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INTERMEDIATE EFFICIENCY IN NONPARAMETRIC TESTING
PROBLEMS WITH AN APPLICATION TO SOME
WEIGHTED STATISTICS*

TADEUSZ INGLOT!, TERESA LEDWINA? AND BOGDAN CMIEL®**

Abstract. The basic motivation and primary goal of this paper is a qualitative evaluation of the
performance of a new weighted statistic for a nonparametric test for stochastic dominance based on
two samples, which was introduced in Ledwina and Wylupek [TEST 21 (2012) 730-756]. For this
purpose, we elaborate a useful variant of Kallenberg’s notion of intermediate efficiency. This variant
is general enough to be applicable to other nonparametric problems. We provide a formal definition
of the proposed variant of intermediate efficiency, describe the technical tools used in its calculation,
and provide proofs of related asymptotic results. Next, we apply this approach to calculating the
intermediate efficiency of the new test with respect to the classical one-sided Kolmogorov—Smirnov test,
which is a recognized standard for this problem. It turns out that for a very large class of convergent
alternatives the new test is more efficient than the classical one. We also report the results of an
extensive simulation study on the powers of the tests considered, which shows that the new variant of
intermediate efficiency reflects the exact behavior of the power well.
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1. INTRODUCTION

In order to assess the performance of a test, a multitude of concepts of efficiency have been proposed. See
Nikitin [42] and Serfling [46] for an overview of earlier definitions of asymptotic relative efficiencies. More recently,
some efficiency measures have been defined in terms of probabilities of large and moderate deviations of type
I and type II errors of tests; c¢f. Borovkov and Mogulskii [7], Ermakov [10, 11], and Kitamura [31] for some
ideas, related history, and implementations. Obviously, each approach has its own rationale, some limitations,
inherent complexity, and was developed with its own specific assumptions.

In this paper, we concentrate on the concept of asymptotic relative efficiency (ARE), and restrict our atten-
tion to Kallenberg’s notion of intermediate efficiency. We develop a variant of this notion which is useful in
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nonparametric problems and enables widely applicable, tractable, analytic comparisons between two tests. The
results from earlier applications of Kallenberg’s concept of efficiency are very encouraging. Kallenberg [28] gave
several implementations of this notion to some popular tests for selected parametric and semiparametric models.
Further developments include: adaptive test statistics [16, 22, 23], some classical goodness-of-fit statistics for
both continuous and discrete data [23, 24], and [39], some classical statistics for testing a simple parametric
hypothesis for a model of one-sample censorship [33], and testing for no-effect in certain regression models
[24, 38].

In Section 3, we apply our variant of this approach to a recent solution of the one-sided nonparametric test
for stochastic dominance introduced in Ledwina and Wytupek [35]. Section 5.4.3 of that paper contains an
extensive discussion motivating such an investigation. In fact, here we consider a generalization of that solution
and denote it by Ty; cf. (3.8). The test statistic Ty is asymptotically equivalent to the maximum of a weighted
rank empirical process over a grid in (0,1), where the end points depend on the sample size and the classical
Anderson—Darling weight is used. This last statistic is denoted by Wy ; see (3.9). We compare the new solution
with the classical (unweighted) two-sample Kolmogorov—Smirnov test Vy, which is commonly applied to this
problem. In order to obtain a formula for the efficiency, several technical results have to be proved. Bounds for
the asymptotic power of Ty, under sequences of alternatives, and moderate deviations under the appropriate
null distributions, are the main technical results of this paper. We prove that, for this one-sided nonparametric
test, carefully matching the weight and the range of the maximum in Wy is highly profitable and results in a
test which dominates the classical unweighted solution, regardless of how the alternative deviates from the null
hypothesis. In particular, our Theorem 3.5 shows that the intermediate efficiency of the new test with respect
to the Kolmogorov—Smirnov test is greater or equal than 1 for a very large class of sequences of alternatives.
In simple terms, we compare two consistent tests which, in principle, can detect any fixed alternative. The only
question is how many observations are needed for them to attain a given power. The intermediate efficiency of
a weighted test relative to an unweighted one is the number which indicates by which factor one has to increase
the sample size when using the unweighted solution to have approximately the same power as the weighted
procedure has. Our simulations illustrate that the value of this efficiency measure appropriately explains the
empirical behavior of these tests’ power in this sense.

We close the introduction with a brief discussion of Kallenberg’s notion of ARE and some related prob-
lems. The efficiency measure was introduced by matching the basic features of the approaches of Pitman and
Bahadur to ARE. This involves alternatives converging to the null model (slower than in Pitman’s approach)
and significance levels tending to 0 (slower than in Bahadur’s theory). Obviously, according to this approach,
both the significance level and the alternative depend on the sample size N. The essence of this setting is that
the significance level goes to 0 as N increases, while the asymptotic power, under the underlying sequence of
local alternatives, should be non-degenerate. Hence, the sum of the type I and type II errors is in (0,1). Such
requirements call for a careful and delicate balancing of the rates at which the significance levels tend to 0 and
the local alternatives approach the null model. Although Kallenberg’s concept of efficiency is slightly more com-
plicated than the classical notions of Pitman and Bahadur, it is more widely applicable. For further discussion
see Section 2.5.

The paper of Kallenberg [28] is mathematically elegant. Its main part concerns the one-sample case. In
addition, it puts emphasis on having results which hold for all possible sequences of local alternatives. These
rather stringent conditions can result in it being impossible to implement, even in relatively simple situations.
Moreover, one important question regarding ensuring the non-degeneracy of the asymptotic power was skipped
in all the examples given in that paper, while the k-sample case was not described in detail. Inglot [16] provided
further analysis of Kallenberg’s efficiency in the one-sample case, mainly in the context of studying adaptive
Neyman tests. Our Remark 2.7 in Section 2 carefully discusses the differences between Kallenberg’s original
approach and our contribution.

In view of the above, in the present paper we propose a simple as possible variant of the notion of intermediate
efficiency and define tools which help to calculate it. In contrast to the original concept, we do not require that
results hold for all local alternative sequences. Our focus is on relaxing the requirements on the test statistics
applied by as much as possible. Moreover, we embed the one- and two-sample cases into a joint scheme and
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study them simultaneously. Our contribution is self-contained: all of the necessary tools are carefully described,
sufficient conditions for the non-degeneracy of the limiting power are given, and thorough proofs of all the
related results are provided. The details are presented in Section 2, as well as Appendices A and B.

The organization of the paper is as follows: Section 2 describes our setup, the pathwise variant of intermediate
efficiency, and discusses previous work in the light of our proposals. After this preparatory material, Section 3
presents two constructions of tests (a new and a classical one) for detecting stochastic ordering, introduces a
natural class of sequences of alternatives for this problem, gives the theoretical results needed to compare such
tests via intermediate ARE, and gives an explicit formula for the intermediate efficiency of the new solution
with respect to the classical Kolmogorov—Smirnov test. We conclude by reporting some results of an extensive
simulation study, which aims to show the usefulness of this variant of ARE when evaluating powers for finite
samples. The proofs of all the technical results are given in Appendices A—G. Appendix B also provides some
technical lemmas, which are useful in checking the assumptions of Theorem 2.6, the main theorem.

2. INTERMEDIATE EFFICIENCY, PATHWISE VARIANT,
BASIC FACTS AND COMMENTS

2.1. Notation and definitions

Consider two independent samples X;,..., X, and Yi,...,Y, defined on the same measurable space and
coming from the probability distributions P and @, respectively. The situation P = ) corresponds to the
one-sample case.

Assume that m = m(N), n = n(N), with N = m + n. In the one-sample case, one can assume that the
sample size is N, m = m(N) = | N/2] and n = N — m. Suppose that ny = m(N)/N satisfies nxy — n € (0,1),
as N — oco. Denote the set of all product measures P x ) under consideration by P. Let Py be a subset of P.
We want to test whether

Ho: PxQePy, or H1:PXQEP1=P\]P>O

is true.
Suppose that we have two upper-tailed tests defined by sequences of real valued test statistics Z/{](\p and U J(\}I)
and critical values corresponding to a significance level o € (0,1) and sample size N, denoted by ug])\, and ug}\;,

respectively. To be specific, let

ug])v = inf{w . sup PV« QrV) (UJ(\P > w) < a},
PxQEP,

where P"Y) and Q™M) are m(N) and n(N) fold products of P and @, respectively. We define ug}\; in an
analogous way. Throughout this article, {sy} denotes an infinite sequence of elements sy, N > 1.

We wish to evaluate the efficiency of the test based on U = {UJ(\}I)} by comparing its sensitivity relative
to the sensitivity of the test based on UM = {U](\P}. Hence, the test based on (V) is used as a benchmark.

We shall consider significance levels which tend to 0 as the sample size grows. Namely, the set L of sequences
of all admissible levels in the intermediate setting is defined by

L= {{an}:any =0, N 'logay — 0}. (2.1)

Note that (2.1) excludes significance levels ay which tend to 0 exponentially fast.
Given Py x Qo € Py, Py x @1 € Py, and 9 € (0,1), define

Py = (1 — 19)P0 + 9P, Qy = (1 — 19)@0 + 9@, (22)
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and assume that
Py x Qy € Py for every 9 € (0,1). (2.3)

Hereafter, the measures Py X Qo € Py and P; x Q1 € Py defining Py x Qy and satisfying (2.3) are fixed.
Remark 2.2 gives illustrative constructions of Py and @y in standard nonparametric testing problems.

Now, consider a particular sequence {0y}, O € (0,1), where Oy — 0, as N — oo, and the corresponding
sequence {Py, X Qg Given N and the related 6y, for an arbitrary natural number S representing the

total size of an auxiliary sample and corresponding m(S) and n(S), define HEN: Pg?v (5) « QZJ(VS). Thus HéVN =

Py M) QZ,(VN)' Finally, set

= {15}

Suppose that there exists {an} = {an(77)} € L which satisfies

e eTeN (o ,(I0) an . N /(D) an
0< l}gi,lglofHaN Uy’ > uaNN) < h]{;n_?;lopne’v Uy’ > uaNN) < 1. (2.4)
Let
L* = L*(TT) = {{aN} eL: (2.4) holds}. (2.5)

In consequence, given {0y}, for all {any} € L*, the corresponding test based on Z/IJ(\}I) has non-degenerate
asymptotic power under {Py, x Qg }- In the sequel, we assume that L* is nonempty.

The definition of the intermediate efficiency of UM with respect to U, which we give below, refers to
this particular sequence of alternatives {Py, X Qqy }, together with the corresponding 77, and sequences of
significance levels {an} € L*. For every N > 1, let

Myang (N, ) = inf{M > 11 UGY > WMD) <Ry > W) L) for all k> o}. (2.6)

Definition 2.1. If

. MM(II)M(I) (N, 7-‘-)
Nh_r:aoo N € [0, 0] (2.7)

eu(n)ua) =

exists and does not depend on the choice of {ay} € L*, we say that the asymptotic intermediate efficiency of
U with respect to UM, under the sequence of alternatives { Py, x Qg, }, exists and equals ey m -

Obviously, the asymptotic behavior of M anym (N, 7T), and hence e anym, depends on 7. Typically, the
value of 7 € (0,1) is fixed and therefore, to simplify the notation, this parameter is omitted in (2.7). However, in
Section 4 we analyze numerically the influence of 1 on the efficiency of tests for the two-sample case. Therefore,
in Theorem 3.5, which presents an analytic formula for this measure of efficiency, and in Section 4 we clearly
indicate the dependence of efficiency on 7.

In contrast to the original definition of Kallenberg [28] and its extension by Inglot [16], where a counterpart of
(2.7) was required for some families of sequences of alternatives, the above definition is restricted to a particular
sequence. Hence, it can be considered to be a kind of pathwise variant of the previous approaches. The path 7T
is uniquely determined via Py X Qo, P1 X Q1, {On}, {m(N)} and {n(N)}. Such a pathwise approach extends the
range of possible applications of the notion and allows us to avoid many non-trivial technicalities. In particular,
we avoid the introduction of so-called renumerable families, which are key objects in Inglot [16]. Note also that,
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as a rule, (2.7) holds for many sequences simultaneously, but the above definition treats each of them separately.
For an illustration of this, see Theorem 3.5 and Remark 3.6 following it.

Remark 2.2. This remark gives illustrative constructions of Py and @y in standard nonparametric problems.
As typical in such problems, we shall start with underlying cumulative distribution functions of observed random
variables and explain details in such terms. Latter on related Py’s and QQy’s shall be introduced. Typical property
of standard nonparametric problems is also their invariance to monotonic transformations. Such transformations
are very useful to see an essence of the problem and we shall apply some transformations to provide statistical
interpretation of (2.2).

Consider first one-sample case. Let Z1, ..., Zx be independent real valued random variables with continuous
distribution function F'. Suppose that we like to verify simple goodness-of-fit hypothesis F' = F{) against a class
of mixtures (1 — 9)Fy + 9Fy, ¥ € (0,1). Detecting mixtures is hot topic recent years. Moreover, always such
structure can be interpreted as a way of approaching Fy from ‘the direction” Fy. Then, P; and P, are simply
related probability distributions and Py = (1 — ¢)Py + ¥ P;. Alternatively, one can consider the transformed
sample Fo(Z1), ..., Fo(Zy). Then, under the null hypothesis, the random variable Fy(Z;) has uniform proba-
bility distribution Py, say, while Py transforms to Py = (1 — )Py + 9Py, where P; is a probability distribution
pertaining to F} o Fofl. The last mentioned function is called the relative distribution of F; to Fy and plays
important role in many areas of applied statistics.

In the case of independence testing consider random vectors Z1, ..., Zx with continuous marginal distribution
functions. Then, after imposing the marginal distribution functions on the components of Z;’s, without loss of
generality, one can assume that the marginals are uniform on [0,1] and restrict attention to the unique copula
associated with joint cumulative distribution of Z;, say; see Fermanian et al. [13] for more details. It is widely
accepted opinion that the dependence structure among the components of the observed random vector is best
characterized by its unique copula. After such reparametrization, a copula is a parameter under test while
marginal distributions are nuisance parameters. Then (2.2) can be interpreted as a mixture of the independence
copula and some alternative copula. To be specific, let Cj stands for the independence copula, i.e. uniform
distribution function on the unit square, while C; is a copula representing an alternative distribution. Then Py
is pertaining to the mixture (1 — ¥)Cy + ¥C.

Two-sample problem is the most difficult for an insightful reparametrization. A breakthrough in this question
was the paper by Behnen [4], which we shall use below. See also Behnen and Neuhaus [5], and Neuhaus [41]

for related information. Let Xq,...,X,, and Yi,...,Y, be two independent samples with respective parent
continuous cumulative distribution functions F' and G. As before, we set N = m + n and assume that n =
lim(m/N) exists and ) € (0,1). Moreover, let Z1, ..., Zy represent the pooled sample. For simplicity, we focus

here on testing Hy : F' = G against Hj : F' # G. For related comments on testing the stochastic dominance
see Section 3. To define (2.2) for Hy against Hy, in contrast to the two above examples, in this setting we
start from an alternative distribution. So, take arbitrary two continuous distribution functions Fi, G1, say,
where Fy # G1. Now, define Fy, say, by setting Fo(z) = J1(2) = nFi(z) + (1 —n)G1(z), z € R. The probability
measure corresponding to this Fy is denoted by FPy. With the above choice of Fj, for a given real number
¥ € (0,1), we introduce a contamination model Fy = (1 —¥)Fy +9F1,Gy = (1 — 9)Fy + 9G;. We denote by Py
and @y the probability measures corresponding to Fyy and Gy.

To have some more clear link to the previous cases, observe that the definition of J; implies that F} =
Ji+ 1A —n)(F1 —Gr), Gy = J1 —n(F; — G1). Hence, transformed by Fy = J; observations Zy, ..., Zy, obey,
under Hy, the uniform (0,1) distribution, while under H; their distribution functions in the first and the second
sample, respectively, take the form

Oy(t) =t+ (1 —n)(FL —Gy)oJy (t), ®aft)=t—n(F —Gy1)oJy (t), where te (0,1).
In this parametrization (Fy — G1) o J| 1 is the parameter under test while J; is a nuisance parameter. Hence,

in the transformed samples we have Py = (1 —9)Py+ 9P, and Qg = (1 — 9)Py + 9Q1, where the probability
measures Py, P; and ); are pertaining to the uniform, ®; and ®, distribution functions, accordingly. Here
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Fio Jfl and G o Jfl are Parzen’s relative distributions of F; and G to Ji. See Handcock and Morris [15]
for details on relative distributions. A great advantage of the above reparametrization is that the function
A(t) = (Fy — Gy) o J; (t) is absolutely continuous and its derivative a(t), say, is bounded. This greatly simplifies
asymptotic derivations under related sequences of alternatives, defined in Section 3.1.

The k-sample problem can be treated completely analogously. For further details see also Behnen and Neuhaus
[6].
Remark 2.3. We can succinctly rephrase the interpretation of positive and finite e;;anz ) as follows: the test
corresponding to UM and related to the sample sizes |meyanym | and [neyanym | has approximately the same
power, under { Py, X Qg }, as the power of the test corresponding to U (I and pertaining to the sample sizes
m and n.

Another useful interpretation of the intermediate efficiency is the value of the shift of a non-parametric
alternative necessary for the two tests under consideration to have the same local power. See Inglot and Ledwina
[23] for some simple illustration and Inglot [18] for further development.

Remark 2.4. To prove that the limit in (2.7) exists and to obtain an explicit formula for it, we need to introduce
some regularity assumptions for both test statistics. Sequences of statistics satisfying assumptions of this kind
are called Kallenberg sequences by Koning [33]. Similarly to Inglot [16] and in contrast to Kallenberg [28], we
impose stronger requirements on 4@ than on /(™. On one hand, the benchmark, (V)| can be always chosen in
a convenient way. On the other hand, any relaxation of the requirements on /") extends the scope of possible
applications of this approach. Similar to the Bahadur efficiency, the intermediate efficiency of UM with respect
to UM is calculated as the ratio between two slopes. These slopes are determined by an index for moderate
deviations under the null hypothesis and a scaling factor which results from a kind of weak law of large numbers
(WLLN) under the sequence of alternatives. It is worth emphasizing that we only assume a knowledge of moder-
ate deviations of /) in some restricted range. In contrast, full range of moderate deviations of (! is required.

2.2. Regularity assumptions on U@

(I.1) There exists a positive number ¢;;a) such that for every positive sequence {wy} satisfying wy — 0 and
Nw3; — oo, the following holds:

1
— 4 — 1 . Pm(N) n(N) u(l) VN) = .
N Nw3 ngxbggpo X QMU > wn V) = e

(I.2) There exists a function bya) (Py X Qy), ¥ € (0,1), and a number p € [1,2], such that for every sequence
{9n} of positive numbers satisfying 9y — 0 and N4 — oo it holds that

e
lim T N —1|>e| =0 forevery €>0, (2.8)
N—oo N (‘ \/mn/NbM(I)(PﬁN X Qﬁw)

where Hf;’N = R;YJLV(N) X Q:;EVN).

We call ¢y the index of moderate deviations of U, while the quantity cym [bz,{(n (Hf,yN)]Q, where
by (I ) = /by (Psy % Qo ), shall be called the intermediate slope of UD under Iy .

2.3. Regularity assumptions on /(D

(IL.1) There exist sequences {yn} and {Ax}, such that 1 <y < Ay < N, yy/Any — 0, and for every positive
sequence {wy }, where Nw%,/Any — 0 and Nw?3; /vy — oo, the following holds:

1
— lim ——1 pm) o gn() (7410 VN) = 2.9
W N, 8 00, T X @ W e V) = e >
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for a positive number ¢;;an .

(I1.2) For a particular sequence {0y}, defining the sequence {Py, X Qg, } of alternatives under consideration,
and such that

2/
i Nl — 1] > ) = ) :
Jim T, (‘ et 1( >e)=0 forevery >0 (2.10)

As above, the quantity c;an [bwm (Hé\i’)} ? shall be called the intermediate slope of U™ under Hé\lfv.

Remark 2.5. In (I1.2) and (IL.2), we imposed the assumption N3, — oo, for some p € [1,2]. In several
previously considered cases, it was simply assumed that p = 2. As seen from the proof of Theorem 2.6, given in
Appendix A, this assumption is closely related to the behavior of the probability of a type one error in the test
under consideration, which in turn depends explicitly on the intermediate slope. Obviously, the most demanding
conditions are provided by the Neyman—Pearson test. The intermediate slope of the Neyman—Pearson test for
two-sample problems was studied in Ducharme and Ledwina (c¢f. [9] Thms. 3.3 and 3.4) In this case, p = 2 is
appropriate. In other tests, the situation might be different.

2.4. Computation of the intermediate efficiency

We start with a counterpart to Lemmas 2.1 and 5.1 in Kallenberg [28]. This result gives conditions under
which the asymptotic ratio of the slopes of U and U™) coincides with the asymptotic ratio of the sample sizes
n (2.7). Next, we compare our result to the lemmas mentioned above and comment on how the assumptions of
our result can be checked.

Theorem 2.6. Assume that for a given UV the conditions (I.1) and (I.2) are true for some p € [1,2]. Suppose
that, for a particular sequence {0y}, U satisfies (I1.2). Moreover, (II.1) holds for some given {yn} and
{An}. Suppose that there exists {an} from L* such that

1
lim =0 and lim —2N — (2.11)
N—o0 /\N N—oo YN

log a v

Then it holds that
(Z) — 10g QN = Cyan [bu(u) (Hé\i’)]Q[l + O(].)]7
(1) for all {a/y} € L* we have J\}im log oy /logan = 1 what means that every sequence form L* fulfills (2.11)
—00
as well.
Finally assume that the following limit exists

. cyam [byan (1))
lim o =e € 0,00 2.12
N—o0 Cry (D) (mn/N)[bua) (PQN X QQN)P [ } ( )

Then the intermediate efficiency (2.7) of U with respect to UD, under a particular sequence of alternatives
{Pyn X Qoy }, exists and eyanym = e.

Let us start by discussing the differences between our requirements and those imposed in Lemmas 2.1 and
5.1 of Kallenberg [28].

Remark 2.7. The first essential difference between our paper and Kallenberg’s one consists in the fact that
Kallenberg [28] requires that for both statistics Z/I](\P and LI](\}I) the WLLN under the alternatives holds for all
allowable sequences {6y} and all corresponding distributions, provided that his condition (1.3) holds. This can
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be an inappropriate formulation and his paper provides examples where some further restrictions are imposed,
and, in fact, some paths introduced.
The second essential difference between both papers lies in the fact that Kallenberg [28] assumes the same type

of moderate deviations for both U](\P and U](\}I), and does not impose any restriction on the rate of convergence

of {wn} (in our notation) from above. In contrast, we introduce such a requirement in the case of U ](\}1)7 and this
is expressed by the assumption that Nw%, /vy — co. We impose such an assumption because it naturally arises
when studying the statistic Ty ; ¢f. Theorem 3.2. Such an assumption is simply indispensable in many cases, as,
for example, for some weighted goodness of fit statistics where moderate deviations exist and are only non-zero
for a very restricted type of sequences of {wy}’s. To balance this useful restriction on moderate deviations for

Z/{J(\}I), we assume that Z/{](\P has non-zero moderate deviations for the whole range of the wy’s. This is not a

restrictive assumption, because any convenient benchmark U J(\P can be chosen.
The third difference is that we do not require that byan (II) ) has a special structure. This allows us to

compare statistics with a different rate of convergence than the one corresponding to U ](\P.

Additionally, our paper clarifies the intermediate approach for the two-sample case. Note that, putting aside
the limitations discussed above, the formulation of (iii) in Kallenberg’s Lemma 5.1 contains some further non-
explicit restrictions.

Finally, observe that the essential assumption regarding the non-degeneracy of the asymptotic power of U ](\}I),
in our notation, is missing in the formulations of Kallenberg’s lemmas, though it is clearly stated on page 171
of Kallenberg [28]. This may be misleading, as it is needed in the proof. Verification of this assumption is a
non-trivial problem, which is ignored in the analysis of the examples in Kallenberg [28]. In our Theorem 2.6,
this assumption is implicit in the condition {ay} € L*, and later we provide some convenient tools for checking
this assumption; ¢f. Remark 2.8.

Now, we give some brief comments on verifying the assumptions of our Theorem 2.6.

Remark 2.8. The regularity assumptions (I.1) and (II.1) hold for many classical statistics. In the present paper,
the two-sample Kolmogorov—Smirnov statistic serves as a good example. Often, the strong approximations
method proves to be very useful in obtaining such results.

For some statistics, conditions like (I.2) and (II.2), together with the form of o and non-degeneracy of
asymptotic powers, have already been justified on the basis of the limiting distribution of the underlying test
statistic under given sequences of alternatives; cf. Inglot and Ledwina [22, 23] for some examples. However,
such a limiting distribution is often hard to derive. Therefore, following the idea applied for the first time in
Inglot and Ledwina [24], we propose to use some asymptotic bounds for the distributions of test statistics under
the considered sequence of alternatives. These bounds have the condition of non-degenerate asymptotic powers
explicitly built into them, which is very useful in checking (I.2) and (I.2) in some relatively complex cases.
For details, see Lemmas B.1 and B.2 in Appendix B, where we also give an example of a sequence {ay} € L*
and a range of non-degenerate asymptotic powers for which Theorem 2.6 applies. Note also that, by (ii) of
Theorem 2.6, if we know at least one example of {any} € L* then, in principle, we know all other sequences
from IL*. See also Sections 3.3-3.5 for an illustration of how works the approach described above.

We close this section with a discussion on other selected notions of efficiency and their relations to
Kallenberg’s efficiency. This section has been added to the revised version at a request of one of referees.

2.5. Kallenberg’s efficiency as a compromise implementation of Pitman’s and
Bahadur’s ideas

Let us start with an informal introduction of the Pitman and the Bahadur efficiencies. We pattern notation
after Kallenberg [29]. Both efficiencies can be described in terms of sample sizes N («, 3, v), say, needed to attain
with given test on a level « a prescribed power 8; 8 € (0,1) at an alternative v. We do not specify a character
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of v at the moment. For two tests, say 1 and 2, with corresponding numbers Ny and N3, respectively, the ratio
Ny /Ny is called the relative efficiency of test 1 with respect to test 2. It is rather clear that it is extremely difficult
to compute N;(a, B,v), i = 1,2, even for very simple test statistics. Therefore, some asymptotic approaches, as
the sample size N tends to infinity, have been proposed. In particular, Pitman’s approach assumes that v = vy
and vy is getting closer to a null hypothesis as N grows. In contrast, Bahadur’s idea was to set a = ay and
send it to 0 as N increases. In both cases the power S was fixed. Both approaches are attractive. However,
their implementations require different assumptions and have strong limitations. It is beyond the scope of this
section to present some general results. Therefore, for an illustration, we shall mainly concentrate on pertaining
problems in the case of weighted and unweighted Kolmogorov—Smirnov type tests for two-sample problem.

The Pitman efficiency was introduced in 1948 in unpublished notes; Pitman [43, 44]. It has been originally
designed for parametric testing problems. See Nikitin [42] and Zacks [52] for insightful introduction and related
literature. In general, this approach is linked to the central limit theorem and works nicely for asymptotically
normal statistics. Otherwise, may not exist or may depend on the significance level o and given power 5. A good
illustration of these drawbacks are efforts to evaluate Pitman’s efficiency of classical Kolmogorov—Smirnov test
for two-sample problem with respect to some linear statistics; see Kalish and Mikulski [27], and Yu [51]. These
papers deal with the case of location model indexed by v € R. In particular, Kalish and Mikulski [27] have
defined generalized Pitman efficiency while Yu [51] provided complicated bounds for the efficiency. Neuhaus [40]
treated much more general nonparametric two-sample setting and derived asymptotic results allowing for some
extension of the above mentioned results of Yu [51]. Neuhaus [40] defined also a sample version of Pitman’s
efficiency for nonparametric two-sample problem, i.e. for v being infinite dimensional. To be specific, in terms of
the present paper, his approach results in sequences of alternatives { Py, x Qg }, where Oy = O(N~'/2) while
Py, and @, are as in our Remark 2.2. The precise definition of the above mentioned N(«, 3,v) in Neuhaus
[40] is slightly less demanding than ours (2.6) while his definition (3.6%) of the Pitman efficiency of Kolmogorov—
Smirnov test with respect to linear rank tests is weaker than our general definition (2.7) in particular in that
he uses lim inf (as in the generalized Pitman efficiency introduced by Kalish and Mikulski [27]) instead of our
lim. No explicit analytical formula for this (generalized) Pitman efficiency (3.6) is provided in Neuhaus [40],
though it is clear that the resulting quantity shall depend on «. Neuhaus’s extension of the Pitman efficiency
works nicely for comparison of two linear rank statistics and provides very welcome finite sample interpretation
of earlier ARE notion based on asymptotic shifts; ¢f. his Example 3.2.

For parametric models indexed by a real parameter v and simple null hypothesis v = vg, say, Wieand [50]
suggested a way of escaping from the problems appearing in Yu [51] and related papers. Namely, he introduced
succeeding modification of the Pitman efficiency notion and proposed to calculate it under v — 0. The resulting
quantity has been called limiting Pitman efficiency. For an application of this idea to comparisons of two-sided
unweighted Kolmogorov—Smirnov two-sample test to some linear statistics, under location model, see Sinha
and Wieand [48]. Ledwina [34] extended Wieand’s approach to cover the case of nonparametric independence
testing. Similar extension for other nonparametric problems is possible. Some other generalization was proposed
in Kallenberg and Koning [30]. However, our main objection concerning this notion is its complex form, far from
the basic idea of the Pitman efficiency. It seems that, Wieand’s paper can be consider rather as a forerunner of
more simple and intuitive intermediate efficiency notion than a generalization of Pitman’s efficiency.

The exact Bahadur efficiency was proposed in Bahadur [1]. It concerns the situation when the alternative v
is fixed while the size of a test is decreasing exponentially fast as the number of observations N tends to infinity.
An important advantage of Bahadur’s efficiency consists in that it can be applied to statistics with non-normal
asymptotic distributions such as unweighted Kolmogorov—Smirnov two-sample statistic. On the other hand, for
calculating this efficiency it is necessary to have non-degenerate large deviation asymptotics of test statistic
under the null hypothesis. This problem is always non-trivial but often also critical. For many statistics used
at present, including several weighted ones, the large deviations degenerate, i.e. the index of large deviations
is 0. For an illustration see Groeneboom and Shorack [14], Behnen and Neuhaus [5], and Inglot [17]. See also
Section 4.3 of Jager and Wellner [26] as well as Jager and Wellner [25] for description and discussion of further
problems with and application of Bahadur’s approach to some weighted statistics. Hence, in particular, many
weighted variants of Kolmogorov—-Smirnov test are excluded from a consideration. For a derivation of Bahadur
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efficiency of unweighted two-sample Kolmogorov—-Smirnov test with respect to some linear rank statistics see
Nikitin [42].

This brief discussion shows that it is very welcome to have an ARE notion which shares advantages of the two
above mentioned approaches and is feasible in the situations excluded by their limitations. Kallenberg’s efficiency
provides solution of such type. It assumes that the type I error tends to 0 (slower than exponentially), considers
alternatives approaching the null model (slower than in the parametric rate O(N -1/ %)) and requires only non-
degenerate moderate deviations for the null distributions. So, it shares the essence of both celebrated approaches
but allows for slower rates than in the source forms. Moreover, similarly as in the Bahadur approach, asymptotic
normality of test statistics is not crucial. In comparison with Bahadur’s ARE, the concept of intermediate
efficiency requires similar, but less demanding conditions, to be applicable. Ermakov [11], page 622, admits:
“Kallenberg’s efficiency represents the analogue of the Bahadur efficiency in a moderate deviation zone”. The
paper of Kallenberg [28] discusses some relations between the above mentioned notions in the case of some
parametric and semiparametric models. See also Inglot and Ledwina [20, 21] for some technical results helping
to understand some equivalences between Bahadur’s and Kallenberg’s efficiency measures.

The above encourages us to paraphrase the opinion of Nikitin [42], page 11, on the Bahadur efficiency to the
following one: a definite merit of the Kallenberg efficiency lies in the fact that it permits one to distinguish tests
in the cases when other types of AREs are useless.

3. THE INTERMEDIATE EFFICIENCY OF SOME
KOLMOGOROV—SMIRNOV-TYPE TESTS FOR STOCHASTIC ORDERING

In this section, step by step we shall develop the tools necessary to apply the results of Section 2 to some
selected statistics for testing for the existence of stochastic dominance. In successive subsections we present
this problem and the test statistics under consideration, introduce appropriate sequences of alternatives, collect
some theoretical results on moderate deviations under the null hypothesis and asymptotic behavior under
the sequences of alternatives. We conclude with Theorem 3.5, which states the existence and the form of the
intermediate efficiency, and Corollary 3.8, which exemplifies an implementation of the general result.

3.1. The testing problem and local sequences of nonparametric alternatives

We consider two independent samples X7, ..., X, and Y7,...,Y, which correspond to the continuous distri-
bution functions F' and G, respectively. As in Section 2.1, we assume that m = m(N), n = n(N), m+n = N,
and both sample sizes tend to infinity as N increases. Moreover, we set ny = m(N)/N and suppose that

n= lim ny existsand 7€ (0,1). (3.1)

N—oc0

Throughout Section 3, all limits are taken under the assumption that m and n grow in such a way that (3.1)
holds.
The null hypothesis, Hy, asserts that the X’s are stochastically smaller than the Y’s, i.e.

Hy : F(z) > G(z) for each ze€R,
while the alternative, H;, is unrestricted and is of the form

H, : F(z) < G(z) for some z € R.
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Note that both the classical test for Hy and the new one, which we shall consider in the following subsections,
are distribution free for any continuous F' = G. Moreover, the following property holds:

Pr(Sy > w|F > G) < Pr(Sy > w|F =G), forall weR,

where Sy is any of the considered test statistics. For details, see Ledwina and Wytupek [35].

Here and throughout of the rest of the paper Pr denotes a probability on some probability space, perhaps
different in each case.

The above suggests to restrict attention to a ‘least favorable case’ in Hy, i.e. ' = G, in construction of
paths. Moreover, technical advantages also support such choice; see below. Therefore, to define a family of
nonparametric paths, we proceed as described in Remark 2.2. See also Remark 2.4 in Neuhaus [40], Neuhaus
[41] and Ducharme and Ledwina [9] for applications of such approach. Namely, we take an arbitrary alternative
determined by the distribution functions Fy, G; and select F = G = Fy = J; = nF1 + (1 —n)Gy. The probability
measure corresponding to this Fy is denoted by Py. P2V denotes its N-fold product.

With the above choice of Fp, for a given sequence of real numbers ¢y € (0, 1) such that 9y — 0 as N — oo,
we introduce a contamination model (F;y,G1n) based on

FlN:(lf’ﬁN)F()#*ﬂNFl, GlN:(lfﬁN)F()#*’ﬁNGl. (32)

We denote by Py, and Qg, the probability measures corresponding to Finy and Giy, defined in (3.2). The
formula (3.2) defines our local sequence of nonparametric alternatives. Note that, due to the choice F = G = Fy
the formula (3.2) ensures (2.3). For other choices of the representative pair of null distributions such implication
may not be true.

3.2. One-sided two-sample test statistics

The empirical distribution functions for the two samples are Fy,(2) =m 37" 1(X; < 2) and G,(2) =
n~t 3" 1(Y; < 2), respectively, where 1(E) is the indicator function of the set E. Additionally, let Jy(z) be
the empirical distribution function for the pooled sample, i.e.

In(2) = pnEFm(2) + (1 —nn)Gn(2), z €R, (3.3)

and denote the left continuous inverse of Jy(z) by Jy'(t). To be specific, Jy'(t) = inf{z : Jy(z) > t} for
€ (0,1). The one-sided Kolmogorov—Smirnov test rejects Hy when

o= | an{ene o)} = 57 s (G B 5 () 60

exceeds the appropriate critical value. Note that Vy is a rank statistic.

For testing Hy against H;, Ledwina and Wylupek [35] introduced, among other statistics, a test statistic
based on the minimum of an appropriate set of linear rank statistics. Since Hj is one-sided, linear rank statistics
with non-increasing score generating functions are appropriate; ¢f. Behnen [3]. In Ledwina and Wylupek [35]
step functions, related to projections of Haar functions, were used to define a set of useful rank statistics. Here,
we slightly generalize this construction by allowing a more flexible set of step functions.

To be specific, let R;, i = 1,...,m, denote the rank of X; in the pooled sample Xi,...,X,,,Y1,..., Y.
Analogously, R;, i = m+1,..., N, stands for the rank of ¥; in the pooled sample. Let A(NN) be a non-decreasing
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sequence of natural numbers, such that 1 < A(N) < N. Given j =1,...,A(N), set

1_ . -
() = tin(t) = — [ —N 10 <t < myw) + /17_”77 L(mjn <t < 1), (3.5)
TjN TN

where 0 < my < mon < <waN)N < L.
Consider the corresponding linear rank statistics given by

N
szﬁjN:Zcsz(W), j=1,...,A(N), (3.6)
=1

where
o mn [ —mTt i 1 <i<m, (3.7)
CNi =\ n~t if m<i<N. :

From the above, after elementary calculations, we obtain

m N
mn 1 1 R, —0.5 1 R, —0.5
Limyfm e o [ =S 1| 2 ) - = Lom | ——2
/ \/; 7TJN(1—7TJN) [mz [0’ JN)( N ) nizl [07 _/N)( N )]

1=1 =m+

_ [mn 1 iil Ri—05\ [Nmjn—05]
N Vmn (@ —m) | mn e OB TN n ’

where [e] equals the number e when it is an integer, otherwise [e] = |®] + 1. The above statistic, £;, contrasts
the average values of the rescaled ranks (R; — 0.5)/N, j =1,..., N, from the two samples which fall into the
interval [0, 7). Equivalently, given the vector of ranks (Rj,...,Ry), the value of £; is a linear function of
the values of the rescaled ranks (R; — 0.5)/N, i = 1,...,m, from the first sample which fall into the interval
[0, 7;n). Therefore, it is intuitive that small values of £; indicate Hj.

Finally, based on the union-intersection principle, set Ma ) = min;<j<an) £;. For a thorough discussion
of the construction and properties of Ma(y) in the case where the 7;n’s are related to a dyadic partition of
(0,1), we refer the reader to Ledwina and Wyltupek [35]. See also Ledwina and Wylupek [36] for some useful
properties of the £;’s.

Since upper-tailed critical regions have a long tradition in efficiency calculations, for a given A(N), we shall
consider

Ty = 1§er%aAX(N){—£j} (3.8)

and the related test which rejects Hy for large values of Ty .
The statistic Ty differs by some asymptotically negligible quantity from the following weighted Kolmogorov—

Smirnov-type statistic:
/ G — Fp) o Jyt(n;
Wy = M ax ( )oJn (WJN). (3.9)
N 1<5<A() 7TjN(1_7TjN)
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More precisely, the following holds for sufficiently large N:

Ta — Wil < C’n/\/Nmin{mml—wA(N)N}, (3.10)

where C, is a positive number which depends only on 7. For a proof, see Appendix D.

Our theoretical results are stated under the following basic assumptions: A(N) = o(N) and 1/[A(N) + 1] <
TN < TaN)N < 1—=1/[A(N) + 1]. Therefore, the right hand side of (3.10) is o(1) and any result that is proven
for Ty is automatically valid for Wy and wvice versa. This gives us the flexibility to use the most appropriate
and interpretable techniques for particular proofs. For convenience, all of the results are only stated for Ty .

When applying the results of Section 2 to the above statistics, we set Z/IJ(\P = Vn and U](\}I) =TnN.

3.3. Moderate deviations of VN and Tn under Pév

Under P, defined in Section 3.1, one can expect that the tails of Vy behave similarly to the tails of the
classical Kolmogorov—Smirnov statistic for uniformity. Indeed, the ideas developed in Inglot and Ledwina [20]
can also be applied to Vy and we obtain the following result:

Theorem 3.1. For any real sequence {wn} such that wy — 0 and Nw%, — oo, the following holds:

1
— lim ——log Py (Vn > wnVN) =cy =2. (3.11)
Nwg,

N—oc0

The constant ¢y = 2, appearing in (3.11), is the index of moderate deviations of V.

To obtain moderate deviations result for Ty, we proceed as follows. From (3.8), Ty is the maximum of A(N)
linear rank statistics with non-continuous score functions, the Zg-s. These score functions are simple and can be
approximated sufficiently well by piecewise linear functions. Some results proved in Inglot [19] can be applied
to the corresponding rank statistics.

Theorem 3.2. Assume the following: (i) A(N) — oo, A(N) = o(N), as N — oo, (ii) mn > 1/
[A(N) + 1], mamwvyny <1 —1/[A(N) + 1], (iii) {wn} is a sequence of positive numbers such that wy —
0, Nw%/logN — oo, and, for some v € (0,1), w]lv_”A(N) — 0 as N = co. Then

— lim

1
N
Nl oy log Py (Ty = wyVN) = e = 5 (3.12)

From (3.12), the index of moderate deviations of T is ¢ = 1/2.

3.4. The asymptotic behavior of YV and 7y under alternatives satisfying (3.2)

As in Remark 2.2, set A(t) = A(t;n) = (G1 — Fy) o J; *(t), for t € (0,1). Recall also that, under (3.2),
P19N ~ F1N7 Q19N ~ G1N7 and HI,JYN = ngv(N) X Q:;EVN)
First we shall show that (1.2) holds for () = Vy with

by (Py x Qo) =0 sup A(t;n) = Isup[G1(z) — Fi(2)].
o<t<1 2€R

To simplify the notation, we also introduce

b (L), ) = /b (Poy X Qo) (3.13)
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and note that since (F1,Gy) belongs to Hy, then by(II§ ) > 0. The following result, along with Lemma B.2
stated in Appendix B, allows us to check whether Vy satisfies (I1.2).

Theorem 3.3. Assume that 9y € (0,1), 9y — 0 and N9% — co. Then

limsup L) (Vv — by(I1)) < w) < Va(w), w € R, (3.14)
N—o0
and
lim inf 5 (W —by(II,) < w) > Vi(w), weRy, (3.15)
where Vi(w) = Pr(supy.,; B(t) < w), B is a Brownian bridge, Va(w) = ®(——2%——), and ® denotes

J1(20)[1=J1(20)]
the N(0,1) distribution function, while zg = inf{z € R : G1(2) — Fi(2) = sup,ep[G1(w) — F1(w)]}.

Now take a particular sequence {6y} such that Oy € (0,1),0x — 0 and N6% — oo and the corresponding
15 . Set
N

m A(min)
br(Ig,) = 0 TinrD
7 (g ) N\/>1<]<A(N) Vain@—min)

Our next result gives conditions on A(N) and further restrictions on fy which guarantee that U](\}I) =TnN
satisfies (i) and (ii) of Lemma B.1, given in Appendix B.

Theorem 3.4. Suppose that the following conditions are satisfied: (i) miny > 1/[A(N) + 1], 7mamnyny <1 -
1/[A(N)+1] and maxi<j<an){mjn —mj—1n} — 0, when N — oo, (ii) Oy € (0,1), 65 — 0, NO3 2 /log? N —
o0, and ONA(N) =0, as N — oo, (ii) ny — 1, n € (0,1) and Ox(nx —n)V'N = O(1), when N — oco.
Then

h]rvn sup Iy (Tw — br(IIg,) < w) < Th(w), wER, (3.16)
—00
and

1}&i£fH§N (Tv — b7 (I1),) < w) > T1(w), weRy, (3.17)
where To(w) = ®(w), while T1(w) = Pr(sup,e(s1_s) | B(t) (t)|/+/t(1 —t) < w) with B being a Brownian bridge and

§ =6(A) € (0,1) being defined by formula (G.3) in Appendiz G.

3.5. The main result on the efficiency of Tn with respect to Vy

The theoretical results presented above allow us to apply Theorem 2.6 and to formulate our basic result on

the intermediate efficiency of a class of tests based on Ty.
First, recall that A(t;n) = (G1 — Fy) o J7 X (t), Ji(2) = nFi(2) + (1 — n)G1(z) and set

A*(t;m) = A(t;n)//t(1 —t).

Theorem 3.5. Assume that conditions (i) and (iii) of Theorem 3.4 hold and sharpen condition (ii) to (i)
On € (0,1), N6%/log> N — oo and 05 "A(N) — 0 for some v € (0,1).
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Then, given n € (0,1), the intermediate efficiency ety of T with respect to V, under {Py, X Qoy }, exists
and is equal to

(3.18)

_ 1isupyoyy A*(51) i _ Lisup,er((Gi(2) — F1(2)]/V/1(2)[1 — J1(2)]
erv(n) = =

4| supgcsaq A(t;n) 4 SUp, g [Gl(z) i1 (z)]
Besides, for any sequence of alternatives it follows that erv(n) > 1 with equality holding if and only if A*(t;n)
attains its mazimum at t = 1/2. Moreover, the choice vy = log N and Ay = N/A(N)?/=¥) in (I1.1) is adequate
for T.

Remark 3.6. It is worth emphasizing that in Theorem 3.5 there are no restrictions on the deviation of the
alternative (Fy, Gp) from (Fy, Go). The assumptions concern only the rates of convergence of 6y to 0 and A(N)
to oo.

Theorem 3.5 explains qualitatively the outcomes of the simulations in Ledwina and Wytupek [35, 37]. In
Section 4 we demonstrate that the value of ery(n) also gives precise quantitative information on the relation
between the empirical powers of sequences of the statistics 7 and V in the sense described in Remark 2.3.

Remark 3.7. Theorem 3.5 shows how the requirements on the rate of convergence of y — 0 and A(N) — oo
can be balanced in order to obtain the efficiency ery,(n). Corollary 3.8 stated below, gives a simple illustration
of such relations and their association with the corresponding significance levels of tests. Note also that (i) of
Theorem 2.6 and Theorem 3.4 imply —logay =< b3-(I1) )/2 < N3, /2.

Corollary 3.8. Let m = |[Nn], n=N—m, A(N) = |N?P], 0<p<1/2, and Oy = N"2 with 0 < p < q <
1/2. Then the assumptions (i), (ii)’ and (iii) of Theorem 3.5 are satisfied for any v < (q — p)/q while the
corresponding significance levels, for a given q, satisfy —logay < N1729/2,

Remark 3.9. The proofs of Theorems 3.2 and 3.4 indicate that A(N) only influences the results by defining
the cut-off points from the ends of the interval (0,1). Theorem 3.5 shows that we may consider an interval
slightly narrower than [1/v/N,1 — 1/v/N]. The choice of the partition points, the m;x’s, inside [1/(A(N) +
1),1 = 1/(A(N) + 1)] is practically immaterial to the final asymptotic results. In practice, it is natural to
take a reasonably large number of such points to ensure accuracy, while ensuring that the calculations are not
numerically complex. The line of our proofs also makes it clear that, instead of a discretized variant Wy, one
may simply consider

n - Fm It t
wp  CnmFn)o Iy'(0)
e(N)<t<1—e(N) t(1—1t)

where €(N) ~ o(1/+/N), and obtain similar asymptotic results.

4. SIMULATION RESULTS

We compare the empirical powers of four tests which reject Hy for large values of the following statistics

Vy = migg{@n@) - Fm(z)},

- ith AN)=2Ulee:Nl 1 7= 7 1,...,AN
TN 1<JH23AX(N { ﬁ } w1 ) 9 T]N A(N) + 17 J B} } ( )7
Ty = max { Lj}, where WjN:L j=1,...,N,

1+ |VN|<j<N—|VN) N+1’
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and
V5 = Vne, where NE© =m) 4 @) and m© = |mery |, n(e) = [nery|.

T3 is the variant of Ty which was studied in Ledwina and Wytupek [35, 37], in Sections 3.2 and 2.2, respectively.
T is a new test statistic which, in comparison to 75, puts less weight on extreme observations. VY, is the two-
sample Kolmogorov—Smirnov statistic based on samples of sizes which have been adapted to the intermediate
efficiency value ey = ey (), as defined above.

Taking into account the definition of the intermediate efficiency, it is expected that the empirical power of
V5 = V(e will be greater or equal to the corresponding powers of 735 and 7y. We emphasize that in our
simulation study, described below, the significance level and alternatives are independent of IN. So, although
the theory is local and assumes that significance levels tend to 0 as N — oo, the results demonstrate that this
theory accurately describes the exact behavior of power under a standard simulation scheme.

We consider the power and efficiency under some commonly used models of alternatives; cf. Barrett and
Donald [2], Fan [12], Klonner [32], Schmid and Trede [45]. All of these models were considered in extensive
simulation studies in Ledwina and Wytupek [35, 37]. This enables further comparisons.

A description of the distributions used in our simulation study is given below. We list the models in the same
order as they appear in Figures 1-4.

— MU(a), a € [—1,1], has density function 1+ asin(1072)1(0.4 < = < 0.6), = € [0,1]; ¢f. Fan [12].

— Pareto(a) coincides with SM (a,1,1); see below.

- SM(a,b,c), a>1,b>1, ¢>1, denotes the Singh-Maddala model which obeys the distribution function
1—[14 (z/b)*]¢, x> 0.

— LN(a,b), a € R, b > 0, is the log-normal distribution with density function exp[—(logz —
a)?/(2v%))/(v/27bx), x > 0, while BLN (a1,by) + (1 — B)LN(ag,bs), B € (0,1), denotes a mixture of such
distributions.

— N(a,b) denotes the normal distribution with mean a and dispersion b, x? denotes the central chi-square
distribution with 1 degree of freedom, and SN (a,b) + (1 — 3)x? is a mixture of such distributions.

— Laplace(a,b), a € R, b> 0, has the density function exp(—|z — a|/b)/2b, = € R.

The simulation results are presented graphically. The notation used in Figures 1-4 of this paper are identical
to that previously used in the two papers by Ledwina and Wylupek mentioned above. In particular, given the
alternative (Fy,G1), we indicate the underlying distributions in the two samples by F;/G;.

The number of Monte Carlo runs is 5000 throughout. The significance level was set to be a = 0.01 in all
cases apart from the middle row in Figure 4, where it varies over the interval [0.001,0.010].

For each alternative Fy /G under consideration, we plot in the first row of the corresponding figure the values
of ery = ey (n) (continuous brown line) and arg max A*(¢;n) (blue dotted line) against n € (0,1). Theorem 3.5
shows that the location of argmax A*(¢;n) on (0,1) is decisive to the magnitude of ey (n). To calculate the
efficiency we had to calculate suprema of functions A* and A. These suprema were calculated numerically as
a maximum over the set {0.0001,0.0002,...,0.9999}. To calculate values of A* and A in a fixed point we had
to calculate a value of function J; !in that point. Since the function J; is always monotonic this was also
calculated numerically using bisection method. The accuracy of calculating J; 1'in a fixed point was 107°.
Moreover, arg max A* was calculated numerically as a point from the set {0.0001,0.0002,...,0.9999} for which
function A* had the biggest value.

Let us start with a description and some discussion of the results presented in Figures 1-3. For these figures,
we took N = 800 in the unbalanced case (ny # 0.5) and various values of N € [200, 500] for balanced partitions
(nv = 0.5). The above classification into balanced and unbalanced cases is not very precise, since among the
unbalanced cases there is always a balanced one. However, such terminology allows a more succinct description
of the results.
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FIGURE 1. Fan and Pareto alternatives. Moderately large sample sizes, a = 0.01. Upper panels:
efficiencies ery(n) against n € (0,1) — brown continuous line; locations of the maximum of
A*(t,n) against 1 € (0,1) — blue dotted line. Middle panels: empirical powers for balanced
partitions (ny = 0.5) against N € [200, 500]. Bottom panels: empirical powers for unbalanced
partitions against ny € [0.1,0.9]; N = 800.
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FIGURE 2. Singh—Maddala and log-normal alternatives. Moderately large sample sizes, a =
0.01. Upper panels: efficiencies ey (n) against n € (0,1) — brown continuous line; locations of
the maximum of A*(¢,n) against n € (0,1) — blue dotted line. Middle panels: empirical powers
for balanced partitions (ny = 0.5) against N € [200,500]. Bottom panels: empirical powers for
unbalanced partitions against nx € [0.1,0.9]; N = 800.
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Naoo (N=800)

1.0

ery(m)

Power

Laplace(0,1) / Laplace(1,2.5)

0 0.0
00 01 02 03 04 05 06 07 08 09 10

n

1.0
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

arg max A*(tn)

Moo (N=800)

unbalanced partitions against nx € [0.1,0.9]; N = 800.

715



716 T. INGLOT ET AL.

SM(3,5,5) / SM(2.927,4.927,5) LN(0.85,0.6) / 0.953 LN(0.85,0.6) + 0.047 LN(0.4,0.9)
14 10 16 10
10 0.9 1 0.9
09 08 0 038
08 07 B 071'g
0.7 = 10 =
E 06 00 < E %<
............ 05 8 05
S S ;g 3
0, 0.4 £ 0 4 ‘£
03 03 g A 03 £
02 02 02
0.4 0.4 2 0.1
0.0 0.0 Lo 0.0
00 04 02 03 04 05 06 07 08 09 1.0 00 01 02 03 04 05 06 07 08 09 10
n n
10
09
08
07
_ 08
g
205
o
04
03
02
——
0.1 (R S—
-
0.0 0.0
0.001 0.003 0.005 0.007 0.009 0.001 0.003 0.005 0.007 0.009
o (m=n, N=16000) o (m=n, N=16000)
10 10
—_—— T
. - I S —
0.9 09 s ESERN
/ >N
08 08 \
07 07
_ 08 _ 06
g $
g 05 g 05
04 04
03 03
02 02f [ ek,
01 0.1 {’ """" * oy
0.0 0.0
00 01 02 03 04 05 06 07 08 09 10 00 01 02 03 04 05 06 07 08 09 10
Nisooo (N=16000) Nisooo (N=16000)

FIGURE 4. Singh-Maddala and log-normal alternatives. Large sample sizes. Upper panels:
efficiencies ery(n) against n € (0,1) — brown continuous line; locations of the maximum of
A*(t,n) against n € (0,1) — blue dotted line. Middle panels: empirical powers for balanced par-
titions (ny = 0.5) against a € [0.001,0.010]; N = 16 000. Bottom panels: empirical powers for
unbalanced partitions against ny; N = 16 000; o = 0.01.
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Figures 1-3 are ordered such that the maximal attainable value of er,(n) over n € (0,1) is increasing. In
Figures 1-3, the range of n is [0.01,0.99]. Observe that the maximal value of ery(n) over the above men-
tioned interval ranges from 1.016, in the case of the alternative MU(—1)/MU(1), to 22, for the alternative
Laplace(0,1)/Laplace(1,1.25). Since the vertical scales in the first rows of Figures 1-3 are different in each
case, in order to increase readability, we display the value of e7,(0.5) in the middle row of each figure.

In Figure 1, we illustrate the empirical powers of the four tests for the selection of sample sizes described
above, both for balanced and unbalanced partitions, under two pairs of alternative distributions, corresponding
to the Fan and Pareto models, respectively. The middle row contains the results for balanced partitions, while
the bottom row describes the results for unbalanced ones. Figures 2 and 3 are constructed in an analogous
manner.

The behavior of the test based on V5, illustrates how the intuitive meaning of the efficiency measure manifests
itself for finite sample sizes. It is expected that when ery > 1, the empirical powers of V5, should be slightly
higher than the corresponding powers of 75 and T3. We see that indeed this is the case regardless of the model,
exact form of the efficiency function and whether the partition is balanced or not. We considered ny € [0.1,0.9].
For moderately large sample sizes, as used in the cases presented in Figures 1-3, the accuracy of the prediction
of the empirical power of V§ is very high for ny € [0.2,0.8].

In the cases where ey (n) is 1 or very close to 1 for all n (¢f. Fig. 1), the empirical powers of Vy may be
greater than the corresponding powers of 75 and 7. The alternative that we consider in the first column of
Figure 1, based on Fan [12], may serve as an illustration of such a situation. In a sense, this is the least favorable
situation for weighted statistics which are designed to be sensitive to differences between tails. Indeed, the two
distributions F} and (G; have the same tails and differ only in the central part. In such a case, the simpler
structure of Vy plays a role. It can also be seen from Figure 1 that in a slightly less extreme case, represented
by the pair of Pareto distributions, this deficiency disappears.

The evidence provided in Figures 1-3 clearly shows that, except in some very difficult circumstances (very
small or very large ny), applying the concept of the intermediate efficiency to finite samples works very well.
This situation should obviously be even better when N is larger; c¢f. Figure 4 and the related comments given
below.

We also studied larger sample sizes and smaller significance levels. In Figure 4, we display the results of such
experiments for two models: one, corresponding to Singh—Maddala distributions, where the efficiency is very
close to 1 for all 7, and the second one, corresponding to log-normal distributions, where the efficiency lies in
an interval approximately equal to [4,16], depending on the value of 7). In the middle row, we present empirical
powers against « € [0.001,0.010] for balanced partitions and N = 16 000. We see that the efficiency gives very
accurate and stable results. The same comment is valid for empirical powers under unbalanced partitions and
a = 0.01. These results are presented in the bottom panels of Figure 4. It can be seen that for all n € [0.1,0.9]
the simulation results are satisfactory.

To close, we comment on the differences between the empirical behavior of 73 and 7y. Our simulations
show that 73 and 7y behave similarly for balanced partitions as long as the efficiency esy is not very large.
In the opposite case (cf. Figs. 2-4), there is some gain from using 75. The explanation of this is simple. High
efficiency occurs when arg max A*(¢;7n) is located near 0 or 1. Obviously 75 has a greater chance to detect such
changes, as it allows closer inspection of weighted two-sample rank processes at arguments which are closer to
0 and 1 than 79 does; cf. (3.9) and related comments. In the cases of highly unbalanced partitions and small
or moderate efficiencies, the new solution 7y provides some improvement under most of the alternatives. It is
also worth noticing that the value of A(IV) corresponding to 7,y approximately satisfies the requirements of our
theoretical results. For 75, the choice of A(N) is outside the allowable range. In any case, applying the concept
of intermediate efficiency to finite samples works well for 73 in our simulation experiments.

APPENDIX A. PROOF OF THEOREM 2.6

Step 1. Proof of (i) and (ii). Let {an} be a sequence from L* satisfying (2.11). For any h > 0 define
wy = \/(—hlogan)/Neyan. For this wy (2.9) applies and yields
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U qoe qup PY) 5 QrY) (L{(H > wyVN) > gan. (A1)
hlog an PXxQ€Py

For arbitrary € > 0 take h = 1 + € in wy appearing in (A.1). Then, for sufficiently large N,

sup pmN) Q”(N)(U](\}I) > wN\/N) < apy
PxQePy

which, by the definition of u((ﬂ\;, means that u(H < /(=1 +e)logan)/cyan or equivalently c;an [u EXIIV)N]Q <
an 12 s
an N]

—(1+ €)log ay. Similarly taking in (A.1) h =1 — € we get ¢jyan [u
N. Since € was taken arbitrarily we obtain

—(1 — €)log ay for sufficiently large

—log an = cyan [ulD V21 + o(1)]. (A.2)

On the other hand, by (2.10), we have for arbitrary € > 0
) (US" > (14 €)byan (I),)) = 0, T, UGY > (1 — €)byan (I1,)) — 1.

Since {ay} € L*, the condition (2.4) implies (1 — €)byan (I3 ) < USIIV)N (14 €)byan (I3, ) for sufficiently large
N. As e is arbitrary this means that uSJIV)N = byan (IT5,)[1 + o(1)] which together with (A.2) gives
2
- IOg N = Cyn [bu(n) (HéVN)] [1 + 0(1)]7 (A?))
and proves (i).

Now we will prove (ii). Let {a/y} be any sequence from L*. Then

0 < lim inf TT} UG? > ullly) < Timsup Tl @G" > ully) < 1.

N—oc0 NN
Hence, for N large enough, we have
u

M](\}I) aNN

oy <ty [ v g enN
PO by () by (11,

—1] <Oy,
for some constants 0 < C7 < Cy < 1. On the other hand, using (I1.2) we obtain for every € > 0 and for large N

—€ < e | < €.
bu(n) (HéVN)

The above yields

ubyy = [y (T)] L+ 0(1)].
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Using (A.3) and the above equation we obtain

11 —logan
uly = [ =1 +0(1)).
Cyy1n)

Since {an} satisfy (2.11) then for wy = hu(H ~/VN, where h > 0 is any constant, (2.9) applies and we have

. C74(11) m( n (II) II)
lim 4] P (V) > hull ) = cyan.
N e h?log an °8 P:ggpo <@ ( ) uw

For any € > 0, from the definition of ug,l) y it holds that
N

sup Pm > Qn(N)( (H) > (1 _|_€)u( ’I)N) < a?\“
PxQePy

sup  PmV) 5 QrV) (U(H) > (1— )US/I)N) > aly.
PxQePy

Hence, by taking h =1+ € and h = 1 — € in the previous equality, we obtain

1 ! 1 !
(1 —€)? < liminf 98 AN < lim sup BN < (1+¢)?
N—oo logan N—oo lOgan

which proves (ii).

Finally note that, from (2.12) and (A.3) it follows that

— log N = eCy () w [bu(l) (P@N X QQN)]Q[I + 0(1)] if ee (0, OO), (A4)
—logan = o (5 [bun (Poy x Quy)]”) if e =0, (A5)
% [bu(l) (PQN X QQN)]Q = O(— log aN) if e = o00. (AG)

The statements (A.4)—(A.6) are also true for any {a/y} € L* since log an/log o)y — 1.
Step 2. Lower bound for the fraction of sample sizes. For e € (0, c0] we shall show that (¢f. (2.7))

M, N, T
lim inf —4UY ( ) >e. (A7)
N—o00 N

Suppose, contrary, that there exists an increasing sequence {k;} of natural numbers such that k; — co as j — oo
and
Mu(n)u(l) (/Cj, 7‘-)
k;

— 7y <e.
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For 7 > 0 such that v + 7 < e, define

MM(II)M(I) (kj7 ﬂ-) I_Tij
g; = k. + k.
J J

Then lim; .o, g; =7+ 7 € (0,e). Moreover, {g;k;} is a sequence of integers and g;k; > Myanym (k;, 7T) for
sufficiently large j. Hence by (2.6)

Hgfjj (L{g(?kj > u{l) ) > H];j (U,gl) > o ). (A.8)

a; g5k ) = 0k ak;kj
Since {g;} has positive and finite limit and {ax} € L* C L the assumption (I.1) can be applied to the sequence

{wn} defined as follows: w} ;= —(1—d)(log ay,)/g;kjcym for j =1,2,... and wi = —(1 - d)(logan)/Neym
for N # g;k;, where 0 € (0,1) is arbitrary. The assumption (I.1) applied to the subsequence {g;k;} yields

Cym . m(g;k;) n(gik;) (1) —(1 - 5) log Q;
————log sup P™Yi%) x iR LU > ———————— | = ey,
(1 —0)log ou, 8 PXQIG)IP’O © 9iki Cym ut

which means that for sufficiently large j

sup  P™ik)  Qrlgsks) U;I»)k. > m > ay,.
PxQ€EP, 7 Cy(n

This and the definition of ug])\, imply

(I > —(1 - 6)log o, .

ak; 9iks = cym
Hence, from (A.8) and the fact that {ax} € L* we obtain
e —(1-9)1 .
lminf 1 (@ > 2L Olosaw ) (A.9)
j—oo kj gjRj Cym

Now, consider a sequence {¥y}, being a modification of {#x}, and defined as follows: ¥y 1, = O, for j =
1,2,... and ¥y = Oy for N # g;k;.

Since g; — v+ 7 € (0,e) we have 9y — 0 and N9}, — oo and (I.2) can be used for this sequence. Hence
(2.8) applied to the subsequence {g;k;} and arbitrary ¢ > 0 implies

ikj I m(g;k;)n(g;k;)
szj (U;j)kj >(1+e¢) J;j)kj(”bu(l) (ngj X Qekj) — 0. (A.10)

We shall show that the relations (A.9) and (A.10) give a contradiction.
Assume first that e € (0,00). We have v+ 7 < e. For fixed 6 < 1 — (7 + 7)/e choose € > 0 so small that
(1+e)%(y+7) < (1—6)e. Define ky = /nn(1 —nn) = /m(N)n(N)/N. By (A.4), the convergence Ky — Kk
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and g; — v + 7, and the choice of § and € we have, for j sufficiently large,

—(1 —6)log ag,

= (L= d)ekynd, [buen (P, % Q)] L+ 0(1)
Cy J J

K2 mla. kIn(a. k. 9
_(1-0) e k; (g]k]) (g]kj) [buﬂ) (ngj X ngj )] [1+4 o(1)]

YT K;jkj 9ik;
m(g;k;)n(g;k;) 2
> (1+ q?# by (Pa,, % Q)]
which contradicts (A.9) and (A.10).
If e = 0o we have from (A.6) and the convergence g; = v+ 7 and ky — k= /n(1 — 1)
2
m(g;k;)n(g;k;) 2 Mgk, m(kj)n(ky) 2
T[bum (Pekj X Q@kj )] = ’{ij gj k, [bu(l) (Pekj X Q@kj )]
_ 0(—(1 — 6)logo¢kj>
Cy(m

which contradicts (A.9) and (A.10), as well.
Step 3. Upper bound for the fraction of sample sizes. For e € [0,00) we shall show that

M, N,TC
lim sup e (N, )<e. (A.11)

N—oo N -

The argument is very similar to that of Step 2. Suppose, that there exists an increasing sequence {k;} of natural
numbers such that
. MM(II)M(I) (kj, 7-‘-) - 1
J

— v >e.

Note that v may be equal to co. Since g;k; = Myanym (kj, 7T) — 1 then by (2.6)

ik I I k 11 11
Hgijf(u;j)kj >al) )< Iy, @ >

O‘kjgjk'j g]'kj (ijk‘j)' (A’12)
Since {g;} has positive limit or tends to co and {an} € L* C L, then the condition (I.1) can be applied to
the sequence {wy} defined as follows: ngkj = —(1+&)(logax,)/gjkjcym for j =1,2,... and w} = —(1+
d)(logan)/Neya for N # gjk;, where § > 0 is arbitrary. By (I.1) applied to the subsequence {g,k;} we get

—(1+0)logag;
gk =\ o

Cum m(g;k;) n(g;k;) 1)
—=———log sup P™V9IN) x QM%) | UY
(1+0)log A, PxQEP, o)

— Cy(m

which means that for sufficiently large j

sup prtgsks) o Qn(gjkj) U(I) —(1+0)log Qg
PxQEPy gik; — cym =

A ..



722 T. INGLOT ET AL.
This and the definition of ug])\, imply

(1) < —(1 —+ 5) 10g Oékj .

Uu s
i 95k Cym

Hence, from (A.12) and the fact that {any} € L* we obtain

. 3 g
hm sup I,
j—roo

< 1. (A.13)

ks —(1+9)1 ,
e T

Cry(n)

Now, consider a sequence {¥y}, being a modification of {6y}, which is defined as follows: ¥,,x, = 0y, for
j=1,2,... and 9y = Oy for N # g,k;, where {k;} is the sequence selected at the beginning of this step.

Since v € (e,00] we have ¥y — 0 and N9%, — oo and (I1.2) can be applied to this sequence. Hence (2.8)
applied for the subsequence {g;k;} and arbitrary ¢ > 0 yields

" (u;jzﬂj >(1-¢) Wb““) (s, % Qekj)> 1. (A.14)

We shall argue that the relations (A.13) and (A.14) give a contradiction.
Indeed, if e € (0,00) we have v > e. For fixed § < v/e — 1 choose € > 0 so small that (1 — €)%y > (1 + d)e.
This, (A.4), ky — & and g; — v imply for j sufficiently large

“UE DB (1 4 §)eud, buao (P, x Qoy, I+ o(1)]

Cry(n)
K T n(aks
= (1 +6)E 2k1 m(g] ])n(gj ]) [bu(l) (Pek % Q@kﬂz[l +0(1)]
Y Kk, 9ik; ’ ’
<(1- G)Q—m(g] 1)n(giks) [y (Pa,,, x Qekj)]Q

9gjk;

which contradicts (A.13) and (A.14).
If e = 0 we have from (A.5) and the convergence g; — v > 0 and Ky — K

—(1+8)1 ;
w = o(kj [bu(l) (Pekj X Qekj >]2>

Cym
L 1 m(gjkj)n(g;k;) 2
=0 — by (Po, % Q.
("‘ijj 9j gik; b (P, )]
which contradicts (A.13) and (A.14), as well. The proof is complete. O

APPENDIX B. LEMMA B.1, LEMMA B.2, AND PROOF OF LEMMA B.1

Lemma B.1. Let {Py, x Qo } be the particular sequence of alternatives under consideration. Suppose that

there exist cumulative distribution functions Ul(H) and UQ(H) and positive sequences {ag\l,l)} and {bs\III)} such that

b = 00, 43" /alf" = oo and for some w{f! € R we have
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(I _an
(i) limsupy_, o 1§, (% < w) < U2(H)(w) for all weR,

o N u“” b (11) (1m) .
(i4) lminfy o0 Il5 (W < w) > Uy /(w)  for all w € [wy ’,00). Then (I1.2) holds true with

byan (IT)) = bR,
Further suppose that w(()H) is such that for some wg DS w((JH) satisfying 0 < Ul(H)(w((JH)) < UQ(H) (w:(LH)) <1t
holds for N sufficiently large

(1) _
(iii) sup P x QndV) Uy — by’ > i
PXxQePy (H)

) b(H)
< sup pmN) Q"(N) N N T > w((JH)
PXxQEePy agv )

Finally assume that (II1.1) holds for Z/{(H) and for the above {b(H } and {yn}, {An} appearing in (I1.1) it

holds [ ] /AN — 0 and [b H)] /YN — oo. Then, (2.11) is satisfied with
an
ay = sup PN QrV) Uy —bn~ > wgn) (B.1)
PxQePy (H)

while the asymptotic power of the pertaining test based on U lies in the interval [1 U(H)( H)) 1 -
m, (11
i (i) .

For completeness we state also a simple analogue of Lemma B.1 which may be useful for checking (I1.2) for
Z/{](\P. Its proof is quite similar to that of Lemma B.1, so we omit it.

Lemma B.2. Let {Py, X Qg } be arbitrary sequence of alternatives for which 9x — 0 and N9, — oo, p €
[1,2]. Set b(I) mn/Nbyw (Pyy X Quy ), where the positive function bya) (Py X Qy) is defined for all ¥ € (0,1).

Suppose that, for each {Un} as above, there exist cumulative distribution functions U1( ) and UQ( ) and a positive
sequence {ag\l,)} such that bg\l,)/ag\l,) — 00 and for some wél) € R we have

M _pM
(i) limsupy_, o, 1§ (MN (I)bN < w) < UQ(I)(w) for all weR,

an

m_,m
(uNag)bN < w) > Ufl)(w) for all we [w(()l), 00).

(#) iminf N, o0 Hf;’N

Then (1.2) is satisfied with the above by (-). Distribution functions U1( ) and UQ(I), the sequence {ag\l,)} as well

as w((J) may be different for each sequence {Un}.

Note that if for all N sufficiently large supp, gep, P™ (V) x Q”(N)( U\ b(H) < waE\I] )) is strictly increasing

in w then (iii) holds true for every w(H) (()H).

Proof of Lemma B.1. First we shall check that indeed the conditions (i) and (ii) yield (2.10) with byan (I ) =

bg\I,I). We have
y'n D _ D pD
N N _ 1N N N N
HQN <‘b(n) — 1‘ Z €| = HQN ‘ [§5) ‘ Z i) €. (B2)
N an an
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Since b(H)/aN — 00 we can take w* > wé D and N enough large, to majorize limsup of (B.2) by 1 — Ul(H) (w*)+
UQ(H)( *). Since w* can be arbitrary large the bound is arbitrary small.

Now we shall check that {ay} given in (B.1) fulfills the requirements needed to calculate the intermediate
efficiency via Theorem 2.6.

By the definition of u( )N and (iii) it follows

bg\1/1)+ag\lzl)w(()ll) SU(H) <b(H) (II)wEII).

Due to the assumptions on the sequences {a(H 1, {bg\l,l)}, {yn} and {An} we have

(1) 2
11 11 II 11 11
ww+®mﬂf[%WG+w>”>ﬁm

and

11 ) (Il 11 2
" o™ BN () an” o)
N An b(n) J

11 1) (11 11 11 2
bW + alPw{M)2 _ b2 - aE},I)wgn) .
N N bty

Hence, for w}, = (b(H) +a (H) (H)) /N the condition (II.1) can be applied and yields

1 m( n() (1D > pID | (0,40
(b(H) +a ) w2 longsgglPoP < QW Uy 2 by +ay ) = cyan.

By (B.3) and the definition of a, this implies

log an
PG 1) (II
by +afwi™)?

— Cpy(n .

Similar argument works for w?l) replaced by w(()H). This shows that {a} satisfies the condition (2.11). Moreover,

again by (B.3),

u(H) b(H) u(n) b(n)

N ( 1Y) N (7,(I) (I1) N (11)

1_[‘9N ( a(II) zw < H9N (Z/{N 2 uaNN> < HON (10) 2 Wy :
N

Taking appropriate limits of both sides we infer that the above chosen sequence {ay}, in addition to satisfy
(2.11), belongs to L*, as

0<1-— U2(H)(wgn)) < l%n inf I1), (L{J(VI) > (IIIV) ) < lim sup IT} (L{(H) > 4 )
—00

anN
N—oc0 N

<1 UM ) < 1.
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AprPENDIX C. PROOF OF THEOREM 3.1

The argument follows the idea developed in Inglot and Ledwina [20] and exploits the Komlés—Major—Tusnady
inequality for the uniform empirical process. Therefore, consider two probability spaces, two independent
sequences {B;n} and {B;;} of Brownian bridges defined on them, and two independent sequences of uniform
empirical processes {e,,} and {e, }, defined on the same spaces, such that for all m,n and w € R

/ / w + Clogm
Pr| sup le,,(t) — B,,(t)| > ———=——— | < Lexp{—-lw},
(tem (1)~ B, 0| = ) {~iuw}

12 12 1
Pr< sup |/ (t) — Bl (p)] > L Closn

" < Lexp{—Ilw},
te[o,1] Vn ) { )

where C, L and [ are absolute positive constants. Here and in what follows Pr denotes a probability measure
pertaining to the underlying probability space. On the other hand,

%{Gn(z) \/ m n Jl n m Jl

where 2 denotes the equality in distribution while B%, 2 \ /%BZ — ,/%B;n is a Brownian bridge. Hence, by
the above and the property Pr (SUpte[o,l] BY(t) > w) = exp{—2w?}, w € R, we get

PN (Vy > wN\/N) = Pr (ts}épl]{\/me;;(t) - \/ge;n(t)} > wN\/N>

< Pr< sup BY(t) > (1 - mmm)

t€(0,1]
’ ’ N 1" 17 N
+Pr( sup len,(t) = B ()] 2 | = Yo Xwn VN | 4+ Pr( sup |en(t) — Ba(t)] = 1/ ~ Y= Nwy VN
te0,1] no 2 t€(0,1] m. 2
< (1+4o(1))exp{—2(1 — ywn)*wi N}.
Analogously we obtain Py (Vy > wyVN) > (14 0(1)) exp{—2(1 + /wn)*w% N}. O

APPENDIX D. PROOF OF THEOREM 3.2 AND VERIFICATION OF (3.10)

Since we like to apply some results of Inglot [19] therefore we have to adjust our statistics to pertaining ones
considered in that paper. First of all note that the results of that paper apply, as well, to rank statistics with
the score function depending on N.

Next observe that, by (i) and (ii), it holds everywhere

oo (455 ()]

[N 1 AN)+1 [N AN _
1AW %\/iju—ij)S VAN) m”0< N > (1)' o

max
1<j<A(N
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So, we can abandon the correction for continuity in £;.

Finally, we construct appropriate continuous approximation of the score functions ¢;, j = 1,2,.., A(N). For
this purpose some auxiliary notation are introduced.

For a fixed 7 € (0,1) set

1—7’ T
1(0<t<
T 0= )+ 1—7

Wt;r)=— 1(r <t<1).

Given € € (0,7(1 — 7)) we shall modify [ on the interval I.(7) = [7(1 — €),7(1 — €) + €] containing the jump
point 7. To this end introduce the function r(¢;7,€) which is 0 outside I(7),

1-— 1 /1-
T(t;T,e)\/ TJr\/ 3T(t77') if T(l—-¢)<t<r
T

T €

r(t; 7, €) ,/ 1/ t—7)if 7<t<7(l—¢)+e
].—7'

and

Then define

3

I(t;7,¢€) = Ep [l(t; T) +7(t; T, e)}

and note that [(t;7,€) is piecewise linear, absolutely continuous, and satisfies fol I(t;7,€)dt = 0, and
fol I2(t;7,€)dt = 1. Moreover, on the interval I () it holds that |I(t;7) — I(t;7,€)| < 1/+/7(1 — 7) while out-
side this interval |I(t;7) — I(t;7,€)| < €/4/T(1 — 7). For € < 1/N there is at most one point R;/N in the interval

I.(7). Hence
( ) ZCM (f\t;, ) < <6+[Nd>\/7ﬁ“n]xz' (D.2)

Take now 7 = 7mjn, € = ey = 1/(2N) and define

N
:E :g < 7TJN,6N> and TN = 1§jH§1aA}%N){_£j}.
Then, by (D.1) and (D.2), for all N large enough we have everywhere

_ 2 - 2
|£; = Lj] € ———=VAN)/N and |Ty —Tn| £ ———=V/A(N)/N. (D.3)
n(l—mn) n(1—mn)
For each of the rank statistic £;, j = 1,...,A(N), we shall apply Theorem 3.4 of Inglot [19]. Note that in
our situation we need to insert there (1) in place of U(d(N)), where ¥(1 fo (t;mjn, en)|dt; cf. (3.13)

ibidem. We have ¥(1 \f/\/ —2en)min(1 — mjn). Moreover, Ay appearing in that theorem equals 1 in
our application. The above yields

_ 1
PN (|L;] > wyVN) = exp{—§Nw]2v + O(Nw? %) + O(log Nw?\,)} (D.4)
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uniformly in j. This implies that
- 1 v
PY(Tw > wyVN) = exp{—gNw]QV + O(NwW2 %) + O(log Nw) + O(log A(N))}. (D.5)
In view of (D.3) and (i), (D.5) yields
1 v
Py (Tn > wyVN) = exp{—§Nw12v + O(Nw' /2) + O(log Nw%;) 4+ O(log A(N))} (D.6)
Since A(N) = o(N), then by (iii), O(log A(N)) + O(log Nw?%;) = o( Nw%). Hence (3.12) follows. O
Verification of (3.10)

We argue similarly as in the proof of Lemma A.1 in Ledwina and Wytupek [36].
Put

Zj =—v/N/mnL,.

Let Zi,...,ZN denote the pooled sample Xi,..., Xy, Y1,...,Y, and let Z(,y stand for the r-th order statistic
of the pooled sample. For any j =1,..., A(N) we have

= —/oo L (jN(x) _ 2” d(Cn(@) — Fn(x)) = —/11 L (t - 2§v) A(Cr — B o TN (1),

/N

Applying to the last expression the integration by parts formula, ¢f. (1) in Shorack [47], page 115, we get
By = (Cn=Fnyodi (=) 1, (= +/1 (G — By) o Jol(8)dl; (£ — ——
oo TN AN ) T 2N yno TN T 2N

A . . 1 1 1 A ~ A 1
— _F U2 —=— - - _F —1 ) — .
(G =)@y (N) ’ <2N>+ OIS A (”JN+2N>

Set

Then we have

~ —~ 1 N A A 1
LWyl £t [[(Go ) o 5 (5 ) maxtmin 1w ]
miN (1 = 7jN) N
~ ~ ~ 1 ~ ~ ~
#|Go = B o d (mav + 57 ) = (G = B T )| (0.7

By the definition, j\gfl(t) equals Z(rn¢7), t € (0,1). So, the first term in (D.7) is majorized by

S — )max{l,l}. (D.5)
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When [N7;n + 0.5] = [N7m;n] then the second term in (D.7) equals 0. When [N7;jny + 0.5] = [Nmjn] +1
then the second term in (D.7) is also majorized by (D.8) Hence

Since

mn ~
Tn V N lng%aAX(N) j and Wy = \ N 1<]<A

by the triangle inequality, we get
n ~ —
_ < L—W,
T =Wl < A7, Ja5 1F9 = Wil

1 { 1—nN N } 2
< —— max , X — .
VN NN 1—nn Inln{\/TrlN(l—ﬂ'lN),\/WA(N)N(I—TFA(N)N)}

This, after elementary argument, yields (3.10). O

APPENDIX E. PROOF OF THEOREM 3.3

We have \/ﬁ{ﬁm — Fin} 2 eg,}b) o Fin, \/ﬁ{én - Gin} 2 67(12) o G1n, where e%) and eg) are independent
uniform empirical processes defined on an appropriate probability space. In particular, one can use the KMT
constructions applied in the proof of Theorem 3.1. Hence

fmn . ~ /m /n /mn
W{Gn*Fm} 2 Neng)OGlN* N€$)0F1N+ WﬂN(GlfFl) (El)
m n
I3, (Vn = by(I1, ) < w) < PT’(\/ Nef) °Giv(20) =y Negi) © Fin(z0) < w) (E.2)

Since Gin(z0) — J1(20) and Fin(z0) — J1(20), therefore the random variable on the right hand side of (E.2)
has asymptotic N(0,/J1(z0)[1 — J1(20)]) law. This justifies the form of V5.
On the other hand, by (E.1) we infer that

HvNN (VN — bV(Hf;[N) < w) > HgN (msgg{én(z) — Fo(2) — On[G(2) — Fl(z)]} < w) =
Pr (igg{\/?ef) oGin(2) — \/ﬁe%) o FlN(z)} < w>

Since e%) o Fiy = BM and 653) oGy = B(Q), where BM) and B@ are independent Brownian bridges while
= denotes weak convergence, the form of V7 follows. O

and
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AprPENDIX F. PROOF OF THEOREM 3.4

F.1. Preliminaries. We shall prove (3.16) and (3.17) for the statistic Wy. Since (ii) implies that A(N) =
o(v/N/log N), therefore (3.10) justifies such approach.
Set

kn =vVnn(1—ny) and vy =0y —7
and introduce two auxiliary processes on R

(n(2) = VNEN[Ga(2) — Gin(2)] = VNEN[F(2) — Fin(2)],

En(2) = VN =0n)[Ga(2) = Gin(2)] + VN [Fn(2) = Fin (2)].
For Jy(2) = nnFm(2) + (1 — nn)Ga(2) put
Zin = Iyt ().

Additionally, set Viy(2) = VNrn{Gn(2) — Fn(2)}. With these notation

Jn(z) = ﬁgw) +(2) — Onvn AL (2)) (F.1)
while
Vn(z) = (n(2) + VNOnkNA(Ji(2)) and Wy = max M (F.2)

1<G<A(N) 7TjN<1_7TjN)

Now, let us reperametrize Fiy and Giy in (3.2) to a classical form in the two-sample scheme, which we shall
exploit below. For ¢ € (0,1) set

A(t) = A(tin) = (Gr = F1) o JyH (1), AT(t) = AT (t1) = max{A(t), 0}. (F.3)
With the above notation, (3.2) can be written as

Fixn=J—9n(1—n)AocJi, Gin=J1+9InnAoJy. (F.4)

By Remark 2.2, a(t) = A’(t) exists almost everywhere (with respect to the Lebesgue measure) and it holds that

—nt<alt)<(1-n)"' and /0 a(t)dt = 0;

¢f. Behnen and Neuhaus [5], for example. Note also that

dFin
dJy

dGin

o Ji!(t) = 1= Un(1—m)a(t) and =1
1

o JH(t) = 1+ Innalt). (F.5)
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In consequence, for each 7 € (0,1) we have A(0;n) = A(1;7) = 0 and

A(t;n)

tg%lJrA (t;n) = tgr%l_A (t;n) =0, where A*(t;n) = m (F.6)
By (F.6) there exists § € (0,1/2) such that
A(mjn) A(min)

1
max —_— < 2o, where pg = (F.7)

max —_—
Jmin¢1261-26] \/min (1 — TjN) Jmin€[26,1-26] \/min (1 — 7jN)
To increase readability of the proof of (3.16) and (3.17) we formulate now some partial results, which we shall
justify at Sections F.2-F.6.

For ¢ defined via (F.7) set

21 =J;7H(6) and zp = J;H(1 - 6).

Recall that HéVN = Pg?v(N) X Qg](VN), where Py, and Qg, are defined via (F.4) with Oy — 0 and N6% — oo. In
the succeeding lemmas we specify sufficient conditions on {fy} for them to hold. Throughout C is an absolute

constant, not necessarily the same in all places.

Lemma F.1.
(a) If Oy — 0 and (i) holds then

lim TIY v (2)] < ):P( 7|B(t)‘ < ), e R, F.8
Nooo ON (ZETBE)ZQ] \/jN(Z)[l —jN(z)] S w T te[s(;llp_&] D) w |, w + (F.8)

where B is a Brownian bridge.
(b) Assume that (i), (it) and (iii) of Theorem 3.4 hold. Set

R log N A C
Eon = ¢sup|Jn(z) — J1(2)] < , Ein=<sup|lIn(z) — J1(2)| < ————— 7,
oN {Z€§| N(z) = N2 = = } IN {Zeg ~n(z) = Ji(2)] QNA(N)\/N}
and
Egy =9 max 1AUNGIN) — AL GEN) 1 .
1<j<A(N) 7TjN(1—7TjN) GN\/NA(N)
Then
() = i 1 () = i () 1. =

Moreover, the following useful bounds take place. On Egy we have

. R . . logN 1 log N
[T1(E5) = il < VA (in) = In (i)l + 1 (E) = min] <\ =2 + 5 < 24/ = (F.10)
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while on Eq

C
Ji(2 s < — . F.11
| 1( JN) JN|—0NA(N)\/N ( )
Further introduce
_1( log N _ log N
In=J; and uy=J;'(1-
o ( VN ) T ( VN >
and note that for IV large enough it holds Iy < uy.
Lemma F.2. Suppose that NGJQV/logQN — 00, OnVNvy = O(1), and wy < OxvVN. Then
lim I}, ( sup ox (2)] ng> =1. (F.12)
N—o00 z€[In,uN] \/JN ]-*JN )]
Lemma F.3. Under (i), (i) and (iii) of Theorem 3.4, for Egn given by
E3N = WN max VN(Z]N)
J:zin€lzn,z2] \/min (1 — mN)
it holds that
lim II), (E3N> = lim I}, max _ Wiy <  max _ WGiv) =1. (F.13)
N—o0 N —o0 JiZ5N ¢ [z1,22] ij(l—ﬂ'jN) JiZjN€z1,22] 1/7T]N 7TJN

By the above, to prove (3.16) and (3.17) it is enough to consider

i ({WNbT(HQN <whn (i] )

F.2. Proof of (3.16). Let j, = jo(IV) be any index j such that

i A(min) — _ Almjn)
1<GSAWN) /min(L —mn) /T (1= mjeN)

By (F.7), without loss of generality we can assume that jg is such that for each N it holds that m;, n € [25,1 —26].
With this notation

br(I,) = VMo g — oY)

ﬂ-.jON(l - 7Tj0N>
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By (F.6), (F.11) and (i), on the set Eqx

Wy = br(TTg,) > O (Zion) + VNONEN[A (Zjon)) = Almion)] _  Gv(Eion) o(1).
On/ = Tjon (1 — 7o) Tjon (1 = 7jo)

Therefore, to conclude the proof of (3.16) it is enough to show that

CN('%J'UN)

L, N(0,1) as N — oo. (F.14)
Tjon (1 = Tjon)

The main difficulty in proving (F.14) lies in that jo = jo(IN) may be not unique and changes with N. Therefore,
we proceed as follows. When N is growing then, by (i), the partition is getting more dense. Hence, the set of
accumulation points of the sequence {7, } is nonempty and is contained in [2§, 1 — 26]. Therefore, it is enough
to prove (F.14) for any concentration point and pertaining subsequence of {7;,n} converging to it. Set ¢y to be
any concentration point of the sequence and denote by {mj; '}, jg = jo(N'), a subsequence converging to to.
By the definition of 2,5 and (F.10), on Egy it holds

. . A P [log N
|J1(Zj(’)N’)7t0|S|J1(Zj6N/)7JN’(Zj6N’>|+|JN’(Zj(’]N’)77rj6N’|+|7Tj6N’7t0|§2 N +‘7rj(’)N’*tO|-
and yields

N/
~ HGN/
Jl(ZJ(/)N/) — to.

This and the continuity of J;, imply that subsequence {éjé N’} converges in HéVN/, to Ji 1(to). Hence, weak

convergence of the process CN(z)/\/jN(z)[l — Jn(2)], to the process B(J1(2))/\/Ji(2)[1 — J1(2)], z € |21, 22],
cf. the proof of Lemma F.1, implies that, under Hé\gl,

v (25 n7) b, Blt)

N’ — oco. (F.15)
WjéN’(l —7Tj6N/) to(l 7t0)

This shows that for any convergent subsequence {7, n} of the sequence {m;,n} the sequence of random vari-

ables in (F.15) converges to the same limiting N(0,1) law. This proves (3.16). O
F.3. Proof of (3.17). Recall that we can restrict attention to ﬁ?:o E;n. In particular, on Eqix NEsyn, by (F.6),

(F.11) and Lipschitz condition for A, we have

2n) — VNOxkx Al ;.
Wn — bT(HéVN) < max Vi (En) VNOnkN (mjn) = ma[ux ]{ Cn(ZiN)
JiZjN€|Z1,22

min (1 —miN)

+
JiZjN €lz1,22] ’/T]'N(l - WJN)

T jiziNnElz1,22)

min(1 = miN) min(1 —mjin) A(N)

\/NaNﬁN[A(Jl(éjN))A(WjN)]}< max { v (Zin)| }+ ¢ (F.16)
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Now observe that the property |Jy(2jn) —7jn| < 1/N implies that |Jx (2;5)[1 — Jn (35)] = min (1 —7j8)| <
1/N. Hence, by (i), for N large enough

A(N) In (Zn)[1 = In(5n)] A(N)
1-2 < <14+2——=. F.a7
N — \/ 7TjN(1 — 7TjN) - N ( )
Hence, the right hand side of (F.16) is majorized by
[1+o(1)] sup —= len (=) 1 o(1).
S NINETRNE)
By (F.8) of Lemma F.1 the proof is concluded. O

F.4. Proof of Lemma F.1.
(a) As in the proof of Theorem 3.3, an application of strong approximation technique implies that (y =
BW o J; and £y = BP o J;, where B and B® are independent Brownian bridges. Moreover, (F.1) implies

L Ig
that Jy — J;. Hence (F.8) follows.
(b) By (F.1) it holds

I, (Egy) < 11, <su£ €x(2) = Onvn VNA(IL(2))] > +/log N)
FAS

<1, (sgg [én(2)] > Viog N — C&NVN\/N>

and, by the weak convergence of {5 and the assumption (iii), limy_ Hé\fv (Egy) =0.
Analogously,

< g, (ggﬁ lEn(2)| > QNAC(N) + 0(1>>

and we infer that Hé\j\, (ESx) — 0. Moreover, since A is Lipschitz one, then, with some C, we have

SW.ex|Iv(x) - h() __ C )

On \Z2N on min1§j§A(N) 7TjN(1 *ﬂ'jN) aN NA(N)

Thus, by (i), it holds I} (E$y) < IIY (ES,), with some appropriate C' in Eiy. Hence, the proof of (F.9) is
completed. 0
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F.5. Proof of Lemma F.2. On Eqy, given in Lemma F.1, for z € (0, 1) it holds |jN(z)[1 - jN(z)] —Ji(z)[1—
J1(2)]| < y/log N/N. Hence, by the definition of Iy and uy, for z € [y, un]

4
Vieg N’

‘jN(Z)u —JIn(z

)
IR AT

For N large enough this implies

HéVN ( sup e |<N(Z)| T - wN)
z€[ln,un] \/JN(Z)[l — Jn(2)]

N I (2)] 4 )
=t <zeﬁﬁiw] AETEEAE WO +oll) (F.18)

As in the proof of Theorem 3.1, consider now the uniform empirical process e;n and related Brownian Bridge B,/n
and independent on them e, and B, such that the KMT inequalities hold for them. Under Iy, vm [E,, — Fin] 2

eny (Fin), Vi[Go— Gin] 2 e (Gry) and Cy 2 Oy = /T (Gin) — /e (Fin). Set By = /EBL, —\/EB,,.
Then By is a Brownian bridge. Therefore, we can majorize the first component of (F.18) as follows

Pr sup By (N1(2))] > wy 1 4
z€[IN,un] Jl(Z)[]. — Jl(Z)} - 2 iV lOgN

sup > —

zelivun] V() 1= Ji(z)] T 2 (F.19)

+P7‘< |§N(Z)_BN(J1(Z))| 'LUN>.

Due to the definition of Iy, uy, the assumptions wy = OxvN,0xvN/log N — oo, Darling and Erdés result,
¢f. Lemma 4.4.1 in Csorgd et al. [8], implies that the first component of (F.19) tends to 0.
Using again the form of Iy and uy, the second component of (F.19) for large N is majorized by

Pr(sup O (2) = B (J1(2))] = wiy ), (F.20)
z€R

where w% = wy+/Tog N/(4N'/*). The structure of (y, given above, allows to majorize (F.20) as follows

Pr (sup le. (Fin(2)) — B., (J1(2))] > me;‘V) + Pr (sup e/ (Gin(2)) — Bl (J1(2))| > an;*V)

z€R z€R
< Pr( sup |e,, () — B, (8)| > anyv/z) n Pr( sup |e. (t) — B (1) > HNw;‘V/z)
te(0,1) te(0,1)
+2Pr( sup sup |B,,(t+h)— B, () > Hwav/2). (F.21)
0<t<1-CONn 0<h<COy

Since ny — 0, wy =< OV N and OxvV'N — co an application of the KMT inequality to the two first compo-
nents of (F.21) shows that these terms are negligible. The last term of (F.21) requires standard analysis of
increments of the Brownian bridge. Applying for this purpose Lemma A of Inglot [19] with h = COx,y = yn =
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knwy/(2¢/COy) and § = 1/4 finishes the proof, as y — oo faster than log N. O

F.6. Proof of Lemma F.3. Recall that v(t) = y/t(1 — t). Note that

]EgN C max M > max M .
j:ijQ[zl,Zz] U(WJN) j:i’jNe[Zl,Zz] U(']TJN)

Throughout we restrict attention to Eqn. By (F.10), for sufficiently large N,
{j 2 < ZA’J‘N < 22} = {] ) < Jl(éjN) <1 —(5} D) {j 120 < TN <1 —2(5}. Hence {j : ﬁjN ¢ [21,21]} (- {] :
min ¢ [20,1 — 26]} and

5. 5. _ /N Al N A(r;
. Vi (2n) < max Vn(2in) — VNOnkNA(T)N) n max VNOxkN (WJN), (F.22)
Ji2iN¢[z1,22] U(WjN) J:2in Elz1,22] U(WJ'N) gimin ¢[20,1-20] ’U(ﬂjN)

Using (F.6), (F.7), (F.10) and (iii) we conclude

max VN(é’jN) < a |VN(2’jN) — \/NHNHNA(WJ'N)‘

1
< + =V NOnk
Ji2i N E[z1,22] U(WjN) Ji2jiN ¢[z1,22] U(WjN) 2 NINHO

<  max [Cn (Z)l + pg\%), (F.23)

- j:ijg[Zl,ZQ] U(']T]N)

where ,053) = VNOnkn(po/2 + C/A(N)log N/N) < /NOy.

Analogously,
e YV GEiN) > ax VNOnkNA(min) max | N(EiN) — VNONkn Ay
JiZ5N€[z1,22] U(’/TjN) JimiN€[26,1—-26] ’U(’]TjN) JiZjN€[z1,22] 'U(’]TjN)
> oM~ max |<N(ZjN)|7 (F.24)

Ji2j N €[z1,22] U(ﬂ'jN)

where pg\l,) =V NOnkn (o — C/A(N)log N/N) < v/NOy.

The above implies that

[SMEN] Ly @
Eony NESy C max ———J0 > - — )
oN 3N {1<j<A(N) 7TjN(]- - 7TjN) 2 [pN P ]

Now, observe that, by (i), (ii) and (iii), it follows that

A(N) A(N)
Eon C ﬂl {2jN e [zN,uN]} and  Jim TI}, (EON N ﬁl {éjN € [lN,uN}}> ~1. (F.25)
J= J=
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Indeed, by (ii), A(N) = o(v/N/log N). Hence, for N large enough, we have 1/[A(N) + 1] > [3log N]/V'N.
Therefore, (F.10) and (i) imply that

log N/VN < Ji(21n) < Ji(2avyn) < 1—log N/VN.

By (F.25) we infer

11, (Eow NESy) <113, ( sup —dVEOL o<1>1>,

z€(ln,un] \/JN [1—Jn(2)]

where py = [,0%) — pS\Z,)]/2 and py = O+ N. An application of (B.8) finishes the proof. O

APPENDIX G. PROOF OF THEOREM 3.5

We shall argue that Theorems 3.1-3.4 imply, via Lemmas B.1 and B.2, that the regularity assumptions (I.1),
(I1.2), (II.1) and (I1.2) hold true. Besides, (II.1) holds with such {yny} and {Ax} that (2.11) is satisfied and
Theorem 2.6 works.

For Z/{](\P = Vy the situation is easy. Theorem 3.1 implies (I.1) while Theorem 3.3 along with Lemma B.2
vield (L.2).

To wverify (II.1) for Z/{(H = Ty it is enough to indicate sequences {yn} and {Axy} such that
Theorem 3.2 yields (I1.1). Observe that vy = log N and Ay = N/A(N)?/0=") are adequate. Indeed, Nw?, /Ay =
[wy Y A(N)]#(=%) = (1) and Theorem 3.2 applies with v = v. Similarly, Nw% /yy — oo. Hence (IL.1) is
proved

Assumptions of Theorem 3.5 are stronger than that of Theorem 3.4. Therefore, by Theorem 3.4, (i) and
(ii) of Lemma B.1 hold true with UQ(H)(w) = ®(w), UI(H) (w) = Ty (w). Pertaining sequence {bS\I,I)} = {br(11J)}
is of the order Ax+/N. The distribution function T} has the property K(1/d[1 — djw) < T (w) < 2®(w) —
where K (w) = Pr(supy<i<; |B(t)] < w). This implies that 77(0) = 0 and, by Tsirel’son [49], T1 (w) is absolutely
continuous on [0, 00). This allows for choosing w( D arbitrarily close to 0 and proves (I1.2).

Since the distribution of Ty is discrete one and its atoms depend on N, therefore (iii) of Lemma B.1 deserves
some comment. Recall that Ty = maxi<j<any{—L;}; ¢f (3.6). Due to stochastic monotonicity of 7 one can
restrict attention to the case F' = G. Then the distribution of the vector of ranks is uniform. By (3.4) and (3.5),
for each j =1,...,A(N) it holds

m N
n R, —0.5 m R; — 0.5
L;= E ~Lo.x = |- E e i — .
\/ n /TN —mN) 1—7TTN L N ]N>< N ) N Omm\ TN

Note that the value of £; depends only on the number of (R; —0.5)/N, i =1,...,m, falling into [0, 7;~). Hence,
if this number increases by 1 then the first sum in £; increases by n/N while the second one decreases by m/N.
In consequence, the value of £; increases by

N | AN)
Sy = <=4y 2 o1 AW,
w mn mn—mN) N ()
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Most sparse are locations of atoms of £ and LA (). The minimal value of £; is attained when in the interval
[0, 1] ranks of the observations from the first sample are absent. This minimal value, say L;, satisfies

m [N 1 NTin | N
—L,=|N 5l—1/— =/ > .
1= Ny 05 mn \/rin(l— min) 1-my VAW

Since bg\I,I) = On+/N the assumption (ii)’ yields |L1/b§\l,l)| — 0.

Similar argument applies to Ty and yields that the atoms of the distribution of this statistic are located at
points with distance not exceeding the above defined dy. Hence, in any interval of a fixed length, lying right to
the point bg\l,l) = by (I1)), ), there is at least one value of Ty and (iii) of Lemma B.1 holds.

Finally, since b{" = 6 /N, the assumption (ii)’ implies that [b\"]2/Ax — 0 and [p\V]2/7x — 0o as N — oc.
Therefore, by Lemma B.1, (2.11) holds true with ay given in (B.1). Since maxi<;j<anv){mjn — Tj—1n} — 0,
(2.12) holds, as well, and proves (3.18). O
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