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ON FIXED GAIN RECURSIVE ESTIMATORS WITH
DISCONTINUITY IN THE PARAMETERS

Huy N. CHAUM, CHAMAN KUMAR?, MIKLOS RASONYT!,
AND SOTIRIOS SABANIS®

Abstract. In this paper, we estimate the expected tracking error of a fixed gain stochastic approx-
imation scheme. The underlying process is not assumed Markovian, a mixing condition is required
instead. Furthermore, the updating function may be discontinuous in the parameter.
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1. INTRODUCTION

Let N:={0,1,2,...}. We are interested in stochastic approximation procedures where a parameter estimate
0, t € N is updated by a recursion of the form

Ori1 = 0 + Y41 H (01, Xi11), t €N, (1.1)

starting from some guess 0. Here, X; is the stationary signal, ; the sequence of real numbers and H (-, ) is the
given functional. The most common choices are v; = 1/t (decreasing gain) and ~; := A (fixed gain). The former
family of procedures is aimed to converge to 6* with G(6*) = 0 where G(0) := EH (0, X;). The latter type of
procedures is supposed to “track” 6*, even when the system dynamics is (slowly) changing.

In most of the related literature, the error analysis of (1.1) was carried out only in the case where H is
(Lipschitz-)continuous in #. This restrictive hypothesis fails to accommodate discontinuous procedures, which
are common in practice, e.g. the signed regressor, signed error and sign—sign algorithms (see [3, 7, 8]) or the
Kohonen algorithm (see [1, 27]). Recently, the decreasing gain case was investigated in [9] for controlled Markov
chains and the procedure (1.1) was shown to converge almost surely under appropriate assumptions, without
requiring continuity of H. We refer to [9] for a review of the relevant literature and for examples.

The purpose of the present article is an exploration of the case where X; has possibly non-Markovian dynam-
ics. We consider fixed gain procedures and weaken continuity of H to continuity in the sense of conditional
expectations, see (2.5) below, compare also to condition H4 in [9].
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We follow the methodology of the papers [13, 17, 19], which are based on the concept of L-mixing, coming
from [12]. Our arguments work under a modification of the original definition of L-mixing, see Section 2. We
furthermore assume a certain asymptotic forgetting property, see Assumption 3.4. We manage to estimate the
tracking error for (1.1), see our main result, Theorem 3.6 in Section 3.

At this point, we would like to make comparisons with another important reference, [28], where no Markovian
or continuity assumptions were made, certain averaging properties of the driving process were required instead.
It follows from Subsection 4.2 of [28] that almost sure convergence of a decreasing gain procedure can be
guaranteed under the a-mixing property of the driving process, see e.g. [6] about various mixing concepts.
It seems that establishing the L-mixing property is often relatively simple while a-mixing is rather stringent
and difficult to prove. In addition, our present work provides explicit estimates for the error. See Section 4 for
examples illustrating the scope of Theorem 3.6.

Section 5 reports simulations showing that the theoretical estimate is in accordance with numerical results.
Proofs for Sections 2 and 3 are relegated to Appendix A.

2. L-MIXING AND CONDITIONAL L-MIXING

Estimates for the error of stochastic approximation schemes like (1.1) can be proved under various ergodicity
assumptions on the driving process. It is demonstrated in [13] and [17] that the concept of L-mixing (see its
definition below in the present section) is sufficiently strong for this purpose. An appealing feature of L-mixing
is that it can easily be applied in non-Markovian contexts as well, see Section 4.

It turns out, however, that for discontinuous updating functions H the arguments of [13, 17] break down. To
tackle discontinuities, we introduce a new concept of mixing here, which is of interest on its own right.

Throughout this paper, we are working on a probability space (€2, F, P) that is equipped with a discrete-time
filtration F,, n € N as well as with a decreasing sequence of sigma-fields F,7, n € N such that F,, is independent
of F;f, for all n.

Expectation of a random variable X will be denoted by FX. For any m > 1, for any R™-valued random
variable X and for any 1 < p < oo, let us set || X||, := {/E|X|P. We denote by LP the set of X satisfying
| X ||, < oco. The indicator function of a set A will be denoted by 14.

We now present the class of L-mixing processes which were introduced in [12]. This concept proved to be
extremely useful in solving certain hard problems of system identification, see e.g. [14-16, 18, 30].

Fix an integer N > 1 and let D C R" be a set of parameters. A measurable function X : N x D x Q — R™
is called a random field. We will drop dependence on w € Q and use the notation X;(0), t € N, § € D.

For any r > 1, a random field X;(0), t € N, 6 € D is called bounded in L" if

M, (X) := sup sup || X (0)]|, < 0. (2.1)
0eD teN

For an L"-bounded X;(6), define also the quantities

VT(T’X) ‘= Sup sup ||Xt(0) - E[Xt(o)‘fttT]”T; T > 17
0eD t>T

and
LX) = 3 (7, X)), (2.2)

For some r > 1, a random field X;(0) is called uniformly L-mizing of order r (ULM-r) if it is bounded in L";
for all @ € D, X,(0), t € N is adapted to F;, t € N; and T',.(X) < co. Here uniformity refers to the parameter 6.
Furthermore, X(0) is called uniformly L-mizing if it is uniformly L-mixing of order r for all r» > 1.
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In the case of a single stochastic process (which corresponds to the case where the parameter set D is a
singleton), we apply the terminology “L-mixing process of order r” and “L-mixing process”.

Remark 2.1. The L-mixing property shows remarkable stability under various operations, this is why it
proved to be a versatile tool in the analysis of stochastic systems, see [13-18, 30]. If F' is a Lipschitz function
and X;(0) is ULM-r then F(X;()) is also ULM-r, by (A.1) in Lemma A.1 below. Actually, if F' is such that
|F(z)— F(y)| < K(1+|z|*+|y|*)|z — y| for all z,y € R with some k, K > 0 then F(X;(f)) is uniformly L-mixing
whenever X;(#) is, see Proposition 2.4 of [30]. Stable linear filters also preserve the L-mixing property, see [12].
Proving that F'(X;()) is L-mixing for discontinuous F' is more delicate, see Section 4 for helpful techniques.

Other mixing conditions could alternatively be used. Some of these are inherited by arbitrary measurable
functions of the respective processes (e.g. ¢-mixing, see Sect. 7.2 of [6]). However, they are considerably difficult
to verify while L-mixing (and its conditional version to be defined below) is relatively simple to check, see also
the related remarks on page 2129 of [18].

Recall that, for any family Z;, ¢ € I of real-valued random variables, ess.sup,c; Z; denotes a random vari-
able that is an almost sure upper bound for each Z; and it is a.s. smaller than or equal to any other such
bound. Such an object is known to exist, independently of the cardinality of I, and it is a.s. unique, see e.g.
Proposition VI.1.1. of [29].

Now we define conditional L-mixing, inspired by (2.1) and (2.2). Let X;(6), t € N, § € D be a random field
bounded in L™ for some r > 1 and define, for each n € N,

M;(X) i= ess sup sup B/ (| X o (O)]" |,
0cD teN

(7, X) := ess sup sup V(| Xy 14(0) — E[Xp e (0)|Ffey o vV Full"| Ful, 721,
0eD t>T

LX) =) (. X).

For some s, > 1, we call X;(0), t € N, § € D uniformly conditionally L-mixing of order (r, s) (abbreviation:
UCLM-(r, s)) if it is L"-bounded; X;(0), t € N is adapted to F3, t € N for all § € D and the sequences M (X),
I'"(X), n € N are bounded in L®. When the UCLM-(r, s) property holds for all r, s > 1 then we simply say that
the random field is uniformly conditionally L-mixing. In the case of stochastic processes (when D is a singleton),
the terminology “conditionally L-mixing process of order (r,s)” (respectively, conditionally L-mixing process)
will be used.

Remark 2.2. Note that if Fp is trivial and X;(6) is UCLM-(r, 1) then it is also ULM-r. Indeed, in that case
M (X) = MP(X), T.(X)=T)X).

For non-trivial Fy, however, no such implication holds.

Remark 2.3. If F' is a Lipschitz function and X;(0) is UCLM-(r,1) then F(X(#)) is also UCLM-(r, 1), by
Lemma A.1 below. Conditional versions of the arguments in Lemma A.2 show that if X;(0) is UCLM-(rp, 1)
and Y;(0) is UCLM-(rgq, 1) (where 1/p+1/g = 1) then

M (XY) < M (X)M,(Y), (2.3)
T(XY) < 2M7 (X)T7 (V) 4 27 (X) M2 (). (2.4)

r

We now present another concept, a surrogate for continuity in € D. We say that the random field X;(0) € L*,
t € N, 6 € D satisfies the conditional Lipschitz-continuity (CLC) property if there is a deterministic K > 0 such
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that, for all 61,05 € D and for all n € N,
E {|Xn+1(91) X1 (62)] ]fn] < K|y — 65, as. (2.5)

Pathwise discontinuities of § — X,,(6) can often be smoothed out and (2.5) can be verified by imposing some
conditions on the one-step conditional distribution of X, given F,,, see Assumption 4.3 and Lemma 4.7.

Remark 2.4. We comment on the differences between condition H4 of [9] and our CLC property. Assume that
X is stationary and Markovian. On one hand, H4 of [9] stipulates that, for § > 0

sup F
9D,

sup  |H(0, X1) — H(G’,Xl)ﬂ < Ko, (2.6)
0’€D,, |0—0"|<6

for any compact D, C D with some K > 0 (that may depend on D) and with some 0 < o < 1 (independent of
D.). On the other hand, CLC is equivalent to

sup E[|H(0,X1) — H(', X1)| | Xo=2] < K§ (2.7)
6,0'€D, |0—6"|<6

for Law(Xg)-almost every z. Clearly, (2.6) allows Hélder-continuity (i.e. o < 1) while (2.7) requires Lipschitz-
continuity. In the case & =1 (2.6) is not comparable to CLC though both express a kind of “continuity in the
average”.

The main results of our paper require a specific structure for the sigma-algebras which facilitates to deduce
properties of conditional L-mixing processes from those of “unconditional” ones. More precisely, we rely on the
crucial Doob-type inequality in Theorem 2.5. This could probably be proved for arbitrary sigma-algebras but
only at the price of redoing all the tricky arguments of [12] in a more difficult context. We refrain from this
since Theorem 2.5 can accommodate most models of practical importance. Let Z denote the set of integers.

Theorem 2.5. Fiz r > 2, n € N. Assume that, for allt € N, F; = o(gj, j €N, j<t), F =o0(gj, j > 1)
for some i.i.d. sequence €;, j € Z with values in some Polish space X. Let Wy, t € N be a conditionally L-
mixing process of order (r,1), satisfying E[Wi|F,] =0 a.s. for all t > n. Let m > n and let by, n <t < m be
deterministic numbers. Then we have

t
Z bW

s=n+1

EY" | max
n<t<m

" m 1/2
|_7—'n] < CT< 3 b§> Mp(W)LHW), (2:8)

s=n+1

almost surely, where C,. is a deterministic constant depending only on r but independent of n,m.

The proof is reported in Appendix A.

3. FIXED GAIN STOCHASTIC APPROXIMATION

Let N > 1 be an integer and let RY be the Euclidean space with norm |z| := Zlil 22, z € RN, Let

3
D c R" be a bounded (nonempty) open set representing possible system parameters. Let H : D x R™ — RY be
a bounded measurable function. We assume throughout this section that for allt € N, F, = o(e;, j €N, j <1t),
F; = o0(gj, j > t) for some ii.d. sequence ;, j € Z with values in some Polish space X, in particular the
condition on the sigma algebras in the statement of Theorem 2.5 holds.
Let

X = g(€t,€t_1,...), teN, (31)
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with some fixed measurable function g : X~ — R™. Clearly, X is a (strongly) stationary R™-valued process,
see Lemma 10.1 of [24].

Remark 3.1. We remark that, in the present setting, the CLC property holds if, for all 6;,6, € D,

E|H 01, X)) — H(02, X)) ‘]-‘0} < K]0, — 0o, as.,

due to the fact that the law of (Xgy1,€x,x—1,...) is the same as that of (Xi,e9,6_1,...), for all k € Z.

Define G(0) := EH(6, Xo). Note that, by stationarity of X, G(0) = EH(6, X;) for all ¢ € N. We need some
stability hypotheses formulated in terms of an ordinary differential equation related to G.

Assumption 3.2. On D, the function G is twice continuously differentiable and bounded, together with its
first and second derivatives.

Fix A > 0. Under Assumption 3.2, the equation

yt = AG(yt)a Ys = 57 (32)

has a unique solution for each s > 0 and £ € D, on some (finite or infinite) interval [s, v(s, &)) with v(s, &) > s. We
will denote this solution by y(t, s, &), t € [s,v(s,§)). Let D1 C D such that for all £ € D; we have y(¢,0,£) € D
for any t > 0. We denote

d(D1) ={ue D: u=y(t0,¢), for somet >0, £ € D}
The e-neighbourhood of a set D, is denoted by S(Dy,¢), i.e.
S(Dy,e) ={u € RY : |u—0| < ¢ for some 6 € D;}.

We remark that, under Assumption 3.2, the function y(t, s, ) is continuously differentiable in &.
Notice that all the above observations would be true under weaker hypotheses than those of Assumption 3.2.
However, the proof of Lemma A.5 requires the full force of Assumption 3.2, see [17].

Assumption 3.3. There exist open sets
0#DeCD,CDyCDyCD

such that ¢(D¢) C D,, S(Dy,d) C Dy for some d > 0 and ¢(Dy) C Dy, S(Dg,d") C D for some d’ > 0. The
ordinary differential equation (3.2) is exponentially asymptotically stable with respect to initial perturbations,
i.e. there exist C* > 0, a > 0 such that, for each A sufficiently small, for all 0 < s <t, £ € D

9 * —Aa(t—s
8§y(t7s7£>‘ < Crealtms), (33)

We furthermore assume that there is * € D such that
G(6*) =0. (3.4)

It follows from ¢(D¢) C D, and (3.3) that 6* actually lies in the closure of D, and that there is only one 6*
satisfying (3.4).

While Assumptions 3.2, 3.3 pertained to a deterministic equation, our next hypothesis is of a stochastic
nature.
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Assumption 3.4. For all n € N,

Slelg Z |E[H (9, Xq1)|Fn] = G(I)]| < o0 (3.5)

Remark 3.5. Assumption 3.4 expresses a certain kind of “forgetting”: for k large, E[H (9, Xx11)|F,] is close
to G(¥) = EH(0, Xk+1)|o=o in L', uniformly in 9 and the convergence is fast enough so that the sum in (3.5)
is finite. In other words, this is again a kind of mixing property.

In certain cases, the validity of Assumption 3.4 indeed follows from L-mixing. Let X;, ¢ € N be L-mixing of
order 1 and let z — H (6, ) be Lipschitz-continuous with a Lipschitz constant LT that is independent of §. We
claim that Assumption 3.4 holds under these conditions. Indeed, for every ¥ € D

ZElE H(9, Xp41)|Fn] = E[H(0, Xi41)]lo=0]
< Z |E[H(9, X11)|F] — E [H(O, E[Xg 11| FI)IF] |
+ Z |E [H(0, E[Xk1|FiD)] lo=o — EIH (0, Xi41)]lo=0|

<2Lt Z | Xk1 — E[Xki1|F]
k=n

noting that
E[H(, E[Xp1|F)Fa] = E [H(0, E[Xp41|F)])] lo—o,

by independence of F, and F,;. Hence

sup Z |E[H (Y, Xi41)|Fn] — G| | <2LIT1(X) < o0
19€D

Assumption 3.4 can also be verified in certain cases where H is discontinuous, see Section 4.
We now state the main result of our article.

Theorem 3.6. Let H(0,X;) be UCLM-(r,1) for some r > 2, satisfying the CLC property (see (2.5)). Let
Assumptions 3.2, 3.3 and 3.4 be in force. For some § € D¢, define the recursive procedure

90 = f, 9t+1 = et + /\H(et; Xt-i-l)a (36)
with some A > 0. Define also its “averaged” version,
zZo = g, Zt4+1 = 2t + )\G(Zt) (37)

Let d,d’ in Assumption 3.3 be large enough and let X\ be small enough. Then 6y, z; € Dy for all t and there is a
constant C, independent of t € N and of \, such that
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E|0, — 2| <CAY2, teN.

An important consequence of the main theorem is provided as follows.

Corollary 3.7. Under the conditions of Theorem 3.6, there is to(\) € N such that
B0, — 07| < OXY2, t > to()).

Furthermore, to(\) < C°In(1/X)/A for some C° >0 .
The proofs of Theorem 3.6 and Corollary 3.7 are postponed to Appendix A.

Remark 3.8. Our current investigations were motivated by [17] where not only the random field H (6, X;) was
assumed L-mixing, but also its “derivative field”

H(61,X:) — H(02, X¢)
0, — 0y

,teN, 0,00 €D, 6, 7592 (38)

As shown in Section 3 of [12], the latter hypothesis necessarily implies the continuity (in ) of H(6, X;). For
our purposes such an assumption is thus too strong. We are able to drop continuity at the price of modifying
the L-mixing concept, as explained in Section 2.

We point out that our results complement those of [17] even in the case where H is Lipschitz-continuous (in
that case the CLC property of our paper obviously holds). In [17], the derivative field (3.8) was assumed to be
L-mixing. In the present paper, we do not need this hypothesis (but we assume conditional L-mixing of order
(r,1) for some r > 2 instead of L-mixing).

4. EXAMPLES

The present section serves to illustrate the power of Theorem 3.6 by exhibiting processes X; and functions
H to which that theorem applies.

The (conditional) L-mixing property can be verified for arbitrary bounded measurable functionals of Markov
processes with the Doeblin condition (see [20]) and this could probably be extended to a larger family of Markov
processes using ideas of [2] or [22]. We prefer not to review the corresponding methods here but to present some
non-Markovian examples because they demonstrate better the advantages of our approach over the existing
literature.

In Section 4.1 linear processes (see e.g. Sect. 3.2 of [21]) with polynomial autocorrelation decay are considered,
while Section 4.2 presents a class of Markov chains in a random environment with contractive properties.

4.1. Causal linear processes

Assumption 4.1. Let €5, j € Z be a sequence of independent, identically distributed real-valued random
variables such that E|eg|¢ < oo for some ¢ > 2 and Eey = 0. We set F,, = o(g;,i < n), and F,} = o(g;,i > n)
for each n € Z. Let us define the process

X = Zajst,j, teZ, (41)
=0

where a; € R, j € N. We assume ag # 0 and
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;| <Ci(G+1)7", j €N,

for some constants C; > 0 and 8 > 1/2.

Note that the series (4.1) converges a.s. (by Kolmogorov’s theorem, see e.g. Chap. 4 of [24]). As a warm-up,
we now check the conditional L-mixing property for X.

Lemma 4.2. Let Assumption 4.1 be in force. If B > 3/2 then the process Xy, t € N is conditionally L-mixing
of order (¢, 1).

Proof. We have, for t € N,

oo
El/CHXt|C|.F0 E'l/C 20— 1|Za Et— ]| ’.7:0 +E1/< 2<_1|Zaj5t_j|glf0
Jj=t

47
< Z a;llerjllc +2°T Zm il,

7=0 j=t
using the simple inequality (z +y)¢ < 25~ 1(a¢ +y°), 2,y > 0; properties of the norm || - ||¢; independence of ¢,

j > 1 from Fy and Fp-measurability of €5, 7 < 0. Hence

Ci
EYC[IX 4 Fo) < 27¢ ||60H<Z\a]|+2 ¢ 201 t+j+1)"Pleyl
7=0
00

47 [Sey
¢ ||Eo|\<Z\agl+2 ¢ Z G+ 1) e

<Co |14 leslG+1)77 |,
j=0

for some Cs > 0. Note that the latter bound is independent of ¢. Similar estimates prove that, for all n > 0,

(o]
MPX) < Co |14+ Jeayl(+ 1)
§=0

The right-hand side has the same law for all n and it is in L' since B > 1. This implies that the sequence
M@(X), n € N is bounded in L'.
For 1 < m and for any t € Z, define

m—1
Xt = ajej,
=0
and, for t > m, let

XP o = X, +Zajet ;-
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Notice that E[X;|F;!,, V Fo] = X7, and, by independence of ¢, j > 1 from Fo,

1 ¢ ¢/2 1 ¢/2
E[ X — X7, Fol = || > ajej|| <CsE Z aler_; < Cs | Y lladellese (4.2)
j=m ¢ j=m
. ¢/2
N _ ¢/2
<G Y (i) P2 ] < (G,
j=m

with some constants Cs, C4 > 0, using the Marczinkiewicz—Zygmund inequality. Define b, := / C’ém’ﬁﬂ/ 2,
An analogous estimate gives 77 (m, X) < by, for all n € N. Since Y7 *_| b, < 00 by > 3/2, T2(X) is actually
bounded by a constant, uniformly in n. O

We also need in the sequel that the law of the driving noise is smooth enough. This is formulated in terms
of the characteristic function ¢ of ¢y.

Assumption 4.3. We require that

Awmmm<m. (43)

Remark 4.4. Assumption 4.3 implies the existence of a (continuous and bounded) density f for the law of g
(with respect to the Lebesgue measure). Indeed, f is the inverse Fourier transform of ¢:

f(z) = %/Rqa(u)e*m du, x € R.

Conversely, if the law of £y has a twice continuously differentiable density f such that f’, f” are integrable over
R then (4.3) holds. The latter observation follows by standard Fourier-analytic arguments.

Lemma 4.5. Let Assumptions 4.1 and 4.3 be in force. Then the law of Xo (resp. Xajm) has a density foo (Tesp.
fm) with respect to the Lebesgue measure. Moreover, there is a constant K >0 such that

sup  sup fm(z) < K.
meNU{oo} z€ER

Proof. Denote by ¢, the characteristic function of Xo+,m~ Since |¢(u)| < 1 for all u, we see that

|dm (u H iu)| < [¢(aou)l, (4.4)
which implies, by applying an inverse Fourier transform, the existence of f,,, and the estimate
1 _
[ fon(z)| < 2—/ |p(apu)|du =: K < oo, for all x € R, m > 1,
T JR

by Assumption 4.3. As X + m tends to X in probability when m — 00, ¢, (w) tends to ¢oo(u) for all u, where ¢oo
is the characteristic functlon of Xp. The integrable bound (4.4) is uniform in m, so fs exists and the dominated
convergence theorem implies that f,,(x) tends to foo (), for all z € R. The result follows. O



226 H.N. CHAU ET AL.

Let D ¢ RY be a bounded open set. In the sequel we consider functionals of the form

M
H(b,z) := Zgj(&x)l{ze]j(e)}, ze€R, e D, (4.5)

J=1

where the g; are bounded and Lipschitz-continuous functions (jointly in the two variables) and the intervals
I;(#) are of the form (—o0,h;(8)), (h;(8),00) or (h}(@),h?(@)) with hj,h},h? : D — R Lipschitz-continuous
functions.

Remark 4.6. The intervals I;(6) can also be closed or half-closed and the results below remain valid, this is
clear from the proofs. In the one-dimensional case, the signed regressor, signed error, sign—sign and Kohonen
algorithms have an updating function of the form (4.5), see [1, 7, 8, 27]. For simplicity, we only treat the
one-dimensional setting (i.e. € R) in the present paper but we allow D to be multidimensional.

Lemma 4.7. Let Assumptions 4.1 and 4.3 be in force. Then a random field H(0,X;), t € N, 6 € D as in (4.5)
satisfies the CLC property (2.5).

Proof. Tt suffices to consider H (0, X1) = g(0, X1)1{x,er(s)y With g Lipschitz-continuous, bounded and I of the
form (—o0,h(0)), (h(0),00) or (h'(0),h?(0)) with h,h', h? Lipschitz. We only prove the first case, the other
cases being similar. Recall also Remark 3.1.

Denoting by C4 a Lipschitz-constant for g and by C5 an upper bound for |g|, we get the estimate

|H (01, X1) — H(02, X1)| < [1{x,<n(0:)1901, X1) = 1ix, <no,)39(02, X1)| + [11x, <n(o,)39(02, X1)
— 1(x,<n(02)y9(02, X1)| < Ca|01 — 02| + C5]1(x, <n(6,)}
— L, <n(@a < Calbr — 02 + Cs (Lix,efn1),0(02))} + Lixieln(ez)ne))) -

We may and will assume h(6;) < h(62). It suffices to prove that
P (X1 € [h(61), h(62))| Fo) < Csl01 — b2,
with a suitable Cs > 0. Noting that the density of agey is  — (1/]ao|) f(z/ao), we have

h(GQ)*Z?ilajsl,j 1
P (X; € [h(61), h(62))| Fo) = / Lt fay) da
B0 -3, azer—; 90l

1 1
< —Kp|h(61) — h(02)| < — KoC7|61 — 03],
lao| |ao|

where Kj is the upper bound for f (see Rem. 4.4) and C7 is the Lipschitz constant for h. This completes the
proof. [

Theorem 4.8. Let Assumptions 4.1 and 4.3 be in force. Let H be of the form specified in (4.5). Let { > 2r
and let 8 satisfy 8 > 4r + 1/2. Then the random field H(0,X:), t € N, 8 € D is UCLM-(r,1).

Proof. We may and will assume
H(0,X:) = g(0, Xe)lix,e1000)

with some bounded Lipschitz function g and with some interval I(6) of the type as in (4.5). As H is bounded,
M(H), n € N is trivially a bounded sequence in L!.
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In view of (2.3), (2.4), it suffices to establish that 1{x,e7(9)}, t € Nis UCLM-(2r,1) (since g(0, X¢), 1ix,cron
are bounded and g¢(0, X;) is UCLM-(2r,1), by ¢ > 2r, Lem. 4.2 and Rem. 2.3). We show this for I(f) =

(=00, h(0)) with h Lipschitz-continuous as other types of intervals can be handled similarly.
As

Law(X¢qn, t €N, epj, j € N) =Law(X;, t € N, e_j, j € N),

for all n € N, we may reduce the proof to estimations for the case n := 0. Let us start with

Lixg, <no)}) — Lix.<no)y| = Lixe,, <n0).x:>n0)} T Lix,<n0).x7,,>00)} < 11X, €(h(0) =11 (6)+nm)}

t,m

+l{xe, —Xi|Znm}s

t,m

for all n,, > 0. We will choose a suitable 7, later. Using Lemma 4.5 and the conditional Markov inequality, we
obtain

E [|1{X§”m<h(9)} - 1{Xt<h(9)}|2r\]:o} < C3P(X¢t € (h(0) — 1, M(O) + nim)[Fo) + Cs P(| X, — Xt = nm| Fo)
< 205Ky + G5 B (| X — X 0| Fo] /s (4.6)

with some constant Cg, noting that powers of indicators are themselves indicators and that the conditional
density of X; with respect to Fy is ¢ — fi(z — Z;’it a;ei—j) and the latter is < K by Lemma 4.5. Using (4.2),

the second term in (4.6) is bounded by Cg/Csm=5+1/2 /5, hence it is reasonable to choose 7,, := 1/m(F=1/2)/2,
which leads to

B [|1{X?,m<h(9)} - 1{Xt<h(0)}|2rff0] < Gy /mlP=1/2/ED,

with some Cg > 0. Notice that X, is F;',, V Fo-measurable. Lemma A.l implies that ~o.(X,m) <
2Cy/mB=1/2)/(4) - As (B —1/2)/(4r) > 1 by our hypotheses, we obtain the UCLM-(2r,1) property for

Lix,er(0)}- O

Remark 4.9. When ¢y has moments of all orders then one can reduce the lower bound 4r + 1/2 for § in
Theorem 4.8 to r + 1/2. Indeed, in this case g(0, X;) is UCLM-(g, 1) for arbitrarily large ¢ by Lemma 4.2 and
Remark 2.3 so it suffices to show the UCLM-(r', 1) property for 1{x,c1(g)} for some 7’ > r that can be arbitrarily
close to r (and not for v = 2r as in Thm. 4.8). The estimate of the above proof can be improved to

E {|1{X;{m<h(9)} - 1{Xt<h(e)}|7'/|f0] < 2CsKnm + CsE [| Xy — X7, Fo] /n,.
for arbitrarily large ¢. Choosing 7, := 1/mla(3=1/21/(a+1) " we arrive at

BV hl{xo <h(0)} — 1{Xt<h(0)}|rl|}"0] < Cy/mlaB=1/21/la+Dr],

t,m

Let 8 > r+1/2.If v > r is chosen close enough to r and ¢ is chosen large enough then [¢(5 —1/2)]/[(¢+1)r'] > 1
which shows the UCLM-(r, 1) property for H (6, X;).

Lemma 4.10. Let Assumptions 4.1 and 4.3 be in force, let B > 3/2. Then, for alln € N,
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Z sup |EH (0, Xpq1)[Fa] = GW)]| < Cho,

with some fized C19 < oco. That is, Assumption 3.4 holds.
Proof. We need to estimate

oo

Z HE[ (¥ Xk+1)]‘{Xk+1<h(’l9 }|f ] [9(97Xk+1)1{Xk+1<h(9)}”9:19|] )
k=n

where h : D — R is Lipschitz-continuous and g is a bounded, Lipschitz-continuous function with a bound C1;
for |g| and with Lipschitz constant Cy2. It suffices to prove

veD

Sup Z 1B [9(9, Xo)1ixo<n@n | F-r] — [9(9’XO)l{Xo<h(9)}]|0—ﬂ|] < oo,

since the law of (Xo,e_k,e—k—1,...) equals that of (X, tx,€n,En-1,-..), for all k > 1, n € Z. We can estimate
a given term in the above series as follows:

1B [9(0, Xo)Lixo<n(on | F-k] — Elg(0. Xo)1{x,<n(e))]lo=v]
< |B 900, X0)1 (xoenion -] = Blo(: X501 xit, <non ]|
+ ‘E[g(a, X(;fk)l{x(;fk<h(9)}”9:19 - E[9(97Xo)l{xg<h(9)}]|0:ﬁ’
< 1B [|Xo = Xul|For] + CuB (1L xs cncony = Txoenion ]| Fo]
+C12|Xo — X | + CLE [|1{X$k<h(9)} - 1{X0<h(6)}|} lo—o (4.7)

noting that E[g(e’X({k)]‘{Xg'yk<h(0)}]|0:19 = E[g(ﬁ,ngk)l{XJk<hw)}|}:k]. The first and third terms on the

right-hand side of (4.7) are equal and they are < Ch3k—P+1/2 with some C13 > 0, by the proof of Lemma 4.2,
hence their sum (when &k goes from 1 to infinity) is finite. The expression in the second term of (4.7) can be
estimated as

F ['1{Xak<h(ﬁ)} — 1{X0<h(19)}|‘]:—k} <P|Xye€ h(’ﬂ) — Zajg_j,h(ﬂ) + Zajs_j |]:—k
Jj=k j=
R Zajs_j y (48)
=k

noting that the conditional density of Xy with respect to F_x is x — fx (x - Z;}ik ajs_j> and this is bounded

by K, using Lemma 4.5. Since (4.8) is independent of 1, a similar estimate guarantees that

K [|1{X[jk<h(e)} - 1{Xo<h(9)}|} lo=0 < 2K Zajgfj :
j=k
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Note that the upper estimates obtained so far do not depend on 9. It follows that, even taking supremum in
¥ € D, the expectations of the second and fourth terms on the right-hand side of (4.7) are both < C14k(=P+1/2)
with some C14 > 0. As 8 > 3/2, the infinite sum of these terms is finite, too, finishing the proof of the present
lemma. O

Assumption 4.11. Let f satisfy
f(2)] < Ce01l for all z € R, (4.9)

with some é,g> 0

Assumption 4.12. Let

/u2|¢>u| du < oo (4.10)
R

hold.

Remark 4.13. Clearly, Assumption 4.11 implies that ¢y has finite moments of all orders. Note also that
Assumption 4.12 implies Assumption 4.3.

Remark 4.14. If f is four times continuously differentiable such that f’, f”, f"/, f""" are integrable then (4.10)
holds, compare to Remark 4.4.

Lemma 4.15. Let Assumptions 4.1, /.11 and 4.12 hold. Let the functions g;, hl, h?, h; of (4.5) be twice
continuously differentiable with bounded first and second derivatives. Then G(0) := EH (0, Xy) is bounded and
twice continuously differentiable with bounded first and second derivatives, i.e. Assumption 3.2 holds.

Proof. We may and will assume that

H(Q, Cﬂ) - 1{x<h(9)}g(07 $)7

with h Lipschitz-continuous, g bounded and Lipschitz-continuous. G is bounded since g is. We proceed to
establish its differentiability and the boundedness of its derivatives.
Recall that

doc(w) = [ $layu), u e,
=0

where ¢, is the characteristic function of Xy and the product converges pointwise. Since |¢(u)| < 1 for all u,
(4.10) implies that

/ u?|poo ()| du < 0.
R

Clearly, this implies [, [ugoo (1) du < 0o and [ [¢eo(u)| du < 0o as well (since @os is bounded, being a Fourier
transform). Now one can directly show, using the inverse Fourier transform, that fo., the density of the law of
X, is twice continuously differentiable.

Inequality (4.9) implies that ¢ has a complex analytic extension in a strip around R. Since the sequence a;,
j € N is bounded, there is even a strip such that u — ¢(a;ju) is analytic in it, for all j € N, thus ¢ is also
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analytic there. Then so are —iugos. (u) and —u?¢s (u). These being integrable, we get that their inverse Fourier
transforms, f/_ and f/, satisfy

Ifo(@)] + £ (2)] < Ce™oF for all z € R, (4.11)

with some C,8 > 0, see e.g. Theorem 11.9.3 of [25]. In particular, f’_, f”. are integrable.
For notational simplicity, we only consider the case N = 1, i.e. D C R. Using the change of variable y =
x — h(#), we see that

EH(6, Xo) = / 9(0,2)1 o <noy) foo() dr = / 9(6,y + h(0)) fooly + h(6)) dy.

— 00

We calculate dgg(0,y + h(0)) foo (y + h(8)):
[019(0,y + h(0)) + 029(0,y + 1(0)h(0)] foo (y + 1(0)) + g(0,y + 1(0)) f2. (y + h(0)) 1 (6),

where 9y (resp. 0z) denote differentiation with respect to the first (resp. second) variable. As foo (resp. f..)
satisfy (4.9) (resp. (4.11)) and g, 019, d2g, h’ are bounded, the dominated convergence theorem implies that

0
O EH(0, Xo) = / [019(0,y + 1(0)) + D29(0,y + h(0))W (0)] foc (y + h(0)) dy

—00

0
+ / g(6,y -+ h(6)) [ (y + h(6))'(9) dy = / L ocn(oy [019(0,2) + Bag(0, 2)'(0)] foo () dt

— 00

+ / Liw<n(0)y9(0, ) foo (x)1' (0) dz,
R

where both integrals are clearly bounded in . Similar calculations involving the second derivatives of g, h, foo
show that 92 EH (0, Xo) exists and it is bounded in 6. O

The following corollary summarizes our findings in the present section.

Corollary 4.16. Let H be the form (4.5) such that gj,hj,h;,h? are twice continuously differentiable with
bounded first and second derivatives. Let Assumptions 4.1, 4.11 and 4.12 hold and assume B > 5/2. Then
Theorem 3.6 applies to the random field H(0,X:), t € N, 0 € D, provided that Assumption 3.3 holds.

Proof. Recalling 4.13 and 4.9, this corollary follows from the results of the present section. O

Assumptions 4.11 and 4.12 apply, in particular, when ¢y is Gaussian. There does not seem to be a general
condition guaranteeing the validity of Assumption 3.3: this needs checking in every concrete application of
Theorem 3.6.

4.2. Markov chains in a random environment

If 8 < 5/2 in the setting of Section 4.1 then Corollary 4.16 cannot be established with our methods. Hence,
X cannot be a “long memory processes” in the sense of [21]. In this subsection, we show that it is nonetheless
possible to apply Theorem 3.6 to important classes of random fields that are driven by a long memory process,
see Example 4.18.

Let e}, t € Z, €2, t € Z be i.i.d. real-valued sequences, independent of each other.
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Assumption 4.17. We denote x; := (£},,)jez, for each t € Z. Let F : R x R x R™ — R™ be a measurable
function such that, for all w € R%, s € R,

|F(w,s,21) — F(w, s,22)| < plz1 — 23],
for all z;, 20 € R™ with some 0 < p < 1. Furthermore, there is z € R™ such that for all w € R? and s € R,
|F(w,s,z) — x| < C(1+|s])

and Ele|" < oo for some r > 2.

Fix x € R as in Assumption 4.17 and define, for all ¢ € Z, Xé =z, and for j > 0,
th'ﬂ = F(xt,€7,) o F(Xt-1,61_1,-) 0+ F(thjvgffj» ().
Standard arguments (such as Prop. 5.1 of [5]) show that X ; converges almost surely as j — oco. Define

X, == lim X!

Jj—o0
Then X;, t € Z is clearly a stationary process, satisfying
Xt+]_ = F(Xt+175§+17 Xt>, teZ.

When freezing the values of €}, t € Z, the X; defined above is an (inhomogeneous) Markov chain driven by
the noise sequence €7, t € Z. Hence, X; is a Markov chain in a random environment (the latter is driven by &},
teZ).

Example 4.18. Let €2, i € Z be i.id. with Eled|” < oo for some 7 > 2. Let Ee} = 0, E(g})? < oo. Let
Y, = Z;io ajai_j, t € Z for some a;, j € N with E;OZO a? < o00. The series converges almost surely. Let
h1i,hs : R = R be bounded measurable and fix —1 < k,p < 1. The construction sketched above provides the
existence of a process X satisfying

X1 =Xt + pehl(yf'“)hz(stlﬂ) + 41— p2eh1(Yt+1)ef+1.

This is an instance of stochastic volatility models where hi(Y") corresponds to the log-volatility of an asset
and X is the increment of the log-price of the same asset. Note that Y may have a slow autocorrelation decay
(e.g.aj ~j —# with any 3 > 1/2 is possible). This model resembles the “fractional stochastic volatility model”
of [4, 10]. Choose z := 0 and

F(w,s,z) :=Kkz+ pehl(zﬂﬁo aj“"“‘j)hz(th) ++/1-— pzehl(zﬁo ajwt“‘j)s.

As easily seen, Assumption 4.17 holds for this model and thus Theorem 4.19 applies.

The functions hy, ho serve as truncations only, in order to satisfy Assumption 4.17. One could probably relax
Assumption 4.17 to accommodate the case hi(z) = ho(x) = z as well. We refrain from the related complications
in the present paper.

The result below permits to estimate the tracking error for another large class of non-Markovian processes.
For simplicity, we consider only smooth functions H here.
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Theorem 4.19. Let D C RN be bounded and open. Let Assumption .17 hold. Let H : D x R™ — RY be
bounded, twice continuously differentiable, with bounded first and second derivatives. Then the conclusion of
Theorem 3.6 is true for H(0,X:), t € N, 0 € D, provided that Assumption 3.3 holds.

The proof is given in Appendix A. Most results in the literature are about homogeneous (controlled) Markov
chains, hence they do not apply to the present inhomogeneous case, and we exploit the L-mixing property
in an essential way in our arguments. See, however, also Section 5.3 of [28] for alternative conditions in the
inhomogeneous Markovian case.

5. NUMERICAL IMPLEMENTATION

Numerical results are presented here verifying the convergence properties of stochastic approximation proce-
dures with a fixed gain in the case of discontinuous H, for Markovian and non-Markovian models. The purpose
here is illustrative.

5.1. Quantile estimation for AR(1) processes

We first consider a Markovian example in the simplest possible case where H(0,-) is an indicator function.
Let X;, t € Z be an AR(1) process defined by

Xip1 = aXy + €441,

where « is the constant satisfying |o| < 1 and &, t € Z are i.i.d. standard normal variates. As a consequence of
the above equation, one observes that

o0
X = E aley_j,
§=0

for every t € N. Moreover, X; has stationary distribution which is v := N(0, (1 — a?)~1) and the pair (X;, X¢11)
has bivariate normal distribution with correlation a. We are interested in finding the quantile of the stationary
distribution v using the stochastic approximation method (1.1) with fixed gain.

The algorithm for the fixed gain A > 0 is given by the following equation,

0t+1 = 9t + )\H(Gt, Xt+1)7 (51)
for every t € N. For the purpose of the ¢-th quantile estimation of the stationary distribution v, one takes
H(97 x) =q— 1{w§9}' (52)

With this choice of H, the solution of (3.4) is the quantile in question. The function H is just the gradient of
the so-called “pinball” loss function introduced in Section 3 of [26] for quantile estimation. The true value of
the g-th quantile of v is ®(¢q)/v/1 — a2, where ® is the cumulative distribution function of the standard normal
variate. For our numerical experiments, we take a = 0.5 and ¢ = 0.975 and hence the true value of the ¢-th
quantile is 60* ~ 2.26.

Figure 1 illustrates that the rate of convergence of the fixed gain algorithm is consistent with our theoretical
findings in the paradigm of the quantile estimation of the stationary distribution of an AR(1) process. As noted
above, the true value of the quantile in this particular example is 2.26 which is then compared with the estimate
obtained by using the fixed gain approximation algorithm. The Monte Carlo estimate is based on 12 000 samples
and the number of iterations is taken to be I = 10% with initial value 6y = 2.0.
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FIGURE 1. Rate of convergence of fixed gain algorithm for AR(1) process.

5.2. Quantile estimation for M A (oco) processes

Let us now consider the case when Xy, ¢t € N is an MA(oco) process which is non-Markovian. It is given by

o0

1
=2 G >

where 8 > 1/2 and &, t € Z are i.i.d sequence of standard normal variates. One can notice that the stationary
distribution of MA(co) process is given by

&NN@Q:UEWQ’

=0

for any t € N. As before, we are interested in the estimation of the quantile of the stationary distribution. In our
numerical calculations, 3 = 3 and the exact variance is 7/945. For generating the path of the MA (co) process,
we write X; as

t

1
Z +1 T EEt- ]+Zm —j—1,

:O

and notice that

o0

= 1 1
_ Agggf%;ANN@, ———f—»
;O(twﬂ)ﬁ ! Zo(t+2+1)25

Jj=
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FIGURE 2. Rate of convergence of fixed gain algorithm for MA(co0) process.

for any ¢ € N. Also, a reasonable approximation of the variance of Y; can be

12
1
var(Y;) =~ E s
ﬂ7
= (t+2+7)

which is within an interval of length 10~7 around the true value. With this set-up, the stochastic approximation
method (5.1) with updating function (5.2) is implemented for the quantile estimation of the stationary distri-
bution of MA(c0) process with 6y = 2.0 and 6* = 1.976950 (0.975-th quantile). Figure 2 indicates that the rate
of convergence of the fixed gain algorithm is 0.5, which is consistent with the theoretical findings. The Monte
Carlo estimate is based on 10° samples. Figure 2 is based on I = 10° iterations.

5.3. Kohonen algorithm

In this section, we demonstrate the rate of convergence of the Kohonen algorithm for optimally quantizing
a one-dimensional random variable X. We refer to [1, 9] for discussions. We fix the number of cells N > 1 in
advance. Let 6 := (0',...,0") € RY and define Voronoi cells as

V() = {xeR:\x—(ﬂ:je{rlnm

FRREE

. v 0]},

for i = 1,...,N. Values of X in a cell i will be quantized to . The zero-neighbourhood fixed gain Kohonen
algorithm is aimed at minimizing, in 6, the quantity

N
S E[IX =01y (X))
i+1

Differentiating (formally) this formula suggests the recursive procedure

9§+1 =0, + ALy (Ye) (Ve — 07, (5.4)
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FIGURE 3. Rate of convergence of Kohonen algorithm for i.i.d. U(0,1).

—#— Kohonen for MA(10), Slope=-0.57264 7
— — — Reference Line, Slope=-0.5

&

log,E10,-0'|
&
&

-5.5

-log,(A)

FIGURE 4. Rate of convergence of Kohonen algorithm for MA(10).

for every i = 1,..., N where t € N and the process Y has a stationary distribution equal to the law of X.
The algorithm approximates the R-valued random variable X by 6% if its values lie in the cell V¢(0), for every
i=1,...,N.

In Figure 3, we demonstrate the rate of convergence of the zero-neighbourhood Kohonen algorithm with
zero-neighbours when the signal Y;s are i.i.d. observations from uniform distribution on [0, 1], which is a well-
understood case, see e.g. [1]. We take N = 2, 0 := (01,62), V*(0) = (0, (6* + 6%)/2] and V?(0) = [(61 + 62)/2,1).
Hence, the optimal value of 6 is §1* = 1/4 and #** = 3/4. The number of iterations is 10% and the number of
sample paths is 10%. Furthermore, the initial values of s are 6} = 0.01 and 62 = 0.02. As illustrated, the rate
of convergence is close to 0.5 which is consistent with the theoretical findings.

Now, to have a non-Markovian example, consider a moving average process with lag 10, i.e.
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where €, t € Z are independent standard Gaussian random variables, denote it by MA(10). Clearly,

10

X~ N (0.3 +11)2ﬁ>’

=0

for any ¢ > 0. Take 8 := 3 and notice that MA(10) is a good approximation of MA (co) process (5.3) because the
contributions from other terms are negligible due to low variance. We take N = 2 and implement the Kohonen
algorithm (5.4) to sample two elements 6 := (6%, #2) from the stationary distribution of the process Y defined by
Y; := tan~1(X;) for any ¢t > 0. As the support of the stationary distribution of the process Y is (—7/2,7/2), the
Voronoi cells are V1(0) := (=7 /2, (6* + 6%)/2] and V?(0) := [(6' + 02)/2,7/2). The true values 0* := (91*, %)
are the solution of the following system of two non-linear equations:

g L 0" + 6> -
0! <I><otan <2 =B tan T (02)1 4 oregene ) (2)
1 91* +92* _
1—® (0_ tan (2 = E| tan 1(O—Z)]'[% tan(%)@o) (Z)

where 02 := var(X;), Z denotes the standard normal variate and ® its distribution function.

Figure 4 is based on 10% iterations and 3000 paths (for Monte Carlo simulations). The initial values are
0 = —m/4 and 62 = 7/4. Since * is not known the output of the Kohonen algorithm (5.4) with A = 279 is
taken as #*. Again, our numerical experiments are consistent with the theoretical rate A'/? found in Theorem 3.6.

02*

6. CONCLUSION

There is a large number of natural ramifications of our results that could be pursued: the estimation of higher
order moments of the tracking error using the property UCLM-(r, p) for p > 1; accommodating multiple roots for
equation (3.4); proving the convergence of the decreasing gain version of (1.1); and considering the convergence
of concrete procedures. We leave these for later work in order to convey a clear message, highlighting the novel
techniques we have introduced.

APPENDIX A

Here, we gather the proofs for Sections 2 and 3 as well as for Theorem 4.19. First we present a slight extension
of Lemma 2.1 of [12] which is used multiple times.

Lemma A.1. Let G,’H C F be sigma-algebras. Let X,Y be random variables in LP such that'Y is measurable
with respect to HV G. Then for any p > 1,

EY?[|X — E[X|HVG]|P|G] <2EY? | X - Y|?|g].
If Y is H-measurable then
1X = BIX[H][l, <2[X = Y[p. (A1)
Proof. Since Y is H V G-measurable,

E[IX - EX[HVG]P|G] <22 E[|IX —Y]P|g] + 27 ' E[|Y - E[X|H Vv G]|g]
<2E[|X —Y]P|G] + 2P E[E )Y - X||H V G]"|g]
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<2 'E[IX -Y]P|G] +2* 'E[E[]Y - XPP|H VG]|G] < 2PE[]Y — X|?|G],

by Jensen’s inequality. Now (A.1) follows by taking G to be the trivial sigma-algebra. O
We now note what happens to products of two random fields.

Lemma A.2. Let X¢(6) be ULM-rp and Y;(0) ULM-rq wherer > 1, p>1, 1/p+1/q=1. Then X;(0)Y;(0) is
ULM-r.

Proof. We drop 6 in the notation. It is clear from Hélder’s inequality that
M (XY) < Myp(X) Miq(Y),
so X.;Y; is bounded in L". Using Lemma A.1, let us estimate, for ¢, m > 1,

1X.Y; — E[X Y| F e < 20X0Y: — E[X|FE BN F
<2|X,Y; — XeBIYF e+ 20 X BIY | FE ] — BRI B F
<2 XillrpllYe = EVAF nlllrg + 201X0 — ELX F ] lep | BV FE n]llrg
< 2||Xt||rp||Y;5 - E[Kfu:ttmmrq + QHXt - E[Xt|-7:t+—m]|‘rp||yt||rq»

by Holder’s and Jensen’s inequalities. This shows the L-mixing property of order r, noting the assumptions on
X, Y. O

Lemma A.3. Let D be bounded. Fizn € N and let 1, t > n be a sequence of D-valued, F,,-measurable random
variables. Let X¢(0), 6 € D, t € N be UCLM-(p,1) for some p > 1, satisfying the CLC property and define the
process Yy := Xy(1y), t > n. Then

MI(Y) < MI(X), T2(Y)<THX) as.

Proof. If the 1, are JF,,-measurable step functions then this follows easily from the definitions. For general 1,
one can take F,-measurable step function approximations ¥, k € N of the v, (in the almost sure sense). The
CLC property implies that X;(¢F) tends to X;(1;) in probability as k — oo. By Fatou’s lemma, MI’}(Y(M)’“)) <
M (X), k € N now implies M"(Y(¢.)) < M}(X). The sequence X;(¢f) is bounded in L?. It follows that
E[ Xyt (Wk )| F . v ] tends to E[Xp¢(Ynie)|Fifry_r V Fu] in LY, a fortiori, in probability. Hence, for
each 7 > 1, ’yg(Y(w_k),T) < (X, 7), k € N implies v (Y (¢.)) < 7, (X, 7), by Fatou’s lemma. Consequently,
[p(Y(9.)) <Tp(X) as. O

Remark A.4. Fix n € N. Let Y; be a conditionally L-mixing process of order (p, 1) for some p > 1 and define
Wi =Y, — E[Y;|F,], t > n. Then it is easy to check that M} (W) < 2M}(Y) and Ty (W) =T (Y).

Let us now enter the setting where for all t € N, 7y = o(¢;, j €N, j <t), ;' := o(gj, j > t) for some i.i.d.
sequence €, j € Z with values in some Polish space X. Let u be the law of (gg,e_1,...) on X~N. For given
e=(ep,e_1,...) € X Nand n € N, we define the measure

P = (®isnV) ® (®i§"56i*") ’

where J, is the probability concentrated on the point € X. The corresponding expectation will be denoted by
Ee,n[.].

In this setting, the concept of conditional L-mixing is easily related to “ordinary” L-mixing and we will be
able to use results of [12] directly, see the proof of Theorem 2.5. For each n € Z, we denote by Z,, the random



238 H.N. CHAU ET AL.

variable (¢,,,&,_1,...) and by fi their law on XN (which does not depend on n). Let Xy, t € N be a stochastic
process bounded in L” for some r > 1. We introduce the quantities

Mz (X) = sup EOM | X 1V (7, X) 1= sup B[ X 4 — B X F Y7, 721,
te t>7

rem(X) =Y 42"(r, X),
=1

which are well-defined for fi-almost every e.

Proof of Theorem 2.5. For any non-negative random variable Y on (Q, F, P),

E°m[Y] — E[Y|F,] as. (A.2)

e=Zy

This can easily be proved for indicators of the form Y = 1¢.  .ca; —k<j<k) With some k € N and with Borel
sets A; C X and then it extends to all non-negative measurable Y. It follows that

M2 (W) = ME"(W)|e-z,- (A.3)
A similar argument also establishes
ES"Y|Fb ] = ElY|Ff . VF,] as., (A.4)
for all t > 1 and 1 <7 < ¢t hence also
Yo (1, X)|e=z, =7 (1,X) a.s. (A.5)

From the conditional L-mixing property of Wy, t € N under P (of order (r, 1)) it follows that, for fi-almost every
e, the process Wiy, t € N is L-mixing under P®™. Theorems 1.1 and 5.1 of [12] (applied under P®™) imply

t rql/r m 1/2
e,n 2 en e,n
B | max | 37 bW | <G < 3 bs> V MET TS (W),
- s=n-+1 s=n—+1
for fi-almost every e. Now (A.2), (A.3) and (A.5) imply (2.8). O

Now we turn to the proofs of Section 3. We first recall Lemma 2.2 of [17], which states that the discrete flow
defined by (A.6) inherits the exponential stability property (3.3). Let M := {(m,n) e N: m < n}.

Lemma A.5. Let Assumptions 3.2 and 3.3 be in force. For each 0 < m < n and § € D¢, define z: M x D — D
by the recursion

z(m,m, &) = ¢, z(n+1,m,§) = z(n,m,§) + AG(z(n,m, £)). (A.6)

If d is large enough and X is small enough then this makes sense and z(n,m, &) € Dy for alln > m. Furthermore,
for each o < « (see Assumption 3.3) there is C(a’) > 0 such that

’;z(mm,f)’ < Ca)e o (nmm), (A7)
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Remark A.6. Actually, the same arguments also imply that the recursion (A.6) is well-defined for all £ € D]
stays in D and satisfies (A.7), provided that d’ is large enough and X is sufficiently small.

For convenience’s sake, we recall a result from [11], which is also given as Lemma 4.2 of [17].

Lemma A.7. Let Assumptions 3.2 and 3.3 be satisfied. Let y; := y(¢,0,&), t > 0. Let ¢, t > 0 be a continuous,
piecewise continuously differentiable curve such that xo = &. Then fort > 0,

Ty — Y = /0 %y(t,w, Tap) (& — G(24))dw. (A.8)

Proof. For 0 < w < t, let z,, = y(t, w, x,). The LHS of (A.8) can be written as

t t a a
2t — 20 = Zwdw = / <y tw, Ty) + 7Yl w, Ty S.Cw) dw.
== | [ (Govttwen) + Sputtwe,)

From Theorem 3.1 on page 96 of [23] we obtain that, for all z € R,

0 0
%y(t,w,w) + afgy(t,w,x)G(:E) - 07

and hence the proof is complete. O

Let £ € Dy and define Z,, := z(n,0,£), n € N. The next lemma summarizes some arguments of [17] in the
present setting, for the sake of a self-contained presentation.

Lemma A.8. Let Assumptions 3.2 and 3.3 be satisfied. Let y; := y(t,0,&) for some & € D¢ and let 6, be defined
by (3.6). If d,d’ are large enough then, for all n € N, we have 6, € Dy and also Z, € D.

Proof. We denote by 0; the piecewise linear extension of 6,,, i.e. for t € (n,n +1), we set 0; = (1 — (t —n))0, +
(t =n)0py1. For w € (n,n+ 1), it is easy to see that 0, = 0,41 — 0,y = AH (0}, X[w)+1) Where [w] denotes the
integer part of w. Thus, Lemma A.7 implies that as long as 6,, € Dy for all 0 < w < ¢,

t
0
0= = [ vt w 0N (H(Bh Xiugs) = G(0.)) o
0
Since |H| and |G| are bounded by a constant, say, CT, (3.3) implies that
t
10; — yi| < / Cre Mt xoCtdw < 20*Clat.

0

It is known that y, € D, whenever yo € D¢. Now, if d > 20*CtTa~! then |0, — y;| will be smaller than the
distance between D, and Df, where D§ denotes the complement of Dy, hence 6, will stay in Dy forever.

The proof for z,, € D is similar. The piecewise linear extension of Z,, is denoted by Z;, ¢ > 0. By computations
as before,

t
- 0 - - -
2t — Yt = / afgy(tﬂlh Zw) A (G(z[w]> - G<Zw)> dw.
0
Denoting by K* (resp. L*) a bound for |G| (resp. a Lipschitz-constant for G), we obtain

G (3ug) — G(Zw)| < L¥|Z) — Zu| < L*AG(Z)) < ALK,
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hence
t
12t — ye] < / Cre MW \21* K*qy < C* o "AL*K™*.
0

It follows that if d > C*a~'*AL*K* then 2, € D, for all t. O

Remark A.9. Note that our estimates for d, d’ in the above proof are somewhat different: by choosing A small
enough we can make d’ as small as we wish whereas we do not have this option for d. This is in contrast with
[17], where d can also be made arbitrarily small by choosing A small. This difference comes from the fact that
in [17] Lipschitz-continuity of § — H(0,-) is assumed, unlike in the present setting.

Proof of Theorem 3.6. We follow the main lines of the arguments in [13, 17]. However, details deviate
significantly as our present assumptions are different from those of the cited papers.

Lemma A.8 above will guarantee that 6; and z;,%; (see below) are well-defined. Clearly, z; = 2(¢,0,6p). Set
T = [1/(A)], where 0 < & < «v is as in Lemma A.5 and [z] denotes the integer part of € R. For each n € N,
we set Z,, 7 := 0,7 and define recursively

Zt = Zt—1 + AG(Zi—1), nT <t<(n+1)T.
In other words, z; = 2(t,nT, 6,7). By the triangle inequality, we obtain, for any ¢ € N,
|9t_zt| S |0t—2t|—|—|§t—zt| (Ag)

Estimation for |0; — Z;|. Fix n and let nT <t < (n+ 1)T.

t—1 t—1
10 —Z¢| = A Z [H(Or, Xp41) —GZp)l| < A Z |H (O, Xt1) — H(Zg, Xp41)]
k=nT k=nT
t—1 t—1
XY (HEn Xpr1) — E[H (e, X)) Fur])| + A D |E[H Zk, Xps)| Fur] — G(Z)|
k=nT k=nT

=: )\(Sl + S5 + Sg)

It is clear that

ES; < E

sup Y |E[H(, Xjs1)| Fur] —G(ﬁ)ll <,
veD  —

for some C’ < oo, by Assumption 3.4.
Turning our attention to Sy, the CLC property implies

t—1
ES) = E[E[$)|Far]] < Y KE|0; — %l.
k=nT

On each interval nT <t < (n+ 1)T, we now estimate Sy as follows,
t—1

Sy < sup > (H(Zk, Xiy1) — BIH (Z, X41)| Fur]) |-
nT<t<(n+1)T | .
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Note the UCLM-(r, 1) property of H(-,-) as well as Lemma A.3 and Remark A.4. Apply Theorem 2.5 for nT
instead of n and with the choice b; = 1 and

Wt = H(tht—&-l) — E[H(Et,Xt+1)|]:nT], nl <t < (n + l)T, Wt = O7 0 <t< TlT,

note that E[W;|F,r] = 0 for all t. We get

BS: = ELES:Frl) < BBV (8517l < 0728 [\ ny 0)| < €172,y (v Byt (o)
< C//T1/2

with some C”" < oo, independent of n, by the UCLM-(r, 1) property of W.
Putting together our estimates so far, we obtain for nT <t < (n+ 1)T,

t—1
El0; — 7] < A < Z KE|0, — 7z + C"T'/? +C’> .
k=nT

Recall that F|6; — Z;| is finite by boundedness of D. The discrete Gronwall lemma yields the following estimate,
independent of n:

El0; —Z:| < MNC"TY? 4+ C") (1 + \K)T. (A.10)
Note that
(1+)\K)T < KT < eK/(x'-

Estimation for |z; — z|. Noting zg = 6p and using the fundamental theorem of calculus, we estimate for nT' <
t < (n+1)T, using telescoping sums,

|2t — 24

<> |zt kT k) — 2(t, (k = )T, 0—1y7))|

B
Il
—

I
M=

|2(t, kT, Opr) — 2(t, KT, 2(kT, (k — 1)T, 0(x—1)7))

k=1

_ Z/ S 2t KT sty + (1= )2(KT (6 = DT, 0 yy) | ds
k=170

X Ok — 2(KT, (k — )T, 01— 1y7)|

n

C(a') Y e R (047 _y — Zpr_a| + N H (Orr—1, Xir) — G(Zrr—1)]) -
k=1

IN

Notice that there is C > 0, independent of n,t such that

Z e M (=kT) < G
k=1
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Therefore, the fact that H, G, D are bounded, imply
E|Zy — z] < CZ eiM/(tfkT)E|9kT—1 — Zrr—1| + CZe”‘o‘,(t*kT))\ < c’/\1/2, (A.11)
k=1 k=1

with some ¢, ¢’ > 0, by (A.10) and by the choice of T. Finally, putting together our estimations (A.10), (A.11)
and using (A.9), for A small enough, we obtain

E|0; — z| < CXY/2,

with some C' > 0, which completes the proof. O

Proof of Corollary 3.7. Recall o from Lemma A.5. The fundamental theorem of calculus yields

|zt — 07| <]z — 0" 2(£,0,520 + (1 — 8)0)|ds < C(a’)e " 29 — 67,

and this is < A2 for t > to()) if to(\) = C°In(1/A)/A for some C°. Since
|9t - 0*| S |9t - Zt| + |Zt — 9*|,

the statement follows. O

Proof of Theorem 4.19. Let us work conditionally on the event & = n € R” where

& = (eln))iez,
until further notice.
The CLC property and Assumption 3.2 are trivial. Define F,, := O'(E?,j <n)and F, := a(e?;j >n).
We now prove that H(6, X;) is UCLM-(r, 1) with respect to the given (F,,F,"). Boundedness of H implies

that M?(X), n € N is uniformly bounded.
Fix 1 < m < t. Define recursively

Som =, &u1:=F(Eq1,601,&), I >t—m

Set X;fm := &. By construction, X:fm is F,, -measurable and
|H (0, X;%,) — H(0, X,)| < Lp™ |z — X¢ ],
where L is a Lipschitz-constant for © — H (6, x). So we can further estimate
Elle— X || 5] < f: B [|Xm - Xy | Rl v
j=1

1/r

IN

Z i 1E |x — F(f—m—jt1, 5?7m7j+1v x)m}-o]

<.

1
t—m
CZPJ 1|||Et m— ]+1‘+1||7"+C Z p] |‘€t m— ]+1|+1]

j=1 j=t—m+1
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<Ol + 1 > P+ CY PR+ 1]

j=1 k=0
<Oldl+ 1 > P+ CD Pl + 1],
j=1 k=0

using Assumption 4.17, the independence of 53, j > 1 from Fy and the Fy-measurability of 5?, j < 0. Note that
this last estimate is independent of ¢. We can carry out analogous estimates with F,, instead of Fy and these
imply, via Lemma A.1,

(o9} [ee]
v (m, X) < 2LCp™ | (legllr +1) D77+ ) o [lenwl +1] |,
j=1 k=0

for each n € N, which implies that the sequence I'*(X) is bounded in L!, showing the UCLM-(r, 1) property
for H(0, X3).

Since X, ,, is F;,,-measurable, the above estimates also show that H(6, X;) is (unconditionally) L-mixing
of order (r, 1), hence Remark 3.5 implies Assumption 3.4. As the estimates are uniform in € RZ, the argument
of Theorem 3.6 can be applied. O
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