ a gl ]l £la-

from which we deduce that v — P/ is continuous from [0,400) to L(L%(r),L’(7)) since [le”7¢ — ey
converges to 0 as 7’ goes to v by the dominated convergence theorem. O

Proof of Theorem 5.1. Let us first apply Theorem 2.4 to obtain the existence of v. Let b := % and a > b. From
Assertion (i)-(iii) of Lemma 5.2, (P, )., satisfies Hypothesis 2.3 with J = [0, +00), By = L(7) and By = L¥(r) (to
obtain (2.3b), iterate Inequality (¢#4) of Lemma 5.2 and use || - |1 < || - ||»). Next, if v € Jy (i.e. 7(7) > 2(1 — o)),
then P, is quasi-compact from Assertion (i) of Lemma 5.2. Moreover note that Hypothesis 3.2 holds with
B = L*(w) since L%(7) is a Banach lattice, and that Hypothesis 3.3 is fulfilled with B = LL%(7) by using the last
property in Assertion (iv) of Lemma 5.2. Then P, satisfies the hypotheses of Proposition 3.5 on By = L%(n)
from Assertions (v) and (vi) of Lemma 5.2. Thus Hypothesis 2.1 holds on Jy with By = L%(7). Theorem 2.4
ensures that v — r(y) is continuous on Jy and that properties (2.6) and (2.7) hold.

Consequently, from the assertion (i) of Theorems 2.4, (S,,), is multiplicatively ergodic on Jy with respect
to P, if we prove that ., : f = u(e 75 f) is in (L°(7))*, that the function v + . is continuous from Jy to
(L®(r))*, and finally that condition (2.8) holds. Observe that (2.8) holds from Proposition 3.8 since the initial
distribution p is assumed to be absolutely continuous with respect to 7 in Theorem 5.1. Next, since the density
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g of p with respect to 7 is supposed to be in ILP(7), we have

Vel (m), uy(f)= f( )e W g, (y) dr(y)

thus p, € (IL°(m))* since e™7¢ g, € LP(w). Moreover the norm in (L°(7))* of (i, — p14/) equals to ||(e™7¢ —
e~ 7€) g,.|lp, which converges to 0 as v’ — ~ from Lebesgue’s theorem.

Now we apply the assertion (i¢) of Theorems 2.4 to prove that v defined in (1.2) is finite under condition (5.2).
To that effect we need to study the spectral radius () of P,. First observe that the non-increasingness of (-)
follows from Proposition 3.9 since L%(w) is a Banach lattice. Consequently the set Jy := {y > 0 : r(y) >
2(1 — @)} is an interval with min Jo = 0 since 7(0) = 2. Now set A, := e~ for 7 > 0 and hoo := 1{¢—o}. Recall
that P, f = 2[an(f hy) + (1 — a)U(f h,)], that U,(-) = U(- x h,), and denote by r(U,) the spectral radius of
(Uy)|La(x)- Note that r(U,) < 1 since U is Markov.

Lemma 5.3. Lety € [0,00], a € (1,400) and X € C be such that |A| > 2(1 — a)r(U,). Then X is an eigenvalue
of (Py)La(x) if and only if

271
A=2a)  ————m(h,U}(1x)). (5.3)
n>0
In particular r(v) > 2(1 — &) if and only if (5.3) admits a solution belonging to (2(1 — a), +00).

Proof of Lemma 5.3. First, let f € L%w), f # 0, be such P,f = Af in L%(m), i.e. A\f = 2[an(fh,)+
(1 —a)Uy(f)], thus

-2y ] - 2l

Observe that w(f hy) # 0, otherwise f would satisfy Af = 2(1 — «)U,(f), which contradicts the fact that
A/(2 — 2a) is not in the spectrum of U,. Hence

-1 n —a)"
o 2a7r§\fh7) {1_ 2(1—a) Uv} (1) = 207 (Fh) 3 2 (1»1 ) Urly,

and so

)\:)m( S Iy )zQawa(hyUﬁlx)a
n>0

which leads to (5.3).

Second, if (5.3) holds, then we consider g € L%(7) be given by g := 2% D00 2 (1 Zd-o)® Uy 1x. This g satisfies
Ag = 2[alx + (1 — a)U,(g)] and, due to (5.3), m(hyg) =1, so Pyg = )\g This proves the first equivalence of
Lemma 5.3. For the second one, assume that 7(y) > 2(1 — «). Then 7(v) is an eigenvalue of (Py)pa(r) since we
know that Hypothesis 2.1 holds on Jy and By = L*(x). The first part of Lemma 5.3 then implies that A = r(7)
satisfies (5.3) (note that r(y) > 2(1—a)r(U,) from r(U,) < 1). Now suppose that there exists A € (2(1—a), +00)
satisfying (5.3). Then X\ > 2(1 — a)r(U,), thus A is an eigenvalue of (P, )L (x) from the first part of Lemma 5.3,
so that 7(v) > A > 2(1 — «). O

Remark 5.4. Lemma 5.3 implies that, if v > 0 is such that r(y) > 2(1 — «), then A = r(v) is the unique
positive solution of (5.3). Indeed, under the condition r(y) > 2(1 — «), we know that r(y) satisfies (5.3) (see the
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above arguments). Moreover equation (5.3) admits at most one solution A € (0, +00) since the left (resp. right)
hand side of (5.3) is an increasing (resp. decreasing) function of the variable A.

Assume o > 1/2 and (5.2) (which implies that 7(§ = 0) < 1). For every v € [0, o0] and every A > 0, we write
¢(~, A) for the expression contained in the right hand side of (5.3), which rewrites as

n(l — n n
C(%/\)=2a272 ( 0 ', [e—@ho“zw] if € (0,00),
n>0

and
(o0, ) =20y “ai_‘”ﬂm (Z&(Zk) = 0) ,

n>0 k=0

by using the Markov property. Note that (-,1) is decreasing, continuous on (0, 00), with finite values (since
2(1 —a) < 1). Note that ¢(0,1) = =%t > 1 and that ((c0,1) is the left hand side of (5.2), thus ((oc0,1) < 1.
2

Therefore there exists a unique v € (0,00) such that {(r,1) = 1. Since 1 > 2(1 — «) it follows from the first
equivalence of Lemma 5.3 that A = 1 is an eigenvalue of (Py)']La(ﬂ-). Thus r(v) > 1. In particular we have
r(v) > 2(1 — «), so that r(v) = 1 from Remark 5.4. Moreover [0,v] C Jo = {y € [0,00) : r(y) > 2(1 — a)}. The
claimed statements on Jy and v in Theorem 5.1 are proved.

Now we apply Theorem 2.5 to prove the existence of the constant C, in (1.4). Assume that o > 1/2, that
(5.2) holds, and that 7(£7) < oo for some 7 > 1. Let p > "5 and set a3 := p’%l (i.e. 1/p+1/ag = 1). Note that
as < 7. Let as be such that ag < as < 7. Since limg — 4o ;—fa = 7, we can chose a; > as such that as < :f;l.
Next let ag > a;. From Lemma 5.2 we deduce that the assumptions of Theorem 2.5 hold with the spaces
B; = L% (x) for i = 0,1,2,3, so that we can apply Theorem 2.5: we conclude that r is C! on Jy. The fact that
r’ < 0 can easily be proved using Proposition 3.12 (to check the condition in Assertion (i) of Prop. 3.12, use
the fact that Hyp. 3.2 and 3.3 hold with B = L%(x) and apply the last assertion of Prop. 3.6). In this particular
case, we can also use the fact that 7 is given by an implicit formula F(r(y),7) = 0 (see (5.3)), where F is C!
with non-null derivatives at (r(7),v). Moreover C,, in (1.4) is well-defined, provided that p, : f — u(e=7¢f) is
in (L% (7))* and that the function v — p is continuous from Jy to (L*¢(m))*. These conditions hold since p is
absolutely continuous with respect to 7 with density in LP(7) (see the proof of the multiplicative ergodicity).
Moreover (2.8) has been proved together with the multiplicative ergodicity. The proof of Theorem 5.1 is then
achieved. O

6. APPLICATION TO THE LINEAR AUTOREGRESSIVE MODEL

Linear autoregressive model. X := R and X,, = aX,,_1 + 3, for n > 1, where Xy is a real-valued random
variable, o € (—1,1), and (Un)n>1 is a sequence of i.i.d. real-valued random variables independent of Xo. Let
ro > 0. We assume that ¥ has a continuous Lebesgue probability density function p > 0 on R satisfying the
following condition: for all zg € R, there exist a neighbourhood Vi, of xo and a non-negative function ¢y, (+)
such that y — (1 + |y|)™ qu, (y) is Lebesgue-integrable and such that:

Yy e R, Yo € Vg, p(y+v) < g (y)- (6.1)

This implies that p has a moment of order rg, that is

/|x|”’p(x)dx < 0. (6.2)
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In other words ¥; admits a moment of order 9. Observe that (X, )nen is a Markov chain with transition kernel

Pz, A) = /R 1a(az + y)p(y) dy = /R 14(9)p(y — ax) dy (6.3)

Set V(x) := (1 + |z])™, « € R. Recall that, under assumption (6.2), P satisfies the following drift condition
(see [20])

V6 >|a|™, IL=L(5) >0, PV <4V + L1z, (6.4)

Moreover it is well-known that (X,,)nen is V-geometrically ergodic, see [20]. Let (By, | - ||v) be the weighted-
supremum Banach space

By :={ f:R—C measurable : |f|v :=sup|f(z)|V(z)"' < oo }. (6.5)
z€R

Let (Cv, || - |lv) denote the following subspace of By:

Cy = { f € By : fiscontinuous and £y (f):= lim /(@) exists in (C},

where the symbol lim,| _, .o means that the limits when x — +o0 exist and are equal. Note that V' € Cy and
that Cy is a closed subspace of (By,|| - ||v). Let Co,v be the subspace of Cy defined by

Cov :=={f €Cv : Ly(f) =0}

Finally we denote by (C1, | - ||eo) the space of bounded continuous complex-valued functions on R endowed with
the supremum norm || - ||. We will see below that, for every v € (0,400], P, continuously acts on Cy (see
Lem. 6.2). For v € (0, +o0], we denote by 7(7) the spectral radius of P, on Cy, that is:

o L . 1/n . 1/n
') = r(Pye,) == lm |PZIY" = tm |ERVY
where || - ||y also denotes the operator norm on Cy. The last equality holds because, for every n > 1, we have

[P lv = [[P}V]v. Indeed, since V' € Cy with ||[V||y = 1, [|[P}|[v > ||P}V||v.. Moreover, for every f € Cy with
Il =1, we have

(P2V)(2)

<
ach V(@)

ErN@ (P ) .
V) STy =15Vl

127 Fllv = sup < £l sup
xR zER
We will also prove that lim, o, 7(7) > 2.

Recall that & : R — [0, +00) is a measurable function and that S, = >} _;&(Xy). Let k : R—{2,...} be a
measurable function. The function £ : R — [0, +-00) is said to be coercive if lim|,— 1o §(2) = +o00, i.c. if, for
every /3, the set [£ < ] is bounded.

Mention that Theorem 2.7 of [13] directly follows from the next theorem.

Theorem 6.1. Assume that the previous assumptions hold. Assume that the distribution p of Xo belongs to
Cy, namely satisfies (V') < oo. Assume moreover that & is coercive, that K is bounded, that p is continuous,
and that sup,cp(&(z)/V(x)) < co. Then, under P,

(a) (S, k(Xn))n is multiplicatively ergodic on (0, +00) with p =1 on [0, +00).
(b) If moreover the Lebesgue measure of the set [ = 0] is zero, then lim,_, o 7(y) = 0. Hence v is finite.
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(¢c) Moreover, if there exists T > 0 such that sup,cp(&(z)'T7/V(z)) < oo, then v — r(vy) admits a negative
derivative on [0,+00). Hence (1.4) holds also with C, € (0,400).

Recall that [, |[z|™ dr(x) < oo under the assumptions of Theorem 6.1 (see [4, 5]). Hence sup,,cg (5(1)1“ < 00

1+[z)70
implies that [, [£|'"7 dm < occ.

The next subsections are devoted to the proof of Theorem 6.1. Here we apply the assertions (i)—(i¢) of
Theorems 2.4 and 2.5 by considering the action of the Laplace-type kernels P, on Cy. for suitable a € [0, 1], in
particular on Cy (i.e. a =1) and Cyo = C; (i.e. a = 0).

6.1. Study of Hypothesis 2.3*

In this subsection we prove that ((Py)~es, Bo, B1) satisfies Hypothesis 2.3* with J = (0, +o0], By = C;, and
By = Cy. First we specify the action of P, on Cy and on C;.

Lemma 6.2. Assume that assumption (6.1) holds (thus (6.2)), that p is continuous, that & is coercive and that
Kk is bounded. Then, for every v € [0,+00], Py continuously acts on both C1 and Cy . For every v € [0, 400], P,
is compact from Cy into Cy . For every v € (0,+00], we have Py(By) C Co,y .

Proof. Let v € [0, +00]. From (6.4) it easily follows that
PV <PV <(+L)V, (6.6)

so that P, continuously acts on By . Let f € By. Then

Ve e R, (P @) = [ () dy (6.7)

with { by (x,y) == K(y)e W fly)ply —ax) i 0<y<oo
V(2. y) = K(Y)Lg=0y () f(Y) p(y — az) if 7= +o0.

Let A > 0. We deduce from assumption (6.1) and from a usual compactness argument ([—A, A] is compact)
that there exists a non-negative function ¢ = g4 such that y — V(y) ¢(y) is Lebesgue-integrable and

Vo e [-A4,4], Yy eR, p(y+v) <q(y).
Thus we have for every © € [—A, A] and for every y € R

[y (2, y)| < NEllooll fllv (14 [y)™ ply — ax) < [|Kllooll fllvV (y) a(y). (6.8)

Since x — ¢ (x,y) is continuous for every y € R from the continuity of p, we deduce from Lebesgue’s theorem
that the function P, f is continuous on R. We have proved that, if v € [0,+00] and if f € By, then P, f is
continuous on R. Thus P, continuously acts on C;.

Now, if v € (0, 4+00], then

(Pyf)(x) flaxz +y)

Vz € R, Vi) =/Rxw(%y) dy  with x,(z,y) = 97(0z+y)wp(y)

K(y)eé(ezty) if 0<y<oo
where 0, (ax +vy) = )
K(Y)lie—oy(ax +y) if v = +oo.
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For every (x,y) € R?, we obtain that

1+ |z + [yl

) ) < Il (1 )50

(@ )] < 650z +9) [ £llv (

Moreover lim|,| _, 40 0 (a2 4 y) = 0 since § is coercive. It follows again from Lebesgue’s theorem that

(PN _

|z| = 400 V(Z‘) ’

thus P, f € Co,v. We have proved that, if v € (0, +o0], then P, (By) C Co,v, thus the last assertion of Lemma 6.2
holds and P, continuously acts on Cy. Finally, to prove the compactness property stated in Lemma 6.2, let
v € [0,+00] and consider P, as written in (6.7). Since p is continuous, the image by P, of the unit ball
{f €Ci:|fllo <1} isequicontinuous from Scheffé’s lemma. Then P, is compact from C; into Cy from Ascoli’s

theorem and from lim|,| -, o V(z) = +o0. O

The second inequality in (6.6) combined with the Jensen inequality (since P(x,dy) is a probability measure)
implies the following useful inequality

VYo € (0,1), sup (PV*)(@)

sup S S (G (6.9)

Then the continuity of v — P, from (0,+4oc] into £(C1,Cy) required in Hypothesis 2.3* follows from the
following.

Lemma 6.3. Let 0 < a < a+b<1. Assume that £ < ¢V for some positive constant c. Then the following
operator-norm inequality holds for every (v,7') € [0, +00)?

b b
[Py = Pyllevacyars = sup |1Pyf = Py fllvess < ||&lloo(cly =4')°(6 4+ L)**.
fecya | fllva<i

Proof. Let (v,7") € [0,400)2. For all (u,v) € [0,4+00)2, we have |[e™* —e | < [e™% — e ?|® < |u—v|® from
Taylor’s inequality. Thus we obtain for any f € Cya

[(Pyf)(@) = (Py )(@)| < [[6llooll Fllve /R |7 18W) — e W |(V () ply — ax) dy

< Il fllve (el = 7/1)? / (V)™ ply — az) dy
< lloolflve (e ly — 7DV PV (),

from which we deduce the desired inequality, due to (6.9). O
Lemma 6.4. Assume that assumption (6.1) holds (thus (6.2)) and that € is coercive. Then

1Py — Pxslley ey == sup Py f — Poflly — 0 when y— +o0.
feCylIflle<1

Proof. Let € > 0. Let f € C; be such that ||f|lc < 1. From |P,f| < P1lg = 1g it follows that there exists
A = A(e) such that :

|(Pyf) ()]

|z] > A = Vv e (0,+00), Vo)

<e. (6.10)
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Moreover, for any 5 > 0 and = € R such that |z] < A, we obtain that

!uaf—Pmﬁwns|mmﬁﬂﬂA;m

gmm<ew+/ mww)
[0<e<p]

where ¢ = g4 is the function given in (6.8). Since ¢ is Lebesgue-integrable on R, we have f[0<§</3] q(y)dy—0
when §— 0, so that there exists Sy = Sp(g) > 0 such that

IIHHoo/ q(y)dy <
[0<£< o)

Finally let 7o = 70(g) > 0 be such that : ¥y > 70, ||#]lece” 7% < /2. Then

p(y — ax)dy + IIKHoo/ p(y — ax)dy
[0<€£<B]

N ™

[(Pyf — Poc f)(2)]
V()

7| <A = Vv € (y0,00), <[(Pyf)(@) = (P f)(2)] <. (6.11)

Inequalities (6.10) and (6.11) provide the desired statement. O

To study conditions (2.4a) and (2.4b) of Hypothesis 2.3* with J = (0,400], By = C1, and By = Cy, we use
the duality arguments of ([12], Prop. 5.4). The topological dual spaces of Cy and C; are denoted by (Ci, | - ||v)
and (Cf, || - ||eo) respectively (for the sake of simplicity we use the same notation for the dual norms). For any
v > 0, we denote by P the adjoint operator of P, on Cy. Note that each P} is a contraction with respect to
the dual norm | - ||~ because so is P, on Cy.

In the sequel, § > |a|™ is fixed, as well as the associated constant L = L(¢) in (6.4).

Lemma 6.5. Assume that (6.2) holds, that k is bounded, and that £ is coercive. Then, for every v > 0 and for
every 3 > 0, there exists a positive constant Lg such that

PV < |6l (e 8V + Lj 1g). (6.12)

Moreover
PV < ||K]loo (Sup V) 1g. (6.13)
[£=0]

Proof. We have for every v > 0 and for every g > 0
P,V = P(ke V) = P(ke "1is V) + P(re " 1g<p V)

< |16 ]los <e”ﬂ((5V—|—L1R) +/
[

V(y)P(, dy)) (from (6.4))
£<p

< [|&] oo e 5V + (LJr sup V)IR
[¢<8]
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from which we deduce the first desired statement. For P.., we have

PV = P(kle—yV) < (sup V) P(k) < (Sup V) 15 |loo 1.
[£=0] [€=0]

O

Corollary 6.6. Assume that assumption (6.2) holds true, that k is bounded, and that & is coercive. Then, for
every v1 > 0 and for every € > 0, there exists a constant D > 0 such that

Vy € [y, +oo], VT el IPTflv <ellf*llv + DIl oo (6.14)

Moreover, for every v € (0,+00], the essential spectral radius ross((Pyc, )*) is zero.

Proof. Choose 8 = B(v1,€) > 0 such that ||r[|e™# 6 < e. Then we deduce from Lemma 6.5 that P,V <
eV + D 1g, where D = D(L,v1,¢) is a positive constant. Now let v € [y1, +00]. Since P,V < P,,V, we also
have P,V < eV + D 1g. This inequality easily rewrites as (6.14) (see the proof in [7], p. 190). Finally, since P}
is compact from Cy; into Cj (Lem. 6.2), we deduce from [10] that ress(P)) < e. We obtain r.s5(P5) = 0 because

S
€ is arbitrary. O

Remark 6.7. Let v; > 0,e >0 and 0 <a < a+ b < 1. Observe that Corollary 6.6 holds also if we replace V'
by V*? (since ¥; admits a moment of order ro(a + b)). Moreover notice that (6.14) with V** instead of V'
directly gives that there exists a constant Dy 44, > 0 such that

vy € [, 0], VT € Charss  [[BF [T lvers <ellf*lvase + Deats |/ [lve (6.15)

since || f*]loo < [[£*[lve-

The previous statements ensure that Hypothesis 2.3* holds with J = (0, +o0], By = C1, and By = Cy. The
use of Theorems 2.4 and 2.5 also requires, first to study the function v +— r(v) = r(Pyc, ), in particular the
limit of () when  tends to 0 and +o0, second to check Hypothesis 2.1 on the space Cy . This is the purpose
of the next subsections.

6.2. Preliminary useful statements on ()
For every v > 0 we set 7(7y) = (P, )-
Proposition 6.8. Assume that assumption (6.2) holds true, that k is bounded, that & is coercive and finally

that the function £/V is bounded on R. Then lirré r(y) > 2.
¥—= 0+

Proof. We need the following lemma concerning the special case k = 2. To avoid confusion we write below ]3.7
and 7(7) in place of P, and r(y) when x = 2.

Lemma 6.9. Assume that (6.2) holds, that k = 2, and that & is coercive. Then ]30 continuously acts on Cy .
Moreover the function v — 7(7y) is continuous at v = 0, with ¥(0) = 2.

Proposition 6.8 follows from Lemma 6.9. Indeed, from P} > ﬁ;‘ (since k > 2), we deduce that r(y) = r(Py) >
7‘(157) =7(7). It then follows from Proposition 3.9 that lim, _, o, 7(v) > lim, o, 7(y) = 7(0) = 2. O

Proof of Lemma 6.9. Note that ﬁo = 2P. The fact that P, thus 130, continuously acts on Cy follows from
Lemma 6.2 applied with x = 2 and v = 0. Moreover iterating Inequality (6.4) proves that P is power-bounded
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on Cy (i.e. sup,>q [P"V||v < 00), thus 7(P) = 1 since P is Markov. Moreover (6.4) rewrites as the following
(dual) Doeblin-Fortet inequality (see the proof in [7], p. 190):

vitely, [P frllv <0l v+ Lf*]loo- (6.16)

Since P is compact from C; into Cy (apply the same argument as in Lem. 6.2), so is P* from Cj; into Cf. Then
we deduce from [10] and by duality that, under assumption (6.2), P is a quasi-compact operator on Cy and that
its essential spectral radius r.ss(P) satisfies the following bound (see also [23], Sect. 8): 7¢ss(P) < 4. It follows
that

70) =r(Py) =2 and  7ess(Py) < 26. (6.17)

Observe that (6.4) and Inequality ]BWV < 2PVgive JBWV < 26 V 4 2L 1k, which rewrites as the following Doeblin-
Fortet inequality:

Yy €[0,+00), Vf* €Cy,  IPXf* v <261 lv + 2L | f*]lco- (6.18)

Using (6.17), (6.18) and Lemma 6.3 (with a = 0 et b = 1), it follows from Theorem 4.1 (applied with dy = 20)
that v — 7() is continuous at v = 0 since 7(0) = 2 > 2. O

Proposition 6.10. Assume that assumption (6.1) holds (thus (6.2)), that p is continuous, that £ is coercive,
that K is bounded, and finally that Leb(§ = 0) = 0. Then 1ir5r1 r(y) =0.
vy — o0

Proof. We apply Theorem 4.1 to the family (P,)yc(0,+00 at the neighborhood of v = +oco. Observe that
Leb(¢ = 0) = 0 implies that P, = 0, in particular the spectral radius r(co) of Py is zero. From Lemma 6.4
and Corollary 6.6, Theorem 4.1 applies to the above family, and the conclusion (4.1) and r(co) = 0 then
give limsup,, _,, . 7(y) < ¢ for every € > 0 (given by (6.14)). Since moreover r(-) is non-increasing, we obtain
limy 1o 7(7y) = 0. O

6.3. Study of Hypothesis 2.1

In this subsection we prove that Hypothesis 2.1 holds with respect to (Ji, By) with B; = Cy and J; := (0, 6),
where

01 :=sup{y >0 : r(y) > 0}. (6.19)

We know from Proposition 6.8 that 61 € (0, +oc]. Note that Cy is a Banach lattice. Let us use Proposition 3.5
to prove Hypothesis 2.1.

Observe that, for any v € (0,6,), P, is quasi-compact on Cy from Corollary 6.6 since r(y) > 0. The other
conditions of Proposition 3.5 follow from Remark 6.12 and Lemmas 6.13 and 6.14. First we state the following.

Lemma 6.11. For any non-null e* € C{;, e* > 0, there exists a nonnegative Borel measure m = me- on R such
that

wrecr, e =m(L-an)+em . (6:20)
Remark 6.12. Since B = Cy is a Banach lattice, Cy satisfies Hypothesis 3.2. Moreover, due to Lemma 6.11,
Hypothesis 3.3 is fulfilled with J; and B = Cy . Indeed, let v € J; and let ¢ € Cy be non-null and non-negative.
Then, we have P,¢ > 0 everywhere from the definition of P and the strict positivity of the function p(-). Now
prove that, if ¢ € B* N Ker(P} — 7(y)I) is non-null and non-negative, then 9 (P,¢) > 0, so 1 is positive. Let
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7 > 0. First observe that 1 # c{y for every ¢ € C because r(7) > 0 and P;(fy) = 0 from Lemma 6.2. Second
note that m = 0 in (6.20) implies that e* = e*(V) fy. Thus the nonnegative measure m = my, associated with
¥ in (6.20) is non-null. Since ¢y (Py¢) = 0 from Lemma 6.2, we deduce from (6.20) (applied with e* = 1) and
from P,¢ > 0 that ¢(P,¢) = m(P,¢/V) > 0.

Proof of Lemma 6.11. Let (C,| - ||) denote the subspace of C; defined as follows

C:= {g €C @ lim g(x) exists in (C} ,

with the notation lim,| _, o, having the same meaning as in the definition of Cy. For every g € C, we set:
£(g) := lim|;| _, o g(w). We denote by C* the topological dual space of C. Let e* € Cj;, e* > 0, and let e* € C*
be defined by:

VgeC, €'(g):=¢e"(gV).

Next let € be the restriction of €* to Cy := {g € C : £(g) = 0}. From the Riesz representation theorem, there
exists a unique positive Borel measure m on R such that

Vg€ Co, Fle) = mlg) = [ gm

Then, writing g = (g — ¢(g) 1r) + £(g) 1r for any g € C, we obtain that
& (9) =m(g — U(g) 1r) + & (1r) (g).

We conclude by observing that, for any f € Cy, we have e*(f) =¢e*(f/V). O

Lemma 6.13. Ify € Jy (i.e.v(vy) > 0) and if f,g € Cv are such that P, f = r(v)f and Pyg = r(y)g with f > 0,
then g e C- f.

Proof. Let f,g € Cy NKer(P, —r(y)I) with f > 0. Let 8 € C be such that h := g — 8f vanishes at 0. Since
h € Ker(P, — r(v)I), we deduce from a classical result for positive operators acting on a Banach lattice that
P,|h| = r(v)|h| (see Prop. A.1). Then |h|(0) = 0, the positivity of p(-) and finally the continuity of || show that
h=0. O

Lemma 6.14. Let h € Cy with |h| >0 and A € C be such that |A\| =1 and P% = )\I%l in LY(w). Then A\ = 1.

Proof. Observe that ﬁ is in C; so in By . But it is known from [20] that (X,,), is V-geometrically ergodic, so
A=1. O

6.4. Proof of Theorem 6.1

To prove Assertion (a) of Theorem 6.1, we apply Theorem 2.4. Let 7 be such that 0 < v < 6y, with
01 is given in (6.19). Let € € (0,1). Then, from the results of the previous subsections, the assumptions of
Theorem 2.4 hold with J = (y1,61), Bo = C1, B3 = Cy, dp = ¢, thus with Jy := {y € J : r(y) > }. Note that
the space B of Theorem 2.4 is here B = B3 = Cy. A first consequence is that 6y = +o00. Indeed, for every
v > 0, P, continuously acts on Cy from Lemma 6.2. Moreover, since « is bounded, the map f (ke € f)
is in B* = (Cy)* and condition (3.4) holds from Remark 3.15. Consequently the hypotheses of Lemma 3.14
are fulfilled with 7, as stated above (i.e. 0 <y < 61), with 79 = 6y, and for every v3 > 6 (if ; < 00). But
Lemma 3.14 then ensures that r(y) > 0 for every v € (y1,73), thus for every v € (0, +00) since ~3 is arbitrary
large. This proves that #; = +oo.



MULTIPLICATIVE ERGODICITY OF LAPLACE TRANSFORMS 633

Now we prove the assumptions of Assertion (i) of Theorem 2.4. Recall that Hypotheses 3.2 and 3.3 hold (see
Remark 6.12), and note that the additional condition in Assertion (i7) of Proposition 3.8 clearly holds from the
form of P (see (6.3)) and from the positivity of the density p. Thus (2.8) is satisfied due to Proposition 3.8.
Next let us prove that the continuity assumptions of Assertion (i) of Theorem 2.4 hold, namely that v — Ph,
and v +— p(ke™ %) are continuous from Jy to C; and to Cy, respectively. For every v,7" > 71 and every 3 > 0,
we have

| Phicy = Phisyrlloo < ||(k = 1)(6_% —e E)Hoo <k - 1”00(2@_%6 + Bly - ’Y/|) )

by using the sets [ > 5], [€ < 8] and the Taylor inequality. Next let € > 0 and choose § such that 2|k —
1[ooe™# < £/2. Then ||Phy  — Phy |0 < € provided that |y —+'| < £/(28]|x — 1| ). Moreover, for every
v € Jo, the map piy @ f +— p(ke 75 f) is in (Cy)* from (V) < oo, and we have for every v,v' € Jy and for every
fecly

13 = i (D] < Il v (o€ = 7€)

so that the norm of (p1, — p1/) in (Cy)* is less than ||||s p(Je ™7 — e~7'€|V) which converges to 0 as 4/ — v from
Lebesgue’s theorem. This proves the assumptions of Assertion (i) of Theorem 2.4. Since 1 and ¢ are arbitrarily
small, we deduce from Theorem 2.4 that, under P,, (Sp,x(X,)), is multiplicatively ergodic on (0,4o00) with
p(y) =7r(y) > 0 on (0,+00). We have proved Assertion a) of Theorem 6.1.

For Assertion (b), observe that lim,_, ., 7(7) = 0 from Proposition 6.10. Consequently, from the continuity
of (), v is finite and satisfies (2.9), and so (1.2), with respect to IP,,, provided that x is a probability distribution
belonging to Cy.

Finally, to prove Part (c¢) of Theorem 6.1, we assume now that £ € Bvli for some 7 > 0 and that [§ = 0]

-

has Lebesgue measure 0, and we apply Theorem 2.5. Consider any

1
O<agp<ar<ar+-—<ax<az=1.
1+7

Let us prove that the additional assumptions of Theorem 2.5 hold true with B; := Cye; for ¢ € {0,1,2,3}. Let
i € {0,1,2}. The fact that (P,), satisfies the conditions of Hypothesis 2.3* on (J, B;, B;11) comes from Lemma
6.3 and Remark 6.7. The fact that Hypothesis 2.1 is satisfied on B;;; follows from Proposition 3.5: apply the
results of Subsection 6.3 with V*+1 in place of V. Observe that

€3]

@@l @l 1) .
17l =58 Ve =58 oy SR Wy = W8Sy

Hence we have proved that f +— &f is in £(By,Bz). The fact that v — P, is C' from (0, +00) to L(Bi, Bo)
and that Pfy = P,(—£f) can be established by adapting the operator-norm estimations used in the proof of
Assertion (vii) of Lemma 5.2 to the present context of weighted-supremum spaces (use the techniques of [14],
Lem. 10.4). Finally, due to Proposition 3.12, we have r'(r) < 0. We conclude by Theorem 2.5.

APPENDIX A. PROOF OF PROPOSITION 3.5

Proposition 3.5 directly follows from the following statement.

Proposition A.1. Let B be a non null complex Banach lattice of functions f : X — C (or of classes of such
functions modulo 7). Let Q be a (nonnull) nonnegative quasicompact operator on B such that r(Q) # 0 and
such that for every nonnull nonnegative f € B and for every nonnull nonnegative ¥ € B* N Ker(Q* — r(Q)I),
we have Qf > 0 (modulo 7) and Y(Qf) > 0. Then
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(a) 7(Q) is a first order pole of Q, and there exists a positive ¢ € B and a positive 1 € B* such that
v()=1, Qo=r(@Q¢ and QY =r(Q). (A1)

(b) Let A € C and h € B such that |A| = r(Q) and Qh = Ah. Then Q|h| = r(Q)|h| in B.

(c) If moreover Q is of the form Q = P(ke™7%.) where P is the operator associated with a Markov kernel, if
1x € B— L(n), if Ker(Q — r(Q)I) = C - ¢ and if 1 is the only complex number \ of modulus 1 such that
P(h/|h|) = Ah/|h| in LY(7) for some h € B with |h| > 0, then r(Q) is the only eigenvalue of modulus (Q)
of Q.

Proof. The fact that r(Q) is a finite pole of @ is classical for a nonnegative quasi-compact operator @ on a

Banach lattice. Let us just remember the main arguments. From quasi-compactness we know that there exists

a finite pole A € o(Q) such that |A| = r(Q). Thus, setting A, := A(1 + 1/n) for any n > 1, we deduce from

A € o(Q) that

lim ||(Ad — Q)75 = +oo0.

n—-+oo

Since B is a Banach lattice, we deduce from the Banach-Steinhaus theorem that there exists a nonnegative and
nonnull element f € B such that

lim ([T = Q)]s = +oc.

n—-+0o0

Next define r,, := 7(Q)(1 + 1/n) and observe that
(A = Q)7 ] = D AEQFF <> r B QF .

k>0 k>0

Since B is a Banach lattice, the last inequality is true in norm, that is

[l = Q)7 < 1D B0 QR ||

k>0

from which we deduce that lim, o ||(1n] — Q) ~!||g = +0o0, thus r(Q) € o(Q). Finally r(Q) is a finite pole of
Q@ from quasi-compactness.

Let ¢ denote the order of the pole r(Q), namely (@) is a pole of order g of the resolvent function
2+ (2I — Q)~. Then there exists p > 0 such that (2] — @Q)~! admits the following Laurent series provided
that |z — r(Q)| < p and z # (Q):

(I=Q) ' = > (z—1(Q)F Ay,

where Ay, are bounded linear operators on B. By quasi-compactness, A_; is a projection onto the finite subspace
Ker(Q — r(Q)I)?. Moreover we know that

-1

Ag=(Q-r@D" oA =410 (Q-r(@D)", (A.2)

and that, setting r, := r(Q)(1 + 1/n),

A_,= lim (rn — T(Q))Q(Tnl - Q)_l

n — +0o



MULTIPLICATIVE ERGODICITY OF LAPLACE TRANSFORMS 635

= lim (r, —r(Q)*)_r,*THQ*. (A.3)

n — +oo
k>0

Since @ is a nonnull nonnegative operator on B, so is A_,. Since A_,; # 0, we take a nonnegative hy € B such
that ¢ :== A_ghg # 0 in B. We have (Q —r(Q)I)A_, =0, so 7(Q)¢ = Q¢. Similarly there exists a nonnegative
Yo € B* such that ¢y := A* 1)y is a nonzero and nonnegative element of Ker(Q* —r(Q)I), where A*  is the
adjoint operator of A_,. Note that ¢1(¢) = ¥1(Q¢)/r(Q) > 0 from our hypotheses, so that ¢ and ¥ := 1 /11 (¢)
satisfy (A.1). To conclude the proof of Assertion (a), let us prove by reductio ad absurdum that ¢ = 1. Assume
that ¢ > 2. Then A2 =0 from (A.2) and A_;(B) = Ker(Q — r(Q)I)4, so that ¢1(¢) = (A* ,v0)(A—gho) =
Yo(A% ho) = 0. This contradicts the above fact.

To prove (b), recall that, from our hypotheses, we have ¢(g) = ¥(Qg)/r(Q) > 0 for every nonnull nonnegative
g € B. Let A € C and h € B such that [A| = 7(Q) and Qh = Ah. The positivity of Q gives |A\h| = r(Q)|h| =
|Qh| < Q|h|, thus go := Q|h| — r(Q)|h] > 0. From ¢(go) = 0, it follows that go = 0, that is: Q|h| = r(Q)|h| in B.

Now let us prove Assertion (¢) of Proposition A.1. Recall that the above nonnull nonnegative function ¢ € B
is such that Q¢ = r(Q)¢. From our hypotheses we deduce that ¢ > 0 (modulo 7). Let A € C and h € B be
such that |A\| = r(Q), h # 0 and Qh = Mh. Due to the previous point and to our assumptions, we obtain that
Q|h| = r(Q) |h| and |h| = B¢ for some S > 0. In particular h # 0 m-a.s. One may assume that 5 = 1 for the sake
of simplicity. Let A = {z € X : |h(x)| = ¢(z) > 0} and

B={zeX:(Q9)(z) =r(Q)¢(x)}, C={recX:(Qh)(z)=A(x)}.
Let A° =X\ A. It follows from 7(A°) = 0 and from the invariance of = that
7 (P(1ac(¢ + |h|) ke 7)) = 7 (Lac (¢ + |h]) ke™7¢) = 0.

Let D := {z € X : (P(Lac (¢ + |h|) ke77¢))(z) = 0}. Then we have 7(D) = 1. Now define E=ANBNCND.
Then 7(F) = 1, and we obtain that

Ve e E, |h(z)] = ¢(z) >0 (A.4a)
Vo€ B, Ah(z)= (P(1ahre ")) (z )—/ (y) k(y)e "W P(z, dy) (A.4b)
VzeE, r(Q)¢(x)=(Plapre 7))( / o(y) k(y)e™ W) P(z, dy). (A.4c)

Let € E and define the probability measure: 1, (dy) := (7(Q) ¢(2)) " *é(y) (y)e~ €W P(x, dy). We have

/ (@) ¢(x) h(y)
A

Aoy ha) =L

Since |h(z)| = ¢(x) and |h| = ¢ on A, the previous integrand is of modulus one. Then a standard convexity
argument ensures that the following equality holds for P(z,-) - almost every y € X:

r(Q) ¢(x) h(y) = Ad(y) h(z).

This implies that r(Q)Plﬁ‘ = )\ﬁ everywhere on FE, thus T(Q)P\% = /\\Thl in LY(7). So A = r(Q) from the

hypothesis of Assertion (¢) of Proposition A.1. O
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APPENDIX B. A COUNTER-EXAMPLE

Assume that (X, d) is a metric space equipped with its Borel o-algebra. Let £>° denote the set of bounded
functions f : X — C, endowed with the supremum norm.

Proposition B.1. Assume that P is a Markov kernel satisfying the following condition: there exists S € (0, +00)
such that, for every x € X, the support of P(x,dy) is contained in the ball B(x,S) centered at x with radius S.
Assume that k = 2 and that (y) — 0 when d(y, xo) — +00, where xo is some fized point in X. Then, for every
v € [0,+00), the kernel Py := 2P(e™7%:) continuously acts on L and its spectral radius r(v) = r((Py)jze)
satisfies the following

Vy € [0, +00), r(y)=2.

Proof. We clearly have () < 2 since P, < 2P and P is Markov. For any > 0, we obtain with f = 1j¢<g

VeeX, (P,f)(x)=2 /[5 o e W) P(x,dy) > 2¢77P P(x,[€ < A]).

The set [ < f] contains X \ B(zg, R) for some R > 0 since &(y) — 0 when d(y, 29) = +oo. Thus, for d(z,zq)
sufficiently large (d(z,z0) > R+ S), we have P(z,[¢ < f]) = 1, so that |[Py|ze > ||Py |z > 2¢775. This
gives || P, ||z = 2 when 8 — 0. Similarly we obtain with f = 1¢<g, that, Vo € X\ B(zo, R + 25),

(P21 (@) = 4 [ 60D 1) Ply.d) Pla.dy)

> 4e= B / e~ vEW) p(y7 [€ < ﬁ])P(x,dy) > 4e—278
X\ B(zo,R+S)

and so VB > 0, ||PZ||gee > ||[P2f|lz > 4277, Again this provides ||P2|s~ = 4 since 8 can be taken
arbitrarily small. Similarly we can prove that || P)'[|z~ = 2" for every n > 1, thus r(y) = 2. O
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