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STATISTICAL ESTIMATION OF CONDITIONAL
SHANNON ENTROPY

ALEXANDER BULINSKI® AND ALEXEY KOZHEVIN

Abstract. The new estimates of the conditional Shannon entropy are introduced in the framework
of the model describing a discrete response variable depending on a vector of d factors having a density
w.r.t. the Lebesgue measure in R%. Namely, the mixed-pair model (X,Y) is considered where X and Y
take values in R? and an arbitrary finite set, respectively. Such models include, for instance, the famous
logistic regression. In contrast to the well-known Kozachenko—Leonenko estimates of unconditional
entropy the proposed estimates are constructed by means of the certain spacial order statistics (or k-
nearest neighbor statistics where k = k,, depends on amount of observations n) and a random number
of i.i.d. observations contained in the balls of specified random radii. The asymptotic unbiasedness
and L2-consistency of the new estimates are established under simple conditions. The obtained results
can be applied to the feature selection problem which is important, e.g., for medical and biological
investigations.
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1. INTRODUCTION

The entropy concept plays a prominent role in physics and mathematics, see, e.g., [3]. On various approaches
to the entropy definition we refer to the deep works by Boltzmann, Gibbs, Plank, Shannon, Kolmogorov, Sinai,
Renyi, Tsallis, Holevo. There are important problems where one employs statistical estimates of due entropy
constructed by means of i.i.d. observations. For example, such estimates are useful in feature selection theory
[35] and in detection of texture inhomogeneities [1]. We leave apart many other domains where entropy estimates
are applied, see, e.g., [33]. There are a number of various approaches to the entropy estimation, we refer, e.g.,
to [2, 7, 11, 19, 28, 34, 36, 41-43].

The main goal of the paper is to introduce new statistical estimates of conditional Shannon entropy for
models where a discrete response variable, taking values in an arbitrary finite set, depends on a vector of
factors (features) having density w.r.t. the Lebesgue measure in R%. These models include the famous logistic
regression (see, e.g., [21, 23]). The proposed estimates involve the k-nearest neighbor statistics where k = k,
depends on a number of observations n (on the k-nearest neighbor statistics see, e.g., the recent book [6]). Note
that our estimates do not employ the well-known Kozachenko-Leonenko statistics [24] used for estimation of
the unconditional Shannon entropy. Under simple assumptions (cf., e.g., [5, 10, 14, 18, 40]) we establish the
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asymptotic unbiasedness and L?-consistency of our estimates when the sample size tends to infinity. An interest
in the study of conditional entropy is explained as follows. The mutual information of two random vectors
is represented by means of conditional entropy of one of them and unconditional entropy of another. That
information characteristic of two random vectors facilitates the identification of relevant factors having impact
on a response variable under consideration (see, e.g., [4, 16, 17, 32, 44]). Such analysis is useful in medical and
biological studies. Thus statistical estimates of the mutual information involving new estimates will be valuable
for feature selection.

We stipulate that all the random variables and random vectors are defined on a probability space (Q, F,P).
Recall that the Shannon entropy (see [38]) of a discrete random variable Y taking values in a finite set M with
probabilities P(y) := P(Y = y), y € M, and a (differential) entropy of a random vector X in R? having density
f(), x € RY, w.r.t. the Lebesgue measure y are introduced by the following respective formulas

H(Y):=-ElogP(Y)=— > P(y)log P(y (1.1)
yeM
H(X) i= —Elog f(X l/ £ () 1og f(z) p(de). (1.2)

Clearly, one can view the entropy as a function of a probability distribution since the above formulas involve the
laws of X and Y. Note that the probability distribution discretization techniques for a random variable having a
density (w.r.t. the Lebesgue measure) and evaluation of the Shannon entropy for thus arising random variables do
not lead to the differential entropy as the mesh of the discretization tends to zero (see, e.g., Thm. 8.3.1 in [13] and
[29]). More generally, when a measure o is fixed on a measure space (5,5), one can define the notion of the
entropy of a probability measure v given on the same space and absolutely continuous w.r.t. o. Namely, whenever
the following integral is well defined (and can take infinite values),

H,(v) = /log (i;) dv (1.3)

Where <% is the Radon—Nikodym derivative.

Ity has alaw v on (M, 2M) then (1.1) is a particular case of (1.3) where S = M, B = 2™ and o is a counting
measure on M. If X has a law v on (5, B) then (1.3) leads to (1.2) when S = R, B = B(R?) and o = u. The
definition of the Kullback—Leibler (see, e.g., [13], p. 19, 251) relative entropy (or divergence) for two probability
measures is closely related to (1.3). We refer to [37] where various kinds of f-divergences are compared.

Consider a random vector (X,Y) such that X : @ — R? (d € N) and Y : Q — M. Here M is an arbitrary
finite set. We assume that P(Y = y) > 0 for each y € M. Suppose that there exists a measurable function
fxy : RYx M — R, such that, for any B € B(R?) and y € M,

eraY:w:anmmmmy (1.4)

In other words, fx y is a density of a random vector (X,Y) w.r.t. measure o := p ® A on B(R?) @ 2M. For
z € R? and y € M, let us define the following functions:

17) = Z fX,Y(x,y),

yeM
Fxiv(aly) = ﬁg@g
fxv(z,y)
LEXS - fx(x) >0,
e fX(‘L)
fyix(ylz) {07 Fr(@) = 0 (1.5)
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Note that fx is a density of X, fy|y is a conditional density of X given Y, and fy|x provides a conditional
distribution of Y given X. To simplify notation we will write do instead of p(dz) and set f(z,y) = fxy(z,y),
fylz) == fyx (y|z).

According to (1.3) (see also [31]) the entropy of a vector (X,Y) in the framework of model (1.4) is given by
the formula

H(X,Y):=—-Elog f(X,Y) = Z/ flz,y)log f(x,y) dx

yeM
Introduce the conditional entropy of Y given X
H(Y|X):=—Elog f(Y|X) =~ ) / f(z,y)log f(y|z) dz (1.6)
yeM

One can verify that this conditional entropy H(Y|X) is always finite.
The mutual information of X and Y is defined as I(X,Y) := Dk (Px y||Px ® Py), i.e. it is the Kullback—
Leibler divergence D, between the distribution of a vector (X,Y) and a product of X and Y laws. Thus

I(X,)Y)=H(X)+HY)-H(X,Y)=H(X) - HX|Y) = HY) - HY|X) (1.7)

whenever all these expressions are well-defined (i.e. the expressions are excluded where one adds infinities with
different signs). Note that H(Y') and H(Y'|X) are finite for the model under consideration and therefore I(X,Y)
is also finite. It is well-known that I(X,Y") > 0. Moreover, I(X,Y) = 0 if and only if X and Y are independent.
The latter statement is applied to the information approach for the identification of relevant factors having an
impact on a random response. Mention in passing that extension of (1.7) to the case of n random vectors is
fruitful as well (see, e.g., [15]). There are a number of papers devoted to various estimates of (unconditional)
entropy. In this regard we indicate the recent work [10] where the estimates of the Shannon differential entropy
are studied and where one can find further references.

The scheme (1.4) under consideration comprises the famous logistic model widely used in the classification
problems (see, e.g., [26]). Namely, let M = {1,2} and

1

PY =1X =2) = 1+ exp{—(w,z) — b}’

reRY weR? beR, (1.8)

where (-, ) is a scalar product in R? and P(Y =2|X =2) =1—P(Y = 1|X = z). Let fx be a vector X density.
Then

fX’Y(QT, 1) = P(Y = 1|X = m)fX(a:),
Ixy(z,2) = fx(z) — fxy(z,1).

Note that there exist generalizations of logistic regression where a response variable Y takes more than two
different values.

To conclude the introduction we mention that in Section 2 statistical estimates of H(Y|X) are introduced
and two principle results are formulated. The proposed estimates are constructed by means of the certain k-
nearest neighbor statistics (where k = k,, depends on a number n of i.i.d. observations (X1,Y7),...,(X,,Y,))
and a random number of observations contained in the balls of specified random radii. Under wide conditions
the asymptotic unbiasedness and L2-consistency of our estimates are proved in Sections 4 and 5, respectively,
whereas in Section 3 some auxiliary results are provided. Their proofs and that of corollary are given in Appendix.
The applications to the feature selection problems along with simulations will be considered separately. In
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particular, for considered vectors (X,Y") our estimate of the conditional entropy H(Y'|X) has advantages over
estimates constructed as differences of statistical estimates of H(X,Y") and H(X). Note also that other estimates
of mutual information for discrete-continuous mixtures models based on the Kraskov—Stogbauer—Grassberger
[25] approach were studied in [12, 18] under different conditions. Also it is worth to emphasize that our estimates
construction does not suppose the existence of any topological structure on a set M (thus we do not use the
distances between Y; and Yj, 4,5 =1,...,n).

2. MAIN RESULTS

Let Zy,Zs,... be a sequence of ii.d. random vectors Z; = (X;,Y;), i € N, such that a distribution of Z;
coincides with one of the vector (X,Y") described by model (1.4). Introduce the estimate H(Y|X) constructed
by a sample Z1, ..., Z, as follows

~ 1 < ~
H,r=— Hy ki 2.1
k= ; k, (2.1)

Herene N, n>1, k=k(n) e {1,...,n—1},

~

Hy i =—log(énki(Z1,...,2Z,) + 1) +1logk, (2.2)
Eni(Z1,.. Zy) i =t{7€{l,...,n}\{i}: Y; =Y, | Xi — Xj|| < pn,i(Xq,.... X0} (2.3)

# stands for the cardinality of a finite set, || - || is the Euclidean norm in R¢ and
Pk, (X1, Xn) o= [ X — Xi )l (2.4)

X (k) being the kth nearest neighbor of X; in the sample {Xi,..., X, } \ {Xi} d.e. ppri(X1,...,X,) is the
Eulidean distance from X, to its kth nearest neighbor. Clearly, the random variable &, 1.:(Z1,...,Z,) takes
values 0,1,...,k. Observe that with probability one the points Xi,..., X, do not pair-wise coincide as the
vector X has a density.

Thus, in contrast to the well-known Kozachenko—Leonenko [24] estimate of the Shannon differential entropy
of a random vector, along with the distance to the kth nearest neighbor of X; in the sample X7, ..., X,, (without
point X;) the principle role is played by random variables &, i, ¢ = 1,...,n. Namely, at first we find a random
set J C {1,...,n}, consisting of all the indexes j € {1,...,n}\ {i} such that X; belongs to the ball B(X;, pyk,i)
with a random center and a random radius. Then from the collection {(X;,Y;),j € J} we take {(X;,Y;),j € I,}

VRN VREaN
where I; ;== {j € J:Y; =Y;}. The collection of random variables {(X;,Y;),j € I;} arises where I; is also a
random set. The cardinality of this set I;, i.e. #I;, equals to the random variable &, 1, 1 =1,...,n.

Definition 2.1. A function g: R — R is called locally constricted at a point  in R if there exist strictly
positive Ry(x) and Co(z) such that

1

g(x) — Ba )| - < Co(z)R for R € (0, Ry(x)) (2.5)

g(v) dv

where |B(z, R)| is a ball B(z, R) := {v € R?: ||v — z|| < R} volume, i.e. |B(z, R)| = u(B(z, R)). A function g
is Cy-constricted if it is locally constricted for p-almost all points 2 € R? and, moreover, for such z one has
Co(z) < Cp and Ro(z) > Ry where Cy and Ry are strictly positive constants.
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Remark 2.2. If a function g : R? — R satisfies the Lipschitz condition at z € R? with a factor C(z), that is
lg(v) — g(x)| < C(z)||v — z|| for all v € R?, then (2.5) is valid for any Ro(z) > 0. It is easily seen that if g(x),
x € RY, is a density of non-degenerate Gaussian law then this function is Co-constricted.

Theorem 2.3. Let in the framework of model (1.4) the following conditions be satisfied. For each fixzed y € M
and p-almost all x € R?, a function f(z,y), i.e. f(-,y), is strictly positive and Cy-constricted,

k =k, xn® (2.6)
for some a € (0,1), and, for some e > 0,
E|log fx (X)|**¢ < 00 (2.7)
where fx () is a density of X. Then
EH,r — H(Y|X), n— oo, (2.8)

~

i.e. Hy 1 is an asymptotically unbiased estimate of H(Y|X).

Theorem 2.4. Let the condition (2.7) of Theorem 2.3 be replaced by the following one. For some ¢ > 0,
E|log fx (X)|**¢ < cc. (2.9)
Then

E(ﬁnk —H(Y|X))? =0 as n — oo,

~

i.e. Hy 1 is an La-consistent estimate of H(Y|X).

Corollary 2.5. Let in the framework of model (1.4), for each y € M, the function f(-,y) be a density of non-

degenerate Gaussian law in R (with mean vector and covariance matriz depending on y). Then H, i, where
k(n) satisfies (2.6), are asymptotically unbiased and L?-consistent estimates of H(Y|X) as n — oo.

3. AUXILIARY RESULTS

In this section, as previously, we consider i.i.d. vectors Z1, Zs, ..., having the same distribution as (X,Y") in
the framework of model (1.4). Using notation introduced in Section 2, for € R%, y € M, k € {1,...,n — 1}
and n > 2, set

pn,k,l(x) = pn,k,l(xa XZ, oo 7Xn)7 gn,k,l(xv y) = gn,k,l((x7 y)v Z23 ceey Zn)

These random variables depend, respectively, on z, Xs, ..., X,, and (z,y), Za, ..., Z,. To simplify notation we
omit the random arguments of these functions.

Now, we formulate two auxiliary results concerning conditional distributions of random variables playing an
essential role in the asymptotic behavior analysis of the conditional entropy estimates. It turns out surprisingly
that the mentioned conditional distributions are specified mixtures of certain binomial laws with explicitly
indicated weight coeflicients. The proofs of these results are provided in Appendix. We write P,, for distribution
of a random vector (or variable) 7.
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Lemma 3.1. Foranyy € M,z € R, r=0,1,...,k and P o i1(x)-almost all t € (0,00), the following relation
holds:
Pnki(z,y) =rlpnri(z) =1)

- (’“ - 1) P(Y = yl|X — al| < )7(1 = P(Y = y[|X — 2] < ) a(z,y,1)
+(f_i)P<Y = yllX ol <671 = PO = yllIX 2]l < (1~ ala, 1)

where a(z,y,t) = P(Y #y||X — | =1) and (Z) =0form<0andm>N (NeN, meZ).

Remark 3.2. As usual, for random vectors 1 : Q@ — R?, ¢ : Q — R*, and for B € B(R?), x € R®, the notation
P(n € B|¢ = z) = ¢(x) means that one takes a Borel function ¢(x), z € R®, such that P(n € B|() = ¢({). The
function ¢ is defined uniquely P.-almost sure (see, e.g., [39], v.1, Chap. II, Sect. 5).

Let z; = (z;,y;) where z; € RY, y; € M, j € {1,2}. For n > 2, let us define the random variables

Pk, (T1,22) = prk,j(T1, 22, X3, ..., Xn), (3.1)

Enk,j(21,22) == En ki (21,22, 23, . .., Z). (3.2)

Again we omit the random arguments of these functions.

Lemma 3.3. Let z; = (xj,y;) where z; € R, y; € M, j = 1,2, x1 # x2. Introduce a random wvector
¢ := (pn.r1(x1,22), prk2(x1,22)). Then, for anyn > 2, k€ {0,1,...,[(n —2)/2]}, where [-] is the integer part
of a number, any r1,72 € {0,...,k} and P¢-almost all (t1,t2) such that t; > 0, to > 0 and t1,ts < |z — 2/2
the following relation is valid:

2
P(&nk,1(21,22) = 11, §nk,2(21, 22) = 1r2|( = (t1,12)) H (&n ki (21, 22) = 15|C = (t1,22)). (3.3)
j=1

Moreover,

P (§nk,j(21,22) = 15|C = (t1,12))

= ("o a—m e+ ()T 0 0 et G4

where p; = P(Y = y;|X € B(xj,t;)), 1 =1,2, and a(x,y,t) is the same as in Lemma 3.1.
We will also employ the following elementary results.

Lemma 3.4. Let W be a random variable having finite EW , and V' be a random vector with values in R™ such
that P(V € B) > 0 where B € B(R™). Then

EWVIV € B) = [ EWIV =) Pra(dy),
B
E(WI{V € B}) and Py 5(A) :=P(V € A|V € B), A € B(R™).

where EW|V € B) := ﬁ
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Lemma 3.5. Let &, n be some random variables and E|¢| < co. Assume that a random variable ¢ takes values
in a finite or countable set S. Then, for P,-almost all t, one has

E@€ln=1)=> EEIC=rmn=tP(=rln=1).

res

4. PROOF OF THEOREM 2.3

Observations Zy, Zs, ... have identical distribution. Thus Eﬁn’k = —Elog (#) and one has to prove
that

n 1
— Elog (g’“;JF) — H(Y|X), n— oo. (4.1)
Taking into account the independence of Z; and Zo, ..., Z,, we get
n, 1 n , 1
E <log (W‘) ‘Xl =x,Y] = y) = Elog (W) = hni(z,9).

Consequently,

Elog(gnkl—i—l) Z/ B i (z,9) f(z, y)de. (4.2)

yeEM

To prove (4.1) we study the right-hand side of formula (4.2). For each n € N, we take the specified partition
of R4 into subsets Bj , and Bs, depending on auxiliary parameters 6, > 0. Then we consider integrals over
these sets and show that the integrals over By ,, determine, for each y € M, the asymptotic behavior (as n — o)
of the integrals appearing in (4.2). We use simultaneously two averaging procedures. The first one is given by
(4.2). The second one means that in (4.2) instead of h,, (z,y) we write E(E(log(w)\nﬁpn,kvl(x)) where
B > 0 is a parameter. Then we analyze the combination of integrals with the help of Lemma 3.1 providing the
formula for conditional law of &, . 1(z,y) given p, x.1(x). Here, for § > 0, we also use the partition of the values
taken by n”p, 1.1(x) into sets (0,d], (§,00) and evaluate the contribution of each integral to their sum. The
appropriate choice of parameters 6, v, and [ leads to the desired result. To simplify the proof we divide it into
three steps.

Step 1. Introduce parameters 6, > 0. In the sequel we will make an appropriate choice of these parameters.
Demonstrate that one can consider only such z € R? that fx(x) > n~? and, for each y € M, f(y|z) > n"".
Due to (2.7), for n > 2 and y € M, we come to relations

|log fx ()|"** 1 1+
dz < 2SI XA de < ——E|1 X[t 4.
pwars [ MG p@ < g 0, @)
{o:fx (2)<n0} {w:fx (2)<n0}
fepydr= [ feofs@de<n [ fr@de =0 (4.4)
{z:f (ylz)<n—v} {a:f (ylz)<n—v} Rd
For n € N, take 0,, := n’e, v, :=n~Y and consider the sets

= (V{z e R f(ylz) > v} N {z €R?: fx(2) > 00}, Bap:=R"\ B, (4.5)

yeM
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. Enkat+l) _
One can write Elog |~ | = I1(n, k) + I2(n, k) where

Li(n, k) = Z / b i(x,y) f(z,y)de, j=1,2.

yGMB

R

For k > 1, all #z € R and y € M, the inequality |h, (7, y)| < logk is valid because &, x1(7,y) takes values
0,1,...,k. Thus

bl <k [ @Y [ fewd . (46)

{:fx (2)<0,} VEM o f(ylz)<vn}

According to (4.3) and (4.4) we infer that Iz(n, k) — 0, n — oo, since k o n®.
Fix parameter § > 0 and note that

E (log (W) 1P pp e ( ) Zlog (r ki ) P(énka(z,y) = r|n” pui1(2)).

Hence,

(1) Z / (r+ 1) P (G () = 1 pogn (2) = ) £ (u)du

where fflki 5(°) is a density of a positive random variable nPpy.1.1(x), and a density of a random variable p,, 1 1(z)
is indicated in the proof of Lemma 3.1 (see Appendix, Eq. (A.6)), here du stands for the Lebesgue measure
on R.

Now we fix an arbitrary § > 0 and write I1(n, k) = S1(n, k) + Sa(n, k) where, for V1 = (4, 00), Vo = (0, ] and

=3 [ fon

yeM” Plinr=0

) P(&not (., 9) =7 (2) =un™) f5) (u)duf(z,y)do

The rest of the proof is divided into two parts.

Step 2. Let us show that S1(n, k) — 0 as n — co when parameters § and § are taken appropriately. We find an
upper bound for |Sy(n, k)|. For alln € N, 1 < k < n and z,y € R?, the variable &, 1 1 (7, y) takes values 0, ..., k.
Therefore, for k£ > 1, one has

k

2o

r=

r+1 _
( )‘ P(nki(z,y) = rlpnii(z) = un™) <logk.
Thus

|S1(n, k)| <logkz / / 7(1]276 Vf(z,y)dudz

— log k / P (b (@) > 5nP) fx(x)de = logk / P(na(B,6,2) < k— D) fx(2)de,  (47)

Bl,n Bl,n
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here 1, (8, u, z) ~ Bin(n—1, p,(8,u, )), i.e. (58, u, x) has a binomial law with parameters n — 1 and p,, (5, u, x)
where

oo(Bott, ) = P(X € Un(B,u, ) = / Fx(v) dv,

Un (B,u,z)
Un(Byu,2) = {veRY: v —z|| <un™P}, u >0, 2eRL

Indeed, as f,(lk;ﬁ() is a density of a variable p, x(z)n”, we can write

/ fr(zka)c/a(“) du = P(ppp1(z) > on= 7). (4.8)
(67W)

The event {w : pp x.1(z) > 6n "} means that in a ball B(x,dn~?) one can find no more than k — 1 point among
{X;}" 5. The independence of the observations yields P(p, x.1(z) > én=") = P(,(8,8,2) < k — 1). According
to the inequality for binomial sums proved in [46], for any n > 1, k =0,1,...,n — 1 and all considered values
8,6 and z, the following bound holds

P(nn(ﬁa&x) <k- 1)

<o <sgn (- m.a0) \/2<n -1 (L,pnw,é,x))) (49)

where ®(-) is the distribution function of a standard normal random variable,

1, t>0,
sgn(t) =4 0, t=0,
-1, t<0,

h(t,s) = tlog (z) +(1=1)log (i‘i) L s,te(0,1).

For each y € M, the function f(-,y) is Cp-constricted, therefore, for y-almost all 2 € R?, each u € (0, 6] and
any n large enough,

‘ P(X € U,(B,u,z),Y =vy)

_ -B
U (Bou,2)| f(x,y)‘ < Coun™". (4.10)

Since fx(z) = ZyeM f(z,y), for z, u and B under consideration, we get

pn(B,u, )

_ -8 _ -8
‘fx(o:) |Un(,6,u,a:)|‘ < tMCoun~" = Cun (4.11)

where C' = §MCy. This implies that, for arbitrary § > 0, 8 > 0, p-almost all * € B; ,, and for any n > N,
where Ny = Ny(J, 5), the following inequality is satisfied

(8,0, 2) > Vadin=(fx () — Con™P)) > Vyoin=% (6, — Con™"P). (4.12)
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Recall that Vy = |B(0,1)], B(0,1) C R%. Now we can obtain the upper bound for the argument of a function
sgn in formula (4.9). In view of (4.12) one has

k d,_—dp _8
—». (B < M .
T pn(B,6,x) < 1 Vidn (0, — Cén™")

Take 8 > 6. Then n=? = 0(6,,) as n — co. According to (2.6) we get % x n® 1 n — co. Let parameters 3
and 0 be such that

a—1<—dB—o. (4.13)

For (4.13) validity it is sufficient that (d + 1) < 1 — «, because we can choose 3 > 6 arbitrary close to 6. Then
n®1 = o(n=%=%), n — co. Thus there exists N € N (where N = N(C,d,«a,d, 3,0)) such that if n > N, then
ke p.(8,8,2) <0 for p-almost all z € By ,,, which yields

n—1

sgn (’“ pn(ﬂ,é,x)> = 1. (4.14)

n—1
For s,t € (0,1) introduce the functions

t

Lin(t,s) = 2(n—1)(1— t)log (i_s) \ Lon(ts) = 2(n — )tlog (i) .

Then 2(n — 1)A(t,s) = L1 n(t, s) + Lo (t, s). Now, for t = ﬁ and s = p, (8, d, z) consider the behavior of the

functions L1 ,, (¢, s) and Lo ,,(¢,s) (for p-almost all z € By ,,) as n — oco. Applying (4.12), for n > Ny, we come
to the bound

Lin(t,s)=2(n—1—k) (log (1 — nk1> — log(1 — pn(B, 9, x)))

>2(n—1—k) (log (1 — k) —log(1 — Vg6in=(6,, — cm-ﬁ))) =Ly n(k).  (4.15)

n—1

Evidently, £; (k) depends not only on n and k, but also on a collection of parameters appearing in (4.15).
Note that log(1 + z) = 2 + o(z) as z — 0. Hence, in view of (4.13) and since 8 > 6 we get Lq (k) oc nt=45=,
as n — oo. For the same ¢, s and = € By ,, taking into account that 0 < p,(8,d,z) < 1, we obtain

Lon(t,s) = 2k (log (nfl) - 1ogpn<ﬁ,6,x>) > 2klog (nfl) = Lo, (k).

Therefore, L5 (k) x n®logn, n — oco. Thus according to (4.13) we conclude that, for all n large enough, and
for p-almost all x € By p,

20~ DI (2 (516 ) 2 LanlI) + LanlB) = o o450 (4.16)
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where k = k,, o n®. Here R,, depends not only on n, but also on «, 8, §, § and d. Therefore, (4.16) gives, for
all n large enough, an estimate

® <sgn (55 - ms0.0)) \/2<n ~ 1 (n’“l,pnw,a,m)) < o(~V/R).

Since ®(—2z) < \/217z€_% for z > 1, taking into account inequalities (4.7), (4.9) and (4.16) we get, for k = k,,

n®, x € By, and all n large enough,

1 -
/(6 ) fﬁki@(U) du < TRB Ba/2, (4.17)

log k.,
[S1(n, k)| < %e‘R"/Q — 0, n— oo.
TR,

Hence the proof of Step 2 is complete.

Step 3. We show that Sa(n, k) - —H(Y|X), n — co. For P -almost all u by virtue of Lemma 3.1

nﬂpn‘k,l(x)

E (1og (k1 (2, 9) + 1)[pn g1 () = un™")
=P(Y #y||X — 2| = un"7)Elog(un + 1) + P(Y = y|||X — 2| = un"")Elog(un +2)  (4.18)

where the random variable p,, does not depend on (X,Y) and

Hn = Nn(kvﬁvuvxvy) ~ Bln(k -1, Pn(ﬁvuyxvy))v (419)

Pu(B,u,2,y) = P(Y = y|X € Un(B,u, ). (4.20)

Note that P(X € B(x,t)) > 0 for each z € R? and any ¢ > 0 since fx(-) is strictly positive u-almost everywhere.
At first we study, for u € (0,9], y € M and p-almost all * € R? (such that fx(x) > 0), the convergence rate of
P,(B,u,z,y) to f(y|z) as n — co. One has

B |Un (8, u, )| P(X € U,(B,u,z),Y =vy)
\Pn(@u,x,y)—f(y\xﬂ— P(XEUH(B,U,I)) { ( |Un(ﬂ,u,z)| _f(x7y)>
+1(0ko) (1x(a) - DS L) H

For all y € M and p-almost all # € R?, the Lebesgue theorem on measures differentiation (see, e.g., [45],
Thm. 25.17) gives that

. P(Y=y,X €B(z,R))
f(y\ﬂc)—nggJr P(X c B(x.R) < 1.

Hence, due to (4.10) and (4.11), for all n large enough, we obtain the inequality

Un(B,u,z)|
(X e Up(B,u,x))

|Pa(B,u,2,y) — f(ylz)] < Co(M +1)6n~"° 3
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for u € (0, 6], p-almost all z € R? and y € M. In view of (4.11), for p-almost all € By ,,, u € (0,8] and y € M,

P(X € U,(B,u,x))
|Un (B, u, )|

> fx(x) — Co(tM)un=° > 6,, — Co(tM)dn=" > %nfe

if n is large enough (n > N(§M, Cy, 9, 53,6)) and 8 > 6. Thus, for such n and indicated u, x and y,
|Po(B,u, ) — flylz)] < 2C06(8M + 1)n= 0, (4.21)

Note now that, for &k, > 1 and P, := P,,(5,u, z,y),

ntl
Elog (s, + 1) = log((ky, —1)P,) + Elog ((k:u—l)P) '

Set Gy, := (0,6] x By, x M. We will demonstrate that

pn + 1
E1l —_— . 4.22
og((kn_l)Pn>‘—>O,n—>oo ( )

According to the Lyapunov inequality it is sufficient to prove that

sup
(u,z,9)€Gr

sup E(log(”nﬂ>)2_>0 " - 5o (4.23)
(u,m,y)€G, (kn — 1)P, ’ : .

Introduce 7, := %. Then

E (log (ML))Q = E(log (1+ )"

— ((outt + )t { Il < 3 }) + € (w14 )71 {lnal = 5 }) o= Tio) + Tafo)

where T1(n) = Th(n; kn,u, z,y, ), To(n) = To(n; kn,u,x,y,«). For k, > 1 and (u,z,y) € G, ﬁ <
®20)p; < 7, Consequently,

)

) e ) e )

Taking into account (4.21) and the bound f(y|z) > n™" for (u,z,y) € G,, we see that if 0 < v < § — 6 then
%n_” <P, <1 and in_”kn < (kn — 1)P, < k,, when n is large enough. Therefore, for all n large enough,

pn 1
_ <
log <(/€n — I)Pn>‘ <blogn

where b = b(a, ) does not depend on n. If 0 < v < « then, for all n large enough,

o) < (01080 (] 2 5 ) < (410 )2P(n = (b = DRI = (6 — VP,
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For a random variable H(m) ~ Bin(m,p), p € (0,1), p = p, and € = ¢, > 0, the Hoeflding inequality (see,
e.g., [27], p. 22, and further generalizations there) yields

P(|H(m) — mp| > me) < 2exp{—2me?}.

We employ this inequality for m = (k, — 1), k, x n®, p = P, (B, u,z,y) and 51 = %. Then

1
sup  Ty(n) < 2(blogn)? exp {—(kn - 1)P3} — 0, n— oo,
(u,2,9)EG 8

whenever a@ — 2v > 0 (we can take positive v arbitrary small).
To get an upper bound for Tj(n) we note that |log(1 + z)| < 2|z| for |z| < 4. Hence

7i0) = € log(t + )1 { | < 5} ) < 4E.

It holds

k,—1)P,(1-P,)+1 1 1
£yp _ Un = DPa(1= Bo) s

" (kn —=DP)? = (k= DPy  ((kn — )Pa)?’ (4.24)

We have seen that, for (u,x,y) € G, and all n large enough, the following inequality takes place (k, — 1)P,, >
in"Vk, — 00 if 0 < v < a/2 (we also assume that v < 8 — 6). Therefore, the right-hand side of (4.24) tends
to zero as n — oo. Thus we have verified that sup(, , ,)eq, T1(n) = 0, n — co. In such a way (4.23) and (4.22)
are proved. Hence

sup  |Elog(pn +1) = log((kn — 1)Pn(8,u,2,y))| = 0, n — oc.
(u,2,y)€Gy

Introduce notation F, := %W where f(y|z) > 0. Then

<en PV 50, n— oo,

Pn y Wy by -
wp Fl— sy [PeBr) =S
(u,z,y)EG, (u,z,y)EG f(ylx)

if 0 <v < -6 and ¢ is defined by means of (4.21) and does not depend on n. We see that
SUP(y 2 y)eG, | Fn — 1] < 1 for all n large enough. Then

[og((kn — 1) P (B, u, x,y)) —log((kn — 1) f(ylx))| = [log(1 + (F — 1)) < 2[F, — 1.
So we come to the relation sup(, , ,)eq, |10g Fu| — 0, n — oo. Thus

sup  |Elog(p, + 1) —log((kn — 1) f(y|z)| = 0, n — oo. (4.25)
(u,z,y)EG,

In a similar way we verify that sup(, , . eq, |[Elog(pn +2) —log((kn — 1) f(y|z)| — 0, n — oo. Taking into
account (4.18) we ascertain that

sup  [E (log(&nt (2,9) + Dlpn 1 (2) = un™7) ~log((k — 1) f(ylz)|

(u,z,y)EGr
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< sup  [Elog(pn +1) —log((k —1)f(ylx)[+ sup [Elog(un +2) —log((k —1)f(ylx)] = 0
(uvr’y)eGn (u,a:,y)eGn

as n — oo. Consequently,

5o (o (250 ) () )

<) S(w)duf (@, y)de
2(n, k) Z/ / <log< >+logf ym) nig( Yduf(z,y)dz — 0
yeM ¥ Bin /(03]

as n — oo (recall that k = k). It remains to show that

- / /05 <log< ) +logf(yx)> swduf(z,y)dz — H(Y|X), n— occ.

yEM Bin

Firstly, we can write

(k)
yE]V[/Bln/O6]10g< )fnmﬁ( yduf(x,y)dz

—log (1 - ) Z / / fffiﬁ(u)duf(:c,y)dx < —log (1 — 2) —0, n— .
sent I Bin (03]

Secondly,
(k)
y%;/B i /(076] log f(yl) f.z p(w)duf (2, y)dz _%;/Bmlogf ylz) /(07 £ s (w)duf(z,y)de

Inequality (4.17) yields

T€DB1 n

0<A,:= sup (1—/ 7(:26 du>—>0, n — oQ.

Thus

/B / log f(ylx) £*), 5 (w)du f (w, y)de — Z/ log f(ylx) f(x, y)dx

yeM yEM Bin

<A, Z/ |log f(y|x)|f(x,y)de — 0, n — oo.

yeM

Note now that

Z/ log f(y|z) f(z,y)dz — Z/ log f(ylz) f(z,y)dz, n — oo,
B

yeM 1,n
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since Bin 2 {(2,y) : fx(2) > 0,Nyen{f(ylz) > 0}} and [, h(z)dz = 0 when h € L'(R) and B is a Borel
subset of R? such that u(B) = 0. Consequently,

&
- Z /B /0 log f(y\x)fékiﬂ(u)duf(x,y)dx — H(Y|X), n— oo.

yeM

To prove Theorem 2.3 we have imposed on parameters § > 0, # > 0, and v > 0 the following conditions: 5 > 6,
v<fB-0,(d+1)0 <1—a, a—2v > 0. For each given a € (0,1) we can guarantee the validity of the indicated
inequalities. Namely, one can pick 8 € (0, 1<) and then take 6 € (0, 8). After that it remains to fix v € (0, 3 —6)

»d+T
so that v < %a.
Thus the proof of Theorem 2.3 is complete. O

Remark 4.1. The careful analysis of the proof of Theorem 2.3 shows that we have established the following
relation

EH,» — H = O((logn) %), n — o, (4.26)

where € is the same as in (2.7). The authors of quite recent works [20, 22] study the asymptotic behavior of the
risk of certain estimators of the Shannon differential entropy under specified conditions imposed on a density
f (e.g., f belongs to some Hélder’s ball of functions f : [0,1]¢ — R, ). We employ other hypothesis to study
the conditional Shannon’s entropy in a mixed model. For bounded density f satisfying smoothness and other
conditions the power-type convergence rate of the bias of truncated Kozachenko-Leonenko is obtained in [18].
Thus it seems natural that the convergence rate of the f[nk bias to zero is rather slow in our setting. It will be

interesting in the future research to study fln,k behavior when f belongs to various functional classes.

Remark 4.2. One can modify the proposed estimator replacing log k by ¥ (k), where ¢ is the Digamma function.
Namely, introduce H, j according to (2.1) with

Hypi = —log(Enni(Z1, ..y Zn) + 1) + (k)

instead of fImk,i. Such correction was used, for an arbitrary fixed k, to improve the bias of the Kozchenko—
Leonenko entropy estimator and of the Kraskov—Stogbauer—Grassberger mutual information estimator. In our
case one has k = k(n), where k(n) c n®, n — oo, a € (0,1). Since (see, e.g., [30], Thm. 3.7)

¢(z)logzl+0<log(1+1)>, z — 00,
z z

the proof of Theorem 2.3 leads to (4.26) if we replace fIn,k by f[n,k.

5. PROOF OF THEOREM 2.4

The proof is divided into several steps. Since Z, Zs, ... are i.i.d. observations, one has
N 1 A~
E (o5~ H(Y|X))? = ZE(T 5 — H(Y|X))?
1 ~ ~
# (1 ) B = HOXO) o~ HOYLX))

We will see that the expectations in the right-hand side of the latter formula are finite. Moreover, we will verify
that, for n — oo,
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(A) E(ﬁn,k,l - H(Y|X))(ﬁnk2 - H(Y|X)) = 0(1)7
(B) E(Hpp1— H(Y]X))? = o(n).

The proof of (A) is rather long as we will employ evaluation of a number of integrals depending on several aux-
iliary parameters. These parameters will be taken in appropriate way. In contrast to the proof of Theorem 2.3 we
use now the conditional expectation given the vector ¢ = (pn.k.1(21,2), pnk2(21,72)), where 21,29 € R, Here
an essential role is played by Lemma 3.3 describing the conditional law of a vector (&, x,1(21, 22), &n.k,2(21, 22))
given ¢, where z; = (x;,9;) € RY x M, i = 1,2. The proof of (B) is obtained as a byproduct.

Step 1. We show that (A) establishing can be reduced to verification of two statements. We need some notation.
Consider n > 2, k € {1,...,n}, z; = (zj,y;) € R x M, j € {1,2}. Set

T n,k,j s <2 Z IR Zn, 1
Hn k)J<Z1’Z2) log (f ,k,](zl z9 ]j ) + > )
The independence of observations Z1, ..., Z, implies that

E ((ﬁn,m ~HY|X))(Hypo — HY|X)|Z) = 21,25 = 22)
= E(Hup (21, 22) — HY|X))(Hp2(21, 22) — H(Y|X)) =t Hop(21, 22).

Therefore,

E(Hp 0 — H(Y|X))(Hyp2 = H(Y|X))

= Z Mok (21, 22) f (21, 91) f (22, y2) dzidas.

yl,ygled R
Due to the de la Vallée Poussin theorem (see, e.g., [9], p. 10), for establishing (A) it suffices to prove validity
of the following two statements.
1) If dQ(z1, 22) := f(x1,91)f(w2,y2) dzidry, then for each y,y2 € M and Q-a.s. (z1,22) € RY x RY,
Ho (21, 22) = h(@1,y1)h(22,y2), 1 — oo, (5.1)

here h(z,y) := —log f(ylz) — HY|X), = € R, ye M, zj = (z5,y5),J € {1,2}.
2) For some a > 0,

sup Y (Hon (21, 22) |7 F(@1, 1) £ (w2, y2) dayday < oo, (5.2)

Indeed, (5.1) and (5.2) imply that

> //Hn k(21, 22) f (21, 91) f (22, y2) dorday

Y1, yzeMRd R4

- Y h(z1, y1) f (1, y1) dml/h T2, y2) f(22,y2) dwe = 0, n — oc.
Y1,Y2€Mpq
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Step 2. Let us prove (5.2). In view of the Jensen conditional inequality it is easily seen that (5.2) holds if

~ ~ 1+4+a

supE |(Hp 1 — HY|X))(Hp ke — HY X)) < 0.
The Cauchy—Schwartz inequality yields
73 73 ha 5 242
E{(Hnpa — HY|X))(Hopo — HYIX))|  <E[Hnpn — HY[X)
Thus, as a > 0 can be taken arbitrary small, (5.2) holds if, for some ¢ > 0,
sup E|H, 1.1 — H(Y|X)[>** < cc. (5.3)

On applying the Lyapunov moment inequality we observe that (5.3) guarantees validity of (B).
Employing the reasoning used to prove Theorem 2.3 one arrives at an expression

en(Zis
E‘—log (5 #,1(Z1

2+e€

:Z/E

yGMRd

k

24¢€
flx,y)de. (5.4)

log (Sn,k,l(ﬂz y) + 1) L HYX)

Fix an arbitrary 8 > 0 and, for z € R?, y € M and u > 0, set

2+4e
In,k,ﬁ,s(xayau) = E (

n b ]‘
log (5 ,k,1(9€ y) +

5 ) + H(Y|X)

nﬁpmk,l = u) .

Then we can write

24¢€

E
k

- / In,k7ﬂ,€(xay7u)f7(1]2ﬁ(u) du
0

where fflkiﬁ() is a density of random variable n”p, r1 (see Appendix, Eq. (A.6)). Taking into account the
finiteness of the set M it is sufficient to prove that, for each y € M, one has sup,, |Z,, x,:(y)| < oo where

In,k,i(y) = / / In,k,ﬁ,e(m7 Y, u)fy(L]fq)«ﬁ(u)f(xa y) dudxv i=1,2,
0
Bin

and B; ,, were defined in (4.5).

Step 3. Now we evaluate the integral Z,, 1. o(y). Clearly, if k > 1 then, for any = € R? and y € M, the following
is P-a.s. true

log (W) + H(Y|X>‘ <logk + ‘H(Y|X)| (5.5)
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Hence, using (4.3) and (4.4) with 2 + ¢ instead of 1 + ¢, we come to the relation sup,, |Z,, 2| < co.

Step 4. We write Z,, 1.1 (y) as a sum of two summands and consider the first one. Fix § > 0. One has Z,, 1, 1 (y) =
Sn k1Y) + Sn.k.2(y) where, for Vi = (4, 00) and V2 = (0, 4],

Sn,k,j(y) = / /‘; In,k,ﬁ,s(xayau)f»r(Llfg):”B(u)f(xay) ddea .7 = 132
Bl,n I

In similarity to (4.7), for each y € M and all n large enough, basing on (5.5) we obtain that

0< Snpi(y) < (logk + [H(Y|X)[)>* / / £8) () f (e, y) dude
)
Bin

< (logk + [H(Y|X)|)?* / P (6, B,2) < & — 1) fx () .
Bin

According to inequality (4.17) one has

0. < Sppnly) < LERFIHVIODT .o
= okt = 2R,

— 0, n— oo, (5.6)

where R,, was introduced in (4.16).
Step 5. Now we turn to the estimation of Sy, k. 2(y). Lemma 3.1 yields that

2+e
P(Y #ylI|X -z = un™")

In,k,,[ﬂ,E(xa Y, U) = E

log (“"; 1> + H(Y|X)

log (“” * 2) + H(Y|X)

2+e
P(Y =yl X — 2| = un""),

E
+ k

here the variable p, is defined in (4.19) and does not depend on (X,Y’). We show that

( SU)P ‘Imk,ﬁ,s(‘ra y7u) - |10g f(y|$) + H(Y|X)|2+E‘ — 07 n — oo, (57)
u,z,y)EG,

where G,, = (0, ] x By, x M. It is sufficient to prove that, as n — oo,

. 1 2+4¢
sup |E ’10g </~L ]:— ) + H(Y|X) — |log f(y|x) + H(Y|X)[*"¢| = 0, (5.8)
(u,a;y)EGn
+ 2 2+e
sup |E ’10g (Mnk ) + HY|X) — |log f(y|z) + H(Y|X)|*"¢| = 0. (5.9)
(ua$7y)€Gn

2+
For v € (0,1/2) and v € (0,1/2 — v) one has E |log(”"T+1) + H(Y|X)| * =Ty + T,z where
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To1:=E (‘log (“”]:r 1) + H(Y|X)

Tho:=E (‘log (“” i 1) + H(Y|X)

2+¢

{|pn — Epin| < (k — 1)1/2+7}> )

2+e

I{|pn — Bpn| > (k — 1)1/2+W}> )

here T, ; = T, ;(B,¢,7,u,x,y), j = 1,2. Note that by elementary properties of the binomial distribution
Epn = (k — 1)P, (B, u, x,y) with P, (8, u,z,y) introduced in (4.20).
In view of (5.5), for (u,z,y) € G, and all n large enough, one can write

2+¢e

0< < (logk + [H(Y|X)])***.

log (“”kﬂ> + H(Y|X)

Applying the Hoeffding inequality with m = k — 1, H(m) = pin, p = P, € = (k — 1)7'/?*7 we have

0 < Tp < (logh + [H(Y|X) 2P| — Epia > ( — 1)!/2+7)

< (logk + |H(Y|X)|)*T2e 2D 0, n — . (5.10)
Note also that
|log f(ylz) + HY|X) [ P(|ptn — Eptn] > (k — 1)Y/?7) 50, n — . (5.11)

Set B;(n,p) = P(u, =1),i=0,...,k — 1, and write T}, ; in the following way

Tp1 = > log <Z * 1) + H(Y|X)

k
)i—Epun | < (k—1)1/2+7

24¢€
B;(n,p). (5.12)

To get the upper bound for [T}, 1 — |log f(y|z) + H(Y|X)|*"¢| we employ the Lagrange formula for a function
g(z) =|logz +al**%, 2 > 0, a € R. For 2,2 > 0, one has

9(2) —g(20) = g'(€)(z — 20), €=20+Mz—20), A= A(2,20) € (0,1).

Take z = “H1, 2y = f(ylz) and a = H(Y|X). Then, for i belonging to the summation set in (5.12), in view of
(4.21) we get

141

L sl < | DR

k

|Z—Zo|: _Pn +|Pn_f(y|x)|

1, [(k-1P,
k k

< (k—=1)"Y2Y 4ok~ 1206 (M + 1)n P10 .= 2, oo n PO,

provided that 3 — 60 < 1/2 —v. Note that ¢/(z) = (2+ )z (logz + a)|logz + al?, z > 0. Hence |¢'(§)] <
(2+¢)|¢]7 log € + a|'*=. For all n large enough,

[log &] < max{]|log 2|, | log z|} < max{|logv,|,logk} < clogn
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where ¢ = ¢(a, v). Clearly, |¢| > min{z, z}. In our case zp > n~" and z > P, (k, — 1) — (k, — 1)217. According
to (4.21) we can write P, > %n‘” for all n large enough if v < 8 — 6. Therefore, for all n large enough, one
can see that z > c;n™" % if a — v > § + 7 (here ¢; = ¢1(a)). The latter inequality holds if v < 2« (then we
take positive v which is small enough). Thus |£|7! < n” for all n large enough. Consequently, uniformly in i
belonging to the summation set in definition of T, 1,

19(2) — g(20)| = |9'(€)]]2 — 20| < (2+¢)(logn) Tn” 2, o (logn)+en’ =P+ =0, n — oo,

whenever v < 8 — . Taking into account that Zi:li_E“nK(k_l)l/zﬂ B;(n,p) <1 we come to relation

sup |1 — |log f(ylz) + HY[X)[*T| = 0, n — oo.
(u,z,y)€Grn

This formula, (5.10) and (5.11) yield (5.8). Relation (5.9) is proved analogously. In such a way we establish

(5.7). Hence,
Sunal®) - [
B

Obviously, for each n € N and any y € M, we get

)
/ log f(yl) + HYIX)PH S () (2 y) dudz 0, n — oo,
0

1,n

5
/B / log £(yl) + HOY X)) () f(2, ) duda

<

/ llog f(ylx) + H(Y|X)[** f () dz < oo,
RaN{x: f(y|z)>0}

Indeed, in view of the Minkowski inequality and since f(y|z) = P(Y = y|X = z) <1 for each y € M and
P x-almost all z, it is enough to show that

1 2+e
log> flz,y)dx < oo, ye€ M.
/Rdﬂ{z:f(yz)>0} ( f(ylz)

For any € > 0, there exists 7 = T (¢) > 1 such that (logt)?*¢ < ¢t whenever ¢ > T. Hence, for each y € M, the
latter integral can be written as follows

1 2+e 1 24¢
log ———— ) d log ——— d
/{a::f(yz)>1/T}< o8 f(?/|93)) fz-9) x+~/{m:0<f(y|w)<1/7'}( o8 f(y$)> folo)fx(z)dz

< (log T)***P(Y =) +/{ o )<1/T}(f(ylx))’lf(ylw)fx(x) da < (log T)*™* +1 < oc.
z: f(y|lx

Consequently, for y € M, one has sup,, S, 1 2(y) < co. Thus by applying (5.6) we ensure, for each y € M,
that sup,, |Zn x,1(y)| < co. Relation (5.3) is established.

Step 6. Now we concentrate on the proof of (5.1). For z1, 20 € R x M, n > 2 and k = k,,, introduce

~

Rox(21,22) i= (Hp g1 (21, 22) — HY|X))(Hp i 2(21, 22) — H(Y | X)).
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Write pp k. = Pn.k,j(T1,22), = 1,2. Fix § > 0 and set

E(Ruk (21, 22)|pnk1m” < 8, prion® < OP(pnpan® <8, puran® <9),

Hon k(215 22) — Un i1 (21, 22)

Un i1 (21,22) ¢

Un k,2(21,22)

where, for an integrable random variable &, one has E(£|A) := 0 if P(4) = 0. For all n > Nj, where
Ny = Ni(H(Y|X)), and any z; € RY x M, j = 1,2, the inequality |R, x(z1,22)] < 2(logk)? holds with
probability one. Therefore

Un k2(21,22)] < 2008 k)?P ({pnses >0} U {pnro>on""}) < 4(logk)?P (ppp1>n""P).
Due to (4.8) and (4.17) we know, for each z; € R? x M, j = 1,2, that (U, x2(21,22)] = 0, n — oco.
Step 7. It remains to show that, for any 31,72 € M and Q-almost all (x,75) € R x R?,
Un k1 (21, 22) = (=log fyr]z1) — H(Y|X))(=log f(y2|z2) — H(Y|X)), n — oo (5.13)

In the proof of Lemma 3.3 (see the Appendix) it is shown that, for each x1, 2o € R? (21 # x3), a finite measure
G(B) :== P((pn.k1sPnk2) € B), defined for B € B(R?)N Dy, +,, where Dy, », = (0, |z1 — x2]/3] x (0, |21 — 22]/3]
can be written in the following way

P((pn,k,lapn,k,2) € B) = / gn,k(x17x27u17u2) dU1dU2.
B

Here gp k(%1,%2,+,-): Dy, 4, — Ry is a certain integrable function (w.r.t. the restriction to Dy, 5, of A ® A).
Clearly, for 0 < k < n — 2,

n—2

n—2 . ; .
P(pn ki1, 02) =0) =Y ( ; )P(||X — 2| =0 (1 =P(|X — | =0)" 2T =0, i=1,2.
j=k

since X has a density (and k = k(n) < n®, a € (0,1)).

Let us set g, x(z1,22,-,-) = 0 on Dy oy \ Dy, z, where Dy, +, stands for a closure of D,, ., in RZ
Take N(z1, 22, 3,9) to ensure that 6n=F < |z; — 25|/6 for all n > N(z1,z2,5,0). Then Q, 55 := [0,6n77] x
[0,0n"#] C Dy, 2, and B(z1,u1n™?) N B(ze,u1n™") = & for u; € [0,6], i = 1,2. Thus, for any B € B(R?) and
n > N(x1,z2,,0),

P(C € BNQus [3) 1 /
P € B S n = 2 - n I ) ) duid
(C |C Q ,6,6) P(C c Qn,é,ﬁ) P(C c Qn,é,ﬁ) Ban’wg ,k(331 T2, Uy uz) U1du2

since BN Qps.,5 C Dy, 2,. Note that P(¢ € Qn.5,5) > 0 for all n large enough as

n\ (n—1I1\ , / -1
PEEQuin)= D ( )< ly )pﬁ,m,aﬁpi,m,m(l—pn,zl,w—pn,mz,é,ﬁ))" e

Iy
l1>k,l2 >k,
l1+12<n—2

Here pp o, 556 = P(||X — ;]| <6n7P) >0 for all n € N and i = 1,2, as Px(B(z,7)) > 0 for any € R? and
r > 0 (because fx(z) > 0 for y-almost all z € R?). We also take into account that p, ., 55 — 0 as n — oo,
i=1,2.
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Therefore a function g, x(z1, 72, ) : R — Ry,

mgm(wuwmul,w), if (u1,u2) € Qn.s.p,

Gn,i(T1, T2, U1, uz) = ,
il ) {0, if (ur,uz) € R\ Qus.5,

is a probability density of the measure P(¢ € | € Qn55) which is defined on (R?, B(R?)). Thus the mea-
sure P(n’¢ € -|¢ € Qnsp)) on this space has a density (w.r.t. a restriction of A ® A on (R? B(R?)))
fn7k7/3,5(1‘1,$2, ‘o ) R? — R+.

Now we are going to employ Lemma 3.4 with

W= Ry p(21,22), Vi= (0P pupi(@1,22),n prpo(z1,22)), B = {(u1,u2) € [0,6] x [0,6]}.

Note that {V € B} = {¢ € Qnosp} and EW exists. Consequently, for considered z1,z2, B, J and
n > N(x1,x2,3,0), the following formula is valid

Up k1(21,22) = EW|V € B)P(ppran® <6, pnran® <6)

5 o
= // g s (21, 22,u1,u2) APy g (u, uz) P(ppan® < 8, ppr.on® < 6)
0J0

where J, i (21, 22,41, u2) 1= E(Ry, k(21, 22)|V = (u1,uz2)). It was shown that the measure Py g has a density
frk,p,6(x1, 21, -, ), therefore

5 6
Un,k,1(21,2’2)=// Tt s (21, 22,01, u2) fr k.5 (€1, 21, ut, ug) dugdug P(pp pan® < 8, ppr.an® < 6).
0Jo

Step 8. Now we show that uniformly for Py g-almost all (uy,us) € (0,0] x (0, ]
| Ik (21, 22, ur, ug) — (= log f(yi|z1) — H(Y|X))(=log f(y2|z2) = H(Y|X))| = 0, n— oo. (5.14)

Set &:=(&n.k,1,En k,2) Where &, 1 =Enk1(%1,22), i=1,2. Due to Lemma 3.5, for Py-almost all (u1,us),

In k5 (21, 22, U1, u2) = Z E(Rn k(21, 22)|V = (u1,u2),§ = (r1,72))P(§ = (r1,72)|V = (u1,u2))

71,72

Note that, for Py ¢-almost all (u1,ug,71,72),

E(Rn k(215 22)|V = (u1,u2), € = (r1,72))P(§ = (r1,m2) |V = (u1,u2))

= (~1ox (") - HO0) (<108 () < HOX) ) = bl (5.15)

because a random variable R, (21, z2) is measurable w.r.t. o-algebra o{V,£}. A function h(ri,r2) depends also
onn,k,z, 2.

Let O € B(R% x M?) be the set consisting of (uy,us,71,72) such that (5.15) holds. Then Py¢(O) = 1. Since
M? is a finite set, O = Urr,rayensz Orare X {(r1,72)} where Oy, € B(R%). Note that at least one set Oy, ,, is
not empty, otherwise P((V,§) € O) # 1. Consequently, U, ,,yenr2 Ori,ro # G- I, pyensz Oryre # @ then,
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for each (u1,us) € ﬂ(rl,rz)€M2 Ory ira)

Jn,k,[ﬂ(zlaZZaulauQ) = Z h(ry,m2)P(& = (r1,7m2)|V = (u1, uz)). (5.16)

71,72

Define the set O = (U rayenr Orira X M?)\ O. It also can be represented as

6 = U 57«1,@, X {(7"177"2)}, 5r1,r2 = U 051,52 \07“1,7”2'

(ri,r2)€EM? (s1,52)EM

Clearly, Py,¢(O) = 1 implies that Py (U,, ,,)enr2 Ori.ro) = 1. Indeed,

P[ve U Onn| 2Pl U (VEO,mE=(rm)} | =P(V.E)e€0) =1
(Tl,’l“g)EM (Tl,’r’g)GM

If the set O is empty then Oy ry = Og, 5, for 71 # 81,79 # $2, S0 ﬂ(T1,T2)€]\/f Ory ry = U(rl,rz)eM O, ry # 9,
thus equality holds for Py-almost all (ug,us).

Let us consider the case where O # @. Introduce K := {(r1,72) € M? : 6“,,,2 # @}. Hence K # .
If L:= M?*\ K # @ then, for each (ri,72) € L, one has O, ,, = Ucsy,so)ear Osi,s2- We have seen that
Pv(U(sy,s0)em?0s,,5,) = 1. Therefore, Py (O, ,,) = 1 for each (ri,72) € L. Introduce K; := {(r,r2) € K :

Pv(Or,ry) = 0} and Ky := K\ Ky. If (r1,72) € Ky then Py(Or, 1) = Pv(U(y, a0yenr Osiuse \ Oriir) =

PV(U(sl,SQ)eM 081,32) - PV(Oﬁ,Tz) =1

Now we will demonstrate that if (r1,7r2) € Ko then P(§ = (r1,72)|V = (u1,u2)) = 0 for all (uy,us) € Syy ry C
Ory,ras Sry s € B(RZ) where Py (S, ,) = Py (Oy, r,) > 0. If the latter statement is true then (61) is valid since
we come to the trivial relation 0 = 0 and, consequently, we obtain the desired formula for any (u,us) € A :=
(Nryr2)e LUKy Ory o) N (Nry rg)ye ks (Ory iy U Sry ry)) Where Py (A) = 1 because Py (O, r,) = 1 for (ri,m2) €
Lu Kl and

PV(On,rz U Srl,rz) = PV(O7‘1,T2) + PV(ST’1,T2) = PV(Oh,rz) + PV(O7‘1,T2)
= PV(OTlﬂ“Q U 07“177”2) = PV(U(81752)€M031,32) =1

Here we take into account that Sy, ,, C 5T1’T2 and Oy, r, N aﬂlm =0.
For each (r1,72) € Ko

P& = (r1,72)|V = (u1,u2)) dPy (u1,uz) =0 (5.17)

1,2

o

P(V € Oy a € = (r1,12)) = /

because (5“,7,2 x {r1,72}) N O = @ and Py¢(O) = 1. Invoking that P(§ = (r1,72)|V = (u1,u2)) > 0 for Py-
almost all (u1,us2), from equation (5.17) we infer that P(§ = (r1,72)|V = (u1,u2)) = 0 for some set Sy, ,, €

B(R%) such that S, ,, C Oy, and Py (S, ,,) = Pv(émh). Accordingly, (5.16) holds for Py-almost all
(Ul,UQ).

For n > N(x1,22) and w; € [0,8] one has wn=® < |z; — 22|/2, i = 1,2, so Lemma 3.3 applies to
P& = (r1,72)|V = (u1,us3)). Then

o, p(21, 22, U1, ug) = Z h(ri,72) P(§nen = TV = (u1,u2))P(nke = r2|V = (u1,u2)) = Tn1Tne

T1,72
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where

Jni=E <—1og <§“kk“> ~ H(Y|X)|V = (ul,uQ)>
_E (—1og (”"k“) - H(Y|X)) P(Y # o[ X — 2]l = uin™?)
+E (— log (’W) - H(Y|X)> P(Y =y||X — i = unP)
— & (—tog (2250 ) 0w f(len) ) PV £ 1 = ] = i)

P
Nn,1+2 —B
+E | —log — + log f(ys|xs) P —y}||Xf:1:iH:um )

+ (= log f(yilz:) — H(Y|X))

Hn,i = Mn(k757ui7xivyi)7 Jn,i = Jn,i(kaﬂyuiyxhyi) and ¢ = 172
According to (4.25) and since logk — log(k — 1) — 0 as n — co we can write

E <log (“”(k’ﬁ’lzx’y) ks 1)) —log f(ylz)| — 0

Note that G,, /" (0,0] x {z € R?: fx(z) > 0} x M as n — co. For a given version of fx and any x € R? such
that fx(z) > 0, one can find N(x) € N to guarantee relation x € By ,, when n > N(x). Consider z; € R? such
that fx(x;) >0, i =1,2. Then, for n > max{N(z1), N(z2)} and i = 1,2

sup
(u,z,y)EGr

sup

41
log (%) —log f(yilzi)| <

sup
(u,z,y)€Gx

)

log (un(k,ﬂ,lzx7y)+1> g f(ylz)| = 0

as n — o0o. In a similar way

sup
0<u; <8

—0, n—o00, 1=1,2.

log(“ > )logf(yi:m)

Therefore, for Py-almost all z; € R? and any y; € M (i = 1,2),

sup S |Tn,i — (—1log f(yilz:) — HY|X))| =0, n— oo. (5.18)
O<u; <

Set F; := —log f(yi|z;) — H(Y|X). Then one has

sup  |Tn1Tn2 — FiFs| < sup |Tnal sup |Tn2 — Fo| +|Fa| sup |Tna1 — Fil.

0<ui,u2<é 0<u1<d 0<us<d 0<u1<d

In view of (5.18), for n > N(x;,y;,0), the following inequality holds supg.,, <5 |Jn,1] < 2|F1]. Whence, for all
y1,y2 € M and Px ® Px-almost all (x1,25) € RY x RY,

sup |In1In2 — FiFs| =0, n — oc.

u1,u2<8
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Thus (5.14) is proved.

Step 9. Now we come to the final part of the proof. Due to the previous step we get
Un k1 (21, 22) — F1F3|

5 o
< ‘/ / In k5 (21, 22, U1, u2) fr k8 (21, T1, U1, u2) dugdus —F1F2‘
o Jo
) 5
+ ‘ / / In kg (21, 22, U1, u2) frk,8(T1, 1, U1, U2) duldug‘(l — P(pn,kJnB <9, pn’k’gnﬂ <9))
o Jo

5 §
S sup |._7n)1jn,2 —F1F2|/ / fmk)g(wl,acg,ul,uQ) duldug
0 0

0<uy,u2<é
+|logk + HY|X)|(1 - P(pn7k71n5 <9, pmk,gnﬁ < 9)).

Moreover,
1-— P(pn7k71nﬁ <4, pn,k,gnﬁ <) <P ({Pn,k,l > 5n7ﬁ} U {pn,k,Q > 6n7ﬁ}) < 2P (pn,k,1 > 5n7ﬁ) .
In view of (4.8) and (4.17) we get that, for any z; € R? x M, j = 1,2,
llogk + H(Y|X)|(1 = P(pns1n® <6, pnian® <68)) =0, n— oco.

Therefore, Uy, 1,1(21,22) — F1F> — 0 as n — oco. Hence (5.13) is established and the proof of Theorem 2.4 is
complete. 0

5.1. Proof of Corollary 2.5

Let X ~ N(a,X) where a € R? and ¥ > 0. It is easily seen that, for any & > 0, one has E|log fx (X)| < oo
(see, e.g., [10]). Since, for z € R? and y € M,

f(z,y) = P(Y = y|X = 2)fx(v),
P(Y =1|X =) = - +eXp{_1(w,x) 5 >0,

F5(0) = e o { gl TS e @)} >0

we see that f(-,y) is p-almost everywhere positive. We show that f(-,y) is Cp-constricting for any y € {0,1}.
According to Remark 2.2, it is sufficient to verify that this function is a Lipschitz one. Write

[Fu,y) = F,p)] = IP(Y = yIX = u)fx (w) = P(Y = y|X = v)fx ()
<P(Y = y|X = u)lfx(u) — fx ()] + fx(©)[P(Y = y|X =) — P(Y = /X = )|
< | () = Fx ()] + max| fx (2)] [P(Y =y X = u) — P(Y = y|X = ).

Note that max, |fx(x)| < oo and fx(-) satisfies the Lipschitz condition. Thus it is enough to prove that the
function P(Y = y|X = z) (as a function in ) satisfies the Lipschitz condition with a constant C. For any 2 € R?
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and j € {1,...,d},

9 _ _ = exp{—(w,z) — b}
By O = =) = o ) — O

1
;] < g llwl] < oo.

Thus for P(Y = 1|X = x) the desired property holds. Obviously, one has P(Y = 0|X =2) =1-P(Y = 1|X =x)
and consequently P(Y = 0|X = z) satisfies the Lipschitz condition as well. O

APPENDIX A.

A.1 Proof of Lemma 3.1
Fixn>1land k€ {l,...,n—1}. For t > 0, z € R? and ¢ € (0,¢), introduce an event

An,k(xataé) = {t —-6< pn,k,l(x) <t+ 6}
The event {pp ,1(x) > ¢ — 0} means that there are less than k points (i.e. 0,1,...,k — 1) among Xs,..., X, in
the ball B(z,t — 0). The event {p, r(x) <t + 0} signifies that at least k points (i.e. k,k+1,...,n — 1) among
Xs, ..., X, are contained in the ball B(z,t+ §). For x € R% and t > 0, consider the set
S,(t,0) ={zeR¥:t -6 < ||z—z| <t+5}.
Let P,(t,d) := P(X € S.(¢,9)). Note that P.(¢,0) — 0 as 6 — 0+ since u(S,(t,9)) — 0 as § — 0+, and because
Px is absolutely continuous w.r.t. the Lebesgue measure p. For 2 <i; < ... < i, < n, taking into account the
independence of X1,..., X, one has
P(Xi, € Se(t,9),...,Xs, € Sx(t,0)) = Pu(t,0)%.

Note that

Ank(w t, (5 U B,D Gn 1—(s+m)»
(s,m)eJ

here J :={(s,m):s€{0,....,k—1},me{l,...,n—1} L k<s+m<n-1} J=J(n,k),

B := {s observations among X, ..., X, are in B(z,t — )},
D,,, := {m observations among Xo, ..., X, belong to S(¢,9)},
Gp1-(s+m) = {n — 1 — (s + m) observations among Xa, ..., X, are in R*\ B(z,t +6)}.

Clearly, the events By, Dy, and G,,_i_(s4m) depend on x,t,d,n. We get
P(Amk(l‘,t,&)) = P(Bk_lDlGn 1— k) + O( (t (5) ), 6 — 0+, (Al)

as P(Dp) = (") Pu(t,0)™(1 = Pu(t,6))" ™™ and P(BeDmGp_1—(s4m)) < P(Dm) for (m,s) € J. Set
pa(u) = P(XEB( )) xERd u > 0. Then

n—1

P(Bi-1D1Gn1-k) = (k B 1) (pa(t = 8))* (n N k) Py(t,8)(1 — pa(t + 8)" 1.
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Indeed, there exist (,C 1) variants to choose k — 1 points among Xo, ..., X,,, contained in B(z,t — §), and after
that n — 1 — (k — 1) variants to choose one point contained in S, (t, d). Other points (their cardinality isn —1 — k)
belong to the complement to the ball B(x,t + §).

Now note that, for r =0,1,... .k — 1,

P(é-n,k,l(xvy) =T, An,k(xvtv 5)) = P(é-n,k,l(xvy) =T, Bk*lDlanlfk) + O(P:c(ta 6)2)a o — 0+7
and

P&nka(x,y) =7, Bro1D1Gr—1-1)

- <Z ~ i) (k ; 1)P(Y =y, X € B(z,t —68))"P(Y #y, X € B(z,t —5))* 1"

()
(i)
)

< o P(Y =y, X € S,(t,0))(1 — pa(t +6))" 7%,

P(Y #y, X € Sa(t,6))(1 = po(t +0)" "

—_

(k ) =y, X € B(z,t —0))"'P(Y #y,X € Bz, t — )k 1= (A2)

Z:}) variants to choose k — 1 points among Xo,..., X, which lay in

B(z,t —0), and there exist (”;k) variants to choose among other observations a point X, belonging to S, (t, ).
Further on there exist two possibilities.

We take into account that there are (

1. If Y; # y then there are (kzl) variants to choose among points, contained in B(z,t — §), r points

Xiy,.-., X5, such that ¥; =y, m =1,...,r. For other £ — 1 —r points X, ,...,X;, , ., belonging
to B(z,t—6) onehas Y;, #y,s=1,....,k—1—r.

2. If Y, = y then there are (fj) variants to choose among points, contained in B(z,t — §), r — 1 points
Xiyy-o, X4, such that ¥; =y, m=1,...,r — 1. For other k — 1 — (r — 1) points Xj,,..., X

Jk—1—(r—1)
belonging to B(z,t —d) one has Y;, #y,s=1,...,k—1—(r—1).

Other n — 1 — k points have to be in the complement of the ball B(x,t + §). The probability, for each
observation X,,, to be in this complement is equal to 1 — p,(t + ).
For r = k, we get

P(&nk1(z,y) =k, Br1D1Gr 1)

= (1) (7 )P =X e B o R =X € SNt

In this case the reasoning is analogous to the previous one. The difference is the following. Not only for each
(k —1) points X;,,...,X;,_, (among Xo,...,X,, belonging to B(z,t —0)), one has ¥;, =y,...,Y;, |, =y, but
also for X, contained in S;(t,d) one has Y, = y. The case r = k is comprised by formula (A.2) since (kgl) =0.

If a random variable 7 is such that 7 > 0 a.s., ET < 0o and a random vector ¢ takes values in R® then (see, e.g.,
[39], Chap. II, Sect. 7.5) the function E(7|¢ = t) can be defined in the following way. Set G(B) := E(7I{¢ € B})
where B € B(R?®). Evidently, G is a finite measure which is absolutely continuous w.r.t. P.. Therefore there is
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a Borel function ¢ : R® — R such that, for each B € B(R?),
E(r1{C € BY) = [ w(w)Pe(da).

In other words ¢(¢) is the Radon - Nikodym derivative —( ), t € R®. Thus E(7|¢) = ¢(¢). According to
Theorem 5.8.8 [8] (we take into account that G < P¢) there ex1sts

G(B(t,9)) dG .
lim ————2 = —(t), teR’. A3
S BBy~ ap D L€ (A3)
More precisely, this limit exists for P--almost all ¢ € R® and is the Radon-Nikodym derivative of the measure G
w.r.t. the measure P¢, that is a (version) of E(7|¢ = t). We employ this result for 7 = I{{, 1.1(z,y) € D} where
D€ BRy), ¢ = pnri(z), z € R4 y € M. Clearly, 7 is an integrable random variable w.r.t. any finite measure.

Formula (A.3) can be rewritten for P, (,)-almost all ¢ € (0,00) as follows

P(fn,k:,l(x; y) c D‘pn,k:,l(x) — t) — 62%14_ (fn k, l(g(pyj kell() )pn k, 1((]?2;)6) B( )) )

(A.4)

Note that instead of B(t,d) = [t — d,t + ], where 0 < § < ¢, we can take a set (¢ — d,t + ] since, for any n € N,
n>1,k€{0,...,n—1} and x € R% a random variable p,, j 1(z) has a density. Indeed, P(p, x.1(z) <0) =0
as there exists a density fx(-) and, for ¢t > 0,

SCEVES o (e IXULTET RO (A5)

where p,(t) = P(X € B(xz,t)). Evidently, p,(t) = P(||X — | < t) is a distribution function of a positive random
variable || X — z||. At first we show that p,(-) has a density f,(-) w.r.t. the Lebesgue measure on B(Ry). After
that we prove that there exists a density of a random variable p,, 1 1(z).

We know that X = (X1,..., X4) has a density fx(-) w.r.t. the Lebesgue measure p in R? (i.e. Px < ).
On the other hand, since fx(z) is strictly positive for p-almost all = € RY, it is easily seen that u < Py.
Consequently, Px ~ pu.

Let p1 and pe be some measures on a space (S,B) and h : S — T be B|D-measurable function, where T
is endowed with a o-algebra D. Introduce the measures v; := pu;h ™', i = 1,2. Then, obviously, p; < po yields
v < vo. If Q is a Gaussian measure on B(R?) having a density w.r.t. u, then Q ~ p as there exists a strictly
positive version of dQ/du on R?. Consider (S, B) := (R%, B(R?)), (T, D) := (Ry,B(Ry)), h : R? — R, where
h(z) =23+ ...+ 22 for = (21,...,24) € R% Let 1 = Px and s be a Gaussian law N(0,I) in R? with zero
mean vector and the unit covariance matrix I. Then p; ~ pg since gy ~ p and ps ~ p. Consequently, v; ~ vs.
Clearly, vy = pph ™! has the x3-distribution with a density w.r.t. the Lebesgue measure Ag, on (R4, B(R;)),
i.e.

This density is strictly positive on (0, 00) and therefore vy ~ Ag, . Thus Pxh™! ~ 15, hence Pxh™! ~ Ag, . We
proved that there exists the density g of a random variable X7 + ... + X2 w.r.t. the Lebesgue measure on R .
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Write d(Pxh™')/dAr, = g. For any B € B(R,), one has

/ g(t)dt = Pxh™*(B).
B

If [, g(t)dt = 0 then Pxh~!'(B) = 0 and hence Ag, (B) = 0. Take B := {t € R : g(t) = 0}. Then [, g(t)dt = 0
and, therefore, A {t: g(t) = 0} = 0. In other words, g is strictly positive Ag, -almost everywhere.

If a random vector V has a density (w.r.t. measure i) g(z), 2 € R%, then, for x € R, the vector V — z has
a density ¢,(2) = q(z+z), z € R?. Consequently, we can claim that, for each 2 € R, there exists a density of
random variable || X — z||* w.r.t. the Lebesgue measure Ag, on R. This density is strictly positive w.r.t. A,
whenever fx(-) is strictly positive w.r.t. u. If a random variable £, > 0 has a density v,(u), u > 0 (z € R%),
then the random variable v/, has a density p,(u) = 2uv,(u?), u > 0. Thus there is a density f,(u), u > 0, of
a random variable || X — x|, this density is strictly positive for Ag, -almost all u > 0 and P x_, ~ Ag, .

Now we can prove that the density (w.r.t. Ag, ) of a random variable p, 1 1(x) has the form

g (=Y (” - 1) (e (0~ (L=po (W)™ = po (0 (=i =) (A—pa ()" F ) fulw)  (A6)

=k~ 7

where f,(-) is a density corresponding to the distribution function p,(-), z € R9.

It is worth to emphasize that we cannot differentiate the distribution function to find the density (as the
celebrated Cantor function shows). Thus we have to employ the integral relations. Let F' be a distribution
function of a positive random variable with a density f (thus F(0) =0 and f(u) =0, u < 0). Then using the
integration by parts (see, e.g., [39], Chap. II, Sect. 6.12) and an induction one can prove that, for each n € N,
a distribution function F"(u) has a density nF"~!(u)f(u), u € R. For m € N and j = 0,...,m, we can write

F(t)j(l - F(t))m*j _ Z (m - .7) (,1)m*j*TF(t)j+mfjfr

r
r=0

g <mr j)(l)m” /( o (m —r)F™ " () f(u)du.

The latter formula and (A.5) lead, for ¢ > 0, to the relation

P(pn (@) < ) = /0 Bt e ()l (A7)

where h,_1 k.1 is given in (A.6). We set h,,—1 5,1 (u) = 0 for u < 0. Note that we come to (A.6) using the polynome
of the degree n — 1 in a distribution function p,(-). Hence h,,_1 1, is an integrable function (w.r.t. the Lebesgue
measure A on R). However, the mentioned polynome has positive and negative coefficients. Therefore, we have
to clarify why h,—1 . is a probability density. We explain that if, for a distribution function F', one has

F(t):/(_ Jwaw e

where f € L'(R,B(R),A), then f is a probability density. Clearly, the Lebesgue theorem on dominated con-
vergence yields that [ f(u)du =1 as limy_, F(t) = 1. It remains to show that f(u) > 0 for A-almost all u.
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Introduce a function
Q(B) ::/ f(u)du, B e B(R).
B

Obviously, Q((a,b]) = F(b) — F(a) > 0 for —oo < a <b < oo (we set F(—o0) := 0, F(o0) :=1 and (a, 0] :=
(a,00)). Let G be a probability measure on B(R) generated by a distribution function F, then G((a,b]) :=
F(b) — F(a). We see that G and @ coincide on an algebra A consisting of the finite unions of the pair-wise
disjoint intervals having the form (a,b], —oo < a < b < co. Hence, @ is a finite nonnegative function on .A.
Clearly, @ is a countably additive function on B(R) and Q(R) is finite. It remains to note that, for any B € B(R)
and each € > 0, there exists A € A such that |Q(B) — Q(A)| < €. Indeed,

Q(B) - Q(4)] = \ [ @B} - 1) s

< / {BAAY|f(u)|du.

Consequently, for each B € B(R), one can find A4, € A (n € N) such that Q(4,) = Q(B) as n — oco. Taking
into account that Q(A4,) > 0 we get Q(B) > 0. Assume now that p(E) > 0 where E = {z : f(z) < 0}. Note that
E =U_{—00 < f(z) < —L}. Then in a standard way we come to the contradiction. Therefore, u(E) = 0.
Thus formula (A.6) provides a probability density h,—1 k. (-) of the random variable p,, 1 1(x) distribution where
r € R4

Hence, for each z € R%, y € M, r € {0,1,...,k} and Py i (z)-almost all ¢ € (0,00) in view of (A.4) one has

. Pgn,', z,Yy :TaAn, xatad
P(Enk1(@y) =rlpn k(@) =1) = 51—1>%1+ = 153(14) k(z,t 5;)( ))'

(A.8)

Applying the expressions obtained for nominator and denominator of the latter fraction in (A.8) and taking
into account that a function P(X € B(z,t)) is continuous in (z,t) € R? x Ry (see, e.g., [10], Lem. 2.1) we get,
foreachneN (n>1),ke{l,...,n—1},r=0,...,kand P (z)-almost all t € (0, c0),

Pkl

P(Sn,k,l(xvy) = T|pn,k71(‘r) = t)
k-1, e o POY #y, X € 5,(t,9))
- ( r )p (1-p)* SO P(X € S.(t,9)) (8.9)

k—1 r—1(1 _ k=T 1 P(Y = an S Sw(t76))
+(r _ 1)p =) M = 5. .0))

where p := P(Y = y|X € B(z,t)), p = p(z,y,t). We used that P(X € B(z,t)) > 0, for u-almost all z € R? and
t > 0, since fx(2) is strictly positive for y-almost all z € R%. However, we have to explain the existence of limits
in (A.9). Let us employ formula (A.3) for ¢ := | X —z||, G(D) := E(I{¢ € D}{Y =y}), z € R, y € M and
D € B(R). We can claim that, for z € R? and y € M, the limits appearing in (A.9) exist for P x —z|-almost all
t > 0. Indeed,

PV #y, XeSt0) . PY#yt—0<||[X-—z]<t+9)
1 =1 Al
550+ P(X € S,(£,0)) 550+ P(t—0<||X —a|| <t+0) (4.10)

=P #yl|X —zf =) := a(z,y,1).

We have seen that P|y_,| ~ Ag, for each € R%. Therefore P(X € S,(t,6)) > 0 for all € R and 6 > 0.
Moreover, for each y belonging to a finite set M and x € RY, the limits in (A.9) exist for Ag, -almost all
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t € (0,00) as P x_|| ~ Ar, . Consequently, the measure Po,.r1(z) of aset of points ¢ € Ry such that the limits

in (A.9) do not exist equals to zero since P, ,  (;) < Agr, . The proof is complete. O

A.2 Proof of Lemma 3.3

Fix arbitrary z; = (z;,y;) € R? x M, j € {1,2}, such that x; # 2. Consider n € N, n > 2, and
ke {l,...,n—1}. Note that

Enki(z1,22) =8{i i€ {3,...,n}, Y, =y, X; € B(z1,R1)} + {y2 = y1, 22 € B(z1, R1)},
Enk2(z1,22) =8{i:i€{3,...,n},Y; =2, X; € B(x2, R2)} + {y1 = y2, 21 € B(x2, R2)},

here R; := pnk j(x1,22), j = 1,2. Recall that py (21, 22) and &,k j(21,22) are defined in (3.1) and (3.2),
respectively. Take any € € (0,|z1 — 22|/2) and t; € (0, |21 — 22|/2 —€), j = 1,2. Then there exists § > 0 such
that § <t;, j =1,2, and t; + t2 + 20 < |1 — 22|. Introduce the events

2

Ap i = ﬂ{tj — 0 < ppk,j(z1,22) < tj+ 6}
j=1

Clearly, A, = An k(x1,22,t1,12,0). Further on in the proof we consider j € {1,2} without mentioning. To
simplify the exposition we use a notation similar in meaning to that employed for proving Lemma 3.1. However,
we have to emphasize that now we use vectors with two components in contrast to random variables appearing
in the proof of Lemma 3.1. For instance, A, j is not the same as previously. An event {p, 1 j(x1,22) > t; — }
means that the closed ball B(x;,t; —d) contains less than k (i.e. 0,1,...,k —1) observations among X3, ..., X,,
since x;, ¢ € {1,2} \ {4}, does not belong to this ball as |x1 — z2| > ¢; — J. An event {py (1, 22) < t; + 0}
signifies that in B(z;,t; + J) there are at least k (i.e. k,k+1,...,n —2) points among X3, ..., X,, because x;,
i€ {1,2}\ {j}, does not belong to this ball as |z — z3| > t; + 0. One has

An,k = U Bl,slDl,mlBQ,SQD2,7n2Gn727(51+52+m1+m2)

(s1,82,m1,m2)EJp

where J,, ; consists of (s1,s2,m1,ma) such that s1,s0€{0,...,k =1}, mi,mee{l,...,n =1}, s1 +my >k,
So+mo >k, 81+ 80 +my+me <n—2and

B, s := {s variables among X3, ..., X,, belong to B(x;,t; — J)},

Dj m := {m variables among X3,..., X, belong to S;,(t;,9)},
2
G, := { | variables among X3, ..., X,, belong to R\ U B(zj,t; +0)
j=1

Since k < [(n—2)/2] the set J,, 1, is nonempty as (k—1,k—1,1,1) € J, . More precisely, B; s = B; s(xj,t;,6,n),
Djm = Djm(z;,t;,0,n) and G; = Gi(x1,x2,t1,12,0). In a way similar to (A.12) one has

P(Apx) = P(B1x-1D11B2kx—1D21Grn_2-2%) + O(Pr, (t1,6)* P, (t2,6)) + O(Py, (t1,0) Pr, (t2,6)?)



STATISTICAL ESTIMATION OF CONDITIONAL SHANNON ENTROPY 381

as § — 0+ because, for (s1, s2,m1,M2) € Jp i,

n—2 n—2—m
P (D1 Do) = ( )Pm(tl,a)ml ( )P (1208 (1= Py (11, 8) — Py (12, 8))" >,

mi ma

P(Bl,31D17m132752D2,m2Gn727(sl+52+m1+m2)) S P(Dl,m1D2,m2)7
P.(t,0) = P(X € S.(t,6)), z € R%, ¢t > 0 and & > 0. It is easily seen that

P(Bl,kflD1,1B2,k71D2,1Gn7272k¢) = POZy(k — 1, 1, k’ — 17 1,7’L —2— 2]{?)
X (P (11— 0))" 1 Poy (81,8) (P (2 — 6))* 7 Py (2, 8) (1 — pu, (81 + 8) = pay (t2 +8))" 727"

where p,(t) = P(X € B(x,t)), € R% ¢ > 0 and

(k1+...+k‘q)!

Poly(k1, ..., kq) := kol
Lol k!

5 ki€Z+, 22177q

Thus, for ri,70 € {0,...,k},

P(&nk1(21,22) = 71, &n k,2(21, 22) = T2, An k)
= P(&nk1(21,22) = 711,&n k,2(21, 22) =72, B1g—1D1,1Bo y—1D21Gr—2-2k)
+O(Py, (t1,0)? Py, (t2,6)) + O(Py, (t1,6) Py (t2,6)?), § = 0+.

Introduce the auxiliary events. Let B;s mean that s observations among X3, ..., X,, are contained in B(z;,t; —9)

while the rest are not, moreover, [ points among X;’s contained in this ball, i.e. X;,,...,X;, are such that

Yi.. =vy;, m=1,...,1 Clearly, B;)S = B;}S(:z:j, Yj,t;,0,n). Analogously one can define an event Dé,s (namely, s
points among X3, ..., X, are in S;,(t;,d) and other ones do not belong to this set, moreover, I points among
X;’s belonging to Sz, (t;,0) are such that corresponding Y; = y;). Note that Dé ™= Dé.’m(xj, Yj,tj,0,n). Then,
for r1,r € {0,1,...,k},

{&n k121, 22) = 11,&n k2(21,22) = 12} N B g—1D1,1B2 x—1D21Gn—2-2%
=By} DY 1By 1 D9 1 Gra ok U By 1D1 1By DY 1 Gra ok
U B, _ DY By D5 Grgop U BT DY B3 Dy G oo (A.11)

If r = 0 then B ', =@ (for j € {1,2}). Evidently, four events appearing in the union in (A.11) are pair-wise
disjoint. We evaluate their probabilities. One has

1 0 T2 0
P(Bl,k—1D1,1B2,k—1D2,1Gn7272k)

E—1\/k—1
:Pde—LLk—LLn—2—2M(7j>< . )ﬂ—pn@y+®—pm@y+&w2%

XP(YZyl,XEB(a?htl — 5))T1P(Y7£y1,X€B(I1,t1 — 5))k717T1P(Y7£y1,X S S:cl (tl,d))
XP(Y:yQ,XGB(éL‘Q,tQ — 5))T2P(Y 75 yg,XEB(.’EQ,tQ — 6))k_1_T2P(Y7£y2,X c Sg;z(tg,é)).

Indeed, there are Poly(k—1,1,k—1,1,n — 2 — 2k) variants for partitioning of X3, ..., X, into groups belonging,
correspondingly, to pair-wise disjoint (under conditions imposed on t1,ts, |x; — 22| and 0) sets B(zy,t1 — ),
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Sy, (t1,0), B(xa,ta —6), Su,(t2,d) and RY\ U2_1B(xj,t + ¢). We note that there exist ( ) variants to choose
r1 points X, ¢ € I, among X, ..., Xq_, 3<q <...< g1 <n)belonging to B(x1,t —5) such that Y; = 1,
fori eI and Y, # y1 for ¢ € {q1,...,qk-1} \ I, 1 = r1. In a similar way one can explain the appearance of a
factor (’21). For other three events their probabilities can be found analogously. As a result we obtain

P& =11,6n2 =72, B1k—1D1,1B2 y—1D21Gr—2-2k)
= Poly(k — 1,1,k —1,1,n — 2 — 2k)(1 — py, (t1 + 6) — pa, (toa + 6))" 272k

2 b —
XE(( v 1)P<Y:yf’F(WM))’""P(Y#yj, F(,t5,0)F "1 P(Y # 35, X € Sy, (15,0))

k—1 _ s
+(T" N 1)P(Y = ijF(ajjatjaé))T] 1P(Y #yjaF(xjvtjaé))k JP<Y = y]7X S SwJ(t]a(s)))
J

where F(x;,t;,0) := {X € B(xz;,t; — )}, j = 1,2. Hence, in view of (A.10) and as, for each z € RY, the
distribution of || X — z|| is equivalent on R, to the Lebesgue measure Ag, , we can state the following. For any
71,72 € R (21 # 22), and A ® A-almost all t = (¢1,t2) € (0,00) x (0,00) such that t; +t2 < |x1 — 22|, one has

P(gn,k,l(zl7 22) =T, gn,k,2(zl7 22) =T2, An,k)
0—0+ P(An,k)

(A.12)

S () () ()

P(Y #y;, X €54,(t;,0))
X( P(X €8,,(t;,0)) )

+(20) <P<Y=meeB<xj7tj—6>>)”1<P<Y#yj7XeB<xj,tj—a>>>k”

Ty — 1 Pz, (tl_é) Py (tl_é)
P(Y:yj,XGSIj(tj,(s))
( P(X €5, (t;,9)) )}

2 —1 . P(Y #y;, X € S,,(t,6))
H{< rj )pﬂ (=p) &%ﬂ( P(X € S,,(t;,9)) )
k —

j=1

< 11)19’""1(1— 5" lim (P(YP:()?:;(%;S;?6))>}

- f[l { <k7“g 1>p;j(1 — )" e g t) + (k _11>p”_1(1 —p)" (- Oé(xj»ijtj))}

_|_

6—0+

where p; = p;(x;,y;,t;) = P(Y = y;|X € B(z;,t;)) and we use that a function P(X € B(z,t)) is continuous
in (x,t) € R x R;. We employ also that P(X € B(z,t)) > 0, for all x € R? and t > 0, since fx(2) is strictly
positive for p-almost all z € R,
Note that the proof of Theorem 5.8.8 in [8] shows that formula (A.3) is also valid if we replace in it the balls
B(t,8) by the cubes B(t,8) := [ [ti — 6. t; + 0] where t = (t1,...,t;) € R*. Thus, for P¢-almost all ¢ € R*,
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one can write instead of (A.3) that

. G(B(t,0) B
XTI

Take now s = 2, 7:=1{&, x,1(21, 22) =71, & k2(21, 22) = 12}, C:=((Pn.k,1 (@1, %2), pk,2(21, ¥2)) where n € N,
n>2k=0,....,n—1, 21 = (v1,71) € RE x M, 25 = (w2,2) € R x M and 71,79 €{0,...,k}. Then, for
Pc-almost all ¢t = (t1,t2) € (0,00) x (0, 00), we get

P(énk1(21,22) = 11, nk2(21, 22) = r2lpn i1 (1, 22) = t1, po g 2(21, 22) = t2)

_ i EWC € B (A.13)
=0+  P(¢ € B(t,0))

Let us show that, for each xy,75 € RY (z1 # 22) and Pc-almost all ¢ = (t1,t2) belonging to the set
Byian(e) = {t e R?2: 0 < t; < |z — x2|/2 — ¢, j = 1,2}, the latter limit coincides with the obtained value
for lims_, 04 P(&n k.1 (21, 22) =71,&n k,2(21, 22) =72|Ap ) in (A.12) where A, j depends on z1,z2 and 0.

For this purpose we demonstrate that, for any x1,zo € R? (1 # x2), there exists a positive measurable
function f,, x(z1,2,-,-) such that if B € B(R?) and B C By, 4,(¢) then

P(C € B) =/ frk (21, @2, ur, ug)dur dus. (A.14)
B

For (u1,us) € By, 4, (€), one can write
P(pnk,1 (21, 22) < ur, pnk2(21,2) < ug)

= X ()" ) k)3 = )

(11 l2)€ T (n,k)

where J(n, k) := {(I1,12) : l1 > k,la > k,l; + 12 < n — 2}. This set is nonempty as (k, k) € J(n, k).

Consequently, we get a polynome in p,, (u1) and p,, (u2). In the proof of Lemma 3.1 we have seen that, for
r € R4 u > 0and [ € N, the distribution function p,(u)! has a density Ip,~!(u) f.(u) where f.(-) is a density of
po(-) wrt. Ap, . Thus pi (u1)p'2 (uz) is absolutely continuous w.r.t. Ar, ® Ag, . Hence there is an integrable
(w.r.t. the restriction of A® A on By, 4,(¢)) function f, k(z1,%2,,): By, 4, (€) — R such that, for a set (0,u;] x
(0, us], (u1,u2) € By, 5,(€), formula (A.14) takes place. The additivity of the integral implies the validity of the
mentioned formula for any parallelepiped (a1,b1] X (ag, ba] where a; < b; (i = 1,2), (a1, a2), (b1,b2) € By, 4, (€).
Moreover, formula (A.14) holds for an algebra £ of subsets of By, ,,(¢) which can be represented as a finite
union of such parallelepipeds. Thus we have seen that

Q(B) ;:/ fn7k(l‘1,$2,U1,U2)dU1dU2, B e B(R2) ﬁB$17Z2(€),
B

and G(B) := P(¢ € B) coincides on &£. In a similar way to the proof of Lemma 3.1 we get that
Fri(x1, T2, ur, uz) > 0 for (A ® A)-almost all uw = (u1,us) € By, 4, (¢). Therefore, the desired formula (A.14) is
established.

Compare (A.12) and (A.13). We show now that, for (t1,t2) € By, »,(¢) and all § > 0 small enough (i.e.
for & < A(xy,xa,t1,12)), one has E(I{¢ € C(t,8)}r) = E(I{¢ € B(t,8)7) and P(¢ € C(t,8)) = P(¢ € B(t,9))

where C(t,0) := (t1 — d,t1 + ] X (t2 — d,t2 + d]. Using the relation C(¢,) C B(t,0) C By, 4,(e) for all § €
(0, A(z1, 2,t1,t2)) and due to (A.14), we get P(¢ € B(t,0)\C(t,6)) = 0as (AQA)(B(t,0)\ C(¢,0)) = 0. Taking
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into account that the restriction of P to By, »,(¢) is absolutely continuous w.r.t. the corresponding restriction
of A, ® Ag, we can claim that, for each z1,z2 € R? (21 # 22) and for Pc-almost all (t1,t2) € Bq, 4, (€),
formulas (3.3) and (3.4) are established.

Note that By, »,(€) T (0,21 — 22]/2) x (0,]|z1 — 22|/2) as ¢ — 0. Consequently, formulas (3.3) and (3.4) are
valid P¢-a.s. for points of the set (0, |z — 22]/2) % (0,|z1 — x2|/2). O

A.3 Proof of Lemma 3.4

One has
E(WI{V € B}) = E(E(WI{V € B})|V) = E(I{V € B}E(W|V))
= / I{t € BYE(W|V =t)Py(dt) = / E(W|V = t)Py (dt).
R™ B
Consequently,
E(W|V € B) = E(Ig/(ﬂé‘/e;g}) JnE MP/(“; ;gfv(dt) /B E(W[V = )Py 5(dt)
where 5V7B(D) = P(Ff:()gf , D e B(R™). O

A.4 Proof of Lemma 3.5
It is enough to demonstrate that, for any set B € B(R),

/(fln—t (dt) Z/ (€1 = r.n = OP(C = rln = £) Py (de).

res

Clearly,

| Eleln= 1P, () = Ecl(y € B) = el € B¢ = 1)

res

—Z/B E(¢ln =t,¢ = v)dP, ¢(t,v)

res x{r}

where dP, ¢(t,7) means the integration w.r.t. measure P(n € -,¢ € -). Now we show that, for a measurable
function ¢: R x S — R such that E|¢(n, ()| < oo, the following relation holds

/ o(t,v)dPy ¢ (t,v) = / o(t,r)P(¢ =rln =t)P,(dt). (A.15)
Bx{r} B

Indeed, for A € B(R) and s € S, consider p(t,v) :=I{t € A,v = s}, t € R and v € S. Obviously, if s # r then
(A.15) is true. If s = r then
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~/B><{ 3 (P(tvv)dpn,C(tﬂ}) = Pn,g((AﬂB) X {r}) — P(C =rmne AN B)
= / P(C=rln=1)P,(dt) = /BH(t € A,r =7)P(¢ =r|n=1t)P,(dt)

ZéﬁﬁﬁW@ZHUZUWMU

Hence (A.15) is valid for ¢(t,v) =I{t € A,v € E} where one can take arbitrary A € B(R) and E C S. Taking
into account that any measurable function ¢ : R x § — R can be approximated by finite linear combinations
of the considered functions of the type I{A}I{E} we come to desired statement (A.15). We also note that
EJE(En, O)] < El¢] < . 0

The applications of obtained results to the feature selection involving the mutual information estimation will
be provided in the forthcoming paper.
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