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BECKNER INEQUALITIES FOR MOEBIUS MEASURES
ON SPHERES™

NIAN YAO! AND ZHENGLIANG ZHANG?>™

Abstract. In this paper, we consider the Moebius measures u indexed by dimension n and |z| < 1
on the unit sphere S*~! in R (n > 3), and provide a precise two-sided estimate on the order of the
Beckner inequality constant with exponent p € [1,2) in the three parameters. As special cases for p = 1
and p tending to 2, our results cover those in Barthe et al. [Forum Math. (submitted for publication)]
for n > 3 and explore an interesting phenomenon.
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1. INTRODUCTION

Let S"~! be the unit sphere in Euclidean space R™ (n > 3), equipped with the geodesic distance d and
the uniform probability measure u™. More precisely, let ¢,,—1 be the uniform measure on S"~' and s,_; :=
n™'? /T(14n/2) be its total mass, then " := ¢,,_1/8,_1. For x € R™ with |z| < 1, we consider the probability
measure 47 on S"~!, which is given by

(1- |z o
dpp(y) = 47— du"(y), ye s, 1.1
where (-,-) stands for the scalar product, |- | the modulus on R”. It is the so-called Moebius measure we are

working on. In fact, this probability is the image of ;™ under the Moebius transformation ¢, on R", defined by

z— Py — (1—|z[)Y2Quy

¢x(y) = 1— <QL‘ y> »

where P, is the orthogonal projection on the subspace generated by x, and @), is the orthogonal projection on
the subspace orthogonal to z. Notice that ¢, maps S"~! onto S"~1, % is the radial derivative of the radial
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component of ¢,, and the factor

n—1

|detDeo(y)| _ (1—|2[*)"=

|2l y) (A= ()"t

is known as the invariant Poisson kernel P(xz,y): as a function of z, it is not harmonic but satisfies the equation

AP(-,y) =0, where A denotes the invariant Laplacian (see [11] for further information about this measure).
We say a probability measure p on a connected complete Riemannian manifold M satisfies a Beckner inequal-

ity (see [6]) with exponent p € [1,2), if there exists one positive constant C such that for any f : M — R smooth

enough,
o (/ Pdu - (/ Iflpdu> ) <c [ [vrpan (1.2)

where V is the gradient. The best constant is denoted by Cp(u). Notice that Cp(u) is nondecreasing in p > 1
since the left-hand side of (1.2) is also nondecreasing (see [12], p. 301).
The classical Poincaré inequality corresponds to the case p = 1:

Var, (1) = [ - ( / fdu)2 <c [vspan

while the best constant is denoted by Cp(u). Of course, Cp(p) < Cp(p).
The logarithmic Sobolev inequality amounts to the limit case when p tends to 2:

Ent,,(f2) < 20/|Vf|2du,
since

1o PU P2 — ([ 1Pdp)7)
pt2 2-p

= Ent, (f2 ),
where

Ent,, (f?) := u(f*log f?) — pu(f*)log(u(f?))

is the entropy of f? w.r.t. u. The optimal constant for this inequality is denoted by Crs(u)(> Cp(p)/2).

It’s well-known that Poincaré and logarithmic Sobolev inequalities are essential tools in the study of con-
centration of measure and in the estimation of all relaxation time of various ergodic systems [8]. Moreover, if a
probability measure p satisfies logarithmic Sobolev inequality with constant C' > 0, then p also satisfies Poincaré
inequality with the same constant C. Beckner inequality (1.2) with exponent 1 < p < 2 interpolates between
Poincaré and logarithmic Sobolev. Moreover, if u satisfies a logarithmic Soboelv inequality with constant C,
then it satisfies a Beckner inequality with 2C, while a Poincaré inequality with constant C' implies a Beckner
inequality with z2-C' (see [2], p. 384).
1—|x|?
ly—=z|™
measures on spheres have a uniform Gaussian concentration property for any |z| < 1, which is similar to the

and Moebius

In [11], Schechtman and Schmuckenschléger proved that harmonic measures with density



554 N. YAO AND Z. ZHANG

one of uf. More specifically, they showed that for every 1-Lipschitz function f: S"~! — R, it holds

u2<v(/fdu2

where ¢ is a universal constant, independent of z and n. Motivated by this work, in [4, 5], Barthe, Ma and
the second author investigated whether this property could be recovered from a stronger logarithmic Sobolev
inequality, with constant c¢/n, independent of x. Taking advantage of the fact that the density of both har-
monic and Moebius measures only depend on one coordinate, they transferred the problem of estimating the
corresponding constant for y to the one for only one dimensional probability v, , on [0, 7], where v, ,, is the
image probability of p” under the map y — d(y, e1), with e; the first component of the canonical basis in R”™.

In [5], the authors showed that for Moebius measures, for any dimension n > 3 and |z| < 1, the logarithmic
Sobolev constant Crg(u!?) has the order < log(1+ 1%\35\)7 while the Poincaré constant Cp(u”) essentially depends
on the dimension: Cp(u?) < %H Similar results are obtained in [4] for harmonic measures. Furthermore, Du,
Lei and Ma extended the research on harmonic measures to the Beckner inequality in [7].

So the aim of this paper is to generalize the results in [5] and investigate Cp(u?) for Moebius measures.
After all, Poincaré inequality and logarithmic Sobolev inequality correspond respectively to the special cases
p =1 and p — 2. Following the idea of [4], we transfer the estimate on C,(u?) to that on the optimal Beckner
constant of v/, and then Theorem 11 in [3] helps us to finally offer a two-sided estimate with precise order in
n,x and p on Cp(u?). As special cases p =1 and p — 2, not only do our results recover those obtained in [5],
but also an interesting phenomenon on spectral gap is explored.

The organization of this paper is as follows: in Section 2, we make some preparations, including an important
lemma allowing us to reduce the problem for the Moebius measure p! to that for one dimensional probability
V|g|,n ON [0, 7]; the third section is the main results and their proofs.

> t> <3 vt >,

2. PRELIMINARIES
In this section, we state the comparison between the constants for p} and those for v, ,,, and we also collect

some general results on the one dimensional probabilities on R.

2.1. Key lemma and proposition

The following comparison lemma and proposition are crucial, which show the idea of our proof. The lemma
reduces the high dimension problem to one dimension case, and the proposition gives the characterization on
Beckner inequality in one dimension case.

Lemma 2.1. ([}]) Let M be a probability measure on S™~* with
dM(.fL') = ()O(d(xael))do-nfl(x% T e Sn_la

where @ is measurable. Let v be the image of M by the map x — d(x,e1). Then we have

Cp(v) < Cp(M) §max{0p(u),n12}. (2.1)

Proposition 2.2. ([3]) Let p € (1,2), and let u,v be Borel probabilities on R, dv(z) = h(x)dx and m be the
median of w. Let C' be the optimal constant such that for every smooth f: R — R one has

/F@—(/mwozsc/f%u
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Then max(b_(p),bs(p)) < C < 4max(B_(p), B+(p)), where

P+p) = sup pllr o) (1 (1 M)) [

AR A
By (p) = sup pu(|r,o00 11— 1+ — T
+(#) = sup ull ”( ( (i 59)) B
b_(p) = sup p((—o0,x]) 1—<1—|—1>pp2 /ml
-\ z<£lu ’ 2/1((_00733}) T h’
(p-1)7= ) " /’” 1
B_(p) = sup —00,T 1— {1+ == —.
Remark 2.3. Specially, if v = p, then Cp () = 325C, that is,
P 4p
-, max(b—(p), b4+ (p)) < Cp(n) < 7-p max(B_(p), B+(p))-
Remark 2.4. For any y € (0,1/2],
_ yp/ =2\ PP
1= (1 TR s ) /(r=2)y(r—2)/
y B R R ) e
1 (p—2)/p - 1 — 2(p—=2)/p -
1— (1 + )
2y

From the inequality above, we have By (p) < 5b;(p), B_(p) < 5b_(p), then for the optimal constant C,
max(b- (), by (p)) < C < 20 max(b_(p), by (»)).

2.2. Auxiliary lemmas

Lemma 2.5.

(n—1)8p-1 n—1
2(n—1 2(n—1
(n =1 < Sp—2 ( )ﬂn -2
/2, . —1)sn—
Proof. Let I,_y:= [; /2(sm #)"2d¢, then (n=Dsn-1 =2(n—1)1,_o.
Sn—2
Moreover, "

2m -1~

Iy = o2 T

2m)lt 2

(2m — 2)!!

Iom—1 = 75—

(2m — 1!
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Obviously, Iopmg1 < Iom < Izpm—1, that is,

(2m)!! 2m -7  (2m—2)!l
Cmt DI = 2m) 2" @m_Dn

Furthermore, we have

1 _m-nr 1
m(m+1/2) 2ml! JVrm’

N k) L B S
dm — (2m — 1! 4m 2m )’

(n—1)s$p-1
Sn—2

According to the estimates above, we can obtain the desired estimates on

Lemma 2.6. For any a,b > 0,and p € (1,2),
1-(+a)7 < (1-(1+a)% )+ (1-0+7 ).
Proof.

1+a)5 +1—(1+b)$)—(1—(1+ab)%2)

+(1+ab)7 (1+a); —(1+0)F )

Y

1+ 1+ 1+0)5% —(1+a)5 — (1405 )

—(
(
( (1+a+b+ab) s (1+ a)% —(1+b)%
(1+
(

1— 1+a2)(1—(1+b) )>0

Lemma 2.7. For any Cq,Co > 0 fized, the function f: Ry — Ry given by O

f(r):zr( (1+(’;1> >

18 increasing.

Proof.

—Cs —Cs—1
f/(r)=1—<1+01> _ GG (1+Cl>
r r r

73 r

2 —Csy—2
F - GGGt ) (HQ) 0

Therefore f’ is decreasing. From lim, f’(r) =0, we have f/ > 0, and then the desired result is obtained. [
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Lemma 2.8. Forn >3, 1 <p <2, define

“ P /2
b_(n,p) = sup /sin”*ede 1_<1+5n—1/sn—2> / do

. — b
o sin" 29

ae(0,7/2) Jo 2 [ sin™ 2 6dé
p=2
7 . — sn—l/sn—Q v * do
by(n,p)= s sin"20dg |1 — (14 —2—L 1= /7
+m?) ae(:/g,w)/a " ( 2 [T sin™ 2 9d9> /2 8in" 720
log2 2—p 1 2—-p
=b_ = =~ _~ T < < i
et b(n,p) = b-(n,p) = b (n,p), then B2 = P < bnp) < —mg =

Proof. On one hand, from 22=2 [*sin""?6d@ < % for any a < 7/2, we have
1

Sn 0
- «a w/2 do
(1 - 272) sup / sin" 2 0d9/ —
ag(0,7/2) Jo o sin 0

2@(1—2‘%2).

b_(n,p)

v

2—p

p— log 2
The lower bound is obtained by 1 — 255" > % for any p € [1,2].

On the other hand, by C,(u™) = L5 (see [7]) and %Cp(,u") >b_(n,p), we get

1 2-
b-(n.p) < —=—+
n—1 p
O
Lemma 2.9. For 1 <p<2, z€(0,3]
10g2727p Slf:z:%Tp < 271010g;1.
2 P p T
Proof. Let 8 := 2%” € [0,1]. First, we have
B
P A
2 2
Second, for any 0 < z < 1, 1 — 2 — ,Blog% is decreasing in 8 > 0. O

t _

Lemma 2.10. Forv3/2<a < 1,1 <p<2, let f(t):= CEE (1 —(1+t77) 6) ,
!

te(0,1), a=1=2 € (0,1/3), =22 €[0,1], v = 251 > 1, we have

a2 D

1—(14a)F
sup f(t) = sup f(t)g( ( ) ).
t€(0,1) te(0,a) @
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Proof. Indeed the derivative of f is

L e (1-ae) ) s 1-aee) )
1) = CEDE (et

Step 1: Clearly, if t > «, g1(t) < 0, then f <0, that is, f(t) is decreasing in t € («,1). Thus we have

1 _
sup f(t) = sup f(t) < — sup t(l — 1+t ’6) .
te(0,1) te(0,a) Q% te(0,a)

Step 2: Let fi(t) :=t (1 —(1+ t_“’)_’ﬁ), t € (0,a) C (0,1/3). Next we will finish the proof by verifying

sup fi(t) = fi(a).

te(0,a)

So we just need to show f is increasing in (0, «) for any 8 € [0,1] and v > 1.

[l =0+ 0+ ) o= (448

Next we will verify go(u) := (1 +u)?T! —1 — (1 +~vB)u >0 for u :=t"7 € (a~7,+00) C (37, +00), which can
be simply obtained by the following

g2(u) = (B+1)(1 +u)® — (1 +78)
> (B+1)(1+3") = (1+48)
Z 6{3 log(1+37) _ (1 + ,YB)
26757(1+7B) Zoa

and

92(37) = (1+37)7 —1— (1 +48)37
= (1+37)ePle+37) _ 1 _ (14 4p)37
> (1437 —1—(1++8)37 > 0.

3. MAIN RESULTS AND PROOF

The first result is on an image measure of u7, stated as follows:

Theorem 3.1. Let u” be the Moebius measure given by (1.1) on the unit sphere ST~ with n > 3, and Viz|n
be the image measure of p under the map x — d(z,e1). For any x € R™ with 0 < |z| < 1, the optimal Beckner
constant Cp(V|q|,n) satisfies:

(1) For 0 < |z| < /3/2,

log 2 20(2 + /3)?
o < < = Y.
32m—1) — Cp(Vjat,n) < ’

n—1

(2) For \/3/2 < |x| < 1, there exist constants Cy,Ca,C3,Cy > 0 such that,
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p—2

1— 1 ’
G-le) G (] P
n—1 'n (1—|z2)"= 2—-p

< Cp(V|m|,n) <

p—2

(1 — 1 g
Golola) G fy (] P
n—1 'n (1—|z2)"= 2—-p

Remark 3.2. Notice that for the case p = 1, as z is close to the sphere S"~!, an interesting phenomenon
appears: the order of the optimal Poincaré constant C'p(v|,) in n is transferred from 1/n to 1/n?. By the way,

the barrier v/3/2 is just a number to show the difference in the neighbourhood of 1. It can be replaced by any
fixed number € € (0, 1) at the price of the modification of some constants C7, Cs and so forth.

By Lemma 2.1, one can obtain the following conclusion on u immediately:

Theorem 3.3. Let u” be the Moebius measure given by (1.1) on the unit sphere S~ with n > 3. For any
x € R™ with 0 < |z| < 1, the optimal Beckner constant C,(12) satisfies:
(1) For 0 < |z| < V/3/2,

log 2
32(n—1)

o 20(2+4/3)?
§Cp(ux)§%§

(2) For \/3/2 < |z| < 1, there exist constants Cy,Cy, C3,Cy > 0 such that,

Ci(1— 1 B
e d Q0= @ (0 p
n-1 'n’ (1 [z2)"s 2-p
< Cplpy) <
p—2
1-— 1 ? 1
e d 30—l () o
n—1 n2 (1—|z2)"z 2—p'n—2

Remark 3.4. For the case p = 1, Cp(u2) is bounded from above by K; /n for some constant K; > 0 independent
of z, and if z is in the neighbourhood of 0, Cp(u2) also can be bounded from below by K5 /n for another constant
K5 > 0 independent of x. By [13], one can get immediately that u? also satisfies Talagrand’s transportation
inequality uniformly in n and x.

Remark 3.5. For the case p — 2, by the following simple calculation,
p=2
1 P
(1 JoP)"

1
lim =1lo 14—,
p12 2—p g( (1_|x|2)"21>
p

we can see that Crg(u!) has the order X log(1+ %m) in » and x, which implies that Crg(u?) explodes

with speed log(1 + %m) as |z] — 1 for n fixed, and then logarithmic Soboelv inequality is strictly stronger

than Talagrand’s transportation inequality. In fact, we also can prove that for any p € [1,2) and |z| < 1 from
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Lemma 2.9,

p—2

1 T 2y 1
-1+ — < log (14 —————=]-
(I—|zl*)= p (1—1z[*)=

But we fail to reach a lower bound with the same order up to a constant, and it is the failure that shows the
gap between Poincaré inequality and logarithmic Sobolev inequality.

Remark 3.6. From the two remarks above, one can see that our estimates recover the results in [5]. Besides,
for the case n = 2, it is simpler and the similar result is obtained in [9] by a similar lemma with Lemma 2.1
(see [7]).

Proof of Theorem 3.1. By rotational invariance of the sphere, without loss of generality, we take z = ae; with
0 < a < 1, recall v4,, the image of uf},, by the map y — d(y,e1), which is a probability measure on [0, 7] with
density

dVa,n Sp—2 (1 - a2)% .
= = sin

n—2 9
dé Sp_1 (1 —acosf)n—1 '

han :

We choose 6, = arccos(a), which is the median of v, ,, (see (3.1)), and define the following parameters,

b_(a,n,p) = sup /ah 1- 1+# N /Ga !
B a€(0,0,) JO o 2f0aha,n a ha,n’

by (a,n,p) = sup / haon 1= |14 —— / —
a€(lq,m) Ja 2fo¢ ha,n 0o ha,n

Notice that the case a = 0 is corresponding to the uniform probability measures on S"~!. By symmetry
b_(0,n,p) = by (0,n,p). Moreover, by (0,n,p) is just b(n,p) in Lemma 2.8 with the order ﬁz_Tp.
Obviously, the parameters above involve two important items | f ha,n and [ f % for any a, § in [0, 7].

Make a change of variables ¢ = ®(0) such that ®([0,0,]) = [0,7/2], ®([0,,7]) = L[?:/Q, 7], which is the angular
version of the one introduced by Schechtman and Schmuckenschldger in [11]. The change is as follows:

cos ¢ = cos —a cosf —a
~ 1—acos® 1—a2?—a(cosf—a)’
) V1—a?siné
sing = —————.
1—acosf
So ®(0) = arccos(F(cosf — a)), where
F(t)—* te[-1—a,1—d]
1—a?2—at’ ’

is an increasing function, and its inverse function is

_ (1—a?)c
F 1(6):W, 06[71,1],
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whose derivative is

T 1—a?
(F 1)(6)7(1—1—7%)2'

Note that cos ¢ = F(cosf — a), so we have sin #df = sin ¢(F~1)’(cos ¢)dé. Then we have for any 0 < 8; <
0y < T,

02 02 (1- az)"Tfl Sp—2
han = "2 (5in 9)"2d
0, o /91 (I—acos@)r1s, 4 (sin6)

-3
02 1—a? Sm—o [ V1 —a?sinf " .
= sin 646
01

(1—acosf)? 5,1 1—acosf
(02) 2 (3.1)
(0 3 _
’ F (COS(b)) Sn—2
= 1—a? sin 3 gin cos ¢)d
A(gl) ( >( o) sin g sin (P (cos ) do
2(62)
:/ h07n(¢)d¢7
@(01)
and
02 (1—acosf)"ts, 4
/ / " (sin9)*~"d6
01 1 — CL2 2 Sn—2
02 _ n—1
/ Sp—1 ( 11 a<250899> 6o
sn —
01 2 a sin (3.2)

/ on (sin @) " sin p(F 1)’ (cos ¢)do

®(0;) Sn—2

(#2) 1 q? 1
= de.
L(el) (14 acos¢)? hon(d) ?

By (3.1), (3.2), b_(a, n,p) can be rewritten immediately as

. e
- _ ine)"2de | [1- (1 Sn-l
(a,m,p) we?:)l,g/z) (/0 (sin¢) ¢> ( < " 28,2 fow(Sin ¢)n2d¢> )

do

T2 1-q 1
% /d, (14 acos¢)? (sinp)n—2

while by (a,n,p) turns out to be

Sp—1 !
by (a,n,p) sup (/ (sin )"~ 2d¢> 1—{1+ o
+( 906(77/2 ) © 28774*2 f@ (Sln (b)n—Qd(b

@ 1— ag 1
. (/7r/2 (14 acos¢)? (sing)n—2 d¢>
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Clearly, for b_(a,n,p) we have,

1—a
2

b- (O7nap) < b—(a7nap) < (1 - CLQ)b_ (Oa n7p)'

Next we plan to give the estimate of by (a,n,p):
1
Case I: If 0 < a < v/3/2, then Zb+(0,n,p) < by(a,n,p) < (2+V3)%b,(0,n,p).
Case II: If \/3/2 < a < 1, then for n = 3,

p—2

Lo+ " ) <vo@ap<6(1- (142 .
2e2 1—-a =248 9 P) = 1—-a ’

and for n > 3,

15 1 B
6 Dn+D) | (1 T a2)"21>

S b+(a7n7p) S

p—2

VG R G U S T 21 (0
"N 90— -3 | <1+(1_a2)"21> A2+ V3)2(1 = a®)by (0,m,p)

First, we consider the case n = 3: by simple calculus, we have

/ sin ¢d¢ = 1 + cos g,

©
and
—cosp © —cosp
1/ dt < / 1 .1 do S/ dt .
2 Jo (1—at)2(1—1%) =2 (14 acos $)? sin ¢ o (1—at)?(1—1¢)
Furthermore,

/*COW dt /1 du
0 (1_at>2(1 _t) B 1+cos ¢ (1—CL—|-CL’U,)2U

1 1 1—a—|—au+ ay
= o)
(1—a)? u 1—a+au

- CL} |u:1+cosgo-

Therefore, the estimate on by (a,3,p) is reduced to that on the following up to 1/2 and 1,

P

1+a 1 = l1—a+au au
sup u[1—(1+— log + —ayp.
1—a w1 U U l1—a+au




SOBLEV INEQUALITIES 563

On one hand,

e—a e—a

On the other hand,

1 1 pp 1—
b+<a’37p>§ ta sup u 1-— <1+) logﬂ
170’u€(0,1) u u
p—2
L1 \7 1+at
=(1+a sup t 1_<1+. > log
( )te(o,l/(ka)) < t 1—a t
1\ 1 1 1\ 5%
<2supt | 1— {1+~ log(1+ =) +2suptlog(1+—-)[1—(1+
t>0 t t t>0 t 1—a
p—2
2(2 — 1 1 -
S(ip)suptlog2 (1+)+2 1_(1_|_ ) !
p >0 t 1—a
p—2
2—p 2 1 5
=— 421 - (14—
p 6—1+ ( (+1—a) )
1 \%
§6<1<1+ ) )
1—-a

The second inequality above is derived from Lemma 2.6, and the later two inequalities are from Lemma 2.9.
Second, for the case n > 3:

Part 1: On the lower bound of b, (a,n,p) for v/3/2 < a < 1 and n > 3. Taking ¢ = arccos(—a), we get

p—2

" . — Sn—1 v
by(a,n,p) > / sin ¢)"2d¢ 11— 1+ = -
+( ) ( arccos(—a)( ) 28p2 farccos(fa)(snl ¢)n72d¢
arccos(—a) 2
« / 1—-a - 1 2d<;§ -
/2 (1+ acos¢)? (sing)n—

With simple calculus, the two items above have bounds from below as

T T _ CL2 ”;1
[ smeraes [ gy -cosopas = LT (3.4)

rccos(—a) arccos(—a) n—1
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and
/arccos( a) 1 /arccos( a) 1 1 d(b
/2 (1+ acos ¢)? (sin ¢ (1 — cos? ¢)? (sin¢g)?—2
arccos(—a) COS¢
3.5
/ et (3.5)
_(-a®) -1
B n+1

By the monotonicity of the function f(r) := (1 — (1 + %)_02) in r > 0 for any C7, Cy > 0 fixed from
Lemma 2.7, we have that for any a € (v/3/2,1),

p—2

1-(-a)™ [ (n=Dsns | "
b+la,n,p) 2 (n—1)(n+1) ! (1 * 25n_o(1 — a2) "z >

p—2

> 15 o —1 :
16— D(n+1) 1)

where the second inequality is true since

m: n— 7rsin n—2 n— %sm % cos =
( 1)/0( 0)"2d0 > 2 1)/0( 0)"2 cos 04 — 2.

Sn—2

Part 2: On the upper bound of b, (a,n,p) for v/3/2 < a <1 and n > 3.

b+(a,n,p)=maX{ sup  I(p,a,p), sup I(%a,p)},

p€e(m/2,5m/6) p€Ee(bm/6,m)
where
p—2
Sp—1 !
1(p, a,p) / sm¢“d¢> 11+ Sn.
( ’ 25,_2 f@ (sin )" —2d¢
¢ 1—a? 1
/ a4 : aé | .
x/2 (1 +acos$)? (sing)"—2
Step 1:

sup  I(p,a,p) <42+ V3)*(1—a®) sup I(p,0,p)
ve(3,5F PE(E,5E (3.6)

42+ v3)2(1 — a®)by (0,1, p).
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Step 2: For ¢ € (57/6,7), we have

T n2 2 (Tl 2(sin )" !
/sa (sing)" “d¢ < \/g/w (sin )" ?(— cos ¢)d¢p < V30 =T}
and
@ 1-— CL2 1 1— CL2 ] 1
/7f/2 (1+ acos¢)? (sing)"—2 d¢ < (1+ acosp)? /M2 (sin ¢)n—2 d,
with

® 1 ¥ 1 ® _ COS¢ 4(sin @)3_n
——nsd —d¢p <4 d .
/Tr/2 (sing)n—2 0= 2/2#/3 (sing)n—2 0= /Tr/Q (sin )2 .

By Lemma 2.7, we have

sup  I(p,a,p)
pe(%F )
p—2
_ 2 N2 _ 5
< 8(1—a®) sup (sinp) . <1+ V3(n - l)snn_11>
V3(n —1)(n —3) pe (32 ) (14 acosy) 48, —2(sin )
p—2

1— a2 G oo)2 1 2\ »
< 8( a’) sup %)2 1— |1+ ((_1))
V3(n —1)(n —3) pe(5E m) (I+acosyp) sin'"" Vo
p—2
16(1 — a?) (sin )2 ( 1 ) E
< su — 7 |1-(14+—
V3(n —1)(n — 3) we(%,w) (1+ acosp)? (sin ) (n=1)

—2
64(1 — a?) t < 1 ) 5
S sup ]. — 1 —+ e
V3(n —1)(n — 3)a* te0,1) (152 +1)2 ( t

a2

S\/g(n16)4(n3)(12 1<1+<1i2a2>n21> v

256/3 1 ?
= 9(n —1)(n — 3) 1= <1Jr (1 _a2)"51>

The second inequality above is obtained by \/5(28—1_);;”,1 < Gm ;)n,l ifpe (%’r, 7) from Lemma 2.5. The third

and fifth ones come respectively from Lemma 2.6 and Lemma 2.10. O
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